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Abstract For a given zero mean curvature surface X (in the Lorentz Minkowski space) having folded singularity,
we construct a family of maxface and minface, having increasing cuspidal crosscaps, ‘converging’ to X. We
include a general discussion of this.
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1 Introduction

Space-like (time-like) zero mean curvature surfaces in the Lorentz-Minkowski space E? are locally area maxi-
mizing (minimizing respectively) surfaces. These are similar to the minimal surface in R?. But in contrast to the
minimal surface in R3, these surfaces appear with non isolated singularities [1,4,6, 10]. The generalized maximal
(time-like minimal) immersion having only non-isolated singularities are called maxface (minface respectively).

These non-isolated singularities are of various types. As front or frontal, on these surfaces, we see singularities
as cuspidal edge, cuspidal crosscaps, swallowtails, etc. There are other space-like (time-like) zero mean curvature
surfaces that are neither front nor frontal but appear with other types of singularities, such as folded singularities,
cone-like, etc.

In [7], the authors gave an example of a family of maxface X, for each natural number n, that has swallowtails
in an increasing order. Further, in [5], the authors talked about Trinoids (a maxface) with swallowtails whose
computer graphics look cone-like singularities. Moreover, they remarked that the computer graph of many
swallowtails together looks cone-like. In [3], the authors justified this phenomenon by producing a sequence of
maxface with an increasing number of swallowtails, converging to the maxface with cone-like singularity.

We see similar phenomena (at least graphically) in cuspidal crosscaps. The graph of cuspidal crosscaps looks
like the folded singularity. Similar to swallowtails and cone-like discussed in [3], we can ask a question: given a
maxface (minface) having folded singularity, does there exist a family of maxface (minface respectively) having
an increasing number of cuspidal crosscaps and ‘converging’ to the former one?

In this article, in section 4, we give such a family and prove the following:

Theorem (Theorem 4.1) Let X be a maxface (minface) having folded singularity. Then there is a sequence X,
of maxfaces (sequence Y, of minfaces) having an increasing number of cuspidal crosscaps, and the sequence
‘converges’ (in the norm ||.||q) to X.
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To construct such a family, we will find the condition on the singular Bjoring data to have a cuspidal crosscap.
For the maxface, such conditions are already derived in [13]. In this article, in section 3, we find similar conditions
on the singular Bjorling data for the minface, such that they have a cuspidal edge, swallowtails, and cuspidal
crosscaps.

Besides finding the sequence above, such conditions may be useful in various situations. For example, these
are required initial conditions to find interpolating surfaces containing given two curves with the prescribed
nature of singularities.

2 Preliminaries

The Lorentz Minkowski space is a vector space R> with the metric ds” := dx? + dy? — dz?; we denote it by
IE% Space-like zero mean curvature immersion is called maximal immersion. If we allow singularities, then we
call it a generalized maximal immersion. Moreover, if singularities are due to those points where the limiting
tangent plane contains a light-like vector, then we call such a generalized maximal immersion as maxface [14].
In the following, we will discuss two methods to construct the generalized maximal immersion [2,4,8,14].

2.1 Weierstrass-Enneper representation for the generalized maximal immersion

Let M? be a Riemann surface. Let g be a meromorphic function and w a holomorphic 1-form on M 2 such that
Re [, (3(1+¢%. 51— g%, —g) w = 0 for all loops y on M>. Then the map

‘(1 2k 2
f(2) = Re S+g). ;A -¢g). —¢ o
20
is well-defined and gives a generalized maximal immersion [4,14]. Moreover, any generalized maximal immer-
sion can be written in this manner.

2.2 Singular Bjorling representation for the generalized maximal immersion

Lety : I — E% be a real analytic null curve and L : I — IE% be a real analytic null vector field such that
(y'(u), L(u)) =0and y’ £ 0or L # 0. Let g(z) be the analytic extension of

" BP0 i yi(r) £0
8= Lt
LR f L3(1) # 0.

definedon U Cc C, I C U.1If |g(z)| # 1, then the map

u+iv

|
Xinar.y (0 + V) = 2 ( (0 +iv) + ¥ (u = iv)) ZE/ L(w)dw 2.1

u—iv

is the generalized maximal surface with u—v as a conformal parameter and X,,,4x .1 (4, 0) = y (u), ;—U [(u,0) Xmax,y,L =
L(u) [2,8].

