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Abstract In this paper we show that spectral measures of the Laplacian on �2(Zd) are smooth in some regions
of its spectrum, a result that extends to parts of the absolutely continuous spectrum of some random perturbations
of it. The spectral measures considered are associated with dense sets of vectors.
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1 Introduction

Professor K R Parthasarathy, called KRP by his colleagues in India, taught me when I was a graduate student at
the Indian Statistical Institute (ISI) for about four and a half years. Mathematics was a way of life for him. In his
tea time conversations, in the anecdotes about his travels, in his informal conversations in the corridors of ISI,
formal lectures and in the office rooms there was always a question or a Theorem from him. I miss KRP, a great
teacher with tremendous enthusiasm, who infected everyone around him with his Mathematics.

In the spectral theory of Anderson model, random Schrödinger operators and other random operators, the
Integrated Density of States (IDS) is an important function. In many stationary cases this quantity turns out to be
the average spectral measure associated with some state that is a positive trace class (or a relatively trace class)
operator.

It was found that the IDS is Lipschitz continuous under very general conditions on the random operator. This
Lipschitz continuity is called ‘Wegner Estimate’. Wegner [22] proved it for the IDS of the Anderson model for
some class of random potentials.

On the other hand the IDS is known to be analytic in a strip about the real axis, in the Anderson model with
i.i.d. random potentials with Cauchy distribution, a fact shown first by Carmona (see [1,6,11]).

There are quite a few works proving regularity in the point spectrum; some of these papers have a condition on
large disorder which essentially implies that the spectrum is pure point for such operators. In the one dimensional
Anderson model we have the papers of Simon and Taylor [20], Campanino and Klein [5], March and Sznitman
[18] and on the strip the papers of Speis [21], Klein and Speis [14,15], Klein et al. [13], Glaffig [9] give regularity
of the IDS. For some non-stationary random potentials on the lattice, Krishna [16] proved smoothness for an
averaged total spectral measure. For the Anderson model on �2(Zd), Constantinescu et al. [7], Carmona [6,
Corollary VI.3.2]), Bovier et al. [4], Kaminaga et al. [10] and Mallick et al. [3] prove smoothness of the IDS.
On the Bethe lattice we have the results of Acosta and Klein [2] and Dolai and Krishna [8] proving smoothness
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958 M. Krishna

of the IDS for the Anderson model: see Kirsch and Metzger [12] for a comprehensive review of most of these
results.

We consider the Laplacian (by dropping the constant term) on �2(Zd):

(�u)(n) =
∑

|n−m|=1

u(m). (1)

It is well known, see [17], that � is unitarily equivalent to multiplication by the function 2
∑d

j=1 cos(θ j ) on

L2([0, 2π ]d), the unitary equivalence implemented by the Fourier series. Therefore � is self-adjoint and has
purely absolutely continuous spectrum [−2d, 2d].

We will also consider perturbations of � by a potential V which is an operator of multiplication by a
real-valued function on Z

d . We denote

H = �+ V . (2)

Since � is bounded, the above operator is self-adjoint on the domain of V , in the case when V is an unbounded
function.

We consider the projection valued spectral measure E A(·) of any self-adjoint operator A given by the spectral
theorem and consider the numerical spectral measures associated with a pair of vectors φ,ψ ∈ �2(Zd), given
by

〈φ, E A(·)ψ〉 (3)

and their distribution functions are denoted by

FA,φ,ψ (x) = 〈φ, E A((−∞, x])ψ〉. (4)

We consider the unit vector δn supported at the point n ∈ Z
d . The collection {δn, n ∈ Z

d} forms an orthonormal
basis for �2(Zd) and we have the following theorem on the regularity of the measures associated with them.
We use the notation Fnm = F�,δn ,δm for simplicity and denote its derivative, almost everywhere on R, by fn−m
whenever it exists.

We define

Cα(R) = { f ∈ C ([α])(R) : f ([α]) is (α) Hölder continuous}, α ≥ 0, (5)

where [α] and (α) denote respectively, the integer and fractional parts of α.
We then get a global regularity result, that in dimensions bigger than 2, there is some differentiability of the

density fn−m , which becomes better as the dimension increases.

Theorem 1 Consider the self-adjoint operator � and the associated distribution functions Fnm, n,m ∈ Z
d for

d ≥ 3. Then for any n,m ∈ Z
d we have

Fnm ∈ Cα(R), for 1 ≤ α <
d

2
.

To do better, we define the following sets.

