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Abstract One of K. R. Parthasarathy’s major and abiding interests was the theory of positive definite functions
and especially its relation to classical and quantum probability. Here we recall his contribution in providing a
seminal idea that stimulated a lot of work on matrix inequalities.
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1 Personal reminiscence 1

In the year 1975 I took KRP’s course on Functional Analysis for masters students at the Indian Institute of
Technology, Delhi. Early in the course, as an application of the basic principles, he presented what he called
the Herglotz-Bochner-Weil-Raikov theorem. I think he would have given the proof of the Herglotz theorem (on
Z) and mentioned the Bochner theorem (on R) and the Weil and Raikov extensions to locally compact groups.
This was typical of his courses. He would make interesting connections between what he was teaching and
other subjects, prove what fitted into the course, and tell his students about more advanced topics. A little over
two decades later he pulled out Bochner’s theorem to answer a question on positivity of certain matrices that I
posed to him. This was typical of his research. He had an unusual ability to see connections between different
subjects that most others miss. This idea led to our joint work [9]. Here I describe the basic ideas in that work,
its antecedents and some of its consequences.

The theme of this exposition is matrix inequalities. The paper is addressed to an audience who may not have
thought much about the topic. I will emphasize some general principles that can be used in different contexts.

2 The matrix arithmetic-geometric mean inequality

One of the fundamental inequalities of mathematics is the arithmetic-geometric mean (AGM) inequality. This
says that if a and b are two positive numbers, then

√
ab ≤ a + b

2
.
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950 R. Bhatia

We seek a version of this for positive (semidefinite) matrices. One possibility is the following: let A and B be
positive matrices and |||·||| a norm on the space M(n) on n × n matrices. Then, is it true that
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|||A + B||| ? (1)

It is customary to restrict ourselves to unitarily invariant norms. These are norms that possess the invariance
property

|||U AV ||| = |||A|||
for all A and all unitary U, V . Special examples of such norms are the operator norm

‖A‖ = sup
‖x‖=1

‖Ax‖ = s1(A), (2)
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and more generally the Schatten p-norms

‖A‖p =
⎛

⎝

n
∑

j=1

s p
j (A)

⎞

⎠

1/p

, 1 ≤ p ≤ ∞. (4)

Here s1(A) ≥ · · · ≥ sn(A) are the decreasingly ordered singular values of A.
General Principle 1. Often (but not always) it is easy to prove an inequality like (1) for the special Frobenius
norm. In this case, the inequality is equivalent to saying

tr
(

A
1/2 B A

1/2
) ≤ 1

4
tr (A + B)2 ,

which is equivalent to
4 tr AB ≤ tr (A + B)2 ,

i.e.,
0 ≤ tr (A − B)2 .

This last inequality is evidently true as the matrix (A − B)2 is positive. We remark that this proof was made easy
because of two crucial properties of the trace function: linearity and permutability (tr XY = tr Y X).
General Principle 2. There is a special argument for the operator norm that is often used. The inequality (1) for
the norm ‖A‖ = s1(A) says

λ1
(

A
1/2 B A

1/2
) ≤ 1

4
λ2

1(A + B), (5)

where λ1(X) denotes the maximum eigenvalue of a (positive) matrix X . If A and B are replaced by αA and αB
for some α > 0, then each of the two sides of (5) gets multiplied by α2. So to prove (5) it suffices to show the
implication

1

4
λ2

1(A + B) ≤ 1 �⇒ λ1
(

A
1/2 B A

1/2
) ≤ 1,

i.e.,
1

2
λ1(A + B) ≤ 1 �⇒ λ1

(

A
1/2 B A

1/2
) ≤ 1. (6)

Now for a positive matrix X , the condition λ1(X) ≤ 1 is equivalent to X ≤ I . So, the statement (6) is equivalent
to saying

1

2
(A + B) ≤ I �⇒ A

1/2 B A
1/2 ≤ I.

