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Abstract This article serves four purposes: (1) A complete characterization of semigroup ideals in Zi is given;
(2) The concept of standard ideals is defined in most general set up; (3) Unlike the algebra §(Z.; C), there is a
non-standard ideal in the algebra F(Z2 ; C); and (4) This is a first step in the direction of studying standard closed
idealsin ¢} (Z2 , w).Itisalso proved that, under a certain conditionon f € § (72 ; C), theideal I r=1f *S(Zi; C)
is always a standard ideal. Though the proofs are elementary, the results will give more clarity about standard
ideals in the formal power series algebras.
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1 Introduction

Let (S, 4, <) be a unital, totally ordered, abelian semigroup; for example, Z and Zi are such semigroups.
Consider the linear space F(S; C) = {f : S — C : supp f is well-ordered} with pointwise linear operations.
Then §(S; C) is a unital, commutative algebra [2, P.41] with respect to the convolution product f * g, which is
definedas f*g(s) = > {fw)g) :u+v=sandu,v € S} (s € S). The algebra F(S; C) is called the formal
power series algebra over S. It is extensively studied in [2, Chapter-2]. Let T C S and let §(S; T;C) = {f €
F(S; C) : suppf C T}. Then §(S; T; C) is a linear subspace of §(S; C). Moreover, T is a semigroup ideal in S
if and only if F(S; T'; C) is an ideal in §(S; C); such ideals are called standard ideals in F(S; C). The standard
closed ideals are also defined in the weighted discrete semigroup algebra €' (Z,., w) in [1, Definition 4.6.18]
and it is studied by many people (see [3—5] and references therein). In this paper, we set up the most general
definition of a standard ideal in any subalgebra of §(S; C). It is remarked in [1, P. 89] that there are various types
of ideals in § (Z2 ; C). The example of an ideal, which is mentioned on Page-89 in [1], is a standard ideal as per
our new definition. However, still we are able to prove the existence of a non-standard ideal in § (Z2 ; C) as per
our most general definition.
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. . . 2
2 Semigroup ideals in Z5

A triplet (S, 4+, <) is an ordered semigroup if: (i) (S, +) is a semigroup; (ii) (S, <) is a partially ordered set;
and (iii) whenever 51,52 € Sand s; < sp,thens; +t <sp +tandt +s5; <t + 5o forallt € S. An ordered
semigroup (S, +, <) is a totally ordered semigroup if (S, <) is a totally ordered set. A totally ordered semigroup
is a well-ordered semigroup if every non-empty subset of S admits a minimum element. Throughout this paper,
S is a unital, well-ordered, abelian semigroup with binary operation + and with total order <. The readers should
refer to [2] for basic results on well-ordered semigroups.

Let Z denote the set of all integers, Z, denote the set of all non-negative integers, and Z,, = {n € Z : n > m}
for m € Z; thus Zy = Zg as per our notation. It is clear that, under the natural order, Z is a well-ordered
semigroup. On the other hand, the set of all non-negative rational numbers Q. is a totally ordered but it is not a
well-ordered semigroup. Further, the semigroup Zﬁ_ is a well-ordered semigroup with co-ordinatewise addition
and with the dictionary order in the sense that: (k,[) < (m,n) if k < m or “k = m and ! < n". Throughout, we
shall consider this dictionary order on Zi.

A subset T of S is a semigroup ideal in Sif s +7 € T (s € S;t € T). In this section, we characterize
semigroup ideals in 72, which will be used in next section. The following two sets U (¢, d) and V (c, d) are basic
semigroup ideals in Zi.

Definition 2.1 Let c,d € Z,. Define

Ue,d) = {s = (s1,5) € Zi_ :c<siandd < s7};
Vie,d) ={s = (s1,5) € Z%r rc<spord < s}.
Basic properties of these two sets are listed out in the following lemma.

Lemma 2.2 Letc,d € Z. Then

(1) Ule.d) = 7% + (c.d);

(2) U(c,d) S V(c,d);

(3) Ulc.d) =72 iffc=d = 0;

(4) V(c,d) =73 iff eitherc =0 ord = 0;

(5) U(c,d) =Zc X Zgand V(c,d) = [Ze X 241U [Zy X Zql;

(6) U(c,d) and V(c,d) are semigroup ideals in Z%r;

(7) U(c,d) =U(c,0)NUO,d)and V(c,d) = U(c,0) UU(,d);

(8) If T is a semigroup ideal in Zi_, then T admits a minimum element (cq, do) and U (co, do) € T C V(co, do).