Sd = {−2d + 4k : k = 0, 1, 2, . . . , d}. (6)

We also set

Sd,δ = Sd + [−δ, δ], 0 < δ � 1. (7)

We note that when d is even 0 ∈ Sd and when d is odd, 0 /∈ Sd .
It is at the points in the set Sd , for each dimension d ,that the IDS has limited differentiability. Our next

theorem is that locally in the spectrum, away from the points of Sd , the densities fn−m are infinitely smooth.

Theorem 2 Let Gd = [−2d, 2d]\Sd , d ≥ 1. Then for any n,m ∈ Z
d , we have

Fnm ∈ C∞(Gd).
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Regularity of the integrated density. . . 959

What about the perturbations of � by a potential? In that case a similar theorem holds for a large class of
potentials for which the wave operators of scattering theory exist. However, the set of vectors for which this
holds come from the range of the wave operators. More precisely,

Theorem 3 Consider � and H as in Eqs. (1, 2), such that the wave operators 
± = s − limt→±∞ eit H e−i t�

exist on �2(Zd). Then there are sets D± ⊂ Ran(
±) ⊂ Hac(H) of vectors dense in Ran(
±) such that

FH,φ,ψ ∈ C∞(Gd), φ, ψ ∈ D±.

The above theorem is deterministic and a similar theorem holds for the cases of random potentials for which
wave operators exist for almost all ω. Suppose

Hω = �+ V ω, V ω(n) =
∑

n∈Zd

ωnan, (8)

with {ωn} i.i.d random variables distributed according to a probability measureμ on R and {an} a sequence of real
numbers. There are various conditions onμ and {an} that show that the wave operators s − limt→±∞ eit Hω

e−i t�

exist for almost every ω. See page 193 [17] for the collection of results and the associated references.

Theorem 4 Consider� and Hω as in Eq. (8), such that the wave operators
ω± = s−limt→±∞ eit Hω
e−i t� exist

almost every ω on �2(Zd). Then for almost every ω there are dense sets Dω± of vectors in Ran(
ω±) ⊂ Hω
ac(H)

such that

FHω,φ,ψ ∈ C∞(Gd), φ, ψ ∈ Dω±,

for almost every ω.

2 Spectral measures of the Laplacian

In this section we compute the spectral measures of the operator �.
The operator� has purely absolutely continuous spectrum, so all the spectral measures 〈δn, E�(·)δm〉, n,m ∈

Z
d are absolutely continuous. We denote the densities of these measures fn−m(x) as stated earlier.

We first give the proof of Theorem 1, as it is a simple application of Fourier transforms.

Proof of Theorem 1 By the spectral theorem and the definition of Fourier transform, we have
∣∣∣∣

1√
2π

〈δn, e−i t�δm〉
∣∣∣∣ =

∣∣∣∣
1√
2π

∫

R

e−i t x fn−m(x) dx

∣∣∣∣ = | f̂n−m(t)|. (9)

On the other hand, using Bessel functions Jk(x) we have from [17, Lemmas 4.18, 4.19], that for any fixed pair
n,m ∈ Z

d ,

∣∣∣∣
1√
2π

〈δn, e−i t�δm〉
∣∣∣∣ = (2π)d√

2π

∣∣∣∣∣∣

d∏

j=1

i (n−m) j J(n−m) j (2t)

∣∣∣∣∣∣
≤ C

(1 + |t |) d
2

. (10)

These two inequalities imply that when d ≥ 3 and 0 ≤ β < d
2 − 1, we have

|t |β | f̂n−m(t)| ∈ L1(R).

We write β = [β] + (β), in terms of the integer and fractional parts; then Fourier transform gives the relation

̂
f ([β])
n−m (t) = (i t)[β] f̂n−m(t). (11)

Therefore the bound

|eit (x+δ) − eitx |
δ(β)

≤ 21−(β)|t |(β)
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960 M. Krishna

together with Fourier inversion gives the inequalities,

| f [β](x + δ)− f [β](x)|
δ(β)

≤
∫ ∣∣∣∣∣

eit (x+δ) − eitx

δ(β)

∣∣∣∣∣ |t |
[β]| f̂n−m(t) dt

≤ 21−β
√

2π

∫
|t |β | fn−m(t)| dt.

Now taking the sup over δ > 0 shows that fnm ∈ Cβ(R), therefore its integral Fnm(x) = ∫ x
−∞ fnm(y) dy is in

C1+β(R), giving the result, since α = 1 + β < d
2 . �


Before proving Theorem 2, we will write down the densities fn−m, n,m ∈ Z
d . We start by computing the

density in one dimension, where we set hk = fk, k ∈ Z, for later convenience. In the following lemma, we
choose the branch of the square root which is positive on the positive axis.

