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Abstract This work is concerned with the properties of the ridge regression where the number of predictors p
is proportional to the sample size n. Asymptotic properties of the means square error (MSE) of the estimated
mean vector using ridge regression is investigated when the design matrix X may be non-random or random.
Approximate asymptotic expression of the MSE is derived under fairly general conditions on the decay rate of the
eigenvalues of X T X when the design matrix is nonrandom. The value of the optimal MSE provides conditions
under which the ridge regression is a suitable method for estimating the mean vector. In the random design
case, similar results are obtained when the eigenvalues of E[X T X ] satisfy a similar decay condition as in the
non-random case.

Keywords Double asymptotics · Eigenvalue decay · Multicollinearity · Ridge regression · Random matrix
theory

1 Introduction

One of the most investigated topics in statistics is the regression model Y = Xβ+ ε, where Y is the n × 1 vector
of responses, X is the n × p design matrix, β is the vector of unknown parameters and ε is the vector of mean
zero i.i.d. errors with common variance σ 2. The least squares estimate of β is β̂ = (X T X)−1 X T Y and μ̂ = X β̂
is the estimate of the mean vector μ = Xβ. If p � n and X T X is well conditioned then μ̂ is a good estimate of
μ and the mean square error E[‖μ̂− μ‖2] = σ 2 p. However, alternatives (or modifications) to least squares are
often suggested in the literature when p is not small in comparison to n and/or if there is serious multicollinearity
among the independent variables.

When p is not small in comparison to n, there are many methods in the literature such as stepwise regression,
ridge, lasso, partial least squares etc. Of these, lasso is a popular method which has been investigated widely in
recent years. It works well when the model is sparse (i.e., all but a few of the coordinates of β are zero) and the
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On the asymptotic risk... 1041

variables in the model (with nonzero β j ’s) are not seriously multicollinear with those not in the model (those
with zero values for the corresponding regression coefficient β j ). Both ridge and partial least squares may work
well in estimating the mean vectorμ if there is multicollinearity and, these procedures may not be preferred ones
in the absence of multicollinearity [9].

This work investigates when the ridge regression, introduced by [6] is a “good” and reliable procedure by
assessing the risk characteristics of the estimator.

The ridge estimate of β is obtained as a minimizer of the quantity

Q(β) = n−1‖Y − Xβ‖2 + τβT Mβ (1)

where M is a symmetric, typically positive-semidefinite, matrix; see, for example, [11] and [2]. Minimization of
Q(β) leads to the ridge regression estimate

β̂(τ ) = (n−1 X T X + τM)−1(n−1 X T Y ). (2)

The corresponding estimate of the mean vector is μ̂(τ ) = X β̂(τ ). Note that the ridge regression estimator (2)
is the maximum a-posterioi estimator of β under a Gaussian prior for β with zero mean and covariance matrix
proportional to M−1 (assuming M to be nonsingular).

If the predictor variables (i.e., the columns of X ) are on the same scale, which can be achieved by standardizing
them, then the matrix M associated with the penalty term in (1) is typically taken to be the identity. For the purpose
of discussion here we will assume that Y and all the variables in X have been centered and the independent
variables have the same scale. Thus, there is no need for the intercept term. Also, throughout this paper, the
matrix M is taken to be the identity matrix.

It is known that the ridge regression can also be justified in a Bayesian setting where is assumed that
if ε ∼ Np(0, σ 2 I ) and β ∼ Np(0, σ 2

β I ), then the negative of joint likelihood of (Y, β) is proportional to

‖Y − Xβ‖2 + τ‖β‖2 plus terms that do not depend on β, where τ = σ 2/σ 2
β . Minimizing this leads to the

ridge estimate β̂(τ ) = (D + τ I )−1(n−1 X T Y ), where D = n−1 X T X . Note that the condition that β j are i.i.d.
implicitly guarantees that β j ’s are not too different from each other and they all fluctuate around zero.

1.1 Related works

An analysis of prediction risk of ridge regression under the setting of dimension growing with the sample size
was also undertaken by [8], [3] and [4], among others. Other choices for the penalty matrix M in (1) have
been proposed in the literature under various scenarios. This includes investigation for theoretically optimal
choices from the perspective of �2 predictive risk, under specific dimension-to-sample size regimes, for example
by [12]. Both these works, and several references therein, make extensive use of the random matrix theory (RMT)
framework and tools developed in the monograph of [1]. Non-asymptotic upper bounds for the prediction risk of
ridge regression was also derived in [7], however, such results only provide upper bounds. More recently, there
have also been great interests on the usage of “ridgeless” regression, that by design overfits the data. Properties
of the latter, especially from the perspective of predictive performance, have been studied by [5] and [10] among
others. This aspect is also beyond the scope of this paper.

1.2 Our contributions

The behavior of the risk of the ridge regression estimator has been studied by various authors, more recently in
high-dimensional scenarios. Our contribution here is to precisely quantify the optimal risk of the ridge regression
estimator under a number of different regimes of eigenvalue decay for the gram matrix associated with the
design matrix. These regimes include situations that cannot be tackled using classical asymptotic techniques, or
the increasingly popular random matrix framework. The results described here can in fact cover certain classes
of functional regression problems under densely and regularly observed data. However, for brevity, we do not
pursue this aspect further.
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1042 K. Balasubramanian et al.

2 Main results

Notation For any two sequences {an} and {bn}, we will write an ≈ bn to mean an = bn(1+o(1)) and an ∼ bn to

mean c1bn ≤ an ≤ c2bn for constants 0 < c1 < c2. Similarly we will write an
P≈ bn to mean an = bn(1+oP (1))

and an
P∼ bn if c1bn ≤ an ≤ c2bn for constants 0 < c1 < c2 with probability converging to 1.

