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1 Introduction

Let G be a locally compact group and μ be a distribution (namely, a probability measure) on G. It is said to be
infinitely divisible if for all n ∈ N (the set of natural numbers) there exists a distribution λn such that μ is the
n-fold convolution power of λn (or equivalently λn is a n-th root of μ with respect to the convolution product of
distributions), and it is said to be embeddable if there exists a continuous one-parameter convolution semigroup
{μt }t≥0 such that μ1 = μ (see below for some explanations). Clearly, a distribution being embeddable implies
it being infinitely divisible since, in the notation as above, for n ∈ N one may choose λn = μ 1

n
.

In his 1967-paper [22] K. R. Parthasarathy (KRP, in the sequel) brought into focus the question of under-
standing the (a priori) larger class of infinitely divisible distributions in terms of the embeddable ones. He was
inspired in this, on the one hand by one of his earlier results, in [27], in collaboration with R. Ranga Rao and
S. R. S. Varadhan, for distributions on abelian groups G, and on the other hand by the theorem of G. A. Hunt [17]
establishing a Lévy-Khinchin representation for embeddable distributions on connected Lie groups, generalizing
the classical picture for distributions over vector spaces. Noting also that the method in [27] is indirect, involving
a deduction via Fourier transforms, KRP proceeds to say

The question naturally arises whether one can directly imbed an infinitely divisible distribution in a
one-parameter convolution semigroup and deduce the Lévy-Khinchin representation theorem.

The issue is dealt with in the paper in certain special cases: To begin with, in the case when G is R
n , for

some n ∈ N, the paper provides a direct proof of embeddability of all infinitely divisible distributions. For a
compact connected (not necessarily commutative) Lie group the same conclusion is upheld under an additional
assumption that the distribution has no idempotent factor; there is also an argument purporting to extend the
result to all compact connected second countable groups, but there are some issues involved with it, which we
shall elaborate on in § 4. Similar ideas are also applied to distributions on semisimple groups of noncompact
type, associated with the corresponding symmetric spaces, to which we will come to later.

The suggestion involved in the quoted statement, and some of the ideas and techniques introduced in the
paper, have been a precursor to much development in the ensuing half a century. KRP himself, though he soon
got busy with problems in other areas in the succeeding years, did revisit the theme, albeit sporadically, and his
papers [23] and [24] may be especially mentioned in this context.

The aim here is to present the current status with regard to the problem raised in the quote, together with
some of the ideas involved in the proofs, focussing on their relation with KRP’s papers. I shall also dwell upon
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the related theme from [22] concerning distributions on symmetric spaces which, curiously, had not received
attention until recently. In his introduction to [22] KRP recalls an analogue of the embeddability of measures
on groups G as above, in the case of symmetric spaces of noncompact type, proved earlier independently by
R. Gangolli [14] and V. N. Tutubalin [30]. In [22] KRP gives a direct proof of the result (see § 8, infra, for details)
using the techniques introduced in the paper, which he notes to be simpler. With the present state of knowledge
in the area, the result can be put in a broader perspective, and approached via newer techniques. This aspect, and
a recent result of Ming Liao [18] on the theme will be discussed in § 8.

Before proceeding further it would be appropriate to clarify certain caveats concerning the question in the
above quote, and reformulate the issues from a present-day perspective. Taken just by itself the formulation may
seem to suggest endeavouring to prove that every infinitely divisible distribution is embeddable. This would
however be misleading. It is quite easy to see that the statement is not to be expected to hold for an arbitrary G
as above. Firstly, if we take G to be the group of rational numbers, equipped with the discrete topology, then any
point mass (distribution concentrated at a point) is readily seen to be infinitely divisible, but it is not embeddable
unless the mass is concentrated at 0. This may seem too peripheral a counterexample, and one may be tempted
to make do with a mild condition such as G is non-discrete, but that does not work; if we consider a locally
compact field of p-adic numbers, where p is a prime number, then again all point mass distributions are infinitely
divisible distributions, but embeddability holds only for the point mass at 0.

With these examples the question as formulated in the quote may seem puzzling. However, here is a clue to
the apparent puzzle. In the earlier papers [27] and [28], unlike [22], distributions are considered equivalent if
they are shifts of each other, by group elements, and the notions of infinite divisibility and embeddability also
differ accordingly. When that is done, the examples as above do not appear. While the framework involving
equivalences, as in [27], is meaningful and serves a useful purpose when the groups considered are abelian (as
is the case in [27] and [28]), it is not tenable while considering non-abelian groups, and was not adopted in [22].
However the mixed context appears to have set in some conflation of ideas, leading to the situation as above.
Besides, KRP would evidently have had in mind mainly connected Lie groups, as in the case of Hunt’s theorem,
the latter being very much a part of the context, though not directly reflected in the formulation. Anyway, as the
issue began to be analysed, adhering to the definitions of infinite divisibility and embeddability as set out in [22],
recalled above, the question soon got crystallized into the following conjecture.
Conjecture 1: Let G be a connected Lie group. Then every infinitely divisible distribution on G is embeddable.

We shall say, for brevity, that G has the embedding property if every infinitely divisible distribution on G
is embeddable. As noted above this had been proved earlier in [27] for vector spaces, and it was reproved by
KRP in [22] by a different method, and the techniques were also extended to prove it for any compact connected
Lie group, for infinitely divisible distributions with no idempotent factors. During this period KRP was at the
University of Manchester, where he also introduced the problem to a student, Q. L. Burrell. More importantly,
the Manchester connection also got another (then) young mathematician, who joined that university around that
time, M. McCrudden, hooked to the problem. McCrudden initially got involved as mentor to Burrell, and in a
few years they jointly produced, in [1], the first generalization of KRP’s result for vector spaces, proving the
embedding property for connected nilpotent Lie groups. While Burrell left the stream there, McCrudden was to
persistently pursue the problem, with numerous contributions, subsequently for over three decades. One of his
results on the problem, proved in [19] in 1981, has been a landmark on the issue. The review of the paper in
Mathematical Reviews is by none other than KRP, who attests in the review saying “This settles a long-standing
problem of probability theory on Lie groups." He adds, with some palpable sense of satisfaction, “As the author
points out the method used is a modification of the argument employed by the reviewer", referring to his paper
[24].