Proof Proofs of Statements (1) to (7) are trivial. So we prove only Statement (8). Since Zi is a well-ordered
semigroup, 7 has a minimum element. Let (cq, dy) be the minimum element of 7. Now let (k, ) € U(co, dp).
Thencog < kanddy <[.Takem =k —cg € Zy andn =1 —dy € Z4. Then (m,n) € Zi Since T is an
ideal, (k,l) = (co,do) + (m,n) € T. Thus U(co,dy) C T.Now let (k,l) € T. Then (co,dy) < (k,l) and
hence either cg < korcg = kanddy < [.If co < k, then (k,1) € V(co,dp). If co = k and dy < I, then also
(k,1) € V(co, dp). O

It is clear that a subset 7 of Z is a semigroup ideal in Z4 if and only if T = Z,, for some m € Z,. The
following result is its analogue in Z2 ; it gives a complete characterization of semigroup ideals in Zi.

Theorem 2.3 Let T be a semigroup ideal in ZE_. Then there exists a finite subset {(c1,d1), ..., (cn, dp)} on%_
such that

(1) 1= U Ui dp);

(2) (cq, a?lz)lis the minimum element of T ;

(3) (ck, dk) is the minimum element of T\ kol Ulci,di) (1 <k <n),
(4) ¢ < cimanddipy <d; (1 <i<m).

Proof Let (c1, d1) be the minimum element of 7. By Lemma 2.2, U(cy,d;) € T.If T = U(cy, dy), then the

proof is complete. Otherwise, take the minimum element (c2, d2) of T \ U (c1, d1). Since (c1, d1) is the minimum
element of 7, we must have ¢; < ¢ anddr < dy. Again, if T = U(cy, d1)UU(c3, d»), then the proof is finished.
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Otherwise, choose the minimum element (c3, d3) of T\ (U(c1, d1) U U(ca, d2)). As above we can verify that
¢y < c3 and d3 < dp. This process will stop after a finite number of steps because 0 < ... < d3 < dy < d.
Hence the proof is complete. O

Corollary 2.4 Letk € Zy and T = {(m,n) € Z_%_ :m ~+n > k}. Then (0, k) is the minimum element of T and
T =U_ Uk —i,i).

3 The ideals in F(Z2 ; C)

First we introduce our notation in the following definition.

Definition 3.1 Throughout let S be a unital, totally ordered, abelian semigroup, and 7 C S. Then

F(S;C) ={f:S — C:suppfisawell-ordered set};
§(S;C) =F GfS =7Z4);
F(S;0) =F (fS=123);

S T;C) ={f €d(S;C) :suppf C T

S T;0) =35(T) GfS=27Z4);

F(S; T;C) = Jo(T) (ifS =7Z3).

In this article, we are mainly concerned with §» and §2(7).

Let A be an algebra. A linear subspace I of A is an (algebra) ideal in A if ab and ba belong to I whenever
a € Aand b € I. The following lemma is very basic.

Lemma 3.2 Let T C S. Then

(1) §(S; C) is an algebra with respect to the convolution product.

(2) $(S; T; C) is a linear subspace of §(S; C).

(3) §(S; T; C) is a subalgebra of §(S; C) iff T is a subsemigroup of S.
(4) 5(S; T; C)is an ideal in §(S; C) iff T is a semigroup ideal in S.

Proof Statement (1) can be proved as per the details given in [2, P.41]. Other statements are easy to prove. O

Notation 3.3 Letr T C S and let A C §(S; C). Then we shall write

FA;S;T;C)=ANFS; T;C)={f € A:suppf C T};
F(A; S;T;C) = $2(A; T;C) (if S = Z2);

FA; S T;0) =F(S; T;0) (ifA=F(S;0);

3(A; S;T:C) = §2(T) (if S = Z3 and A = o = F(Z3; O)).

Now we propose the most general definition of standard ideals and standard closed ideals.

Definition 3.4 Let A be a subalgebra of §(S; C). Then an ideal I in A is a standard ideal if either I = {0} or
I =3§(A; S; T; C) for some semigroup ideal 7 in S. Anideal I in A is a non-standard ideal if it is not a standard
ideal.

Definition 3.5 A Banach algebra of power series (BAPS) on atotally ordered abelian semigroup S is a subalgebra
A of §(S; C), which is also a Banach algebra with some norm.

For example, ot (Z+, w)and o1 (Z2 , ) are BAPS onZ and Zﬁ_, respectively. On the other hand, ot Q4+, w)
isnot a BAPS on Q.

