
Indian J Pure Appl Math (2024) 55:1055–1061
https://doi.org/10.1007/s13226-024-00647-8

ORIGINAL RESEARCH

Inertia of Kraus matrices II

Takashi Sano

Dedicated to the memory of late Professor K. R. Parthasarathy

Received: 16 November 2023 / Accepted: 28 March 2024 / Published online: 5 July 2024
© The Indian National Science Academy 2024

Abstract For positive real numbers r, p0, and p1 < · · · < pn, let Kr be the Kraus matrix whose (i, j) entry is
equal to

1

pi − p j

( pr
i − pr

0

pi − p0
− pr

j − pr
0

p j − p0

)
.

In this article, we give a supplemental result to Sano and Takeuchi (J. Spectr. Theory, 2022) about the Kraus
matrices Kr : the simplicity of non-zero eigenvalues. Our proof is accomplished by arguments similar to those
for Loewner matrices given by Bhatia, Friedland and Jain (Indiana Univ. Math. J., 2016).

Keywords Kraus matrix · Power function · Simplicity · Inertia
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1 Introduction

All matrices in this article are complex. For a Hermitian matrix A, the inertia of A is defined as the triple

In(A) := (π(A), ζ(A), ν(A)),

where π(A) is the number of positive eigenvalues of A, ζ(A) is the number of zero eigenvalues of A, and
ν(A) is the number of negative eigenvalues of A.

Inertias of some interesting matrices whose entries depend on positive real numbers p1 < p2 < · · · < pn
and a parameter r have been computed by various authors. For example,

(1)
[
|pi − p j |r

]
. See Dyn-Goodman-Micchelli [9].

(2)
[
(pi + p j )

r
]
. See Bhatia-Jain [5].

(3) (Loewner matrix)
[
[pi , p j ]r

]
. See Bhatia-Friedland-Jain [3], Bhatia-Holbrook [4] and Bhatia-Sano [7]. Here

[x, y]r means the first divided difference of the function tr (t > 0)) for x and y (x, y > 0); [x, y]r := xr − yr

x − y
for x �= y and [x, y]r := r xr−1 for x = y.
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1056 T. Sano

(4) (Kwong matrix)
[ pr

i + pr
j

pi + p j

]
. See Bhatia-Jain [6].

(5) (Kraus matrix) Kr :=
[
[p0, pi , p j ]r

]
. See Sano-Takeuchi [15]. Here p0 > 0 and [x, y, z]r shows the

second divided difference of the function tr (t > 0)) for x, y and z (x, y, z > 0); for distinct x, y and z,

[x, y, z]r := 1

x − z

(
[x, y]r − [y, z]r

)
= 1

x − z

( xr − yr

x − y
− yr − zr

y − z

)
and for other cases it is extended

continuously.

The purpose of this article is to show the simplicity of non-zero eigenvalues of Kraus matrices Kr in (5): that is,
we give a proof of the statement (v) in the following theorem. We already proved the others in [15].

Theorem 1.1 Let r, p0 and p1 < · · · < pn be positive real numbers. Let Kr be the n × n Kraus matrix defined
in (5). Then

(i) Kr is singular if and only if r = 1, . . . , n;
(ii) If r is a positive integer and r � n + 1, then

r = 2k �⇒ In(Kr ) = (k, n + 1 − r, k − 1),

and

r = 2k − 1 �⇒ In(Kr ) = (k − 1, n + 1 − r, k − 1)

for a positive integer k;
(iii) If r is not a positive integer and r < n, then

2(k − 1) < r < 2k − 1 �⇒ In(Kr ) = (k − 1, 0, n + 1 − k),

and

2k − 1 < r < 2k �⇒ In(Kr ) = (n + 1 − k, 0, k − 1)

for a positive integer k;
(iv) If r > n, then In(Kr ) = In(Kn+1);
(v) Every nonzero eigenvalue of Kr is simple.

For the proof of (v), in Section 2 we review basic facts about skew-symmetric tensors, positive matrices, and
strictly sign-regular matrices for this article to be self-contained. In Section 3, following our previous results in
[15], we give a proof of (v).

In the remainder of this section, we review Kraus matrices. We refer the reader to [2,12] for matrix analysis
and to [2,8,11,16] for divided differences.