2.1 Assumptions

As have been pointed out in the literature that ridge regression is useful in the presence of multicollinearity among
the independent variables which may also be understood technically in terms of the condition number of the
matrix D = n−1 X T X . Let λ1 ≥ λ2 ≥ · · · be the eigenvalues of D. If the principal goal of modeling is to estimate
the mean vector μ = Xβ, then a measure of deviation would compare the estimated mean μ̂(τ ) = X β̂(τ ) to μ
instead of directly comparing β̂(τ ) to β. Let ‖μ̂(τ )− μ‖2 = ‖X β̂(τ )− Xβ‖2 be the measure of this deviation.
We will show that how small ‖μ̂(τ )− μ‖2 is depends on how rapidly the eigenvalues λ j ’s decay to zero under
the following conditions

• Condition 1. {β j } are i.i.d. with mean zero and varianceσ 2
β (normality ofβ j ’s is not needed), {β j } independent

of Y and X ,
• Condition 2. p, n → ∞, rn = p/n → c, where 0 < c ≤ 1.

Before proceeding further let us write down a few important notations that will be used throughout this work.
Ideally we should write pn , Dn , λnj etc. to denote dependence on n. However, we will suppress “n” for notational
convenience.

Let us first describe the general result for the case when X is taken to be nonrandom. If the eigenvalues {λ j }
of D = n−1 X T X decay at an algebraic rate, i.e., λ j ∼ j−α for large j , it will be shown that under appropriate
mathematical assumptions,

inf
τ>0

E(‖X β̂(τ )− Xβ‖2) ∼
⎧
⎨

⎩

p1/α α > 1
p

log p log log p α = 1
p 0 < α < 1

(3)

Note that under our algebraic decay assumption, the operator norm grows to infinite (and the minimum
eigenvalue tends to zero). Indeed the constant of proportionality in the eigenvalue is of order p and log p
respectively, when α > 1 and α = 1, and we assume p grows with n. Prior works, for e.g., [4] require the
operator norm of D is bounded and do not handle this situation.

If λ j decays at an exponential rate, i.e., λ j ∼ exp(−α j) for large j , then

inf
τ>0

E(‖X β̂(τ )− Xβ‖2) ∼ log p. (4)

For the least squares estimate β̂ of β (without any penalization), E(‖X β̂− Xβ‖2) ∼ p. The results presented
above show that faster the decay of the eigenvalues of D, closer is the ridge estimate μ̂(τ ) to μ in the mean
square sense. However, α = 1 is the threshold below which not much gain is expected from the ridge regression
(at least in terms of rate of convergence). When the eigenvalues decay at an exponential rate, the ridge regression
performs very well.

The result for the random case is similar where it is assumed that X = Z A, where Z is n × p matrix
of i.i.d. N (0, 1) variables. It is shown that if the eigenvalues of the matrix D0 = AT A decay algebraically or
exponentially as in the case where X is assumed to be nonrandom, then the results given above hold. It is possible
to relax the condition that the condition of normality, but we will not worry about such refinements here.

2.2 Bias-variance decomposition

Let the spectral decomposition of the matrix D be D = ∑p
j=1 λ j e j eT

j , where λ1 ≥ λ2 ≥ · · · are the eigenvalues
with the corresponding orthonormal eigenvectors e1, e2, . . .. For the fixed design case, or if we carry out the
argument conditionally on X , then denoting

β̄(τ ) = E[β̂(τ )|X, β] = (D + τ I )−1 Dβ,
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On the asymptotic risk... 1043

and noting that β̄(τ )− β = −τ(D + τ I )−1β, the usual variance plus bias-square decomposition is

L(τ ) = E(‖μ̂(τ )− μ‖2|X) = E[‖X β̂(τ )− Xβ‖2|X ]
= E[‖X β̂(τ )− X β̄(τ )‖2|X ] + E[‖X β̄(τ )− Xβ‖2|X ]
= σ 2tr [{(D + τ I )−1 D}2] + nE(β̄(τ )− β)T D(β̄(τ )− β)

:= σ 2tr [{(D + τ I )−1 D}2] + nτ 2σ 2
β tr [D(D + τ I )−1]

= σ 2
∑

λ2
j (λ j + τ)−2 + nτ 2σ 2

β

∑
λ j (λ j + τ)−2

:= Variance + Bias2. (5)

2.3 Decay of eigenvalues of D

As mentioned in the introduction, the eigenvalues of the matrix D determines the performance of the ridge
estimate μ̂(τ ). We will look first at the algebraic decay of the eigenvalues λ j . Now we are assuming that the
independent variables are on the same scale and thus we may assume that the diagonal elements of D are 1. In
that case

∑p
j=1 λ j = tr(D) = p or p−1 ∑p

j=1 λ j = 1, and this suggests that λ j may depends on p. Thus if
there a decreasing function λ(u) such that λ j = λ( j) and if limu→∞ uαλ(u) = c > 0, then c has to depend on
p. Heuristically, then

1 = p−1
p∑

j=1

λ j ∼ p−1
∫ p

1
λ(u) ≈ cp−1

∫ p

1
u−αdu = cp−1(p1−α − 1)/(1 − α), i.e.,

c ∼ p(1 − α)/(p1−α − 1).

Thus c ∼ p, p/ log p or pα depending on whether α > −1, = 1 or < 1. Thus a reasonable form for λ(u) is
p(α)u−αq(u), where p(α) = p(1−α)/(p1−α−1) and q(u) is a bounded function which converges to a nonzero
constant as u → ∞.

When λ j decreases exponentially like exp(−α j), α > 0, then a similar argument will show that a reasonable
form for λ(u) is p(α) exp(−αu)q(u), where p(α) = pα/(1 − exp(−αp)) and q is a bounded function which
converges to a nonzero constant as u → ∞.

Here are some of the technical assumptions for the X fixed case:

• Condition 3. The diagonal elements of D are 1.
• Condition 4. We have 0 < lim infn R2

n,p ≤ lim supn R2
n,p < 1., where R2

n,p = E‖Xβ‖2/E‖Y‖2 is the
proportion of variability in Y explained by the model.

