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Abstract For positive real numbers r, pg, and p; < --- < py, let K, be the Kraus matrix whose (i, j) entry is
equal to

1 (p{—p(’)_P;—PS)
Pi —Pj \Pi — Po Pj— Po

In this article, we give a supplemental result to Sano and Takeuchi (J. Spectr. Theory, 2022) about the Kraus
matrices K, : the simplicity of non-zero eigenvalues. Our proof is accomplished by arguments similar to those
for Loewner matrices given by Bhatia, Friedland and Jain (Indiana Univ. Math. J., 2016).
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1 Introduction

All matrices in this article are complex. For a Hermitian matrix A, the inertia of A is defined as the triple
In(A) = ((A), £(A), v(A)),

where 7 (A) is the number of positive eigenvalues of A, ¢(A) is the number of zero eigenvalues of A, and
v(A) is the number of negative eigenvalues of A.

Inertias of some interesting matrices whose entries depend on positive real numbers p; < py < -+ < pp
and a parameter » have been computed by various authors. For example,

(1) [| pi — p.,|’]. See Dyn-Goodman-Micchelli [9].
) [(Pi + pj)r]. See Bhatia-Jain [5].
(3) (Loewner matrix) [[ Dis P j]r]. See Bhatia-Friedland-Jain [3], Bhatia-Holbrook [4] and Bhatia-Sano [7]. Here

xr_yr

X =y

[x, y], means the first divided difference of the function " (¢ > 0)) forxand y (x, y > 0); [x, y], :=

for x # y and [x, y], := rx" ! for x = y.

Communicated by Apoorva Khare, Rahul Roy.

T. Sano ()
Faculty of Science, Yamagata University, Yamagata 990-8560, Japan
E-mail: sano@sci.kj.yamagata-u.ac.jp

@ Springer



1056 T. Sano

r

p; +p}
pi + pj
(5) (Kraus matrix) K, := [[po, Di» pj]r]. See Sano-Takeuchi [15]. Here pg > 0 and [x, y, z], shows the

(4) (Kwong matrix) [ ] See Bhatia-Jain [6].

second divided difference of the function ¢ (+ > 0)) for x, y and z (x, y, z > 0); for distinct x, y and z,
1 1 xr _ yr yr _ Zr
oyl = —— (vl = al) = —( -
X—z X—z3 x—y y—-z
continuously.

) and for other cases it is extended

The purpose of this article is to show the simplicity of non-zero eigenvalues of Kraus matrices K, in (5): that is,
we give a proof of the statement (v) in the following theorem. We already proved the others in [15].

Theorem 1.1 Letr, pg and p1 < --- < py be positive real numbers. Let K, be the n x n Kraus matrix defined
in(5). Then

(i) K, issingular ifand only ifr =1,...,n;
(ii) If r is a positive integer and r < n + 1, then

r=2k=—In(K,)=(k,n+1—r,k—1),
and
r=2k—1=hK,)=k-1,n+1-rk—1)
for a positive integer k;
(iii) If r is not a positive integer and r < n, then
2k—1)<r<2k—1=In(K,)=(k—-1,0,n+1—k),
and

k—1<r<2k=In(K,)=m+1—FkO0,k—1)

for a positive integer k;
(iv) If r > n, then In(K;) = In(K;4+1);
(v) Every nonzero eigenvalue of K, is simple.
For the proof of (v), in Section 2 we review basic facts about skew-symmetric tensors, positive matrices, and
strictly sign-regular matrices for this article to be self-contained. In Section 3, following our previous results in
[15], we give a proof of (v).
In the remainder of this section, we review Kraus matrices. We refer the reader to [2, 12] for matrix analysis
and to [2,8,11,16] for divided differences.
Let f be a szunction on an open interval I. For Ao, A1, ..., Ay in I, the n X n matrix

Kr(hoi Aty ooy dy) i= [[)»o,li,lj]f] (1.1)

is called a Kraus matrix associated with f, where [Lo, A;, Aj]y is the second divided difference of f; for distinct
Ao, Aj and A j,

[Ai, Aolp — [Aj, Aol

A, Aiy Ajl =
[X0, Ai j]f A — )Lj
_ 1 (f(M)—f()»o)_f(kj)—f(?»o)>
Ai —Aj i — Ao Xj— ko '
and this can be extended continuously for any Lo, A;, Aj € 1. It is shown by Kraus and Heindivaara in [10,13]
that for a C? function f on I, f is matrix convex of order n if and only if the Kraus matrix Kr(hos A1y .ons An)
is positive semidefinite for any o, A1, ..., Ay € 1.