I happened to meet McCrudden, in 1985, at a conference at Oberwolfach, Germany, where he presented some
of his results on the “embedding problem", moving towards a fuller resolution of Conjecture 1, beyond [19],
(see § 3 for details), and got me interested in it. This was to result in a long collaboration between us, involving
several papers, thus bringing me firmly into the creed initiated by KRP in this branch of mathematical pursuit,
via Manchester and Oberwolfach, though I had been in contact with KRP, albeit feebly, during the intervening
decade of the 1970s, in Mumbai and Delhi! This segment of history, though a bit of a digression, should serve
to place the present tribute to KRP in context.

In the work that followed, while there was much thrust on Conjecture 1, a significant complement also
emerged, in the framework of general locally compact groups; in this context I may mention here the following
conjecture which has been floating around (though I do not recall seeing it specifically recorded as such), which
is also in the spirit of KRP’s quote as above, if one bears in mind the different framework as in [27]:

123



Embeddability of infinitely divisible distributions... 1001

Conjecture 2: Let G be a locally compact second countable group and let μ be an infinitely divisible distribution
on G. Then there exists a one-parameter semigroup {λt }t≥0 in P(G) such that μ = λ1g, for a g ∈ G, which
moreover may be chosen such that for all n ∈ N there exists gn ∈ G such that gn

n = g and gnλt = λt gn for all
t ≥ 0.

We note that under the condition as stated, μ is necessarily infinitely divisible, and the conjecture is that
conversely the condition is implied by infinite divisibility of μ. When the statement as in the conjecture holds
for a μ, we shall say, for brevity, that μ is shift-embeddable. Shift embeddability was proved by KRP in [23]
for any infinitely divisible distribution μ on any (not necessarily connected) compact second countable groups,
when μ has no idempotent factors; it turns out that the result goes back to a 1964 paper of H. Carnal, in German,
of which KRP was unaware; KRP’s proof of the extension is different however, and involves a novel method
using second order cocycles.

In the next section we shall set up some general notation and summarize the current status with regard to
Conjectures 1 and 2. A sketch of the ideas, together with various components involved in the proofs of the results,
and their relation with KRP’s papers will be presented in §s 3 - 7. In § 8 we discuss the embedding problem on
quotients of the form G/K , where G is a connected Lie group and K is a compact subgroup of G, generalizing
the framework of symmetric spaces of noncompact type dealt with by KRP in [22].

2 Embedding theorems on groups

Let G be a locally compact second countable group. We shall denote by P(G) the space of all distributions
(probability measures) on G equipped with the weak* topology, and the convolution product of distributions; the
product of two distributions λ and μ will be denoted by λμ (by juxtaposition, paying attention to the order, the
product being non-commutative when G is non-commutative). Correspondingly, for any λ ∈ P(G) and n ∈ N,
λn will denote the n-th convolution power of λ. For any x ∈ G we shall denote by δx the distribution concentrated
at x , and for simplicity for any x ∈ G and λ ∈ P(G), the distributions δxλ and λδx will be denoted by xλ and
λx respectively.

Now let G be a connected Lie group. On such a group, McCrudden’s theorem in [19], alluded to in the
Introduction, confirmed embeddability of all infinitely divisible distributions whose support is not contained in
any proper closed subgroup. Embeddability of an arbitrary infinitely divisible distribution on a connected Lie
group G (viz. the embedding property) was known prior to this, for compact Lie groups and solvable connected
Lie groups with “real roots", namely such that all eigenvalues of Ad g are real for all g ∈ G (that includes all
nilpotent connected Lie groups); see [15], Chapter 3. For other groups Conjecture 1 then remained open for
distributions supported on proper closed subgroups; the roots of the distribution that are assured, towards the
infinite divisibility property, may however not be supported on the same closed subgroup. On account of this the
ambient group G retains its relevance with regard to the issue at hand.

Affirmation of Conjecture 1 without any condition on the individual distribution beyond the infinite divisibility
is now available for what have been called “class C" groups. A connected Lie group G is said to be of class C if
it admits a representation ρ : G → GL(V ), where V is a finite-dimensional real vector space, such that ker ρ

(the kernel of ρ) is a discrete subgroup of G.

Theorem 2.1 ([10], [12]) Let G be a connected Lie group of class C. Then every infinitely divisible distribution
on G is embeddable in a continuous one-parameter convolution semigroup.

In [10], [12] and the earlier expositions of Theorem 2.1, while focussing on arriving at the conclusion of
embeddability as above, no specific observations have been noted about confining the one-parameter semigroup
sought after to suitable proper subsemigroups of P(G), depending on the roots assured for the distribution μ.
Following the sketch of the proof, and a review of the ideas involved, we note here a result in this respect,
Theorem 7.3, which turns out to also be useful in considering the embedding problem on symmetric spaces,
discussed in the last section.

The class C groups include, apart from connected matrix Lie groups, the classes of groups meeting the
following conditions, which turn up in Lie group theory in various contexts; they include in particular the vector
spaces and compact connected groups involved in [22] :

(i) All simply connected Lie groups; this follows from Ado’s theorem.
(ii) All compact connected Lie groups; by the Peter-Weyl theorem.
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(iii) All connected semisimple Lie groups; in this case the adjoint representation serves as ρ in the condition
as above.