• Condition 5. λ j decays algebraically, i.e., λ j = λ( j) where the function λ(u) = p(α)u−αq(u), where q is
a bounded continuous function with q(∞) 
= 0.

• Condition 5a. λ j decays exponentially, i.e., λ j = λ( j), where λ(u) = p(α) exp(−αu)q(u) where q is a
bounded function with q(∞) 
= 0.

Condition 3 is imposed so that the penalty can be taken to be τ‖β‖2 and it can be easily relaxed. If the
variables are on different scales, then the penalty may be taken to be of the form τ

∑
σ−2

j β2
j where σ 2

j is

the variance of the j th independent variable. The results given here will still be valid, but at the expense of
cumbersome notations. This condition is not really stringent since we can always standardize the independent
variables. Condition 4 is quite reasonable since we are basically avoiding trivial cases where the proportion of
variability explained by the model is either 0 or 1. Condition 5 stipulates an algebraic decay of the eigenvalues
of D, while, as an alternative, Condition 5a stipulates an exponential decay.

Before we state our results, let us introduce further notations. We denote the Beta integral
∫ 1

0 w
a−1(1 −

w)b−1dw, a, b > 0, by Be(a, b). We will use the notation Be(a, b, x) for the incomplete Beta integral∫ x
0 w

a−1(1 − w)b−1dw, 0 < x < 1, a > 0. Note that there is no need for b to be positive as long as x < 1.

Lemma 1 Let γ = √
pσβ , where σ 2

β is the common variance of {β j }. Under Conditions 1-3, the constant γ
stays away from zero and infinity for all n and p.
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1044 K. Balasubramanian et al.

While interpreting the results given below, it is important to keep in mind that p(α) ≈ (α − 1)p, p/ log p
and (1 − α)pα when α > 1,= 1 and < 1.

Theorem 1 (Algebraic decay, variance term) Let

k1(α) =
{

σ 2q(∞)1/αα−1 Be(1/α, 2 − 1/α) α ≥ 1
σ 2q(∞)1/αα−1 Be(1/α, 2 − 1/α,U∗) 0 < α < 1,

,

U∗ = τq(∞)/(1 − α + τq(∞))

Under Conditions 1–5, we have

Variance ≈ p(α)1/ατ−1/αk1(α)

Theorem 2 (Algebraic decay, bias-square term) Let

k2(α) =
⎧
⎨

⎩

(n/p)γ 2q(∞)1/αα−1 Be(1 + 1/α, 1 − 1/α) α > 1
(n/p)γ 2q(∞) α = 1

(n/p)γ 2q(∞)1/αα−1 Be(1 + 1/α, 1 − 1/α,U∗) 0 < α < 1,
,

U∗ = τq(∞)/(1 − α + τq(∞))

Under Conditions 1-5, we have

Bias2 ≈
{

τ 1−1/αk2(α)p(α)1/α α 
= 1
k2(α)p(α)[log log p + constant] α = 1

,

where the constant is approximately equal to log(τ/q(∞))− 1.

From the results above it follows that, when α 
= 1, the mean square error is of the form,

L(τ ) = E[‖X β̂(τ )− Xβ‖2] ≈ p(α)1/α[τ−1/αk1(α)+ τ 1−1/αk2(α)].

Thus L(τ ) ∼ p1/α, (p/ log p) log log p and p when α > 1,= 1 and < 1. It is possible to minimize the mean
square error L(τ ) with respect to τ . When α ≥ 1, the constant k1(α) and k2(α) do not depend on τ and hence
it is fairly easy to derive the expression of this optimal penalty parameter. It is important to note that the value
of the optimal penalty parameter here is a positive constant that neither converges to 0 or ∞ as n → ∞. When
0 < α < 1, the constants k1(α) and k2(α) depend on τ . Using integration by parts, it can be shown that, as
τ → 0, k1(α) ∼ τ 1/α and k2(α) ∼ τ 1+1/α . Thus, Variance ∼ p, but Bias2 ∼ pτ 2. One the other hand, if
τ → ∞, then k1(α) ∼ τ−2+1/α and k2(α) ∼ τ−1−1/α . Thus Variance ∼ pτ−2 and Bias2 ∼ pτ−2/α . This
discussion thus suggests that when 0 < α < 1, the optimal MSE is of order p and this is in conformity with
what has been observed in the literature.

Theorem 3 Under Conditions 1-5, the minimum mean square error the ridge estimate is minτ>0 E[‖X β̂(τ )−
Xβ‖2] ≈ c(α)p(α)1/α , where c(α) > 0, when α > 1. For α = 1, it is c(α)p(α) log log p.

Let us now consider the exponential decay case.

Theorem 4 Assume that Conditions 1-4 and 5a hold. Then

L ≈ σ 2α−1{1 + 1/q(1)} log(p(α)/τ)+ τγ 2(p/n)α−1.

Thus the best rate for the mean square error L is log p when the decay rate of the eigenvalues of D is
exponential.
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3 Random design case

When X is random we assume that the i th row is Z T
i A, where Zi are i.i.d. Np(0, I ), and eigenvalues of D0 = AT A

satisfy Condition 5 or Condition 5a. In other words we have X = Z A, where Z is a n × p matrix of i.i.d.
N (0, 1) variables. Note that this setup is very much prominent in random matrix theory. It is quite possible to
relax the assumption of normality, but we will not pursue this aspect here to keep the discussion more focused.
Note that in this case D = n−1 AT Z T Z A. Denote D0 = AT A. Let the singular value decomposition be given
by A = ∑√

λ j f j eT
j . Then D0 = AT A = ∑

λ j e j eT
j . In the expression of L in Section 2, if D is replaced by

D0, then call the resulting expression L0, i.e.,

L0(τ ) = σ 2tr [{(D0 + τ I )−1 D0}2] + nτ 2σ 2
β tr [D0(D0 + τ I )−1]

We will show that L
P≈ L0.

