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Abstract In this paper we explore the generalized Cassini identities for the weighted generalized Fibonacci
sequences, through the associated generalized Fibonacci fundamental system. Some algebraic, combinatoric and
analytic properties of these identities are established. Applications to generalized Fibonacci and Pell numbers
are provided, and some special cases are studied.
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1 Introduction

Cassini’s first identity is known to be one of the first properties of Fibonacci numbers, it is stated by the next
formula,

Fu_1Fpr1 — Fn2 = (=1)"; foreveryn > 1, (1)

where {F}, },>0 is the usual sequence of Fibonacci numbers defined by Fo =0, F1 = 1 and Fj,41 = F, + Fy—1.
This identity was established by the Italian-born French astronomer and mathematician Giovanni D. Cassini
(1625-1712), and independently by the Scottish mathematician and landscape artist Robert Simson (1687-1768)
(see, for instance, [9,11]). Since this period several extensions, proofs and formulations of the Cassini identity
has been provided. Especially, Cassini identity (1) has been considered under the determinant of a special matrix
in [14,16].

For the generalized Fibonacci and Pell numbers, the Cassini identity has been generalized for r > 2, using
the concept of determinant, in [8,14] and [15]. In [16], Soykan generalizes the usual Cassini identity (1) to the

Communicated by Sanoli Gun.

I. M. Craveiro
Mathematics Department - UFGD, Dourados, MS, Brazil
E-mail: irenecraveiro@ufgd.edu.br

E. V. Pereira Spreafico (B<) - M. Rachidi
Institute of Mathematics, INMA - UFMS, Campo Grande, MS, Brazil
E-mail: elen.spreafico@ufms.br

M. Rachidi
E-mail: mustapha.rachidi @ufms.br

@ Springer



Generalized Cassini identities via the Fibonacci Fundamental system 1235

so-called generalized m-step Fibonacci numbers and gives some related formulas, using also the concept of
determinant.

Recently, several generalizations of Cassini identity have been established under various aspects. Among
these generalizations we can cite the identity of Catalan and the Vajda’s Formula (see, for instance, [1,3,9,13],
and references therein). On the other side, the Cassini identity has been extended to other sequences of known
numbers such that Lucas and Pell numbers (see [15] and references therein).

On the other hand, the sequences defining the generalized Fibonacci numbers, the generalized Pell numbers
or the Jacobsthal numbers, are special cases of the sequences defined by linear recurrence relations of Fibonacci.
More precisely, they represent a special case of the so-called weighted r-generalized Fibonacci sequences. Such
sequences, widely studied in the literature, are defined as follows. Let consider the weighted generalized Fibonacci
sequences {v, },>0 of higher order r > 2, defined by giving two sequences {a;}o<;<r—1 and {&}o<j<,—1 (r = 2)
of K (field of real or complex numbers) , such that

r—1

v, = Zaivn—i—l for n=r, 2
i=0

v, = oy for n=0,1, ..., r—1. 3)

The sequences {a;}o<j<r—1 and {@}o<j<,—1 are known in the literature as the coefficients and the initial
conditions (or initial data) of the sequence (2). For reasons of simplicity, in the sequel we will refer to these
sequences by sequences (2). When considering only Expression (2), without taking into account the initial
conditions (3), we are then dealing with a linear difference equation of constant coefficients.

In the present study, we focus on the generalization of the Cassini identity (1) to the weighted r-generalized

Fibonacci sequences (2). Our generalization is based on the fundamental role of a specific set {{v,(f) Jns0, 1 <

s < r}, whose elements {vr(f) }n>0 represent solutions of Equation (2), considered as a linear difference equation.
Currently, this set is known as the generalized Fibonacci fundamental system of Equation (2). More precisely,
our approach is theoretically based on the techniques and properties of the linear difference equations with
constant coefficients, and those of the weighted generalized Fibonacci sequences, as well as the properties of
the determinants of matrices. To reach our goal, we would like to precise that the progress of our process is as
follows. First, we explicitly describe the closed connection between the family of weighted generalized Fibonacci