We note that in these groups the kernel of the representation can in general be a nontrivial discrete subgroup,
for every possible choice of a finite-dimensional representation.

In terms of the standard structure theory of Lie groups the condition for a connected Lie group G to be
of class C is that if R is the radical of G then the commutator subgroup [R, R] is a closed simply connected
(nilpotent) Lie subgroup; see [4], Proposition 5.3; here I have put “nilpotent" in parenthesis, as it is automatic –
the operative part of the condition is that [R, R] is simply connected, and the latter part of the condition is also
equivalent to that [R, R] has no nontrivial compact subgroup.

Not all connected Lie groups are of class C however. One of the simplest examples arises as H/D, where
H is the 3-dimensional Heisenberg group and D is a nontrivial discrete (cyclic) subgroup contained in [H, H ],
the (one-dimensional) center of H ; every finite-dimensional representation of H/D has the one-dimensional
subgroup [H, H ]/D in its kernel. For this group itself the embeddability of infinitely divisible distributions
is not an issue, it being covered by the result of Burrell and McCrudden mentioned earlier. However, a more
complicated connected Lie group for which embeddability would not follow from previously known methods
can be constructed with the help of it as follows.

We note that SL(2, R), the Lie group consisting of all 2 × 2 matrices with real entries and determinant 1,
acts as a group of Lie automorphisms of H/D; in fact these automorphisms form a subgroup of index 2 of the
full automorphism group. Let K be the subgroup of the automorphism group, corresponding to the subgroup
of SL(2, R) consisting of all orthogonal matrices with determinant 1. Now let G be the semidirect product of
K with H/D, under the canonical action. This group, which was dubbed as the ‘Walnut group’, is the simplest
example of a group for which the embedding property remained unproved, after Theorem 2.1 was proved.

The example was however taken off the list when in [7] embeddability was proved under certain conditions
involving both the Lie group and the infinitely divisible distributions; the conditions, which we shall not go into
here, could be verified for any infinitely divisible distribution on the Walnut group for which the older techniques
would not suffice for proving embeddability. This proved that the group has the embedding property. We shall
not go into further details of the results here, as they are rather technical, and involve branching off substantially
from the ideas discussed here.

We shall next take up results for groups which are not necessarily connected. Before proceeding further let
me point out a caveat that should be borne in mind. Let G be a locally compact second countable group and
H be a closed subgroup of G. Let μ be a distribution on H , viewed also as a distribution on G. Suppose μ

is infinitely divisible as a distribution on H , and hence also as a distribution on G. If G is a group for which
the embedding property holds, say a connected Lie group of class C, then we get that μ is embeddable as a
distribution on G. It does not follow however that μ is embeddable as a distribution on H , since the distributions
from the one-parameter semigroup {μt } in which μ is embedded may not be supported on H . In fact it does
not hold in general; see below for some details. Thus the embedding property for the subgroup H needs to be
considered in its own right, though we may, depending on the context, be able to avail of the embeddability in
the larger group.

Here then are some results on embeddability of infinitely divisible distributions that are closely related, in
their flavour and in terms of the techniques involved, to the above mentioned results.

(i) If G is a discrete subgroup of GL(n, R), n ∈ N, and μ is an infinitely divisible distribution on G, then
μ is shift-embeddable on G. If moreover G is contained in a finitely generated (not necessarily closed)
subgroup of GL(n, R), then μ is embeddable on G. On the other hand there exists a discrete subgroup G
of SL(2, R) and a distribution (specifically the point mass at −I , where I is the identity matrix, contained
in G) which is (shift-embeddable but) not embeddable. (Dani and McCrudden [11]).

(ii) If G is an algebraic subgroup of GL(n, K ), where K is a p-adic field, p a prime and μ is an infinitely
divisible distribution on G, then μ is shift-embeddable. (Riddhi Shah [29]).

(iii) If G is a finitely generated subgroup of GL(n, A), where A is the field of algebraic numbers, equipped with
the discrete topology, and μ is an infinitely divisible distribution on G, then μ is embeddable. (Dani and
Riddhi Shah [13]).

3 Factors of a distribution

One of the key ideas in the strategy adopted by KRP towards proving embeddability of an infinitely divisible
distribution, in the cases that he dealt with, is to analyse the set of factors of a distribution.
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Let μ ∈ P(G). Then λ ∈ P(G) is called a factor of μ if there exists a σ ∈ P(G) such that λσ = σλ = μ.
(Note that, in the sense of general semigroup theory, what we mean here is a two-sided factor).

It may be observed in particular that every root of a distribution is a factor. Moreover if λ ∈ P is a n-th root
of μ, with n ≥ 2, then λm is a factor for μ for all m between 0 and n; we note that λ0 is understood to be δe, the
point mass at the identity element. For an infinitely divisible distribution we call the set

R(μ) := {λm | 0 ≤ m ≤ n, λn = μ}
the root set of μ. This collection of distributions, associated with the infinitely divisible distribution μ, plays an
important role in the analysis of embeddability of μ; if an embedding {μt }t≥0 is to be found with μ = μ1, then
the measures μ p

q
, where p, q ∈ N and p ≤ q are distributions from the root set, whose limits account for the

embedding. A basic strategy, in the light of this, is to get hold of a subset of the root set, parametrized by positive
rationals, which would serve such a purpose; this requires in particular that when a sequence of rationals (among
the parameter values) converge to an irrational the corresponding elements from the root set should converge.

As may be expected from the above observation, the situation would be simpler when R(μ) can be established
to be relatively compact (or conditionally compact, namely contained in a compact subset of P(G)), so that
existence of limits may be ensured.

The following property of convolution products in P(G) plays an important role towards the objective as
above, in KRP’s and many subsequent proofs of embeddability results. The result was proved earlier in [26], to
which it is referred in [22]; a proof of the result is also presented in [25].