Lemma 1 Consider �2(Z) and the self-adjoint operator � given by

(�u)(n) = u(n + 1)+ u(n − 1), u ∈ �2(Z).

We have for k ∈ Z,

F0k(x) = 〈δ0, E�((−2, x])δk〉

=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0, x < −2,

1
π

∫ x
−2

(
y−i

√
4−y2

2

)k
1√

4−y2
dy, |x | < 2,

F0k(2), x > 2.

(12)

The density hk(x), k ∈ Z of the finite complex measure 〈δ0, E�(·)δk〉, is

hk(x) = 1

π

(
x − i

√
4 − x2

2

)k
1√

4 − x2
χ(−2,2)(x). (13)

Proof We note that under the Fourier series map, we have

δ̂k(θ) = 1√
2π

e−ikθ , and �̂g(θ) = 2 cos(θ)g(θ), g ∈ L2
(

[0, 2π ], 1

2π
dθ

)
.

Therefore we have, by the spectral theorem for self-adjoint operators, for any bounded measurable function
φ on R,

〈δ0, φ(�)δk〉 = 1

2π

∫ 2π

0
e−ikθφ(2 cos(θ)) dθ

= 1

2π

∫ π

0
e−ikθφ(2 cos(θ)) dθ + 1

2π

∫ 2π

π

e−ikθφ(2 cos(θ)) dθ. (14)

In the first term of Eq. (14), we change variables y = 2 cos(θ) and in the second term θ̃ = θ − π and then
y = 2 cos(θ̃)), to get

〈δ0, φ(�)δk〉 = 1

π

∫ 2

−2

(
y − i

√
4 − y2

2

)k
1√

4 − y2
φ(y) dy. (15)

Taking φ = χ(−2,x](·), we see that

F0k(x) = 1

π

∫ x

−2

(
y − i

√
4 − y2

2

)k
1√

4 − y2
dy. (16)

This proves that the densities hk of the measures 〈δ0, E�(·)δk〉 are given by Eq. (13), for each k ∈ Z. �
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Regularity of the integrated density. . . 961

For the following lemma, we notationally write the convolution g1 ∗ g2 ∗ · · · ∗ gd of d functions g1, . . . , gd

by
∏∗d

j=1 g j and by the commutativity of convolution, the g j ’s can appear in any order in the product.

Lemma 2 Consider �2(Zd) and the operator� of Eq. (1) on it. Then for any k ∈ Z
d , the finite complex measure

〈δ0, E�(·)δk〉
has density

fk(x) =
⎛

⎝
∗d∏

j=1

hk j

⎞

⎠ (x), k = (k1, k2, . . . , kd), x ∈ R. (17)

Proof It is well known that under the Fourier transform convolutions become products and vice-versa. Therefore
the spectral theorem for self-adjoint operators, the Eq. (10) and Lemma 1 together give the result. �


The idea of proving Theorem 2 is to consider the Borel transform
∫ 1

x−E−iε fk(x) dx of the density fk and
show that its derivatives in E ∈ [−2d, 2d]\Sd,δ are uniformly bounded in ε > 0 for any 0 < δ � 1. Since
the density fk is a convolution of d factors hk1, . . . , hkd , we split each of the factors into two parts, one with
support close to {−2, 2} and the other having support away from {−2, 2}, since the factors are locally in L1, but
have local L2 singularities at these points. After the splitting, for the terms where at least one of the factors has
support away from {−2, 2}, we see that such a factor is C∞ with the L1 norm of the derivatives having good
control, while the rest of the factors are in L1.

For the lone term all of whose factors are supported near {−2, 2}, their collective supports are contained in
a set which is at a positive distance from the set Gd\Sd,δ , and there the term 1

x−E−iε is C∞ as a function of E
and has uniformly bounded derivatives in ε. Since we can do this for all small δ > 0, we get the theorem.