{v,(f)}nzo, for 1 < s < r — 2, and the fundamental weighted r-generalized Fibonacci numbers {v,(f)}nzo.
Second, we utilize the matrix properties related to this generalized fundamental system for establishing the
generalization of the Cassini identity associated to the sequence {v,},>0 defined by (2), throughout properties of

the Casoratian matrix and the Casoratian, associated to the aforementioned generalized Fibonacci fundamental
system {{v,(f)}nzo, 1 < s <r}, considered as a fundamental system of solutions of Equation (2), conceived as a
linear difference equation. Furthermore, the combinatorial and the analytical representations of this generalized
Cassini identity are provided explicitly. As a consequence, we get various properties on the generalized Cassini
identities, related to the generalized Fibonacci and Pell numbers. Moreover, some results of the literature are
recovered, especially, those of [8, 14, 15]. Finally, significant illustrative examples and applications are furnished
and some perspectives are proposed.

The content of this paper is structured as follows. In Section 2 we establish some results on the generalized
Fibonacci fundamental system {{v,(f)}nzo, 1 < s < r}, whose elements are conceived as solutions for the
linear difference equation (2), and establish its closed connection with the Casoratian matrix and the Casoratian.
Moreover, some identities related to the generalized Fibonacci fundamental system are derived. Section 3 is
devoted to fundamental solution {v,(,r) }n>0 of Equation (2), and its main role in the study of the generalized Cassini
identity for sequences (2). Moreover, its combinatorial and analytical properties are explored, by providing its
explicit formulas in Section 4. In Section 5 some applications of the results of Sections 2, 3 and 4 are established.
More precisely, we are concerned with the generalized Cassini identities for generalized Fibonacci and Pell
numbers. Furthermore, their related combinatorial and analytical expressions are furnished. In the last section,
we give some final considerations and perspectives.
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1236 1. M. Craveiro et al.

2 Generalized Fibonacci fundamental system

2.1 Casoratian matrix, Casoratian and generalized fundamental system

Let w®M, ..., w" be a set of r functions w/) : N — K. For every n > 0, we put w'/)(n) = w$. Suppose
that {w,gl)}nzo, e, {w,(,r)},,zo are r solutions of Equation (2), viewed as a linear difference equation. We say that
wh o w® are linearly dependents if there exists r scalars B1, ..., B, with (81, ..., B) % (0, ..., 0), such
that

Brw )+ -+ B_ 1w (n) =0, foreveryn > 0,

and w®, ... w® are said linearly independents if they are not linearly dependent. For every n, we consider the
family of r vectors columns {W ) (n)} < <, defined by W' (n) = (Y (n), w (n+1), ..., w (n+r—1))",
forn > 0and 1 < j < r. The Casoratian matrix C(n), associated to the family w®, ., w® | is defined

Cin)= W), ..., WY (n)), namely,

w’(lf) . wr(zj) w’gl)
cm=| 1 o
(r) @) (1
ntr—1 """ Whpp1 Wyygrg

w
The Casoratian is defined as the determinant of the Casoratian matrix, namely, C(n) = det Cc (n), or equivalently,

C(n) = det C(n) = det(W (), ..., WH@n)).

It is well known that the functions w™, ..., w® are linearly independent, if and only if, C (n) = det C (n) #0,
forevery n > 1. When this condition is satisfied, we say that the set of functions {w(] ), w(’)} is a fundamental
system of solutions of Equations (2).

2.2 Generalized Fibonacci fundamental system and Casoratian

Let consider Eﬂg )(ao, ...,ar—1), the K-vector space of finite dimension r, of solutions of Equation (2). Let
{v,(f)}nzo be the family of sequences of Sﬂg) (ag, ...,ar—1),indexed by s (I < s < r) defined as follows,

“)

v,(f_f_l = apv’ +-~-+ar_1v,(ls_)r+1, for n >r—1,
v,(f) = S_1n forO<n<r-—1.