We denote K- (po; pi,--., Pn) by Kr-(po; p1, ..., Pn), and moreover simply by K, when po, p1, ..., Pn
are easily inferred from the context:

1 T—ph D= D
K,::[ (pl Po _ L ")] (12)
Pi — Pj \Pi — Po Pj — Po
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2 Preliminaries

Facts presented in this section are taken from [1].

2.1 Skew-symmetric tensors

We recall basic facts about skew-symmetric tensors, fixing our notations. We denote by H,, the n-dimensional
complex vector space C" with inner product

(x,y) =Y &
i=1

forx = (&), y = (n;) € Hy. The canonical orthonormal basis consists of the vectors ¢; = el(") (i=1,2,...n),
whose i-th component is 1 and the others are 0. We identify a linear map A : H,, — H,, with the n x n matrix
[a;;] defined as

aij = <Aej.">, ey fori,j=1,2,....n.
Let ®F ‘H,, be the k-tensor space over H,,; the inner product is determined by

X1 ®0® QX Y1 @ ® - @ y) = Ih_ (i, yi).
(n)

The canonical orthonormal basis of ®@%H,, is {ei1 Q& ei(:') |1 <i;<n, j=1,...,k}. For alinear

map A : 'H,, — Hp, we have a linear map from ®%H,, to ®H,,, which is called the k-tensor power of A and
denoted as @ A:

@ A1 @12 @+ ®x) = (Ax1) ® (Ax2) ® - ® (Axp).
Let Si be the symmetric group of degree k. For w € Sk, the linear map Pé") of ®*H,, is defined as follows:
P (X1 @2 ® - ® Xp) 1= Xpm1(1) ® Xpm12) @+ ® X1
A k-tensor x € ®*H,, is called skew-symmetric if
Pjg”)(x) = (sgn 7)x, Vi € S,

where sgn 7 = 1 for an even permutation 7 and sgn 7 = —1 for an odd 7. The subspace of all skew-
symmetric k-tensors over H,, is called the k-th skew-symmetric space over H, and denoted by AKH,,. The

orthogonal projection Pk(") from ®*H,, onto AKH,, is given as

1
(n)
Pk” =4 E (sgn 1) Pjg").

" weS;
The k-tensor
XIAX2NA oo AXg i= Pk(")()q QX ® - ®xx)

is called the k-th skew-symmetric tensor product of the ordered k-tuple
(x1, ..., xx). We note that

Xp=1(1y A Xg=12) A+ A=ty = (SN TT) X1 AX2 A+ A Xp;
1
CLA XA AX Y1 A Y2 A A k) = o detlixi, yj)]-
For a linear map A : H,, — M, the k-tensor power ®F A satisfies P/ - @A = @A . P 50 that we have

P . okA=gka. P,
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The restriction of ®* A to the skew-symmetric space AKH,, is called the k-exterior power of A and denoted
by AFA :

(/\kA)(xl AXy A Axp) = (Ax)) A (Axa) A=+ A (Axg).
For 1 < k < n, we denote by QO , the set of strictly increasing sequences of k integers from {1, 2, ..., n}:
Okn2a=(); (IS <o <-- <o (=n).

If we have ann x n matrix A and o = (;), B = (Bi) € Ok.», then we consider the k x k submatrix of A written
as Ala|B] whose (i, j)-entry is the (;, B;)-one of A. For a« = (¢;) € Qk,n, we use the notation

6;\(2 eé’l)/\) = eg’i) A eé’;) A A e(g’;{)_

Then {\/ﬁeo? | @ € Qk.n} is the canonical orthonormal basis of A¥H,, and the dimension of AKH,, is <Z)

For alinear map A : H,, — H,, and «t, B € O, the («, B) entry of AR A s given as
(AF AR, (AkA)VK1e™) = det Ale|Bl.