In turn, this is equivalent to saying
B ≤ 2I − A �⇒ B ≤ A−1. (7)
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Positivity and matrix inequalities... 951

This statement follows from the fact that 2I − A ≤ A−1. To see this observe that for any positive number a, we
have a + a−1 ≥ 2. Hence for every positive matrix A + A−1 ≥ 2I .

To prove that the inequality (1) holds for all unitarily invariant norms is to prove that the vector s(A1/2 B1/2)

whose components are the singular values of A1/2 B1/2 is majorised by the vector s(A + B)/2. (See [1] for the
theory of majorisation). In [7] Bhatia and Kittaneh proved a much stronger inequality

s j (A
1/2 B

1/2) ≤ 1

2
s j (A + B), 1 ≤ j ≤ n. (8)

This paper stimulated much later work. See [8] for a review. We turn to one of the directions of subsequent work.

3 A complication that simplifies

A strong generalisation of (1) would be the inequality
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|||AX + X B||| for all X. (9)

This is no idle generalisation. Making an appropriate choice of X one can get several interesting results. Equally
important is the fact that while the special case A = B of (1) is a tautology, this is not so for (9). The inequality
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2
|||AX + X A||| for all X, (10)

is not a trivial statement. Furthermore, the general statement (9) can be derived from the speical case (10).
General Principle 3: Berberian’s trick Given positive matrices A and B and any matrix X , let Ã and X̃ be the
2 × 2 block matrices

Ã =
[

A 0
0 B

]

and X̃ =
[

0 X
0 0

]

.

Then

Ã
1/2 X̃ Ã

1/2 =
[

0 A
1/2 X B

1/2

0 0

]

,

Ã X̃ + X̃ Ã =
[

0 AX + X B
0 0

]

.

So, if the inequality (10) has been proved, then applying it to Ã and X̃ in place of A and X leads to (9). This
useful device is called Berberian’s trick.

The positive matrix A is unitarily similar to a positive diagonal matrix diag(λ1, . . . , λn) and the norms |||·|||
all are unitarily invariant. So, it suffices to prove (10) under the assumption A = diag(λ1, . . . , λn). Then the
inequality (10) says
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∣
∣
∣
∣. (11)

Here the symbol [ti j ] is used to indicate the matrix T whose i, j entry is ti j .
General Principle 1 again. Since

√

λiλ j ≤ 1/2 · (λi + λ j ) for all i, j , the inequality (11) is true for the special
case of the Frobenius norm ‖·‖2. Other unitarily invariant norms are not monotone functions of matrix entries.
So this argument cannot be pushed further. (An aside: It was shown in [3] that if |||·||| is a unitarily invariant norm
for which

∣
∣ai j

∣
∣ ≤ ∣

∣bi j
∣
∣ for all i, j �⇒ |||A||| ≤ |||B|||,

then |||·||| is the Frobenius norm.)
The inequality (9) was proved by Bhatia and Davis [4]. This work was done in 1990 during one of Chandler

Davis’ several visits to ISI Delhi. Davis and KRP became good friends over these visits and had great respect
for each other.
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952 R. Bhatia

4 Schur products and norms

The Schur Product of two matrices A = [ai j ] and B = [bi j ] is the matrix A◦ B obtained as the entrywise product
A and B, i.e. A ◦ B = [ai j bi j ]. A fundamental theorem of Schur says that if A and B are positive (semidefinite),
then so is A ◦ B.

Given positive numbers λ1, . . . , λn let S be the matrix with entries

si j = 2
√

λiλ j

λi + λ j
. (12)

Then the inequality (11) says that
|||S ◦ X ||| ≤ |||X ||| for all X. (13)

In general, it is very difficult to estimate the norm of the linear map X → S ◦ X on the space of matrices.
However, there is an interesting answer known in the special case when S is a positive (semidefinite) matrix.
This says that if S is positive, then

|||S ◦ X ||| ≤ max
i

sii |||X |||. (14)

See [2], [13]. So, if we could prove that the matrix S given by (12) is positive, the arithmetic-geometric mean
inequality (9) would follow.