The set of sequences {v,(,s)}nzo, 1 < s < r, represents r copies of sequences (2) with mutually different sets
of initial values, viz. vg.s) =68-1,;,0=<j=<r—1,1<s <r),where §;_1,; is the Kronecker symbol. For

every{v,},>o0 in Eﬂg)(ao, ..., ar—1) of initial data «g, - - - , ar—1, we can verify that,
r
vy = Zasv,(f), 5)
s=1
for every n > 0. Moreover, the set of functions {v®®), s = 1,...,r}, where v (n) = v,(,s), is a basis of the
K-vector space Eﬂ(g ) (ao, - - ., ar—1). In summary, we have the subsequent proposition.

Proposition 1 The set {{v,(,s)}nzo , 1 <s <r}isafundamental system of solutions of Equation (2), called the
generalized Fibonacci fundamental system.

@ Springer



Generalized Cassini identities via the Fibonacci Fundamental system 1237

Consider the vector column Y, = (vy, ..., vy—r+1)". The sequences (2) takes the equivalent matrix form,
Yn+l =AY,, n>r—1, (6)

where A is the companion matrix,

ap ar - ap-
a_|lo1r 00| 7
0--0 1 0

Matrix formulation (6) of Equation (2), has been considered in various research papers of the literature (see
for example [7,10], and references therein). The matrix Expression (6) was used in [4,10], for studying several
properties of sequences (2).

To proceed with the work, consider the following questions. What is the closed connection between the
Casoratian, the Casoratian matrix of (2) and the generalized Fibonacci fundamental system (4) of (2)? What is
the closed connection between the generalized fundamental system (4) of (2) and the companion matrix A of
(2)? What consequences on the generalized Fibonacci and Pell numbers? These questions will be addressed in
the remainder of this work, with the aim of studying the concept of generalized Cassini identities.

First of all, the generalized Fibonacci fundamental system will play a central role in the computation of the
powers A" of the companion matrix (7), and also for studying its closed connection with the Casoratian matrix
and the Casoratian. That is, the matrix equation (6), can be written under the form,

Yopro1 =A"Y, 1, n>r—1, (®
where Y, _1 is the vector column Y, _; = (v,—1, ..., vp)’. By considering the generalized fundamental system
{v(s), s = 1,...,r}, each entries of the vector Y, 4,—1 = (Uysr—1, ..., Un)’, can be written under the form

-
Uptj = Zas vif}j, where 0 < j < r — 1. Thus, a direct computation shows that the vector Y,,_; can be
s=1

written under the matrix form,
Yn+r—1 = Ml‘lYV—ls (9)

where the entries ml(;l) of the matrix M, are stated, in terms of the elements of the generalized Fibonacci

fundamental system, under the form mg}l) = vfﬂ;j_ ng)' Therefore, the Casoratian matrix C (n) and the matrix

powers A" of the companion matrix (7) are related to the matrix M, . More precisely, taking into account Formulas
(8)-(9), and the fact that the initial conditions are arbitrary, we can formulate the following result.

Theorem 1 Let {{v,(f)

n > 0, the entries of the powers A" = (a[.(;l)) 1<i, j<r are imparted under the form,

In=0, 1 <s < r} be the generalized Fibonacci fundamental system (4). Then, for every

(n) __  (r—j+1)
4Gij = Vngr—i - (10)
In other terms, we have
(r) ) (n
Ungr—1 " Unr—1 Ungr—1
A" =M, = : : : . (11)

N ) B ()
It is worth noting that Expressions (10)-(11) have been established by induction (see [4,6], and refer-
ences therein). Since the Casoratian matrix of the generalized Fibonacci fundamental system (4), namely,

{{Ur(lS)}nzO , 1 <5 <r}of(2),is defined by,

RN () SN

Cn)y=VIm),...,.Vhw)) = , (12)

(r) ) (€3]

Vntr—1 """ Untr—1 Vntr—1
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1238 1. M. Craveiro et al.

where V(-/)(n) = (v(j)Ln), cey v(-/)(n +r—1)) forn >0and 1 < j < r; the next result allows us to connect
the Casoratian matrix C(n) of the Fibonacci fundamental system (4) and the powers A" of the matrix (7).