Let f be a C2 function on an open interval I . For λ0, λ1, . . . , λn in I , the n × n matrix

K f (λ0; λ1, . . . , λn) :=
[
[λ0, λi , λ j ] f

]
(1.1)

is called a Kraus matrix associated with f , where [λ0, λi , λ j ] f is the second divided difference of f ; for distinct
λ0, λi and λ j ,

[λ0, λi , λ j ] f := [λi , λ0] f − [λ j , λ0] f

λi − λ j

= 1

λi − λ j

( f (λi ) − f (λ0)

λi − λ0
− f (λ j ) − f (λ0)

λ j − λ0

)
,

and this can be extended continuously for any λ0, λi , λ j ∈ I . It is shown by Kraus and Heinävaara in [10,13]
that for a C2 function f on I, f is matrix convex of order n if and only if the Kraus matrix K f (λ0; λ1, . . . , λn)

is positive semidefinite for any λ0, λ1, . . . , λn ∈ I.
We denote Ktr (p0; p1, . . . , pn) by Kr (p0; p1, . . . , pn), and moreover simply by Kr when p0, p1, . . . , pn

are easily inferred from the context:

Kr :=
[ 1

pi − p j

( pr
i − pr

0

pi − p0
− pr

j − pr
0

p j − p0

)]
. (1.2)
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2 Preliminaries

Facts presented in this section are taken from [1].

2.1 Skew-symmetric tensors

We recall basic facts about skew-symmetric tensors, fixing our notations. We denote by Hn the n-dimensional
complex vector space C

n with inner product

〈x, y〉 :=
n∑

i=1

ξiηi

for x = (ξi ), y = (ηi ) ∈ Hn . The canonical orthonormal basis consists of the vectors ei = e(n)
i (i = 1, 2, . . . n),

whose i-th component is 1 and the others are 0. We identify a linear map A : Hn → Hn with the n × n matrix
[ai j ] defined as

ai j := 〈Ae(n)
j , e(n)

i 〉 for i, j = 1, 2, . . . , n.

Let ⊗kHn be the k-tensor space over Hn ; the inner product is determined by

〈x1 ⊗ x2 ⊗ · · · ⊗ xk, y1 ⊗ y2 ⊗ · · · ⊗ yk〉 = �k
i=1〈xi , yi 〉.

The canonical orthonormal basis of ⊗kHn is {e(n)
i1

⊗ · · · ⊗ e(n)
ik

| 1 � i j � n, j = 1, . . . , k}. For a linear

map A : Hn → Hn , we have a linear map from ⊗kHn to ⊗kHn , which is called the k-tensor power of A and
denoted as ⊗k A:

(⊗k A)(x1 ⊗ x2 ⊗ · · · ⊗ xk) = (Ax1) ⊗ (Ax2) ⊗ · · · ⊗ (Axk).

Let Sk be the symmetric group of degree k. For π ∈ Sk, the linear map P(n)
π of ⊗kHn is defined as follows:

P(n)
π (x1 ⊗ x2 ⊗ · · · ⊗ xk) := xπ−1(1) ⊗ xπ−1(2) ⊗ · · · ⊗ xπ−1(k).

A k-tensor x ∈ ⊗kHn is called skew-symmetric if

P(n)
π (x) = (sgn π)x, ∀π ∈ Sk,

where sgn π = 1 for an even permutation π and sgn π = −1 for an odd π . The subspace of all skew-
symmetric k-tensors over Hn is called the k-th skew-symmetric space over Hn and denoted by ∧kHn . The
orthogonal projection P(n)

k from ⊗kHn onto ∧kHn is given as

P(n)
k = 1

k!
∑
π∈Sk

(sgn π) P(n)
π .

The k-tensor

x1 ∧ x2 ∧ · · · ∧ xk := P(n)
k (x1 ⊗ x2 ⊗ · · · ⊗ xk)

is called the k-th skew-symmetric tensor product of the ordered k-tuple
(x1, . . . , xk). We note that

xπ−1(1) ∧ xπ−1(2) ∧ · · · ∧ xπ−1(k) = (sgn π) x1 ∧ x2 ∧ · · · ∧ xn;
〈x1 ∧ x2 ∧ · · · ∧ xk, y1 ∧ y2 ∧ · · · ∧ yk〉 = 1

k! det[〈xi , y j 〉].

For a linear map A : Hn → Hn , the k-tensor power ⊗k A satisfies P(n)
π · ⊗k A = ⊗k A · P(n)

π so that we have

P(n)
k · ⊗k A = ⊗k A · P(n)

k .
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1058 T. Sano

The restriction of ⊗k A to the skew-symmetric space ∧kHn is called the k-exterior power of A and denoted
by ∧k A :

(∧k A)(x1 ∧ x2 ∧ · · · ∧ xk) = (Ax1) ∧ (Ax2) ∧ · · · ∧ (Axk).

For 1 � k � n, we denote by Qk,n the set of strictly increasing sequences of k integers from {1, 2, . . . , n}:

Qk,n � α = (αi ); (1 �) α1 < α2 < · · · < αk (� n).