Two matrices A and B are said to be congruent if there exists a nonsingular matrix X such that B = X∗ AX .
If A is a positive matrix then so is every matrix congruent to it. The fact will be used frequently in the following
discussion.

The matrix S given by (12) can be expressed as S = 2 D
1/2C D

1/2, where D is the diagonal matrix
diag(λ1, . . . , λn) and C is the Cauchy matrix defined as

Ci j = 1

λi + λ j
. (15)

We now invoke the fact that a matrix A is positive if and only if it is a Gram matrix (or a correlation matrix);
i.e., there exist vectors u1, . . . , un in some inner product space H such that ai j = 〈

ui , u j
〉

. Since

1

λi + λ j
=

∫ ∞

0
e−t (λi +λ j )dt,

the Cauchy matrix C is positive. Hence so is the matrix S. Note that sii = 1 for all i . So the inequality (13)
follows from (14).

The idea of this proof occurs in [12].

5 Generalisations of the AGM

Apart from the “classical” arithmetic, geometric and harmonic means, several other means are used in various
contexts. We choose one of them as an illustrative example. The Heinz means are defined as the family

Hν(a, b) = 1

2

(

a1−νbν + aνb1−ν
)

, 0 ≤ ν ≤ 1. (16)

Note that

H0(a, b) = H1(a, b) = 1

2
(a + b),

and
H1/2(a, b) = √

ab.

Thus the family Hν interpolates between the geometric and the arithmetic means. One can see that for all
0 ≤ ν ≤ 1 √

ab ≤ Hν(a, b) ≤ 1

2
(a + b).
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Positivity and matrix inequalities... 953

In the spirit of the discussion above, a matrix version would be
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|||AX + X B|||, (17)

for all 0 ≤ ν ≤ 1. This was proved by Bhatia and Davis [4]. For the operator norm alone this was done earlier
by Heinz [11]. That is the reason for calling the means Hν in (16) the Heinz means.

Can the inequalities (17) be proved following the line of argument in Sections 3 and 4 above? Choosing
A = B, and then A = diag(λ1, . . . , λn) a proof of the second inequality in (17) would entail showing that the
matrix S with entries

si j = λ1−ν
i λν

j + λν
i λ

1−ν
j

λi + λ j
, (18)

is positive for 0 ≤ ν ≤ 1.
Observe that

si j = λ1−ν
i

λ2ν−1
j + λ2ν−1

i

λi + λ j
λ1−ν

j .

So the matrix S is congruent to the matrix T with entries

ti j = λ2ν−1
j + λ2ν−1

i

λi + λ j
, 0 ≤ ν ≤ 1.

Putting α = 2ν − 1, we see that our problem reduces to showing that all matrices T with entries

ti j = λα
i + λα

j

λi + λ j
, −1 ≤ α ≤ 1, (19)

are positive.
Since the numbers λi are positive, there exist real numbers xi such that λi = e2xi . With this we can write

ti j = e2αxi + e2αx j

e2xi + e2x j
= eαxi

exi

eα(xi −x j ) + eα(x j −xi )

e(xi −x j ) + e(x j −xi )

eαx j

ex j
.

So the matrix T is congruent to the matrix W with entries

wi j = eα(xi −x j ) + eα(x j −xi )

e(xi −x j ) + e(x j −xi )

= cosh α(xi − x j )

cosh(xi − x j )
, −1 ≤ α ≤ 1 (20)

and our problem is to prove all such matrices are positive. The situation is now ripe to invoke the theory of
positive definite functions and Bochner’s theorem.

A complex function φ on R is said to be positive definite if for every n, and for every choice of real numbers
x1, . . . , xn the matrix [φ(xi − x j )] is positive. The function φ(x) = eitx , t ∈ R is the simplest example of a
positive definite function. Using this one can see that if μ is a finite positive Borel measure on R, then its Fourier
transform

μ̂(ξ) =
∫ ∞

−∞
e−iξ x dμ(x) (21)

is a positive definite function. The converse of this is Bochner’s theorem: if φ is a continuous positive definite
function on R, then there exists a finite positive measure μ such that φ = μ̂.