Theorem 2 The Casoratian matrix C (n) of the Fibonacci fundamental system (4) and the powers A" of the
companion matrix (7), are similar. More precisely, we have,

Cn) = JA"] = (=i, j=r. (13)

where the entries cg.l) are given as in cg.l) = v;ﬁr)l.il (1 <i,j<r)andJ = (b; j)i<i, j<r is the anti-diagonal
unit matrix, whose entries are defined by b; j = 1 fori + j =r + 1 and b; j = 0 otherwise.

Expression (13) will play a central role for formulating the general Cassini identity, in the general setting of
sequences (2), as well as for its application to the special cases of generalized Fibonacci and Pell numbers.

2.3 Fundamental solution

In order to identify the combinatorial formulas of sequences (2), we consider the expression,

Z (ko + -+ + kr—1)! ko ki kr—1

pn,r)= kol kg1 ot (14)

ko+2k1+-+rk,—1=n—r+1

with p(r,r) = 1l and p(n,r) = 0 forn < r — 1, where k; is a natural number for all 0 <i <r — 1. According
to Theorem 2.5 and the Subsection 2.4 of [12], the general term v,, of the sequence (2), can be written under the
form,

vp = Aop(n,r) + Arp(n —L,r)+---+ A _1p(n —r+1,r), 5)

forevery n > r, where Ay = a,_10x +...+aro,—1 (k =0, ...,r — 1) and the p(n, r) are as in (14). Applying
Expression (15) to each sequence {v,(f)},,zo (1 < s < r) of the generalized Fibonacci fundamental system (4),
we acquire the hereafter result.

Theorem 3 Let {{v,(f)},,zo, 1 < s < r} be the generalized Fibonacci fundamental system (4). Then, for every
n > r, we have

o = p+1.r) and v = ar_10\” | = a,_1p(n, 1), (16)

and for2 < s <r — 1, we have,

N
vr(f) = Zar_jp(n +s—j,r), foreveryn >r. (17)
j=1

Expressions (17) shows that each element {v,(f)},,zo of the generalized Fibonacci fundamental system (4) of
Equation (2), is a linear combination of the terms p(n + s — j + 1, r). Therefore, in view of Expression (16),
we get the next result.

Corollary 1 Let {{v,(,s)}nzo, 1 < s < r} be the Fibonacci fundamental system (4) of Equation (2). Then, for
everyn > r, we have

s

Ur(zS) = Zar—jv;(gxfjfl’ foreveryn > r, (18)
j=1

where v,(lr) is imparted in (16).

Theorem 3 and Corollary 1, show that {v,(,r) }n>0, the solution of Equation (2), represents a privileged element
of the generalized fundamental Fibonacci system (4), which will play a key role in the sequel. For this reason
we introduce the next definition.
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Definition 1 The element {v,(f)}nzo of the generalized Fibonacci fundamental system (4) given as in (16), is
called the fundamental solution of Equation (2).

The fundamental solution {v,(f)},,zo will perform a basic role, for exhibiting compact formulas of generalized
Cassini identities and its applications to generalized Fibonacci and Pell numbers. More precisely, the Casoratian
matrix expressed in terms of elements of the generalized Fibonacci system, will make it possible to establish
combinatorial and analytical schemes explicit formulas of generalized Cassini identity of sequences (2).

3 Casoratian matrix and Generalized Cassini identity

As a consequence of Expressions (10)-(11) and (13), we show that
det[C(n)] = det[A"] = det[A]".