For an n x n matrix A, we denote the eigenvalues of A by A1(A), A2(A), ..., A,(A) arranged in modulus-
decreasing order with multiplicities counted:

A1 (A)] 2 [A2(A)] Z -+ Z A (A)].

It is known that:

Theorem 2.1 Let A be an n-square matrix. Then for each 1 < k < n the eigenvalues of the (Z) X (Z) matrix

A¥ A are described as I"Ig‘:l)»a[ (A) for a € Q n with multiplicities counted.

2.2 Positive matrices

Let A = [a;j] be am x n real matrix: @;; € Rfori = 1,2,...,m, j =1,2,...,n If all g;; are positive
(nonnegative), then A is called positive (nonnegative) and written in symbols A > 0 (A = 0). We recall:

Theorem 2.2 (Perron). Let A be an n x n matrix. If A is positive, then

(i) A(A) =1 (A)] > 0;
(ii) A1(A) is an algebraic simple eigenvalue of A;
(iii) A1(A) > [A2(A)].

An n x n matrix A is strictly sign-regular if for each 1 < k < n, all entries of the (’1:) X (Z) matrix AFA have

the same sign: positive or negative; that is, the matrix kA is positive or negative, respectively. In this case, it
can be seen that all eigenvalues are simple as follows: (In this article, we only consider the case where A is
Hermitian.) In fact, for instance, let us assume that A is positive. Then applying Perron’s theorem, we see that
L1 (A)(> 0) is simple. Next we further assume that A* A is positive. Then by Theorem 2.1 and Perron’s theorem,
the eigenvalue Ai(A*A) is |2 (A)A(A)| = L1 (A)A2(A)(> 0) and simple. Suppose that 1>(A) is not simple,
then A; (A) = Ly (A) for some i = 3, so that A1 (A)A2(A) = A1 (A)L; (A) but this contradicts to the simplicity of
A1 (A2A); hence, in this case, M2(A) is also simple. Since A is strictly sign-regular, we could continue similar
argument to each positive/negative matrix NKA (k = 1,2, ...n) and we get the simplicity of all eigenvalues
Ai (A).

@ Springer
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3 Proof

In this section, we present a proof of Theorem 1.1.(v). We first recall the following theorem and corollary from
[15] for the reader’s convenience, whose original approach is due to Bhatia-Friedland-Jain in [3] for Loewner
matrices. From now on, all divided differences are considered for the power function ¢ on (0, co) and written
simply as [x, y, z],. For positive real numbers pg, p; < --- < pyand q; < --- < g,, we handle a generalized
Kraus matrix K, (po; pi1s ..., Pns q1, - - - qn) defined as

K (pos 1y Pusq1s -+ -5 qn) = [[pO»Pian]r]~

Let c1, 2, ..., ¢, be real numbers, not all of which are zero. Let pg and g1 < --- < ¢, be positive real
numbers. Let us consider the continuous function f on (0, co) defined by

n

f) =" cjlpo,x,qjl- for x € (0,00). 3.1)
j=1
Theorem 3.1 Let r be a positive real number not equal to 1,2, ..., n. Then the function f defined in (3.1) has

at most n — 1 zeros in (0, 00).

Proof We recall the following well-known version of Descartes’ rule of Signs: for example, refer to [14, p. 46].