Theorem 5 Assume that the and either Condition 5 holds withα ≥ 1 or Condition 5a holds. Then L(τ ) ≈ L0(τ ).

Before we start the discussion on the case where 0 < α < 1, let us point out that if we relax the condition
that rn = p/n stays bounded away from zero to the condition that rn → 0 , then the above theorem holds for
all the different decay scenarios of eigenvalues considered here. Thus we get the following result, the proof of
which is omitted as it can be obtained by employing very similar arguments as used in the proof of Theorem 5.

Theorem 6 Assume that p, n → ∞, p/n → 0, Conditions 1, 3-4 and either Condition 5 or 5a holds. Then
L(τ ) ≈ L0(τ ).

For the case when 0 < α < 1, we have only obtained upper bounds for L(τ ). It may be possible to obtain
approximate expression for L using [1, Theorem 2.7]. However, there are two issues. First, the eigenvalues of D0
may not satisfy the conditions of [1, Theorem 2.7] and thus this theorem cannot be used to obtain approximations
for L . Second, even if that theorem is used, the expressions given there are implicit rather than explicit since it
depends on quantities obtained from Stieltjes transform. Moreover, the rate for L(τ ) is expected to be of order
p. For these reasons, we have not tried to obtain explicit expression for L for the algebraic decay case with
0 < α < 1.

Theorem 7 Under Conditions 1-4 on D0, when 0 < α < 1, we have L(τ ) = OP (p).

3.1 The case of α < 1

Let W = T 1/2(Z T Z/n)T 1/2, where T is nonrandom square matrix of order p, Z is n × p matrix of iid
variables with mean zero, variance 1, and finite fourth moment. Let λ1(T ) ≥ λ2(T ) ≥ · · · be the eigenvalues
of the matrix T , and assume that H , the c.d.f. of the eigenvalue distribution, is a proper c.d.f. Then the c.d.f.
of the eigenvalues Wm converges, and the Stieltjes transform m = m(z) of the limiting distribution satisfies the
following Marčenko-Pastur equation [1]

m =
∫

1

t (1 − c − czm)− z
d H(t),

where z is a complex number and c = p/n.
In our case the matrix T is diagonal with the j th diagonal element is λ( j) = p(α) j−αq( j 
), where q is a

bounded function which converges to a non-zero constant as u → ∞, and

p(α) = p(1 − α)/(p1−α − 1) = (1 − α)pα[1 + O(p−1+α).

If we assume that q( j) = q∗ + O( j−1), the the condition that diagonal elements of D0 = AT A are all equal
to 1, leads to

∑
1≤ j≤p λ( j) = p which in turn shows that q∗ = 1 + O(p−1+α) when 0 ≤ α < 1. Thus we have

λ( j) = (1 − a)(p/j)α[1 + O(p−1+α)].
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1046 K. Balasubramanian et al.

Recall that we have

L(τ ) = σ 2tr [{D(D + τ)−1}2\ + nσ 2
β tr [D(D + τ)−1]

= σ 2tr [{D(D + τ)−1}2\ + (n/p)γ 2tr [D(D + τ)−1],
where D = (1/n)X T X and γ = pσβ [Lemma 1].

We have X = Z A where Z is n × p matrix of iid variables with mean zero, variance 1, and finite fourth
moment and D0 = AT A has the eigenvalues given by {λ( j)}. Assuming A to be symmetric, we have

D = (1/n)X T X = A(Z T Z/n)A = W.

Thus we have, conditionally on Z ,

L(τ ) = σ 2tr [{W (W + τ I )−1}2\ + p(n/p)γ 2tr [W (W + τ I )−1]
= σ 2 p[1 − 2τp−1tr((W + τ I )−1 + τ 2 p−1tr((W + τ I )−2]
+ p(n/p)γ 2[1 − τp−1tr((W + τ I )−1)].

We can obtain indirect asymptotic expressions of p−1tr((W + τ I )−1) and p−1tr((W + τ I )−2) using the results
of [1] with λ as T . Note that the c.d.f. of the eigenvalues of D0 + A2 is

H(u) = p−1(# λ( j) ≤ u),

with u ≥ 1 − α. A simple calculation shows that

H(u) = p−1[# λ( j) ≤ u)] ≈ p−1[# j ≥ p(1 − α)1/au−1/α]
= 1 − (1 − α)1/αu−1/α, and

h(u) = h(u)′ = α−1(1 − α)1/αu−1−1/α.

If m(z) = m is the Stieltjes transform of the asymptotic distribution of eigenvalues of W , we have

m =
∫

1

u(1 − c − czm)− z
d H(u)

=
∫ ∞

1−α
1

u(1 − c − czm)− z
α−1(1 − α)1/αu−1−1/α.

Thus taking z = −τ, we have

p−1tr((W + τ I )−1) → m(−τ) =
∫ ∞

1−α
1

u(1 − c + cτm(−τ))+ τ
α−1(1 − α)1/αu−1−1/α.

Let us now simplify the integral in the last displayed equation. Denoting B = (1 − α)((1 − c)/τ + cm(−τ)),
and making variable transformations we have

∫ ∞

1−α
1

u(1 − c + cτm(−τ))+ τ
α−1(1 − α)1/αu−1−1/α

= B1/α

ατ(B + 1)1+1/α

∫ 1

0
u1/α(1 − u/(B + 1))−1−1/αdu.