Similar to the maximal immersion, we have time-like zero mean curvature immersion and minface. Below
we will recall the Weierstrass Enneper representation and the Bjorling formula for a minface [1,9].

2.3 Weierstrass-Enneper representation for minface [1]

Let M? be a smooth manifold. A smooth map X : M? — E% is a minface if and only if at each point of M?, there
exists a local coordinate system (u, v) in a domain U, the functions g; (), g2(v), and the 1-forms w; = &1du,
w2 = wrdv such that

1. g182 # 1 on an open dense subset of U
2. &1 # 0, # 0 at each pointon U.
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Table 1 Criterion on the Singular Bjorling data for maxface

Nature of singularities at p y’ L y" y" L L" vy = LiLy—L\L,
Function’s value at p

Cuspidal-edge #0 #0 - - - - #0 #0
Swallowtails =0 #0 #0 - - - - £0
Cuspidal-Crosscaps #0 =0 - - #0 - #0 -

Moreover, X can be decomposed into two regular null curves.
1 ! 2 2 ’ 2 2
X(u,v) = 3 (/ (g1, 1—g1”, -1 —giM)w +f (=282, 1 =" 1+ & )wz) + X(uo, vo). (2.2)
uo vo
The quadruple (g;, g2, w1, w?) is called the real Weierstrass data. The set of singular points on U of a minface
X correspond to the set {(u, v) € U : g1(u)g2(v) = 1}.
2.4 Singular Bjorling representation for the generalized time-like minimal surface

Lety : (a,b) — E? be a smooth null curve, and L : (a,b) — ]E% be a smooth null vector field such that
(y'(t), L(t)) =0and ' #0or L # 0 and y’ # +L. Then the map

1 1 u+v
KXmin,y,L(u, v) 1= E(J/(u +v)+y@w—v)+ 3 / L(s)ds, (2.3)
u—uv
defined on Oy p = {(u,v) € RZ:ag<u+v<b anda <u—v <b}isa generalized time-like minimal

surface. Furthermore, X iy, 1 (1, 0) = y (u), %Xm,-n,y,L(u, 0) = L(u), Yu € (a,b).

Both maxface and minface admit various singularities. In the table (1), we mention the criterion given in
[13] on the singular Bjorling data for maxface having various singularities. But for the minface we do not have
a criterion to check the type of singularity in terms of the Bjorling data till now.

For the minface, the criterion to check the type of singularity in terms of the Weierstrass data is given in Fact
4.1 of [1]. We recall it here. The minface with Weierstrass data (g;, o1, g2, @) has

(1) Cuspidal edge at p if and only if at p,

/ / / I

8 8 8 8

- 22#0, -+ 52 #£0. (2.4)
81W1 grw2 81W1 82

(2) Cuspidal crosscap at p if and only if at p,

!/ /! /! / ! ! ! / / !/
S5 o S4B 20, and (f—l> &Jr(%) Lo @5)

b g3 g g3

(3) Swallowtails at p if and only if at p,

/ / / / / / / / / /
M5 o, B B g and (S) 524 (82 ) Sl (2.6)
gl gah gid  gach gl ] & \ g ) &

The above singularities of a maxface and minface appear when we consider these as front or frontal. Now
we discuss another type of singularity called folded singularity that appears on maxface and minface but not as
frontal or front.

Definition 2.1 (Folded singularity) [8]. The X,;ax,y, 2 and Xuin,,, 1 have folded singularities along y if L =0
and y is non degenerate curve.

There are many other singularities, but we recalled only selected one, as per the required discussion of this
article. For more details on the topic, we refer [12] and [9].
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3 Conditions on the singular Bjorling data for minface

We start with {y, L} the singular Bjorling data such that

e At those points where y’ # 0, we have y; # £y3, and
e A those points where L # 0, we have Ly # +L3.

Let Xyin,y, . be the generalized time-like minimal surface as in (2.3). Below we will find the Weierstrass
quadruple for X,;;,,, 1 in terms of y and L.