Theorem 3.1 Let {λn}, {μn} and {νn} be sequences in P(G) such that μn = λnνn for all n ∈ N. If {μn} is
relatively compact in P(G) then there exists a sequence {xn} in G such that {λn xn} and {x−1

n νn} are relatively
compact.

Remark 3.2 Adapting the proof of the theorem as in [25] the following symmetrized version of the theorem was
proved in [8]: in the notation as above, if μn = λnνn = νnλn for all n, then the sequence {xn} can be chosen
such that {λn xn} and {x−1

n νn} as well as {xnλn} and {νn x−1
n } are relatively compact.

Of particular interest in proofs of the embedding theorems is the case of Theorem 3.1 in which μn = μ, a
fixed distribution, for all n ∈ N, and λn (and νn) are distributions from the root set R(μ). We note further that if
it could be concluded in some way that the sequence {xn} that is assured by the theorem in this case is relatively
compact, then it follows that the sequences {λn} and {νn} are relatively compact.

4 A sketch of some results in [22]

KRP’s proof of embeddability of infinitely divisible distributions on R may now be sketched (without going into
finer details) as follows: Let μ be an infinitely divisible distribution on R. For each n let ρn be a 2n th root of μ.
Let σ

(k)
n = ρ2n−k

n , for all n, k ∈ N. It is verified using Theorem 3.1 (and confirming that the sequence {xn} arising

there is relatively compact) that the sequences {σ (k)
n }, k ∈ N, are relatively compact. Let σ be a limit point of

{σ (1)
n }. Then σ is a square-root of μ with the further property that it admits 2n-th roots for all n. Repeating the

procedure one gets a sequence of {λn} of distributions such that λ2n

n = μ and λ2
n+1 = λn for all n ∈ N. Now

defining μk/2n , for k, n ∈ N, k ≤ n, to be λk
n , yields a diadic semigroup of measures (viz. {μs} with the parameter

s a binary rational and s �→ μs a homomorphism), with μ1 = μ. Showing that the semigroup is continuous at
0, in the sense that when the parameter tends to 0 the distributions converge to a fixed distribution (δ0 in this
instance) would imply that that the closure of the diadic semigroup is a (continuous) one-parameter semigroup
{μt }t≥0, proving embeddability of μ. Proving continuity at 0 is again an issue concerning relative compactness
of sequences of roots in which the parameter values are tending to 0, coupled with proving that any limit point
of such a sequence is a fixed distribution, independent of the sequence involved. The relative compactness issue
is taken care of using Theorem 3.1. For the second part, KRP relies on arguing out that the Fourier transform
(characteristic function) of any such limit point would have to be the constant function 1, and hence the limit is
δ0.

Among these steps the verification of the sequences {xn} being relatively compact (where checking is involved,
using Theorem 3.1), and the last part using characteristic functions, involve commutativity of the group. So
while the argument can be readily generalized to the case of R

d for all d, as noted in [22], going beyond, to
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noncommutative groups, would call for other ways of dealing with these issues. From these, the case of compact,
possibly noncommutative groups, was dealt with by KRP and we shall discuss some details of this below. Along
the way we first note the following.

Remark 4.1 In the context of the above description we may note the following: one of the issues in being able
to deduce embeddability from infinite divisibility is that while infinite divisibility of a distribution μ assures
existence of a nth root for all n ∈ N, a priori, the roots themselves may not admit roots of order ≥ 2. If on
the other hand it is assured that we can pick distributions for μ1/n!, n = 1, 2, . . . , such that with μ1 = μ, and
μ1/n! is a nth root of μ1/(n−1)! then we can get {μr }r∈Q+ parametrized by positive rationals, such that r �→ μr

is a homomorphism of the semigroups; it suffices to define, for r = p
q , p, q ∈ N, μr to be μ

(q−1)!p
1/q! ; it can be

readily seen that μr is well-defined (independent of the expression for r as p
q , with p, q ∈ N), and that r �→ μr

is a homomorphism. If moreover the assignment r �→ μr , r ∈ Q can be shown to be continuous (when Q is
equipped with the usual topology) then we get an embedding of μ.

We shall refer a semigroup {μr }r∈Q+ , with μ1 = μ, and μr+s = μsμs for all r, s ∈ Q
+, as a rational

embedding of μ, and when one such exists we shall say that μ is rationally embeddable. A rational embedding
{μr }r∈Q+ is said to be continuous at 0 if there exists μ0 such that for any sequence {r j } in Q

+ such that r j → 0 we
have μr j → μ0. We note that if μ admits a continuous rational embedding then μ is embeddable in a continuous
one-parameter semigroup {μt }t≥0.

In the case of compact groups G, which is the other case considered by KRP, the part of proving the sequences
of roots to be relatively compact is straightforward, as P(G) is compact in this case. This readily leads, as noted
in Remark 4.1 to a rational embedding, say {λr }, r ∈ Q

+, of the given infinitely divisible distribution μ, with
μ = λ1. Towards proving it to be continuous at 0, KRP first observes that all the limits, along any convergent
sequences λr j , r j → 0, are translates of a single distribution, say λ, by elements of a toral subgroup T of G,
whose elements commute with all λr . Using the assumption that μ has no idempotent factor, together with the
above observation and some harmonic analysis (finite-dimensional representations of the compact group G) a
continuous one-parameter semigroup {νt } is produced, with each νr , r ∈ Q

+, a translate of λr by an element of
T ; in particular μ is a translate of ν1 by an element of T . Since every element of T is contained in a one-parameter
subgroup in T it follows that there exists {μt }t∈R for which μ = μ1. This completes the proof in the case of
compact Lie groups, as formulated.