Since det[A] = (—1)""'a,_1, we obtain the afterwards important property.

Proposition 2 Under the data of Theorem 2, the Casoratian C (n) of the Fibonacci fundamental system (4), is
determined by,

C(n) = det[C(n)] = det[A"] = (—=1)""Va"_|. (19)
For a,—1 = 1 in Expression (19), we deduce that,
C(n) = det[C(n)] = (="~ D, (20)

Expressions (19)—(20) represent a generalization of the usual Cassini identities such as the identity (1). That is,
forag = ... = a,_1 = 1, these formulas have been considered for defining the Cassini identity for generalized
Fibonacci numbers in [14]. Furthermore, in order to illustrate here the scope of these two formulas, we provide
the next two examples.

Example 1 Let {F,},>0 is the sequence of usual Fibonacci numbers defined by the recursive relation of order
r = 2, and with arbitrary initial conditions Fp = o and F; = «;. Let {{F,gl)}nzo, {F,f2)},,zo} be the associated
Fibonacci fundamental system (4). Since Fél) =1, F 1(1) =0and FOO) =0, F2(1) = 1, we can verify easily that

Fn(l) Fn(z)l, for every n > 1. If we set Fn(z) = F},, for every n > 1, then, the associated Casoratian is,
(@) (1)
_ F F Fn+l Fy _ 2 __ n
Cm = | 16} 1) ‘ P = i Faoy = B = (<)

Therefore, the Casoratian of the Fibonacci fundamental system related to the sequence of Fibonacci numbers, is
nothing else but the well known Cassini Identity of the sequence of Fibonacci numbers.

Example 2 Let { P,},>0 is the sequence of usual Pell numbers defined by the recursive relation of order r = 2,
and with arbitrary initial conditions Py = «g and P; = «;. Let {{P,,(l)}nzo, {P,,(z)}nzo} be the associated
Fibonacci fundamental system (4). Since Pél) =1, P(l) 0 and P(z) 0, Pz(l) 1, we can verify easily

that P(l) P(z)l, for every n > 1. If we set P( ) — = P,, for every n > 1, then, the associated Casoratian is
formulated under the form,

P(2) P(l)

Puyi P
C(n) = n+1 n
=& o ‘

_ _p2 _ 1\
Pn P}’Lf] - l’l“r]Pnf] Pn _( 1) N

Therefore, the Casoratian of the Fibonacci fundamental system related to the sequence of Pell numbers is nothing
else but the well known Cassini Identity of the sequence of Pell numbers.

Motivated by results of [14] and the two previous examples we can then formulate the following general
definition.
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1240 1. M. Craveiro et al.

Definition 2 Let {{v,(f) }n=0; 1 <s < r}bethe generalized Fibonacci fundamental system (4). The determinant
of the associated Casoratian matrix C (n) defined as in Expression (12), is called the Generalized Cassini Identity
of the weighted generalized Fibonacci sequence {v, },>0, namely, the generalized Cassini identity of the sequence
(2) is formulated by,

C(n) = det(C(n)) = det(VP (n), ..., VP n))) = (=1)=Dng" | Q21
where V(j)(n) are the vector column V(j)(n) =wWPMm),....,.v900+r—1),forn>0and1 <j <r.

According to Expressions (11)-(12), the related generalized Cassini identity (21) is expressed in terms of the
generalized Fibonacci fundamental system (4).
In fact, Expressions (10)-(11) and (13) reveal that the generalized Cassini identity (21) is determined via the

formula C(n) = det(A"), where A" = (ai(;.l)) 1<i,j<r» 18 the powers of the companion matrix (7). Now, let recall

the well known expression of the determinant of a square matrix M = (a;;)1<;, j<r, defined by,

det(M) = Z sgn(0)ag(1),100(2),2+-0o (r),r»

o €S,

where S, is the group of permutations o of r elements and sgn (o) is the signature of the permutation o . Therefore,
taking into account Expression (10), we show that the generalized Cassini identity, takes the subsequent form,

= X sen@rafly = D @
oeS,

(n)

ij

. Therefore, we come to have the result below.