Letri <rp<---<ry,,andletay,ay, ..., a, bereal numbers not all of which are zero. Then the function
m
glx) =Y a;x" (3.2)
j=1

has at most m — 1 zeros in (0, co). For the function f, let
n
g(x) = f0)x — po) [ [x — ).
j=1

Then g can be expressed in the form of (3.2) withm =2n + land {ry,...,rp+1} ={0, 1, ..., n— 1, n,r,r +
1,...,r+n — 1}. In fact we have g(x) = x"h1(x) — xha(x) + h3(x), where

n n
m@) =Y ci [] —an
J=1i=lidj
n

ha(x) = cjlgj polr [] x—a,

j=1 i=li#j

h3(x) ==Y _cj (polgj. polr — pp)  [] & —a

j=1 i=1,i#j
Note that
[po. x,qjl-(x —q;) =[x, polr — g, polr,
and
[P0, x, q;lr(x —qj)(x — po) = x" — py — [g;, pol-x + polg;, pols-

These polynomials /1 (x), ho(x) and h3(x) are of degree at most n — 1. Because h1(g;) # 0 for some i with

¢i #0,ifr £ 1,2,...,n then g is not identically zero, and by the above fact, the function g has at most 2n
zeros in (0, 00). Clearly n + 1 zeros occur at x = py, g; (1 < j < n), so f has at most n — 1 zeros in (0, c0),
and we complete the proof. O
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Corollary 3.2 Let r be a positive real number different from 1,2, ..., n. Let py, p1 < -++ < ppandqy < -+ <
gn be positive real numbers. Then the generalized Kraus matrix K, (po; p1, ..., Pni 41, - - - » qn) defined as

K. (po; p1,- s Pnsq1s -+ - qn) i= [[po, Di Qj]r]

is nonsingular.

Proof If the matrix K,(po; p1,..-, Pns 41, --.,qn) Were singular, then there would be a nonzero vector ¢ =
(c1, ..., cn) such that K. (po; p1s---» Pniq1s - --,qn)c = 0; that is,

n
> ¢jlpo. pi-gjlr =0
j=1

fori = 1,2,...,n; hence, the function f(x) in (3.1) would have n zeros: x = pi,..., p,. But this is a
contradiction to Theorem 3.1. O

Proof of Theorem 1.1.(v). For the proof, we use notations in Section 2. We first remark thatif » > 1 (r < 1)
then K, is positive (negative), since the function ¢” is convex (concave). (1) Let r # 1,2, ..., n. In this case,
foreach 1 £ k < n, take any a = (a;), 8 = (Bj) € Qk,n, then the corresponding k-square generalized Kraus
matrix

Ky (Po; Pays -+ Dy PBrs -+ > PBi)

is nonsingular by Corollary 3.2, ordet K (po; Pays - - - Pays Ppys - - - » Pg) 7 0. Wenote thatforo’ = (@)), B/ =
(,3}) € Qk,n

det K-(po: P+ -+ -+ Pals Pg|» -+ Pp))

has the same signas det K, (po; Pays - --» Pays Pgi» - - - » PBi)» because the second divided difference is continuous
for the arguments p;. Hence, we conclude that the Kraus matrix K, = K, (po; p1, - - -, Pn) is strictly sign-regular.
We already saw in Subsection 2.2 that all eigenvalues of a strictly sign-regular matrix are simple, so that we get
the conclusion in the case where r # 1,2, ..., n. (2) Assume that r is an integer [ with 1 < [ < n. Then the
rank of K; is [ — 1 by the other statements of Theorem 1.1. Since we treat nonzero eigenvalues of K;, we assume
that/ 2 2. For 1 < k <[ — 1, any k-square generalized Kraus matrix K;(po; Pa,. - - -+ Pays PBis - - -+ Pg) 1S
nonsingular for @ = (;), B = (B;) € Q, by Corollary 3.2. Hence, by the same continuity argument as in
(1), for each 1 < k =< [ — 1 the determinant of all k-square submatrices K;(po; Pa;s - - Pags Pis---» PB)

have the same sign. This means that for each 1 < k <[ — 1, all entries of the (Z) X (Z) matrix A¥K; have the

same sign. In this case, the non-zero eigenvalues A, ... A;—1 (arranged in modulus-decreasing order) of K; are
simple. In fact, this follows as in Subsection 2.2 from Perron’s theorem and the characterization of eigenvalues
of AkKl (k=1,2,...1 — 1) in Theorem 2.1; therefore, we complete the proof. O
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