Euler’s representation of hypergeometric function is

∫ 1

0
ub−1(1 − u)c−b−1(1 − zu)−adu = Beta(b, c − b) 2 F1({a, b}, c, z)

assuming Re(c) > Re(b) > 0 and, z, if real, must not be larger than 1.
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For our integral, take a = 1 + 1/α, b = 1 + 1/α, c = 2 + 1/α. Then

Beta(b, c − b) = Beta(1 + 1/α, 1) = α

1 + α
,

∫ 1

0
u1/α(1 − u/(B + 1))−1−1/αdu

= α

1 + α
2 F1({1 + 1/α, 1 + 1/α}, 2 + 1/α, 1/(B + 1)), and

∫ ∞

1−α
1

u(1 − c + cτm(−τ))+ τ
α−1(1 − α)1/αu−1−1/αdu

= A1/α

(1 + α)τ(A + 1)1+1/α 2 F1({1 + 1/α, 1 + 1/α}, 2 + 1/α, 1/(B + 1)).

Thus the asymptotic value of p−1tr((W + τ I )−1) is a solution of

m(−τ)
= B1/α

(1 + α)τ(B + 1)1+1/α 2 F1({1 + 1/α, 1 + 1/α}, 2 + 1/α, 1/(B + 1)).

where the expression of B involves τ and m(−τ) as given above.

4 Proofs

4.1 Auxiliary technical results

This section contains a few technical results that are useful in proving the main results. We begin with a lemma
that obtains approximations for sums by integrals.

Lemma 2 Assume that λ(u) is decreasing and denote δ j = λ j/(λ j + τ) and δ(u) = λ(u)/(λ(u)+ τ). Then

(a) 0 ≤ ∑p
j=1 λ

2
j (τ + λ j )

−2 − ∫ p+1
1 λ(u)2(τ + λ(u))−2du ≤ δ2

1,

(b) −τ−1δ2
1 ≤ ∑p

j=1 λ j (τ + λ j )
−2 − ∫ p+1

1 λ(u)(τ + λ(u))−2du ≤ τ−1δ1.

We will need a few lemmas for the random design case. Denote H = D0 + τ I , and � = H−1/2(D −
D0)H−1/2. For α ≥ 1, we will show that ‖�‖ converges to zero in probability, and obtain approximations
E[tr(�2)] and V ar(tr(H−m/2�H−m/2)2 where m is a nonnegative integer.

We begin with the following lemma which borrows known results from the theory of random matrices.

Lemma 3

(a) Let S be a p × p block-diagonal matrix with the blocks S1 and S2. It is assumed that S1 is p1 × p1 with
‖S1‖ ≤ 1, and S2 is (p − p1)× (p − p1) with ‖S2‖ ≤ 1, and p1/n → 0. Let Z be a n × p matrix of i.i.d.
N (0, 1) variables, where rn = p/n → r , 0 < r ≤ 1. Then ‖S(n−1 Z T Z − I )S‖ = 3‖S2‖2 +4‖S2‖+oP (1).

(b) Let � be as defined above. When α ≥ 1, � = oP (1).

For the next result we assume that α, the decay rate of eigenvalues of D0, is larger that or equal to 1.

Lemma 4 Let � be as defined above, and assume α ≥ 1. Then the following hold:

(a) E[tr(�2)] ∼ n−1 p(α)2/α when α > 1 and ∼ n−1[p(α)1/α log log p]2.
(b) V ar(tr(H−m/2�H−m/2] ∼ n−1 p(α)1/α , where m is a nonnegative integer.
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4.2 Proofs of the main results

Proof of Lemma 1 Note that

E[‖Xβ‖2] = nE(βT Dβ) = nE
∑

λ j (e
T
j β)

2 = nσ 2
β

∑
λ j = nσ 2

β p, and

E[‖Y‖2 = nσ 2
ε + E[‖Xβ‖2] = nσ 2

ε + nσ 2
β p.

Since p/n is bounded away from 0 and R2
n,p stays away from 0 and 1 by Conditions 2 and 4, pσ 2

β = γ 2 must
stay away from 0 and ∞. ��
Proof of Theorem 1 Note that the variance term involves a term of the form

∑
λ2

j (λ j + τ)−2 and this is approx-
imated using an integral as given in part (a) of Lemma 2. If this integral is shown to converge to infinity as
p → ∞, then sum ≈integral since δ1 = λ1/(λ1 + τ) ≤ 1, i.e.,

∑
λ2

j (λ j + τ)−2 ≈
∫ p+1

1
λ(u)2/(λ(u)+ τ)2du

Let θp = [p(α)q(∞)/τ ]1/α , ψ(w) = q(∞)/q (w) .Note that ψ(∞) = 1.Using a variable transformation
u/θp → u, and denoting U (α, p) = (p + 1)/θp, we have

∫ p+1

1
λ(u)2/(λ(u)+ τ)2du =

∫ p+1

1
[1 + τλ(u)−1]−2du

=
∫ p+1

1
[1 + τp(α)−1uαq(u)−1]−2du = θp

∫ U (α,p)

1/θp

[1 + uαψ(θpu)]−2du := θp I (α, p).

Assume that U (α, p) → U (α) [U (α) may be infinite]. Since θp → ∞ for any α > 1,

I (α, p) =
∫ U (α,p)

1/θp

[1 + uαψ(θpu)]−2du ≈
∫ U (α)

0
1/[1 + uα]−2du

When α > 1, p(α) ∼ p and thus θp ∼ p1/α and thus U (α, p) = (p + 1)/θp → ∞. Similarly, when
α = 1, p(α) = p/ log p and thus U (α, p) → ∞. Thus U (α) = ∞ whenever α ≥ 1. When 0 < α < 1, p(α) ≈
pα(1−α), and thus U (α, p) = (p+1)/θp → [(1−α)q(∞)/τ ]−1/α . If we write U∗(α) = U (α)α/(1+U (α)α),
then U∗(α) = 1 when α ≥ 1 and equals (1 − α)q(∞)[τ + (1 − α)q(∞)]−1. Using a variable transformation
w = uα/(1 + uα), we have for α ≥ 1,

I (α, p) ≈
∫ ∞

0
1/[1 + uα]−2du = α−1

∫ U∗(α)

0
w1/α−1(1 − w)1−1/αdw

= α−1 Be(1/α, 2 − 1/α,U∗(α)).
Note that for the case α ≥ 1, this incomplete Beta integral is the usual Beta function Be(1/α, 2 − 1/α) since
U∗(α) = 1. Thus we have

Variance ≈ σ 2θpα
−1 Be(1/α, 2 − 1/α,U∗(α))

= p(α)1/ατ−1/ασ 2α−1 Be(1/α, 2 − 1/α,U∗(α)) = p(α)1/ατ−1/αk1(α).