However, for the matrix powers A" = (a;;")1<;, j<r, the entries al.(;’) (1 <1i,j < r) are given by Expression

—it1
(10), namely, al.(;) = v;&rjfi )

Theorem 4 Expression (22) of the generalized Cassini identity, related to the generalized Fibonacci fundamental
system (4), is given under the following form,

_ (r) (r—i+1) (¢)) _ (r=1)
Cn)y =Y sgn(@), ) oy Vgt Vnar—o(ry = (=D a1 (23)
oS,

On the other hand, the generalized Cassini identity can be stated with the aid of the fundamental solution
{U,S”},,Zo of Equation (2), considered as a generalized generalized Fibonacci sequence. That is, using Theorem 1,

namely, Expression (18), and Expression (10), we derive that the entries al.('.l) of the powers A" of the companion
matrix (7), can be expressed in terms of the fundamental solution of the Fibonacci fundamental system (4). More
precisely, we have,

ai(:l) = vr(ll—zr—i = dr-1 vl(;)-r—i—l 24)
and, forr # j
r—j+1
al.(j'?) — Ulg:__rjjl) _ Z ar_kv,(;zb_i_j_k, for every n > r. (25)
k=1

Therefore, result of Theorem 4, namely Expression (23), shows that the Casoratian of the Fibonacci funda-
mental system (4), can be also stated in terms of the fundamental solution. That is, Expressions (10), (24) and
(25), imply that

m (D (r)

o(i)r — Yndr—o@) — =1V _5()—1>
r—i+1
n) _ (r=i+l) _ (r)
Asi),i = Vntr—o(i) = Z Ar—kVp 4o g (j)—i—k> 1OT EVETy m >,
k=1
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Generalized Cassini identities via the Fibonacci Fundamental system 1241

and substitution of this former formula in Expression (23) allows us to get,

_ (r) (r=1) (r—i+1) (1)
Cn) = Z sgn(a)vn+r—o(l)vn+r—o(2) t vn+r—0(i) T 1)n+r—0(r)

oceS,
r—1[r—i+l
_ (r) (r) (r)
- Z sgn(g)ar_lvn+r—0(1)vn+r—a(r)—1 1_[ |: Z ar_kvn+2r—o(i)—i—k:| '
oS, i=2 L k=1

Therefore, the generalized Cassini identity of the Fibonacci fundamental system (4), can be also formulated
in terms of the fundamental solution as shown in the next theorem.

Theorem S Expression (22) of the generalized Cassini identity, related to the Fibonacci fundamental system
(4), is stated under the form,

C(n) = Z sgn(a)ar_lv(r) (r) HO’ (f’l) — (_1)(r—1)nan

n+r—a(1)vn+r—a(r)—l r—1- (26)

oeS,

where

r—=1[r—i+1
(r)
e =] [ > ar-kvnizr_a@_,-_k]- @7)

i=2 k=1
From Expression (24)—(25), we can show that, for every n > r, we have,

r r—1
w0 _ ") o) )

A41),1 = Untr—o() = ZaV*kUrH»erd(l)fkfl =aoV, 1, _sy—1 T Za”*kvn+2rfo(l)fk71’
k=1 k=1

and

() — _ (D) (r)

aa(r),r - vn+r—a(r) = ar_lvn+r—o(r)—l'

Therefore, Expression (26) of the generalized Cassini identity, can be written under the form,

Cn) =Y sgn(@)ar—1vy),_ o 1 Ae My (n) = (=D D"al_,, (28)

o€eS,

where I1, (n) is given by Expression (27) and

r—1
_ (r) (r)
Ao (n) = aov, 1, -1 + Zar_kvn+2r—a(l)—k—l’ 29
k=1

Among the special cases, which will interest us, within the framework of the applications of our results, is
the one for whichag = a,a; = ... =a,—» = 0and a,_1 = h # 0. In this case the previous formulas (27)—(28)
will take the upcoming expression,