Our problem was to prove that all matrices W given by (20) are positive. This is equivalent to saying that the
function

φ(x) = cosh αx

cosh x
, −1 ≤ α ≤ 1, (22)

is positive definite. By Bochner’s theorem this would follow if we show φ̂(ξ) ≥ 0 for all ξ . A calculation shows
that

φ̂(ξ) = cos απ/2 cosh ξπ/2

cosh ξπ + cos απ
, −1 < α < 1.
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954 R. Bhatia

Evidently φ̂(ξ) ≥ 0.
There is another interesting way of seeing that φ is positive definite. We can use the factoring

cosh x =
∞
∏

k=0

(

1 + 4x2

(2k + 1)2π2

)

, (23)

to write
cosh αx

cosh x
=

∞
∏

k=0

(
1 − α2

1 + 4x2/(2k + 1)2π2 + α2
)

. (24)

The function h(x) = 1
1+x2 is positive definite, being the Fourier transform of the positive function e−|ξ |. So for

each a, the function 1/(1 + a2x2) is positive definite. Thus for α with −1 < α < 1, each of the factors in (24)
is positive definite. By Schur’s theorem then the product is also positive definite.

As explained above this gives a proof of the second inequality in (17). It is easier to prove the first.

6 Personal reminiscence 2

Tea at 11:30 is a venerable tradition at ISI Delhi. For four decades one of its attractions was the presence of KRP.
He would often talk of mathematics and equally often tell stories and anecdotes. One day in 1997, at one of these
tea sessions, I told him I was trying to prove that the matrix S in (18) was positive. This piqued his interest as
positivity of various kinds had been his lifelong interest. In the evening he phoned me to say he had a proof and
spoke out an outline. He used the phone only when necessary. So this was somewhat unusual. More typical of
him was that the next morning he brought two pages of proof written out in his neat hand. I told him that with
this reasoning several important matrix inequalities could be proved. He seemed pleased but not impressed. I
kept my notes aside. A few months later I received a preprint from H. Kosaki [14]. He had addressed the same
questions in a similar way and there was a considerable overlap between our ideas and results. Our approach
seemed a little simpler. I then wrote up our results which appeared in [9].

Kosaki, alone and in collaboration with F. Hiai, carried these ideas to great heights, writing several major
papers combining operator theory, Fourier analysis and complex analysis.

7 Loewner matrices

One of the major outcomes of this work has been a better understanding of Loewner matrices and a stimulus for
their further study. We briefly explain this.

Let f be a C1 function on (0,∞). The function f is said to be operator monotone if f (A) ≥ f (B) whenever
A ≥ B ≥ 0. Here as usual the notation A ≥ B means that A and B are Hermitian and 〈x, Ax〉 ≥ 〈x, Bx〉 for
all x . This order is sometimes called the Loewner order. Several fundamental and striking results on operator
monotone functions were obtained by K. Löwner (later C. Loewner) in [15]. See Chapter V of [1] for a brief,
and the monograph [16] for an expansive discussion of Loewner’s theory.

Let n be any natural number and let λ1, . . . , λn be any positive real numbers. A matrix

L f (λ1, . . . , λn) =
[

f (λi ) − f (λ j )

λi − λ j

]

, (25)

is called a Loewner matrix associated with f . One of the fundamental results of Loewner’s theory is that f is
operator monotone if and only if all Loewner matrices L f are positive. Another characterisation of operator
monotone functions is that every such function has an analytic continuation that maps the upper half plane into
itself.