Proof of Theorem 2 We take a 0 < δ � 1, take a smooth partition of unity {φ+, φ−} and define the functions

hk,±δ(x) = hk(x)φ±(x), suppφ+(x) = [−2 + δ, 2 − δ] (18)

suppφ−(x) = [−2 − δ,−2 + 2δ] ∪ [2 − 2δ, 2 + δ]. (19)

Then

supp(hk,+δ) = [−2 + δ, 2 − δ], supp(hk,−δ) = [−2,−2 + 2δ] ∪ [2 − 2δ, 2].
Since

|hk(x)| ≤ 1

π
√

4 − x2
=
∣∣∣∣

1

π
√
(2 + x)(2 − x)

∣∣∣∣ , x ∈ (−2, 2),

a simple calculation shows that

sup
x

|hk,+δ|(x) ≤ 1

π
√

2δ
,

‖hk,−δ‖1 ≤ 2
√

2

π

√
δ. (20)

We note that since hk’s have support in [−2, 2], fk has support in [−2d, 2d], being a convolution of d hki s.
Therefore the Borel transform of fk is given by

Ik(E, ε) =
∫

[−2d,2d]
1

x − E − iε
fk(x) dx . (21)

We write

fk(x) =
∑

η∈{−,+}d

at least one
η j =+

⎛

⎝
∗d∏

j=1

hk j ,η j δ

⎞

⎠ (x)+
⎛

⎝
∗d∏

j=1

hk j ,−δ

⎞

⎠ (x) (22)
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962 M. Krishna

Using the Eq. (22) in Eq. (21) we have

Ik(E, ε) =
∑

η∈{−,+}d

at least one
η j =+

∫ 2d

−2d

1

x − E − iε

⎛

⎝
∗d∏

j=1

hk j ,η j δ

⎞

⎠ (x) dx

+
∫ 2d

−2d

1

x − E − iε

⎛

⎝
∗d∏

j=1

hk j ,−δ

⎞

⎠ (x) dx

= I1,k,δ(E, ε)+ I2,k,δ(E, ε). (23)

We consider the term I2,k(E, ε) first.

I2,k,δ(E, ε) =
∫ 2d

−2d

1

x − E − iε

⎛

⎝
∗d∏

j=1

hk j ,−δ

⎞

⎠ (x) dx

We note that since all the factors in the convolution in the above integral are supported in the set [−2,−2 +
2δ] ∪ [2 − 2δ, 2], the convolution (

∏∗d
j=1 hk j ,−δ)(x) itself is supported in the algebraic sum of these intervals,

which is seen to be contained in Sd,2dδ . Therefore if dist(E, Sd,2dδ) = c > 0, then |E − x − iε| ≥ c > 0
independent of ε > 0. Hence taking � derivatives of I2,k,δ(E, ε) we get, using the second inequality in (20),

∣∣∣∣
d�

d E�
I2,k,δ(E, ε)

∣∣∣∣ =
∣∣∣∣∣∣
(−1)��!

∫
1

(x − E − iε)�+1

⎛

⎝
∗d∏

j=1

hk j ,−δ

⎞

⎠ (x) dx

∣∣∣∣∣∣
(24)

≤ �!
dist(E, Sd,2dδ)�+1

d∏

j=1

‖hk j ,−δ‖1 (25)

≤ �!
c�+1

(
4
√
δ

π

)d

. (26)

We will now estimate one term in the sum defining I1,k,δ; the estimates for the other terms are similar. One
such typical term is

⎛

⎝
∗d∏

j=1

hk j ,η j δ

⎞

⎠ (x)

where η1, η2 = − and η3 = +. Then we use the commutativity of the convolution to write this term as

h3,+δ ∗
∗d∏

j �=3

hk j ,η j δ

Setting the term
∏∗d

j �=3 hk j ,η j δ = W , we have

∫
1

x − E − iε

⎛

⎝
∗d∏

j=1

hk j ,η j δ

⎞

⎠ (x) dx (27)

=
∫

1

x − E − iε
h3,+δ ∗

∗d∏

j �=3

hk j ,η j δ dx (28)

=
∫

1

x − E − iε
h3,+δ(x − x1)W (x1) dxdx1 (29)

∫
ln(x − E − iε)h′

3,+δ(x − x1)W (x1) dxdx1, (30)
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Regularity of the integrated density. . . 963

where we have chosen the principal branch of the logarithm in the last line above.
Then by integrating by parts we have

d�

d E�

∫
1

x − E − iε
h3,+δ(x − x1)W (x1) dxdx1 (31)

=
∫

ln(x − E − iε)

(
d�+1

dx�+1 h3,+δ
)
(x − x1)W (x1) dxdx1. (32)

Then clearly we have

d�

d E�

∫
1

x − E − iε
h3,+δ(x − x1)W (x1) dxdx1 (33)

≤
(∫ 2d

−2d
| ln |x − E − iε| | dx

)∥∥∥∥

(
d�+1

dx�+1 h3,+δ
)∥∥∥∥∞

∫
|W (x1)| dx1 (34)

≤
(∫ 2d

−2d
| ln |x − E − iε| | dx

)
‖h1‖d−1

1 C(k3, δ, �) < ∞, (35)

where the bound for the h3,δ term comes from the following lemma and the fact that the L1 norm of a convolution
of two L1 functions is bounded by the product of their L1 norms. We also used the fact that the logarithm is in
L1

loc((0,∞)). Using the typical bound of the inequality (33), we see that

sup
E∈[−2d,2d]\Sd,dδ

∣∣∣∣
d�

d E�
I1,k,δ(E)

∣∣∣∣ ≤ (2d − 1) sup
j

C(k j , �, δ) < ∞.