An argument is given in [22], purporting to extend the result to any connected second countable locally
compact group G, using the fact that such a group is an inverse limit of compact Lie groups. Indeed the argument
shows, correctly, as in the special case of Lie groups as above, that there exist a compact connected abelian group
H of G (the inverse limit of the toral subgroups in the Lie groups involved in the inverse-limit sequence), and
a continuous one-parameter semigroup {νt }t∈R such that νt h = hνt for all t ∈ R and h ∈ H , and μ = ν1c for
some c ∈ H . This establishes shift-embeddability of μ as involved in Conjecture 2.

Towards deducing embeddability of μ from this, it is said at this point ([22], p. 378, near the end of § 4) that
“Since H is a compact connected abelian group, c itself lies on a one-parameter group of elements in H .". The
statement is however not true - a compact connected abelian group need not be arcwise connected, even when
it is second countable; see [16] Corollary 5.2. Moreover, the desired conclusion of embeddability is also not
true. This may be deduced from the general result from [16], but may also be seen directly from the following
example.

Example 4.2 Let G be the dual group of the group of binary rationals, where the latter is considered equipped
with the discrete topology. The group may be realized as an infinite tower of 2-fold coverings of the circle group
S1 or equivalently as the group consisting of sequences {z−n}∞0 , with z−n ∈ S1, such that z2−n = z−n+1 for all
n ∈ N. Every element of G is readily seen to be divisible and hence every point mass is an infinitely divisible
distribution. Let π : G → S1 be the map onto the base, namely taking any sequence {z−n} as above to z0.
Now consider z ∈ S1, other than 1, and w ∈ π−1(z). If {ϕt } is a one-parameter semigroup such that ϕ1 = w

then {ϕs}1
0 is a lift of the curve under the succession of towers of the segment {π ◦ ϕs}1

0 of a one-parameter
subgroup {γt } in S1 with γ0 = 1 and γ1 = z. The latter has only countably many possibilities (one for each
choice of the winding number). By the unique lifting properties this implies that there are only countably many
possibilities for w admitting {ϕt } as above. On the other hand π−1(z) is uncountable so there exist w for which
such a one-parameter subgroup does not exist, and in that case δw is not embeddable; an explicit sequence {z−n}
can also be constructed inductively by ensuring that z−n is not the end-point of the 2n-fold cover of the segment
of the one-parameter subgroup from 1 to z, with winding number n.
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The other part, of proving continuity of a subsemigroup constructed as above, is taken care of by KRP (for
distributions with no idempotent factors) using the theory of unitary representations of compact Lie groups
(analogue of Fourier analysis) and the structure of general connected second countable compact group as an
inverse limit of compact Lie groups. The details are quite intricate and we shall not go into them.

5 Other consequences of the results in § 2 towards embedding results

Now consider μ ∈ P(G) and let {λn} be a sequence of factors of μ, with {νn} such that λnνn = νnλn = μ. Then,
as noted above, there exists a sequence {xn} in G such that the sequences {λn xn}, {x−1

n νn}, {xnλn} and {νn x−1
n }

are relatively compact. Since x−1
n μxn = (x−1

n νn)(λn xn) for all n, it follows {x−1
n μxn} is relatively compact and

similarly as xnμx−1
n = (xnνn)(λn x−1

n ) for all n, we get that both {xnμx−1
n } and {x−1

n μxn} are relatively compact.
An observation along these lines was first made by McCrudden and in particular it played an important role in
his paper [19].

Consider now the action of G on P(G), with the action of any x ∈ G given by λ �→ xλx−1 for all λ ∈ P(G).
Suppose that the orbit of μ under the action is locally closed in P(G) (that is, it is open in its closure). Let

T (μ) = {x ∈ G | xμ = μx}.
Then it follows (by a Baire category argument!) that the map of G/T (μ) onto the orbit of μ defined by xT (μ) �→
xμx−1 is a homeomorphism. In this case for the xn’s as above we would have that {xnT (μ)} is relatively compact
in G/T (μ). Also let

Z(μ) := {z ∈ G | zx = xz for all x ∈ supp μ},
where suppμ stands for the support of μ. Then Z(μ) is a normal subgroup of T (μ), and along with G/T (μ)

the quotient G/Z(μ) turns out to be of interest.
The condition of the G-orbit of μ being locally closed generally does not hold, even for connected Lie groups,

but it holds for what are called almost algebraic subgroups of SL(n, R), namely those for which G is a connected
component in the set of solutions in n × n matrices of polynomial equations. Furthermore, for these groups, the
subgroup T (μ) is also such that T (μ)/Z(μ) is compact; see [6] and references cited there. When this holds, for
the sequence {xn} as above we get that {xn Z(μ)} and {x−1

n Z(μ)} are relatively compact. When that happens, it
means that (by modifying notation) we may assume the sequence {xn} as above to be itself contained in Z(μ).

This fact, together with the representation in a finite-dimensional vector space, with discrete kernel, which
is assured for a class C group, is exploited to get roots of various orders which would fit into a semigroup
parametrized by rationals, containing μ, in a way that is reminiscent of KRP’s fitting the roots of order 2n into a
semigroup parametrized by diadic rationals. Some of this will be discussed further in the next section.

Before concluding this section let me also mention here that the set of ideas as in Theorem 3.1 and the study
of the actions of groups on the space of distributions as above have also been fruitful in the study of concentration
functions, convergence of types of distributions, Levi’s measures etc.; the reader is referred in this respect, in
particular, to the article [2] on decay of concentration functions of convolution powers, which was also dedicated
to KRP on another occasion see also [3] and other references cited there for a broader perspective on the theme.