This second characterisation offers a very powerful tool to decide which functions on (0,∞) are operator
monotone. One of the best examples is the power function

f (t) = tr , r ∈ R. (26)
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Positivity and matrix inequalities... 955

The theorem above tells us that f is operator monotone if and only if 0 ≤ r ≤ 1. (This is sometimes called the
Loewner-Heinz inequality.) For the function f (t) = tr let us denote the Loewner matrix L f simply as Lr . Thus

Lr (λ1, . . . λn) =
[

λr
i − λr

j

λi − λ j

]

. (27)

From the discussion above we conclude that all these matrices are positive if and only if 0 ≤ r ≤ 1. The argument
is indirect. First, using the analytic continuation criterion, we see that f (t) = tr is operator monotone if and
only if 0 ≤ r ≤ 1. Then using the first criterion we see this is equivalent to the positivity of all matrices in (27).
Could this positivity be proved more directly employing just matrix arguments?

The matrix (27) is very similar to the matrix T defined in (19). Proceeding exactly as we did in the study of
T we see that all matrices in (27) are positive if and only if the function

φ(x) = sinh αx

sinh x
, (28)

is positive definite for 0 < α < 1. This last fact can be proved in two different ways. A calculation of Fourier
transforms shows that

φ̂(ξ) = sin απ

cosh ξπ + cos απ
, 0 < α < 1, (29)

and this is positive for all ξ . Alternatively, we could use the factoring

sinh x

x
=

∞
∏

k=1

(

1 + x2

k2π2

)

(30)

and follow the argument after (23).
This work brought back Loewner matrices into the discourse on operator monotone and convex functions.

For example, properties of the matrices Lr for values of r outside the interval (0, 1) have been studied in [6],
[10], [5].

8 Perturbation bounds

There is a completely different context in which some of the ideas above make their appearance. Let f be a C1

function on an interval I . By the mean value theorem, for any two points a, b in I

| f (a) − f (b)| ≤ ∥
∥ f ′∥∥∞ |a − b| . (31)

Here ∥
∥ f ′∥∥∞ = sup

x∈I

∣
∣ f ′(x)

∣
∣ .

Let A, B be two Hermitian matrices with their spectra in I . Then, do we have an inequality analogous to (31):

||| f (A) − f (B)||| ≤ ∥
∥ f ′∥∥∞ |||A − B||| ? (32)

Once again, it is expedient to “complicate” the problem as in Section 3, and ask whether for all X

||| f (A)X − X f (B)||| ≤ ∥
∥ f ′∥∥∞ |||AX − X B||| ? (33)

Using Berberian’s trick, this inequality could be deduced from its special case

||| f (A)X − X f (A)||| ≤ ∥
∥ f ′∥∥∞ |||AX − X A|||. (34)

For this we can choose A = diag(λ1, . . . , λn). Let L f be the Loewner matrix defined in (25). Then the inequality
(34) is equivalent to the statement ∣

∣
∣
∣
∣
∣L f ◦ X

∣
∣
∣
∣
∣
∣ ≤ ∥

∥ f ′∥∥∞ |||X |||. (35)

If f is an operator monotone function, then L f is a positive matrix and the inequality (35) is true because of
(14).

123



956 R. Bhatia

9 Personal reminiscence 3

Let A = [ai j ] be a positive definite matrix all whose entries are positive. Then A is said to be infinitely divisible
if for every positive real number r the matrix [ar

i j ] is positive definite. Likewise, a nonnegative function φ on R

is said to be infinitely divisible if for every r ≥ 0 the function g(x) = φ(x)r is positive definite.
The thrust of the discussion in Section 5 was that many matrices and functions arising from comparisons of

means are positive definite. It turns out that most of them are also infinitely divisible.
The concept of infinite divisibility is important in probability and was an abiding interest of KRP. In a

conversation (around 2015) I asked him a question about infinite divisibility and he said all his life he had
worked on infinite divisibility, and only recently had gotten away from it. He was given to hyperbole but he also
had a vision to see underlying connections between different areas. Had I pressed him he would have given a
delightful exposition of several topics. I didn’t because I wanted a quick answer to the problem at hand.

While [9] is the only paper I coauthored with KRP, he made incisive and crucial contributions to several of
my works over the years. For that, among several other reasons, I am deeply grateful to him.
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