This proves that
∫

1

x − E − iε
fk(x) dx ∈ C∞([−2d, 2d]\Sd,2dδ),

as a function of E , with the all the derivatives uniformly bounded in ε, for any fixed 0 < δ � 1. Hence it follows
that fk ∈ C∞([−2d, 2d]\Sd,2dδ), for all 0 < δ � 1. Therefore fk ∈ C∞(Gd). �

Lemma 3 Consider the hk,+δ defined in Eq. (18). Then we have for any � ∈ Z

+.

∥∥∥∥
d�

dx�
hk,+δ

∥∥∥∥ ≤ C(k, �, δ) < ∞.

Proof The function hk,+δ has three factors, namely

(x − i
√

4 − x2)k,
1√

4 − x2
, and φ+(x).

If we take � derivatives of the above function, then we will have polynomial terms coming from taking the
derivatives of the term with exponent k and the term 1√

4−x2 , while the derivatives of φ+ give bounds that will

depend on δ, which is the parameter its support depends on. The highest power of 1
4−x2 is seen to be 1

2 + � and

4 − x2 is bounded below by at least 2δ, so the inverse power of
√

4 − x2 is bounded, while there is dependence
on k coming from taking the derivatives of the first factor. Therefore the �-th derivative of hk,+δ , will depend
upon the quantities k, �, δ and also the function φ+, but we omit the dependence on φ+ since it is a fixed function
depending upon δ. The polynomial terms will be bounded since we are taking a supremum over a compact set.
We do not compute this bound but call

sup
x∈supp hk,+

∣∣∣∣
d�

dx�
(hk,+)(x)

∣∣∣∣ = C(k, �, δ) < ∞.

This proves the lemma. �
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3 Spectral measures of Perturbed Operators

In this section we make use of the existence of wave operators to prove Theorem 3.

Proof of Theorem 3 We recall that, from [19, Proposition 1], the wave operator 
+ is a unitary operator from
�2(Zd) = Hac(�) to the subspace Ran(
+) ⊂ Hac(H) and satisfies the intertwining relation


+ f (�) = f (H)
+, (36)

for any bounded measurable function f on R.
Therefore the collection {
+δn : n ∈ Z

d} forms an orthonormal basis for Ran(
+). Let Z
d
f in denote the set

of sequences indexed by Z
d with only finitely many non-zero components. We set,

D =
{
∑

k

αk 
+δk : α ∈ Z
d
f in

}
. (37)

Then D is dense in Ran(
+), because it consists of finite linear combinations of elements from an orthonormal
basis for Ran(
+).

For any pair of vectors (
+δn,
+δm), n,m ∈ Z
d , by the intertwining relation, Eq. (36), we have

FH,
+δn ,
+δm (x) = 〈
+δn, EH ((−∞, x])
+δm〉 = 〈δn, E�((−∞, x])δm〉.
Therefore for every n,m ∈ Z

d we have, by Theorem 2,

FH,
+δn ,
+δm (·) ∈ C∞(Gd).

Hence the finite linear combinations of FH,
+δn ,
+δm are also in C∞(Gd). Therefore for any pair φ,ψ ∈ D, we
have

〈φ, EH ((−∞, x])ψ〉 ∈ C∞(Gd),

proving the theorem. �

Proof The proof is similar to the above proof, so we omit it. �


The integrated density of states (IDS) is an important function associated with random operators, especially
the Anderson model and other similar operators. In many models with stationary potentials, the IDS turns out to
be the average spectral measure of the random operator with respect to a vector. While the Lipschitz continuity
of the IDS is well known under very general conditions and goes by the name of ‘Wegner Estimate’, further
regularity of the IDS is only known in energy regions where exponential localisation holds. The only known
exception is when the random potential follows the Cauchy distribution. In this paper we go beyond this result
and show that for a class of random perturbations of the Laplacian on the lattice, where the wave operators
exist, the smoothness of the spectral measures holds almost everywhere for a dense set of states in the absolutely
continuous part of the spectrum, except for finitely many points that depend on the dimension.
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