6 Root-sequences and rational embeddings

The proof of Theorem 2.1 is achieved by proving the following theorem. In the sequel for any λ ∈ P(G) we
denote by Z0(μ) the connected component of identity in the subgroup Z(μ) defined in § 3. We recall here that
when G is an almost algebraic group, the subgroup Z0(μ) is of finite index in Z(μ); employing Z0(μ), rather
than Z(μ) itself turns out to be important in extending the results from the class of algebraic groups to the more
general class C groups, which involve an extension by discrete central subgroups.

Theorem 6.1 (see [12]) Let G be a Lie group of class C, and let μ ∈ P(G). Let m ∈ N and {νn} be a sequence
of m-th roots of μ. Then there exists a sequence {zn} in Z0(μ) such that the following conditions are satisfied:

(i) {znνnz−1
n } is relatively compact;

(ii) if q ∈ N, and {σn} is a sequence in P(G) such that, for all n, σn is a qth root of νn and Z0(σn) = Z0(νn),
then {znσnz−1

n } is relatively compact.
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Here is an overview of the proof of the theorem, starting with the preparations as in the last section; an
interested reader is referred to [12] for complete details, and to [4] for an exposition of the proof; the latter has
various details, and repeating them here would not serve any purpose.

Given a sequence {νk} as in the hypothesis, the argument as in § 3 yields, in the case when G almost algebraic,
that there exists a sequence {xn} in Z0(μ) such that {νn xn} is relatively compact. Using certain decomposition
properties of algebraic groups we conclude that there exists a sequence {ζn} in Z0(μ) such that if the sequence of
roots {νn} as above is replaced by {ζnνnζ−1

n }, then the corresponding sequence {xn} is contained in the nilradical,
say N , of Z0(μ). Modifying the notation therefore we may assume that {νn xn} is relatively compact for a sequence
{xn} contained in N . With the help of some curious properties of nilpotent connected Lie groups, which were
anticipated by first considering the abelian case, and could be proved by elementary arguments, we could then
prove (see [10], [12]), that for a modified choice of the sequence {xn} as above, {νn xn} consists of mth roots,
and that the roots are in fact conjugates of νn by elements of N ; this completes the proof of Statement (i) in
Theorem 6.1 for almost algebraic groups. Statement (ii), which is needed in applications, is upheld by keeping
track of the steps in the proof of (i). For a general class C group the statements are proved by considering
the images under the associated representation with discrete kernel, and lifting the properties suitably, using
especially that the kernel is discrete.

We next discuss how, given an infinitely divisible distribution on a Lie group of class C, we can pick
distributions for μ1/n!, n = 1, 2, . . . , such that with μ1 = μ, and μ1/n! is a nth root of μ1/(n−1)!; by Remark 4.1
this would show that μ admits a rational embedding.

Now let μ be a given infinitely divisible distribution and let {λn} ∈ P(G) be such that λn!
n = μ for all n ∈ N.

Consider the dimensions of Z0(λ
n!/2
n ), n ≥ 2, the sequence of distributions involved being of square roots of μ.

Let {n(2)
k } be the sequence on which the liminf (the eventual minimum) of the dimensions is attained. We next

consider the dimensions of Z0(λ
n!/6
n ), n ≥ 3, and let {n(6)

k } be the subsequence of {n(2)
k } on which the eventual

minimum by dimensions of Z0(λ
n(2)

k !/6
nk ) is attained, and so on. Since the dimensions can not drop more than as

many times as the dimension of Z0(μ), continuing the process we see that there exist m ∈ N and a sequence

{nk}, nk ≥ m for all k, such that the dimension of Z0(λ
nk !/m′!
nk ) is the same for all k ∈ N and all m′ ≥ m.

Now let σk = λ
nk !/m!
nk , k ∈ N. By Theorem 6.1 and the choice of m as above we get that there exists

a sequence {zk} in Z0(μ) such that {zkσk z−1
k } is relatively compact, and for any ρk = λ

nk !/m!q
nk , k ∈ N, the

sequence {zkρk z−1
k } (starting with k such that nk ≥ q) is relatively compact for each q ≥ m. Considering the

sequences of appropriate powers of these, we get that {zkλ
nk !/p!
nk z−1

k } is relatively compact for each p ∈ N.

Following the usual diagonal process we get a subsequence of k’s along which {zkλ
nk !/p!
nk z−1

k } converges for each
p; let μ1/p! denote the corresponding respective limits. Then we see that for each p, μ

p
1/p! = μ1/(p−1)!. By

Remark 4.1 we now get that μ admits a rational embedding.

7 Continuous embeddings

It may be recalled from § 3 that in KRP’s results for vector spaces and compact connected Lie groups, after
proving diadic or rational embeddability of infinitely divisible distributions, embeddability in continuous one-
parameter semigroups was deduced by proving continuity at the parameter value 0; the methods for the latter
part involved harmonic analysis, and were applicable there only when the distribution has no idempotent factor.
It is now known, through analysis of the factors as in § 3, that for any connected Lie group G, if a distribution
μ on G admits a rational embedding then it admits a continuous embedding; this was first proved in [9], and a
more transparent argument is presented in [5] - we shall not go into the details here.

I may take this occasion to note the following: given a rational embedding {ρr }r∈Q+ of a distribution μ = ρ1,
the continuous embedding {μt }t≥0 of μ that is assured by the above-mentioned result need not be an extension
of the given rational embedding; viz. it is not assured that μr = ρr for all r ∈ Q. This may be seen as follows:
Consider G = S1 = {z ∈ C

∗ | |z| = 1}, the circle group. Starting with any sequence {ωn} in S1 such that
ωn

n = ωn−1 for all n ≥ 1 we can construct a rational embedding {ρr }r∈Q+ of δω1 , such that ρ1/n = δωn for all
n. We can moreover choose ωn inductively satisfying the above conditions and also so that Re ωn ≤ 0 for all n.
The corresponding homomorphism of Q

+ into P(S1) can not extend to a continuous embedding, since the limit
points of ρ1/n , as n → ∞, do not serve as the identity element, which is evidently needed.
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In particular the statement in Theorem 1.1 of [5] in this respect is erroneous; the main point of [5] is
Theorem 2.1 there, asserting “local tightness", namely that for any r ∈ Q

+, {μs | s ≤ r} is relatively compact.
Following the statement of Theorem 1.1 in [5] there is an argument given for deducing it from Theorem 2.1,
referring to certain results from [15], § 3.5; however, it involves an unfortunate misreading of the results cited.