3.1 Relation between the singular Bjorling data and Weierstrass quadruple for the minface

After changing the coordinate (u, v) to (¢, s) by s = u +v and ¢t = u — v and for some xo € (a, b), Xpin,y,L as
in (2.3), changes to

- 1 X0 1 s
X(t,s) = 3 (J/(t) +/ L(n)dn> + 3 (J/(S) +/ L(n)dﬂ) : (3.D
t X

0

We take a (1) := & (y (1) + [ L(n)dy) and B(s) := 1 (y(s) + L(n)dn>. It turns out that both « and 8 are

null curves. o’ () = %()/(t) — L(t)),and B/'(s) = %()/(s) + L(s)).
For those point ¢, where ¥’ # 0, we have L(¢) = ¢(¢)y’(t). This gives

ay(t) — ay(r) = %(Vz/(f) —y3(0))(1 —c(1))
B0 + B0 = 3 046) + 1 + o).
Similarly at those points where L # 0, 1/(1) = d(1)L (1), we get
@4(0) — (1) = 3 (La(0) — Ly®)(~1 +d@)

1
By(s) + B5(s) = 5 (L2(s) + La(s) (1 + d(s)).
The conditions on the singular Bjorling data as mentioned in the starting of this section and in the subsection
2.4, imply that for all points o) — o # 0, B5 + B5 # 0.

Let (gl, g2, &1, 652) be the Weierstrass quadruple for X. X has the representation as in (2.2). By comparing
the two representations (2.2) and (3.1), we get components of «’ and B’ as the following:

of () = 281 ()1 (u), y() = (1 — g1> (W) (w),

o) = (=1 — g1%(u)) 1 (u) (3.2)

Bi(v) = —2g2(1)r (v), B5(V) = (1 — g2 ()2 (v),

Bi(v) = (1 4 g2%(v)) B2 (v). (3.3)
’iaé

From (3.2) and since &) # 0, we get g = 2%1 Also &b = (1 — g2)dd;. Solving this, we get &) = azT
_ 9
and then g = T

/

a ~ ah—ol
Now for the case when g1 = ——— and 0} = =5, we get
2793

—(1+gHd) = — — = o},

2 a5

—1 | o} +af — 2050} + af? ,
/
@3

For other choices of &y, g1, we see that —(1 + glz)a31 #* ozé. Therefore we must have

/! / /
o ay —o
1 ~ 2 3
g1 = — - and 0 = )
ay — o 2
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Similarly we have

_n A Ay
- b - and wy(v) = _/32 & .
By + B3 2

Now to get the Weierstrass quadruple in terms of the singular Bjorling data, we replace the values of o and
B in terms of y and L. We will do this case by case.

If at u, y’ # 0, then L(u) = c(u)y’(u) for the real function ¢ = % and we get,
3

&) =

[
G =2B-0, g=

’ ’

Y2 = V3
.
1

’ ’ ’ ’
V)tV A Vo T v
28 Gh=2"31+0), &=

) 1 (3.4)
1

We recall here the fact that at points where " # 0, we have y; # 0, and as y, # y3, and y a null curve, this

gives y{ # 0.
Similarly when L # 0, withd = Z—z, we have

~ Lr—1Lj
0 =——(—144d), g1 =—

Ly + L3 A_L2+L3
4 Ly

wy =

(I +d), g=2"13 (3.5)
4 s, 82 = L . .

Thus, we found the Weierstrass quadruple of X,;y,,,, 1 interms of {y, L}. In the next subsection we will convert
conditions in terms of the singular Bjorling data so that a time-like minimal surface has various singularities.