Definition 3.6 Let A be a BAPS on a totally ordered abelian semigroup S. A closed ideal I in A is a standard
closedideal in A if either I = {O}or I = §(A; S; T'; C) for some semigroup ideal T in S; others are non-standard
closed ideals in A.
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Remark 3.7 Note that each semigroup ideal in Z is precisely of the form Zy = {n € Z4 : n > k} for some
k € Z4. Hence, if A is a BAPS on Z_, then the closed ideal My (A) defined on Page 508 in [1] is same as
our closed ideal §(A; Z.; Zg; C). Thus, Definition 3.6 is consistent with [1, Definition 4.6.18]. Hence, because
of Theorem 2.3, we should be able to prove analogous results of Domar [1, Theorem 4.6.28] and Thomas [1,
Theorem 4.6.29] in £ (Z2% , w).

First we introduce the following two basic standard ideals in §>.

Definition 3.8 Let c,d € Z,. Define

M.a)(F2) = {f €S2 :supp f S U(c,d)};

={fe€F: f(6)=0(s=(s1,5) € Z3; 51 < corsy <d)};
Ne.ay&2) ={f €S2 :supp f € V(c,d)};

={fedr: f(s)=0(s =(s1,5) € Zﬁ_; sy < cand sy < d)}.

Basic properties of these two sets are given in the following lemma. For (¢, d) € 72, wedefine S¢c,ay((c,d)) =
1 and (¢ q)((m, n)) = 0 otherwise.

Lemma 3.9 Letc,d € Z. Then

(1) Ma)(F2) = 8c.a) * §25

(2) Mc,a)(F2) C Nie,a)(§2);

(3) Mca)(F2) =82 0ffc=d =0;

(4) N,a)(S2) = 52 iff either c =0 ord = 0;

(5) Mc,a)(§2) and N(c,q)(§2) are ideals in §»;

(6) F2(U(c,d)) = Mc,a)(S2), i.e., M(c,q)(F2) is a standard ideal;

(7) $2(V(c,d)) = N,a)(§2) i.e., N.q)(§2)) is a standard ideal;

(8) If T is a semigroup ideal in Zi_, then there are co, dy € Z4 such that (co, dy) is the minimum element of T
and M(Co,do)(32) - 'SZ(T) - N(Co,do)('gz)'

Proof Proofs are straightforward. O

Proposition 3.10 Let T be a semigroup ideal in Z%_. Then there is a finite sequence (c1,d1) < -+ < (¢cp, dy) in
2 such that §(T) = Mc,,a)(§2) + -+ + Mc,.d,) (F2)-

n
Proof By Theorem 2.3, there exists a finite sequence (c1,d;) < --- < (cu,dy) such that T = | J Ul(c;, d;).
i=1

Clearly, M(c, 4,)(§2) C $2(T) foreach 1 < i < n. Since §»(7) is an ideal, M(¢, 4,)(F2) + - - - M(c,.a,)(&2) C

n
§2(T). Conversely, let f € §2(T). Thensuppf C T.Since T = |J U(ci, d;), there exist f1, ..., fn € T2 such
i=1

k-1

that f = fi +--- fu, suppfi C U(cy, d1), and supp fi C U(ck, di)\ | U(ci, d;) for each 2 < k < n. So that
i=1

Jk € M(¢;,a)(S2) foreach 1 <k <n.Hence f = fi+ -+ fu € M(c,,a)(82) + - + Mc,.4,) (52)- O

Proposition 3.11 Let I be a non-zero ideal in §>. Then there exists a largest integer ¢ € Z such that I C

52(U(c, 0))

Proof Let P = J{suppf : f € I\ {0}} and let (c, d) be the minimum element of P. Then it is clear that
P C U(c,0). Hence I C F2(U(c, 0)). As per the choice of (c, d), it is obvious that c is the largest element in
Z4 such that I € §>(U (c, 0)). |

Proposition 3.12 Let f € §» be non-zero, and let (¢, d) = min{(k,1) : f(k,1) # O}. If suppf C U(c, d), then
I = f*F82=3820U(c,d). In particular, 15 is a standard ideal in >.
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Proof First we note that supp(f * g) C suppf forany g € §». Hence by the assumption, supp(f *g) C U(c, d)
for any g € §2. Thus Iy C F2(U(c, d)). For the reverse inclusion, we have

f=) A, Déwy 2 (kD) € Z3)
=D {f k. Dusy: k) € Z3,c <k.d <1} (. suppf C Ulc,d))
= Z{f(k, DGe.dy * Sk—ci—ay) (k1) € 23, c <k, d <1}

=8y * 3 AL DSG—ciay: k) € Z5, ¢ <k,d <1}
= 8(c.a) * &

where g(k,l) = f(k+c,l+d) ((k,]) € Z%r). Note that g(0,0) = f(c,d) # 0. By [1, Proposition 1.6.19], g
is invertible in F». Let g~! be the inverse of g. Then Sc,dy = S(c,d) * & * g l=fxgle Iy. Since I is an
ideal, 6,1y € 17 ((k,1) € U(c, d)). Hence §2(U(c, d)) C Iy. O

Note that, in one-variable case, it is true that every non-zero ideal in § is a standard ideal [1, Proposition 1.6.20].
On the contrary, we show in next result that there does exist a non-standard ideal in §>; it is our main theorem.