It is true however, that if a distribution μ on a connected Lie group admits a rational embedding {ρr }r∈Q+ ,
with μ = ρ1 then it admits also a continuous embedding {μt }t≥0, with μ = μ1; such a statement holds also
more generally for what in [20] are dubbed as “decent groups" G, in place of Lie groups as above, the condition
involved being that for any compact subgroups H and K of G such that K a normal subgroup of H and H/K
is connected and abelian, H/K is arcwise connected; see [20], Theorem 3.6. In this respect we note that the
following result can be deduced from Theorem 3.5.1 in [15]; the latter is a general statement for homomorphisms
of Q

+ into topological semigroups, adapted here to the context of closed semigroups of P(G), where G is any
locally compact second countable group.

Theorem 7.1 Let G be a locally compact second compact group and let {ρr }r∈Q+ be a locally tight rational
embedding in P(G). Let S be the closure of {ρr }r∈Q+ in P(G). Let C = {g ∈ G | ρr g = ρr for all r ∈ Q

+}.
Then there exists a compact subgroup H of G, and a one-parameter semigroup {νt } in S such that the following
conditions are satisfied:

i) H contains C as a normal subgroup, and H/C is a connected abelian group;
ii) ν0 = ωC , the normalized Haar measure on C, and hωC ∈ S for all h ∈ H;

iii) for all t ≥ 0, c1νt c2 = νt for all c1, c2 ∈ C and hνt = νt h for all h ∈ H;
iv) for all r ∈ Q

+ there exists hr in H such that ρr = νr hr .

We shall not to into the full details of deduction of Theorem 7.1 from Theorem 3.5.1 of [15], but note the
following points about it. In [15] the rational embedding is not assumed to have a dense image in the semigroup,
but this restriction is convenient, so that one can conclude {νt } is contained in S, as stated in the conclusion.
Secondly, we have used the fact that any compact subgroup of P(G) is of the form {hωK | h ∈ H}, where H
and K are compact subgroups of G, with K contained in and normalized by H , and ωK is the normalized Haar
measure on K . This follows from the fact that the identity element, which is an idempotent distribution, has to be
the normalized Haar measure of a compact subgroup; this is a well-known fact and could be referred to various
sources (especially [15] which includes systematic account of the work in the area until the mid-1970s), but it
would be interesting to cite here for this an elementary proof of it given by KRP in [21]; we then see a posteriori
from the other conditions that K coincides with C as in the hypothesis.

From Theorem 7.1 we can deduce the following:

Corollary 7.2 Let G be a connected Lie group, μ ∈ P(G), and {ρr }r∈Q+ be a rational embedding in P(G), as
μ = ρ1. Let S be the closure of {ρr }r∈Q+ in P(G). Then there exists a one-parameter semigroup {μt } contained
in S such that μ1 = μ.

Since G is a Lie group, as recalled earlier, by the result in [9] the rational embedding is locally tight.
Let C and H be the subgroups for which the conclusion of Theorem 7.1 holds in this case. As they are Lie
subgroups, and H/C is a connected abelian Lie group, there exists a one-parameter subgroup {h′

t } of H such
that h1 = ch′

1 for some c ∈ C . Then defining μt = νt h′
t for all t ≥ 0 yields a one-parameter semigroup such

that μ1 = ν1h′
1 = (ν1c)h′

1 = ν1h1 = ρ1 = μ. Also, for all r ∈ Q
+ we see that μr = νr hr for some hr ∈ H

and hence μr = (νrωC )hr = νr (ωC h) ∈ S. Since {μr }r∈Q+ is dense in {μt }t≥0 and S is closed it follows that
the latter is contained in S.

Before concluding this section we note the following strengthening of Theorem 2.1, which is seen to follow
from the arguments involved, as discussed in the preceding sections.

Theorem 7.3 Let G be a connected Lie group of class C and μ ∈ P(G). Let S be a closed semigroup of P(G)

such that zσ z−1 ∈ S for all σ ∈ S and z contained in the nilradical of Z0(μ). Suppose that for all n ∈ N there
exists λn ∈ S such that λn

n = μ. Then there exists an embedding {μt }t≥0 contained in S, with μ1 = μ.

Recall that starting with a sequence of λn of n!th roots of μ we constructed a rational embedding of μ whose
elements involved only conjugates of various roots by elements of the nilradical of Z0(μ) and their limits. Thus
for μ as in the hypothesis we would get a rational embedding {ρr }r∈Q+ with ρr ∈ S for all r ∈ Q

+. As noted
earlier, as G is a connected Lie group the rational embedding is locally tight and hence the result follows from
Theorem 7.1.
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8 The embedding problem on symmetric spaces

As recalled earlier, in his 1967-paper KRP also discussed the analogue of the embedding problem for symmetric
spaces of noncompact type, viz. spaces of the form G/K where G is a noncompact semisimple Lie group with
finite center and K is a maximal compact subgroup of G, and reproved, applying the techniques in that paper,
an earlier result on embeddability of infinitely divisible distributions on these spaces, proved independently by
R. Gangolli and V.N. Tutubalin. Our aim here is to discuss how a substantially general form of such a result can
now be deduced from Theorem 7.3. In particular, here we consider more general Lie groups, and also compact
subgroups which are not necessarily maximal.