If we have an n × n matrix A and α = (αi ), β = (βi ) ∈ Qk,n , then we consider the k × k submatrix of A written
as A[α|β] whose (i, j)-entry is the (αi , β j )-one of A. For α = (αi ) ∈ Qk,n , we use the notation

e∧
α (= e(n)∧

α ) := e(n)
α1

∧ e(n)
α2

∧ · · · ∧ e(n)
αk

.

Then {√k!e∧
α | α ∈ Qk,n} is the canonical orthonormal basis of ∧kHn and the dimension of ∧kHn is

(
n

k

)
.

For a linear map A : Hn → Hn and α, β ∈ Qk,n , the (α, β) entry of ∧k A is given as

〈(∧k A)
√

k!e(n)∧
β , (∧k A)

√
k!e(n)∧

α 〉 = det A[α|β].

For an n × n matrix A, we denote the eigenvalues of A by λ1(A), λ2(A), . . . , λn(A) arranged in modulus-
decreasing order with multiplicities counted:

|λ1(A)| � |λ2(A)| � · · · � |λn(A)|.

It is known that:

Theorem 2.1 Let A be an n-square matrix. Then for each 1 � k � n the eigenvalues of the
(n

k

) × (n
k

)
matrix

∧k A are described as �k
i=1λαi (A) for α ∈ Qk,n with multiplicities counted.

2.2 Positive matrices

Let A = [ai j ] be a m × n real matrix: ai j ∈ R for i = 1, 2, . . . , m, j = 1, 2, . . . , n. If all ai j are positive
(nonnegative), then A is called positive (nonnegative) and written in symbols A > 0 (A � 0). We recall:

Theorem 2.2 (Perron). Let A be an n × n matrix. If A is positive, then

(i) λ1(A) = |λ1(A)| > 0;
(ii) λ1(A) is an algebraic simple eigenvalue of A;

(iii) λ1(A) > |λ2(A)|.
An n × n matrix A is strictly sign-regular if for each 1 � k � n, all entries of the

(n
k

) × (n
k

)
matrix ∧k A have

the same sign: positive or negative; that is, the matrix ∧k A is positive or negative, respectively. In this case, it
can be seen that all eigenvalues are simple as follows: (In this article, we only consider the case where A is
Hermitian.) In fact, for instance, let us assume that A is positive. Then applying Perron’s theorem, we see that
λ1(A)(> 0) is simple. Next we further assume that ∧2 A is positive. Then by Theorem 2.1 and Perron’s theorem,
the eigenvalue λ1(∧2 A) is |λ1(A)λ2(A)| = λ1(A)λ2(A)(> 0) and simple. Suppose that λ2(A) is not simple,
then λi (A) = λ2(A) for some i � 3, so that λ1(A)λ2(A) = λ1(A)λi (A) but this contradicts to the simplicity of
λ1(∧2 A); hence, in this case, λ2(A) is also simple. Since A is strictly sign-regular, we could continue similar
argument to each positive/negative matrix ∧k A (k = 1, 2, . . . n) and we get the simplicity of all eigenvalues
λi (A).
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3 Proof

In this section, we present a proof of Theorem 1.1.(v). We first recall the following theorem and corollary from
[15] for the reader’s convenience, whose original approach is due to Bhatia-Friedland-Jain in [3] for Loewner
matrices. From now on, all divided differences are considered for the power function tr on (0,∞) and written
simply as [x, y, z]r . For positive real numbers p0, p1 < · · · < pn and q1 < · · · < qn , we handle a generalized
Kraus matrix Kr (p0; p1, . . . , pn; q1, . . . , qn) defined as

Kr (p0; p1, . . . , pn; q1, . . . , qn) :=
[
[p0, pi , q j ]r

]
.

Let c1, c2, . . . , cn be real numbers, not all of which are zero. Let p0 and q1 < · · · < qn be positive real
numbers. Let us consider the continuous function f on (0,∞) defined by

f (x) =
n∑

j=1

c j [p0, x, q j ]r for x ∈ (0,∞). (3.1)

Theorem 3.1 Let r be a positive real number not equal to 1, 2, . . . , n. Then the function f defined in (3.1) has
at most n − 1 zeros in (0,∞).

Proof We recall the following well-known version of Descartes’ rule of Signs: for example, refer to [14, p. 46].
Let r1 < r2 < · · · < rm, and let a1, a2, . . . , am be real numbers not all of which are zero. Then the function

g(x) =
m∑

j=1

a j xr j (3.2)

has at most m − 1 zeros in (0,∞). For the function f , let

g(x) := f (x)(x − p0)

n∏
j=1

(x − q j ).