Theorem 3.13 There exists a non-standard ideal in §.

Proof Let f = 8,1 +8a,0pand Iy = f*F> = {f xg : g € §2}. If Iy were a standard ideal, then, by the
definition of standard ideals, there should be a semigroup ideal 7 C Zi such that Iy = §2(7); in particular,
Iy contains many functions whose support is singleton (namely, 8, ) for any (m, n) € T). However, we claim
that the above ideal / is not a standard ideal. Let g € 2 be an arbitrary non-zero element. By above arguments,
it is enough to show that the supp(f * g) is not a singleton set, i.e., it contains at least two distinct points. Let
(c1,dy) = min{(k,1) : g(k,l) #0}. Lete; = (1,0) and e> = (0, 1). Now we have two possibilities.

Case-(I): suppg C U(cy, dy). Itis clear that (c1,dy) +e; = (c1 + 1,dy) and (c1,dy) + e2 = (c1,d; + 1) are
different points. First we show that (f * g)((c1, d;) + e1) # 0. First we note that the equation e; + (k,[) =
(c1,d1) + eq has no solution in U(cy, d) and supp g < U(cy, d1). Hence, we have

D (gD rer+ (k1) = (c1.dp) +er} = 0. (3.1)
Now
(f *g)((c1,d1) +e1) =[8e, * & + 8¢, * gl((c1,d1) + e1)
= 8¢, % 8((c1, d1) + €1) + 8¢, % g((c1,d1) + e1)
=D (8o, (m. m)g(k, 1) : (m.n) + (k. 1) = (c1.d1) + e1}
+ D 8oy (m.m)g(k. 1) = (m.n) + (k. 1) = (c1.d1) +e1}
= (g, e+ (k, 1) = (c1,d1) +er}
+) gk, D s et + (k1) = (c1,d1) + €1}

=0+ Z{g(k, l):(k,l) =(c1,dy)} (ByEquation 3.1)
= g(c1,d1)
# 0.

Thus (c1,d1) + e1 € supp(f * g). Similarly, we can show that (f * g)((c1,d1) + €2) = g(c1,d1) # 0. Thus
(c1,d1) + ex € supp(f * g). So supp(f * g) contains at least two distinct points.

Case-(II): supp g g U(cy,dyp). Let T be the smallest semigroup ideal in Zi generated by supp g. Then, as per
the proof of Theorem 2.3, there exists n > 2 and a finite set {(c1, d1), ..., (cn, dy)} in Zi such that

(1) (c1,d1) < (c2,dr) < -+ < (cn, dp);

(i) glci,di) #0 (1 <i <n);
(iii) (ck, dx) = the minimum element of supp g\ UIJ‘.;% U(cj,dj) 2=<k<=n);
(iv) suppg C T = U;?ZIU(cj,dj).
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Thenitis clear that (c{, d1)+e> and (¢, d,,) + e are distinct elements in Z%_. First we show that (f*xg)((c1, d1)+
e3) # 0. First we note that the equation ej + (k, ) = (c1, d1) + e> has no solution in 7 = U;'.zl U(cj,dj) and
hence it has no solution in supp g because supp g € 7. Thus, we have

D gk, D) s er + (k1) = (c1,d1) + ea} = 0. (3.2)
Now
(f *g)((c1,d1) + e2) = [8e, * & + 8¢, * gl((c1, dr) + e2)

= 8¢, ¥ g((c1,d1) +€2) + 8¢, x g((c1,d1) + €2)

=Y (Ber(m,m)g(k, 1) : (m, ) + (k, 1) = (c1,d1) + €2}
+ ) (8 (m,m)g(k, 1) 2 (m, ) + (k, 1) = (c1, d1) + e2)

= {gtk, ) e+ (k1) = (c1,d1) + €2}
+) {gtk, D) s et + (kD) = (c1,d1) + €2}

= Z{g(k, I):(k,l) = (c1,d1)} +0 (By Equation 3.2)

= g(c1,d1)
# 0 (By property (ii) above).

Thus (c1, dy) + ex € supp(f * g). Similarly, we can show that (f * g)((c,, dy,) + e1) = g(cn, dy) # 0 as per
the property (ii) above. Thus (c,, d,) + e1 € supp(f * g). So supp(f * g) contains at least two distinct points. O

Acknowledgements The authors are thankful to the referee for reading our manuscript carefully and giving suggestions to make
proofs reader friendly.
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