Let G be a connected Lie group of class C and K be a compact subgroup of G. We denote by X the quotient
space G/K , equipped with the quotient topology, and by π : G → X the canonical quotient map. As in
[22] (in the special case considered there), we shall say that a distribution μ ∈ P(G) is right K -symmetric if
μ(Ek) = μ(E) for all Borel sets (or equivalently μk = μ) for all k ∈ K . Let S denote the space of all right
K -symmetric distributions on G; though S depends on K , to keep the notation simple we shall not incorporate
K in the notation. Then S is a closed semigroup of P(G) and it can be seen that λ �→ π(λ) gives a natural
bijection of S onto P(X).

The question addressed is whether a right K -symmetric distribution μ admitting right K -symmetric nth roots
for all n ∈ N admits an embedding in a (continuous) one-parameter semigroup {μt }, with μt right K -symmetric
for all t ≥ 0, as μ = μ1; in other words, if μ ∈ S has nth roots in S for all n, then whether there is a one-parameter
semigroup in S containing μ.

Let μ ∈ S. Then K is contained in the subgroup generated by supp μ (the support of μ), and hence Z(μ)

centralizes K , that is, zk = kz for all z ∈ Z(μ) and k ∈ K . Hence for any λ ∈ S and k ∈ K , we have
zλz−1k = zλkz−1 = zλz−1, which shows that zλz−1 ∈ S. Thus S is invariant under the conjugation action of
Z(μ) on P(G). Theorem 7.3 therefore implies the following result, generalizing the result for symmetric spaces
mentioned above.

Corollary 8.1 Let G be a connected Lie group of class C and K be a compact subgroup of G. Let μ be a
right-K -symmetric distribution on G admitting a right K -symmetric nth root for all n ∈ N. Then there exists a
continuous one-parameter semigroup {μt } consisting of right K -symmetric distributions, with μ1 = μ.

This result was first deduced by Ming Liao in [18], but the argument there is somewhat involved; it may
also be mentioned that in [18] it is further shown that any one-parameter semigroups {μt } consisting of right
K -symmetric distributions can be “decomposed" as μt = νtωK , for all t ≥ 0, where {νt } is a one-parameter
semigroup in P(G) such that ν0 = δe, with e the identity element, and ωK is the normalized Haar measure on
K .

Remark 8.2 We also note here that when quotients by maximal compact subgroups (or more generally compact
subgroups containing the maximal compact connected central subgroup) are considered, the conclusion as in
Corollary 8.1 can be upheld for any connected Lie group. Any connected Lie group G has a compact connected
subgroup C contained in its center, such that G/C is a Lie group of class C. The subgroup C is contained in
every maximal compact subgroup K of G and the quotient G/K is canonically equivalent to (G/C)/(K/C).
From this it follows that any right K -symmetric distribution with right K -symmetric roots of all orders admits
a continuous embedding with right K -symmetric distributions.

Clearly, left K -symmetric distributions may be defined in an obvious way in analogy with the right K -
symmetric ones as above. We note in this respect that when G is of class C, if μ is a right K -symmetric and
admits right K -symmetric nth roots for all n, then it is also necessarily left K -symmetric. This follows from the
fact that μ0 as in the conclusion of Corollary 8.1, being idempotent, has to be of the form ωH for a compact
subgroup H of G containing K , and hence μ = μ1 = μ0μ1 = ωH μ; this shows in particular that μ is left
K -symmetric as well. This conclusion was known (by the same reasoning) in the classical case of symmetric
spaces of noncompact type, and was noted also in [18] in the general case as above. It may be noted however,
that as it stands the argument involves the full strength of μ admitting right K -symmetric nth roots for all n,
and one may wonder whether the condition would hold under a weaker condition, such as μ admitting roots of
arbitrarily high orders, but not necessarily all.

Acknowledgements Thanks are due to Riddhi Shah for helpful comments on an earlier versions of this paper.
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Ser. A 35 (1973), 123–132.
24. K. R. Parthasarathy, Infinitely divisible distributions in SL(k, C) or SL(k, R) may be imbedded in diadic convolution semigroups,

Probability measures on groups (Proc. Fifth Conf., Oberwolfach, 1978), pp. 252–256, Lecture Notes in Math., 706, Springer,
Berlin, 1979.

25. K. R. Parthasarathy, Probability Measures on Metric Spaces, AMS Chelsea Publishing, Providence, RI, 2005; (reprint of
Academic Press, 1967 edition).

26. K. R. Parthasarathy, R. Ranga Rao and S. R. S. Varadhan, On the category of indecomposable distributions on topological
groups, Trans. Amer. Math. Soc., 102 (1962), 200–217.

27. K. R. Parthasarathy, R. Ranga Rao and S. R. S. Varadhan, Probability distributions on locally compact abelian groups, Illinois
J. Math., 7 (1963), 337–369.

28. K. R. Parthasarathy and V. V. Sazonov, On the representation of infinitely divisible distributions on a locally compact Abelian
group, (Russian. English summary), Teor. Verojatnost. i Primenen. 9 (1964), 118–122.

29. Riddhi Shah, Infinitely divisible measures on p-adic groups, J. Theoret. Probab. 4 (1991), no. 2, 391–405.
30. V. N. Tutubalin, On the limit behavior of compositions of measures in the plane and space of Lobachevsky, Theory Probab.

Appl. 7 (1962), 189 –196.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under a publishing agreement
with the author(s) or other rightsholder(s); author self-archiving of the accepted manuscript version of this article is solely governed
by the terms of such publishing agreement and applicable law.

123



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2024-09-06T17:16:30+0530
	Preflight Ticket Signature