��
Proof of Theorem 2 The bias2 involves the sum

∑
λ j (λ j + τ)−2 and this sum will be approximated using part

(b) of Lemma 2. We first look at the case when α 
= 1. Let θp and ψ be the same as in the proof of Theorem 1.
Using arguments similar to the ones employed in the proof of Theorem 1, we have

∑
λ j (λ j + τ)−2 ≈

∫ p+1

1
λ(u)(λ(u)+ τ)−2du

= τ−1
∫ p+1

1
[τλ(u)−1][1 + τλ(u)−1]−2du ≈ τ−1θp

∫ U (α)

0
uα[1 + uα]−2du

= τ−1θpα
−1

∫ U∗(α)

0
w1/α(1 − w)−1/αdw = τ−1θpα

−1 Be(1 + 1/α, 1 − 1/α,U∗(α))

123



On the asymptotic risk... 1049

where the definitions of θp, U (α) and U∗(α) are the same as before. Once again, the incomplete Beta integral
Be(1 + 1/α, 1 − 1/α,U∗(α)) is the same as the usual Beta integral U∗(1 + 1/α, 1 − 1/α) when α > 1, since
U∗(α) = 1 in this case. Thus

Bias2 ≈ (n/p)γ 2τθpα
−1 Be(1 + 1/α, 1 − 1/α,U∗(α))

= p(α)1/ατ 1−1/αγ 2(n/p)q(∞)1/αα−1 Be(1 + 1/α, 1 − 1/α,U∗(α))
= .p(α)1/ατ 1−1/αγ 2(n/p)k2(α).

When α = 1, we can use the same argument as in the proof of Theorem 1 to show that

∑
λ j (λ j + τ)−2 ≈ θp

∫ U (α,p)

0
u(1 + u)−2du

= θp

[∫ U (α,p)

0
(1 + u)−1 −

∫ U (α,p)

0
(1 + u)−2du

]

≈ θp[log(1 + U (α, p))− 1].
When α = 1, U (α, p) ≈ (τ/q(∞)) log(p), and hence

log(1 + U (α, p)) ≈ log log p + log(τ/q(∞)).

The result now follows since
∑

λ j (λ j + τ)−2 ≈ θp[log log p + log(τ/q(∞))− 1].
��

Proof of Theorem 4 When λ j ’s decrease exponentially, part (a) of Lemma 2 can be employed as in the proof of
Theorem 1. Thus

∑
λ j (λ j + τ)−2 ≈

∫ p+1

1
λ(u)2/(λ(u)+ τ)2du =

∫ p+1

1
[1 + τλ(u)−1]−2

=
∫ p+1

1
[1 + τp(α)−1 exp(αu)q(u)−1]−2 [variable transformation z = τp(α)−1 exp(αu)]

= α−1
∫ z1

z0

[1 + zq1(z)]−2z−1dz,

where z0 = τp(α)−1 exp(α), z1 = τp(α)−1 exp(α(p + 1)), q1(z) = 1/q(α−1 log(zp(α)/τ))..

We can divide the last integral in two parts: from z0 to 1, and from 1 to ∞. Noting that q1(z0) = 1/q(1), and for
any z > z0, q1(z) → q(∞), we have, using integration by parts,

∫ 1

z0

[1 + zq1(z)]−2z−1dz = −{1 + q1(z0)} log z0 −
∫ 1

z0

Dz[1 + zq1(z)]−2 log zdz

= {1 + 1/q(1)} log p(α)− {1 + 1/q(1)} log(τ exp(α))−
∫ 1

z0

Dz[1 + zq1(z)]−2 log zdz.

Since the last integral is convergent, we can write

∫ 1

z0

[1 + zq1(z)]−2z−1dz ≈ {1 + 1/q(1)} log(p(α)/τ).

Since q1 > 0 and is bounded, we can see that
∫ z1

1
[1 + zq1(z)]−2z−1dz = O(1).

123
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Hence we have
∫ p+1

1
λ(u)2/(λ(u)+ τ)2du ≈ α−1{1 + 1/q(1)} log(p(α)/τ).

Thus we have

Variance ≈ σ 2α−1{1 + 1/q(1)} log(p(α)/τ).

Now let us look at the bias term.
∑

λ j (λ j + τ)−2 ≈
∫ p+1

1
λ(u)(λ(u)+ τ)−2du

= τ−1
∫ p+1

1
[τλ(u)−1][1 + τλ(u)−1]−2du

= τ−1
∫ p+1

1
[τp(α)−1 exp(αu)q(u)−1][1 + τp(α)−1 exp(αu)q(u)−1]−2du

Once again, use the variable transformation z = τp(α)−1 exp(αu) and let z0, z1 and q1 be the same in the proof
of variance approximation. Thus we have

∫ p+1

1
λ(u)(λ(u)+ τ)−2du

= τ−1α−1
∫ z1

z0

[zqz1(z)][1 + zq1(z)]−2z−1dz = τ−1α−1
∫ z1

z0

q1(z)[1 + zq1(z)]−2dz

≈ τ−1α−1
∫ ∞

0
q1(∞)[1 + zq1(∞)]−2dz = τ−1α−1

∫ ∞

0
[1 + z]−2dz = τ−1α−1.

Thus

Bias2 ≈ τ 2(p/n)γ 2τ−1α−1 = τγ 2(p/n)α−1.

��
Proof of Theorem 5 We prove this result for the algebraic decay case. The proof for the exponential decay case
is similar.