Then g can be expressed in the form of (3.2) with m = 2n + 1 and {r1, . . . , r2n+1} = {0, 1, . . . , n − 1, n, r, r +
1, . . . , r + n − 1}. In fact we have g(x) = xr h1(x) − xh2(x) + h3(x), where

h1(x) :=
n∑

j=1

c j

n∏
i=1,i �= j

(x − qi ),

h2(x) :=
n∑

j=1

c j [q j , p0]r
n∏

i=1,i �= j

(x − qi ),

h3(x) :=
n∑

j=1

c j (p0[q j , p0]r − pr
0)

n∏
i=1,i �= j

(x − qi ).

Note that

[p0, x, q j ]r (x − q j ) = [x, p0]r − [q j , p0]r ,
and

[p0, x, q j ]r (x − q j )(x − p0) = xr − pr
0 − [q j , p0]r x + p0[q j , p0]r .

These polynomials h1(x), h2(x) and h3(x) are of degree at most n − 1. Because h1(qi ) �= 0 for some i with
ci �= 0, if r �= 1, 2, . . . , n then g is not identically zero, and by the above fact, the function g has at most 2n
zeros in (0,∞). Clearly n + 1 zeros occur at x = p0, q j (1 � j � n), so f has at most n − 1 zeros in (0,∞),

and we complete the proof. ��
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1060 T. Sano

Corollary 3.2 Let r be a positive real number different from 1, 2, . . . , n. Let p0, p1 < · · · < pn and q1 < · · · <

qn be positive real numbers. Then the generalized Kraus matrix Kr (p0; p1, . . . , pn; q1, . . . , qn) defined as

Kr (p0; p1, . . . , pn; q1, . . . , qn) :=
[
[p0, pi , q j ]r

]

is nonsingular.

Proof If the matrix Kr (p0; p1, . . . , pn; q1, . . . , qn) were singular, then there would be a nonzero vector c =
(c1, . . . , cn) such that Kr (p0; p1, . . . , pn; q1, . . . , qn)c = 0; that is,

n∑
j=1

c j [p0, pi , q j ]r = 0

for i = 1, 2, . . . , n; hence, the function f (x) in (3.1) would have n zeros: x = p1, . . . , pn . But this is a
contradiction to Theorem 3.1. ��
Proof of Theorem 1.1.(v). For the proof, we use notations in Section 2. We first remark that if r > 1 (r < 1)

then Kr is positive (negative), since the function tr is convex (concave). (1) Let r �= 1, 2, . . . , n. In this case,
for each 1 � k � n, take any α = (αi ), β = (β j ) ∈ Qk,n , then the corresponding k-square generalized Kraus
matrix

Kr (p0; pα1 , . . . , pαk ; pβ1 , . . . , pβk )

is nonsingular by Corollary 3.2, or det Kr (p0; pα1 , . . . , pαk ; pβ1 , . . . , pβk ) �= 0. We note that for α′ = (α′
i ), β

′ =
(β ′

j ) ∈ Qk,n

det Kr (p0; pα′
1
, . . . , pα′

k
; pβ ′

1
, . . . , pβ ′

k
)

has the same sign as det Kr (p0; pα1 , . . . , pαk ; pβ1 , . . . , pβk ), because the second divided difference is continuous
for the arguments pi . Hence, we conclude that the Kraus matrix Kr = Kr (p0; p1, . . . , pn) is strictly sign-regular.
We already saw in Subsection 2.2 that all eigenvalues of a strictly sign-regular matrix are simple, so that we get
the conclusion in the case where r �= 1, 2, . . . , n. (2) Assume that r is an integer l with 1 � l � n. Then the
rank of Kl is l − 1 by the other statements of Theorem 1.1. Since we treat nonzero eigenvalues of Kl , we assume
that l � 2. For 1 � k � l − 1, any k-square generalized Kraus matrix Kl(p0; pα1 , . . . , pαk ; pβ1 , . . . , pβk ) is
nonsingular for α = (αi ), β = (β j ) ∈ Qk,n by Corollary 3.2. Hence, by the same continuity argument as in
(1), for each 1 � k � l − 1 the determinant of all k-square submatrices Kl(p0; pα1 , . . . , pαk ; pβ1 , . . . , pβk )

have the same sign. This means that for each 1 � k � l − 1, all entries of the
(n

k

) × (n
k

)
matrix ∧k Kl have the

same sign. In this case, the non-zero eigenvalues λ1, . . . λl−1 (arranged in modulus-decreasing order) of Kl are
simple. In fact, this follows as in Subsection 2.2 from Perron’s theorem and the characterization of eigenvalues
of ∧k Kl (k = 1, 2, . . . l − 1) in Theorem 2.1; therefore, we complete the proof. ��
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