3.2 Conditions on the singular Bjorling data of minface for various singularity

Let {y, L} be the singular Bjorling data for the generalized time-like minimal surface X,y 1, as defined in the
section 2.4. We denote
81 8
81 1= ==, 82 := =52, D(y33, v33) := 13v3 — v3¥3, D(La3Lhy) := LoLy — L3 L.
81w1 872

We again start with the case when y’ # 0 and L = ¢y’. Using (3.4) we have

4g}
81 = 2 / /
g1l =0y, —v3)
M+ vv = v (v + )]
rHA =y + 7))

4 /i /i /i ’. 1" YN/
=—F |1 MYt trny; —
Y21 —c) [ ]
4
= ——— [0/ ¥V + D3z v39)] -
V13(1 —0) [ ]

4 D(¥33.Y53)

Since y is a singular curve, (y’, y”) = 0. This gives §; = — VLITE
31—

Moreover at those points where c(«) = 0, we have

"

V1D (a3 v23) — D(ra3. 123 Byl — vic)

5, = —4
e

D(¥35.v23)

A similar calculation gives §, = —4 VE(1+0

, and at those points where c(u) = 0,

"

4 YiD(V33. V23) — D(¥33, v23) By{" + v{c)
2 .
it

5 =
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As c(u) = f/j((;’; we get

/ /
g g
51 + 82 = 21,\ 22,\
81w1 gHw2

-8
(1 =c?)
. [/, ") L3 + 3D (v33, v23)]
- ’ 3 23> /23

yi2(ri2 — L)

—8Y52D (133, ¥35)

[(¥'.y")e 4+ D(yv33. v25)]

= , and
Pt — LY
51— 8y — g & _ ~8rlaD(yy. v)
£ g ot - L)

Below we find the conditions for a generalized time-like minimal surface having singularities like cuspidal
edge, cuspidal crosscaps and swallowtails in term of singular Bjorling data {y, L}.

3.2.1 Cuspidal edge

Using (2.4), the time-like minimal surface Xy, for the data {y, L} has cuspidal edge at u if and only if

3.2.2 Cuspidal crosscaps
At those point where ' # 0, 8; — 8, = 0, and §; + & # 0 give

vi #0, L3 =0, D(yy.v33) #0. (3.6)

Moreover at those point where (3.6) satisfies, we have

8 g} g 4 [ ]
8122 + 8= = =8y — &) = —— D133, ¥23) [ D (23, v23) 2" ¥))
6 23> 723 23> /23 1
82 g1 & %4
and ¢’ = L*y’y_# Therefore
3

/ /
‘S%H%#O = A0 e L' #£0.

Using (2.5), at u, where ¥’ # 0, the time-like minimal surface X min,y,L for the data {y, L} has cuspidal crosscap
ifandonlyif y" 0, L =0, L' #0, and D(y;5, v53) # 0.

3.2.3 Swallowtails

Similar to the cuspidal crossscaps, at u, where ' # 0, the time-like minimal surface X,,; n,y,L for the data {y, L}
has swallowtails if and only if y'(u) =0, L(u) # 0, y"(u) # 0and D(L23, L};) # 0.

For a non-degenerate curve (the curve is non-degenerate if and only if for all u € I, D(y;;., y53) # 0 or
D(y{,, v{5) # 0), these conditions turn out to be similar to the one given in the table (1) for the maxface.

4 Family of maxfaces and minfaces

We start this section with an example: Helicoid. This is an example of how the time-like and space-like Helicoid
patches smoothly along the folded singularity. For details, we refer to [11].
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4.1 Mix-type Helicoid and a sequence

Lety : I — E?; y(t) := (cost,sint, t). With L = 0, {y, L} turns out to be the singular Bjorling data for both
generalized time-like minimal surface and generalized space-like maximal surface.
For this data, we have the following generalized space-like maximal surface

Xmax,y,L(, v) = (cosu cosh v, sinu cosh v, u) “4.1)

on 2 and y is its singular curve corresponding to the points v = 0. Also, for the same data, we have a generalized
time-like minimal surface as following

Xmin,y,L(, v) = (COSUCOSV, SIN U COS V, Ut). 4.2)

The generalized immersions as in (4.1), (4.2) are parametrizations of the helicoid of type space-like and time-like,
respectively. We see that both these surfaces contain y and have folded singularity on /.

Without loss of generality we assume that / = (0, 2r) and let r > 0 be such that Q,0cC B(0, r). With this
r and n > 1, we take the singular Bjorling data as

n

S 1
AN Gy H(w - lT) ~ (4.3)

i=1

For each n € N, let Xyqx,y,1,1, be the generalized maximal immersion as in (2.1) and Xy, 1,, be the
generalized time-like minimal immersion as in (2.3). This defines a pair {X;uax,y,L,n> Xmin,y,L,n} Of generalized
space-like maximal surfaces and the generalized time-like minimal surface containing y as a singular curve at
v=0.