In the proof we will use the following result. Let A and B be matrices of order p and let A be symmetric and
nonnegative definite. Then

|tr(AB)| ≤ ‖A‖2‖B‖, (6)

where ‖ · ‖2 denotes the Frobenius norm. For notational convenience we will denote D + τ I by D + τ.

It will be enough to show that show that

tr [(D(D + τ)−1)2] = tr [(D0(D0 + τ)−1)2][1 + oP (1)], and (7)

tr [D(D + τ)−2] = tr [D0(D0 + τ)−2][1 + oP (1)] (8)

Since

τ−1tr [D(D + τ)−2] = tr [D(D + τ)−1] − tr [(D(D + τ)−1)2],
in order to prove (7) and (8), it will be enough to show (8) and

tr [D(D + τ)−1] = tr [D0(D0 + τ)−1][1 + oP (1)] (9)

We prove (9) first. From Lemma 3 part (b), we have ‖�‖ = oP (1), and thus I +� is invertible and, (I +�)−1 =
I −�+�2(I +�)−1. Since D(D + τ I )−1 = I − τ(D + τ I )−1, we have

D(D + τ)−1 − D0(D0 + τ)−1 = −τ(D + τ)−1 + τ(D0 + τ)−1

= −τH−1/2(I +�)−1 H−1/2 + τH−1

= −τH−1/2[I −�+�2(I +�)−1]H−1/2 + τH−1

= τH−1/2�H−1/2 − τH−1/2�2(I +�)−1 H−1/2.
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Consequently,

tr [D(D + τ)−1] − tr [D0(D0 + τ)−1]
= τ tr(H−1/2�H−1/2)− τ tr(H−1/2�2(I +�)−1 H−1/2)

= OP (1)p(α)
1/(2α)/

√
n + OP (1)tr(�

2) = oP (1)+ OP (1)tr(�
2),

using inequality (6) and Lemma 4 part (b). From Lemma 4 part (a) we have tr(�2) is OP (1)p(α)2/α/n if α > 1
and OP (1)(p(α)2/α/n)[log log p]2 ifα = 1. Thus the result in (9) is proved if we can show that tr [D0(D0+τ)−1]
is ∼ p(α)1/α when α > 0 and ∼ p(α) log log p when α = 1. Since

tr [D0(D0 + τ)−1 =
∑

[λ j/(λ j + τ)]2 + τ
∑

λ j/(λ j + τ)2,

arguments used in Theorems 1 and 2 show that the first term in the last displayed equation is ∼ p(α)1/α , and the
second term is ∼ p(α)1/α if α > 1 and ∼ p(α) log log p if α = 1.

The proof for (8) is similar to that of (9), and hence we provide an outline only. Since D(D + τ)−1 =
I − τ(D + τ)−1

tr [D(D + τ)−2] − tr [D0(D0 + τ)−2]
= [(D + τ)−1 − (D0 + τ)−1] − τ [(D + τ)−2 − (D0 + τ)−2].

The first term in the last displayed equation is proportional to the left hand side of (9), and thus the first term
is tr(D0(D0 + τ)−2[1 + oP (1)] since tr [D0(D0 + τ)−1] ∼ tr [D0(D0 + τ)−2]. We now need to show that the
second term in the last displayed equation is tr(D0(D0 + τ)−2[1 + oP (1)].

Note that

(D + τ)−2 − (D0 + τ)−2 = [(D + τ)−1 − (D0 + τ)−1](D + τ)−1

+ (D0 + τ)−1[(D + τ)−1 − (D0 + τ)−1].
Each of the two terms on the right hand side of the last displayed equation is tr(D0(D0 + τ)−2[1 + oP (1)] using
argument similar to those used in proving (9). The details are omitted. And this concludes the proof of this result.
��

4.3 Proofs of auxiliary results

Proof of Lemma 2 (a) Since λ(u) is decreasing in u, the function δ(u) = λ(u)/(λ(u) + τ) and hence δ2(u) is
also decreasing in u and hence

∫ p+1

1
δ2(u)du ≤

p∑

j=1

λ2
j (λ j + τ)−2 ≤ δ2

1 +
∫ p

1
δ2(u)du. (10)

Hence

0 ≤
∑

j=1

λ2
j (λ j + τ)−2 −

∫ p+1

1
δ2 ≤ δ2

1 −
∫ p+1

p
δ2 ≤ δ2

1 . (11)

(b) Now

∑
λ j (λ j + τ)−2 = τ−1

⎡

⎣
p∑

j=1

λ j (τ + λ j )
−1 −

p∑

j=1

λ2
j (τ + λ j )

−2

⎤

⎦ .

An argument used in deriving (11) can be used to show that

0 ≤
∑

j=1

λ j (λ j + τ)−1 −
∫ p+1

1
δ ≤ δ1. (12)
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Applying inequalities (11) and (12) we have

−τ−1δ2
1 ≤

p∑

j=1

λ j (τ + λ j )
−1 −

p∑

j=1

λ2
j (τ + λ j )

−2 −
[∫ p+1

1
δ −

∫ p+1

1
δ2

]

≤ τ−1δ1

The result now follows from the last two-sided inequality and the fact that δ(u)−δ2(u) = τλ(u)(λ(u)+τ)−2.