Cny =Y sgn(@)hvy), oAy, (1) = (=1 D"h", (30)
oceS,
where
r—1
! (r) (r) ! -2 (r)
Ay (n) = avn’:krfo(l)fl + hvn’;rero(l)fZ and I1, (n) = h’ H Unr+2r7d(i)7ifl' 3D
i=2

In order to better visualize the results of Theorems 4 and 5 , we treat the special case of » = 3. Thus, we can
state the next corollary.
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1242 1. M. Craveiro et al.

Corollary 2 Forr = 3, is valid the formula of the generalized Cassini identities below,

_ 3) 6) ) — (_1)2
Cln) = Z S8R0V, 5 5 (1) U430 Vnti—o@ = ("D,

0eS3
_ 3) 3) 3) _ n=2
Cn) = Z SEN(O)V, L3 o1y Vptd—o2) Vnir—o(3) = %2
0'683

In summary, we have defined the generalized Cassini identity, in terms of the determinant of the Casoratian
matrix associated with the Fibonacci fundamental system. Thanks to the properties of the determinant and the
results of Section 2, we could express the generalized Cassini identity in terms of the fundamental solution

{v,(,r)},,zo of the generalized Fibonacci fundamental system (4). As the fundamental solution (16), namely,

{ v,(f)}nzo, has combinatorial and analytical properties, we will exploit these properties to develop combinatorial
and analytical formulas for the generalized Cassini identity of the linear recursive sequences of Fibonacci type
(2).

Finally, we would like to point out that, Expressions (28)—(29), will be very useful in the next sections
concerning their applications to generalized Cassini identities for generalized Fibonacci and Pell numbers.

4 Combinatorial and analytical aspects of the generalized Cassini identities for sequences (2)

4.1 Combinatorial aspect of the generalized Cassini identity

Expression (26) shows that the generalized Cassini identity is formulated in terms the sequence {v,(f) }n>0, namely,
the fundamental solution (16). On the other side, the fundamental solution has been started under its combinatorial

form as follows v,(f) = pn+1,r),where p(n+1, r) is conveyed by the formula (14). Therefore, we can provide

the combinatorial expression of the generalized Cassini identity. Indeed, by substituting the expression of v,(lr)

by p(n + 1, r) in Expression (26), we acquire the forthcoming.

Theorem 6 The combinatorial expression of the generalized Cassini identity, related to the Fibonacci funda-
mental system (4), is imparted under the following form,

r [r—i+l
Ciny= Y sgn)[] [ > arapn+2r —o(i)—i—k, r)j| = (=Dr=Dngn (32)
=1

oeS, i=1

(n) (r)

Furthermore, we can show that A4ry1 = Vnir—o() = pn+r —o()+ 1,r), for every n > r, and we

(n)

deduce that Ay =

-
Z ar—xp(m+2r —o (1) —k, r). Therefore, we obtain a((fn()l)’l =aoppn+r—o(l),r)+
k=1

ZZ;% ar—gpn +2r —o(l) — k,r) and ag'()r)’r = a,_1p(n +r —o(r) — 1,r). Hence, it ensues that the

combinatorial Expression (32) of the generalized Cassini identity, can be written under the form,

Cn) =Y sgn(@)a,_1p(n+r —o(r),NAs My (n) = (=" a’_, (33)
o €S,
where
r—1
As(n) = appn+r—o(l),r) + Zar—kp(n +2r —o(l) —k,r), (34)
k=1
r—1[r—i+1
Hg(n)=H|:Z ar_kp(n+2r—0(i)—i—k+l,r):|. (35)
i=2 k=1

Expressions (33)—(35), will be very useful in the next sections concerning their applications to generalized
Cassini identities for generalized Fibonacci and Pell numbers. Before developing these two interesting appli-
cations, we first provide a special case that illustrates Theorem 6, by substituting » = 3 in Expression (32).
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Corollary 3 Forr = 3 is valid the identity

Cn) = Z sgn(o)pn+4—0o(1),3)pn+4—-012),3)p(n+3—-0(3),3) = ag_z.