Using the condition we found in section 3, it is easy to verify that both the generalized maximal immersions
and generalized minimal immersions {Xuax,y,L.n» Xmin,y,L,n} has n cuspidal crosscaps at t = % Moreover
corresponding cuspidal crosscaps are {(cos % sin % %)}221 c y().

Helicoid is an example of a mix-type zero mean curvature surface, where the casual character changes along
the folded singularity (see [9]). We have generated a sequence of immersions {Xyuax,y,L,ns Xmin,y,L,n}neN With
the increasing number of cuspidal crosscaps. For each n, X 4x,y,1,n and Xin,y, 1, are joined along y . Moreover
the sequence {Xuax,y,L,n} ‘converges’ towards the mix-type helicoid (that is smoothly patched along a folded
singularity) as n — 0o.

In the next subsection, we will start with a generalized mixed-type surface that is smoothly joined along a
folded singularity (for example: helicoid). Next, we will find a sequence of mixed-type surfaces joined along a
null curve with increasing cuspidal crosscaps and this sequence ‘converges’ to the surface we started with.

4.2 Family for a general mix-type zero mean curvature surfaces

Authors in [3,13] have defined and discussed the convergence of maxfaces in a particular norm. We would recall
the norm here. Let @ C C be a bounded_ simply connected domain, €2 be its closure. Let X € C(£2, R3), the
space of continuous maps. For each z € 2, we define

X ()| :=max{|X1(2)], [X2(z)|, [X3(z)|} and [ X[l := sup [[ X ().

zeQ

We start with the singular Bjorling data {y, L = 0}, defined on a closed and bounded interval 7, without loss
of generality we will assume / = [0, 1]. Moreover, X,nax,y,0 and X, 5,0 be the generalized maximal immersion
and generalized time-like minimal immersion, respectively, as in (2.1) and (2.3) defined on some bounded open
subsets 1 and 2 (of R?) that contains /. We also assume both have folded singularity along . Since L = 0,
Xmax,y,0 and Xy,in,y.0 have folded singularity at v = 0. Therefore y is non-degenerate (see definition 2.1 and
the curve is non-degenerate if and only if for all u € I, D(y,5, ¥53) # 0 or D(y{,, ¥{5) # 0).
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As b0th_§21 and 2, are bounded ar&l = [0, 1] C 21 N Q», there exists some r > 0 and €2, { such that
I CcQcCQ CBO,r),and I C O C Q2 C B(0, r). With this » and n > 1, we take the singular Bjorling data
as in (4.3). For this data, we have corresponding immersions as follows.

1 , _ i utiv . 1
Xmax,y,L.n(,v) = E(J/(M +iv) +yu—iv)) — Mo fu—iv )//(S)l!:[l(s - %)ds 4.4)
on 1.
1 1 uto 1
Xmin,y,Ln(,v) = 5(7/(” +v)+yw—v)+ m /M_U 12 (S)E(S - E)ds 4.5)
on 2.

Both the generalized immersions have cuspidal-crosscap singularities at {% :k € {l,2,...,n}} for each n.
Moreover following the similar calculations as in [3,13], we see that

k k k k
“Xmax,y,L,n - Xmax,y,O”Sh = M(”Vn/ -V /”91 + ”Ln —L ||§2|) = M”Ln”Q] —> zero.

. . /
Similarly, we have | Xyin,y,L.n — Xmin,y,0llQ, < M'||Lyllq, — zero.
Thus we summarize all our discussions in this section in the following theorem.

Theorem 4.1 Let {X,;4x, Xmin} be a maxface and a minface having a folded singularity along y. Then there
exists two sequences Xpax,y,L.n and Xpin y 1 n of maxfaces and minfaces respectively such that

(1) On the trace of y both immersions have an increasing number of cuspidal crosscaps at the same points.
(2) Xmax,y,L,n converges to Xmax in ||.|l@, and Xin,y,L.n converges to Xpin in ||.llq,-
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