��
Proof of Lemma 3 (a) Let ρ = p1/n, for notational convenience. Let Z1 and Z2 be the matrix consisting of the

first p1 and the last p − p1 columns of Z . Then we may write

S(n−1 Z T Z − I )S = Q1 + Q2, where

Q1 =
[

S1(n−1 Z T
1 Z1 − I )S1 0
0 S2(n−1 Z T

2 Z2 − I )S2

]

,

Q2 =
[

0 n−1S1 Z T
1 Z2S2

n−1S2 Z T
2 Z1S1 0

]

, and hence.

||S(n−1 Z T Z − I )S|| ≤ ||Q1|| + ||Q2||

Note that

||Q1|| ≤ ||S1(n
−1 Z T

1 Z1 − I )S1||, ||S2(n
−1 Z T

2 Z2 − I )S2||
≤ .‖n−1 Z T

1 Z1 − I‖ + ‖S2‖2‖n−1 Z T
2 Z2 − I‖.

Since ρ = p1/n → 0, with probability converging to 1, all the eigenvalues of n−1 Z T
1 Z1 are 1 + oP (1) and

those of n−1 Z T
2 Z2 lie in the interval 2 − ρ ± 2

√
1 − ρ [1]. Thus we have

‖n−1 Z T
1 Z1 − I‖ = oP (1),

‖n−1 Z T
2 Z2 − I‖ ≤ (1 − ρ + 2

√
1 − ρ)[1 + oP (1)] = 3(1 + oP (1)).

Hence

‖Q1‖ ≤ 3||S2||2 + oP (1).

A fairly easy argument shows that

‖Q2‖ ≤ ‖n−1S1 Z T
1 Z2S2‖ ≤ ‖S1‖‖S2‖‖n−1 Z T

1 Z1‖1/2‖n−1 Z T
2 Z2‖

≤ ||S2||‖n−1 Z T
1 Z1‖1/2‖n−1 Z T

2 Z2‖1/2.

Since

‖n−1 Z T
1 Z1‖ = 1 + oP (1),

and

‖n−1 Z T
2 Z2‖ ≤ (2 − ρ + 2

√
1 − ρ)[1 + oP (1)] = 4 + oP (1),

we have

‖Q2‖ ≤ 4||S2||(1 + oP (1)), and thus

‖Q‖ ≤ ‖Q1‖ + ‖Q2‖ ≤ 3||S2||2 + 4||S2|| + oP (1).

123



On the asymptotic risk... 1053

(b) The singular value decomposition of A is A = ∑√
λ j f j eT

j . Denoting ρ j = [λ j/(λ j + τ)]1/2, we have

� = (D0 + τ I )−1/2(D − D0)(D0 + τ)−1/2

= (D0 + τ I )−1/2 AT (n−1 Z T Z − I )A(D0 + τ I )−1/2

=
∑

1≤ j,k≤p

ρ jρke j f T
j (n

−1 Z T Z − I )) fkeT
k .

Now the n × p matrix Z F consists of i.i.d. N(0,1) variables, where F = [ f1, . . . , f p]. We will continue
to denote Z F by Z . If we denote the diagonal matrix with diagonal elements ρ1, . . . , ρp by S, then the
eigenvalues of � are the same as those of S(n−1 Z T Z − I )S. Note that ρ j is decreasing in j . We now want
to use part (a) of this lemma.
When a > 1, λ j ∼ pj−α and thus ρ2

j ∼ p/(dp + jα) for some positive constant d. Take p1 to be the

geometric mean of p1/α and p. Then, p1 → 0 and ||S2|| = ρp1+1 → 0 as n →.∞
Similarly, when α = 1, λ j ∼ (p/ log p)/[d(p/ log p)+ j] for some constant d > 0. Once again take p1 to

be the geometric mean of (p/ log p) and p. Then, p1 → 0 and ||S2|| = ρp1+1 → 0 as n →.∞ ��
Proof of Lemma 4 Following the arguments used in the proof of 3 part (b), we see that the distribution of � is
the same as that of Ẽ S(n−1 Z T Z − I )SẼT where Ẽ = [e1, . . . , ep] and Z is an n × p matrix of i.i.d. N (0, 1)
variables.

(a) Note that

E[tr(�2)] = E[tr{(S(n−1 Z T Z − I )S}2}]

=
∑

ρ2
jρ

2
k E

[

n−1
n∑

t=1

(Zt j Ztk − E(Zt j Ztk))

]2

A fairly standard calculation for the expectation in the last expression will show that

E[tr(�2)] =
∑

ρ2
jρ

2
k [2n−1 I ( j = k)+ n−1 I ( j 
= k)]

= n−1
∑

ρ4
j + n−1

(∑
ρ2

j

)2
.

In the proof of Theorem 1 it has been shown that
∑
ρ4

j ∼ p(α)1/α . A similar argument shows that
∑
ρ2

j ∼
p(α)1/α when α > 1 and ∼ (p/ log p) log log p, when α = 1. Thus, keeping the dominant term we conclude
that E[tr(�2)] ∼ n−1 p(α)2/α when α > 1, and n−1(p(α) log log p)2.

(b) Let ρ̃ j = λ
1/2
j /(λ j + τ)(m+1)/2., and denote the diagonal matrix with diagonal elements ρ̃1, . . . , ρ̃p by S̃.

Then H−m/2�H−m+/2 has the same distribution as Ẽ S̃(n−1 Z T Z − I )S̃ Ẽ T . Therefore

tr(H−m/2�H−m/2) = tr(S̃(n−1 Z T Z − I )S̃)

= n−1
n∑

t=1

⎡

⎣
∑

j

ρ̃2
j (Z

2
t j − 1)

⎤

⎦

Note that the last expression is an average mean zero iid variables. Thus the variance of tr(H−m/2�H−m/2)

equals

n−1 E

⎡

⎣
∑

j

ρ̃2
j (Z

2
t j − 1)

⎤

⎦

2

= n−1
∑

ρ̃2
j E[(Z2

t j − 1)2] = (2/n)
∑

ρ̃4
j

Temporarily denote λ j/(λ j +τ) δ j . Then ρ̃2
j = τm+1δ j [1−δ j ]m+1, and therefore ρ̃2

j is a linear combination

of δ j , . . . , δm+2, and ρ̃4
j is a linear combination of δ2

j , . . . , δ
2m+4
j . Analogues of Lemma 2 can be invoked to

provide an integral approximation for
∑
ρ̃4

j and an argument similar to the one given in the proof of Theorem

1 can be used to show that
∑
ρ̃4

j ∼ p(α )1/α.
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