0eS;

4.2 Analytical aspect of the generalized Cassini identity

Since the fundamental solution { v,(lr)},,zo is linear recursive sequence satisfying Equation (2) (see also [4,5,
12]). Therefore, this sequence owns an analytical formulation, which is expressed in terms of the roots of the
characteristic polynomial of Equation (2), namely, the roots of the polynomial P(z) = 7" — apz? Y —.. . —a_,.
More generally, the analytical formula (or the so-called generalized Binet formula) for sequences (2) is obtained
from the roots of the characteristic polynomial P(z) = z" — apz’ ™' — ... — a,_ and the initial conditions (3).

More precisely, for the sequences (2), the analytic formula of its general term v,, is conveyed as follows,

K3 m_,-—l

Uy = Z Z ﬁ,',jn")»’}, for every n > 0, (36)

j=1 i=0

where the 1 ; (1 < j < s) are the roots of P(z), of multiplicities m; (1 < j < s) respectively. On the other hand,
the scalars B; j (1 <i <sand 0 <i <m; — 1) are solutions of the generalized Vandermonde system,

s mjfl
YN B’ =ay, forn=0,1,....r— 1.
j=1 i=0
If the roots {X;}1<;<, of characteristic polynomial are simple, i.e., with multiplicity m; = 1, we have
v, = Z?:l ,B,»A?’, (n > 0). Expressions established in [2,4,5] gives us an analytic expression of p(n, r) in
case of simple roots.
Lemma 1 (Rachidi et al.) Suppose that the roots A1, . . ., A, of characteristic polynomial P(z) = 7" —agz" ™' —

o —ar2z — ay1 (ar—1 # 0), are simple, namely, A; # X fori # j. Then, we have,

r An—l r )\n—l
pln,ry="y" P,i = ﬁ forevery n =, (37
- (Ai) i1 kl;[i( i — M)

with p(r,r) =1, p(i,r) =0parai <r — 1, where P'(z) = ‘i—f(z).

Formula (37) shows that, the analytic expression of the fundamental solution is presented under the form,

r )\‘n r
0 =pn =3
l

i=1

Al
——Lt— forevery n >r.
= T =20
=1 i

In order to apply our results in the next section we are interested in the case when the characteristic polynomial
owns a simple roots.

With reference to Formula (32), the generalized Cassini identity is expressed in terms of of the combinatorial
expression p(n + 2r — o (i) — i — k, r). Suppose that the roots A1,.. ., A, of characteristic polynomial P(z) =
7 —ap 7 — . — a0z —ar_i (ar— # 0), are simple, namely, A; # A; for i # j. Then, applying Formula
(37 toeach p(n +2r —o (i) —i —k +2,r), we get,

r n+2r—o (i)—i—k—1 r n+2r—o(i)—i—k—1
o by S
,o(n+2r—o'(z)—l—k,r)=z !

i=1

P () =§ M=o

foreveryn +2r —o (i) —i —k — 1 > r. Then, the generalized Cassini identity (32), can be expressed under an
analytical form. More precisely, we arrive to have the result below.

O\
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Theorem 7 Let P(z) = z" —aoz”~' — ... — a,_1 be the characteristic polynomial of the sequence (2). Suppose
that the roots \1,- - -, Ay of P(z) are simple. Then, the analytical expression of the generalized Cassini identity,
associated to the Fibonacci fundamental system (4), is given by the following form,

r r—i+1
> sgn@) ] [ > ar i@y (iha. .. m] = (=g, (38)

ceS, i=1L k=1

where
r n+2r—o(i)—i—k—1 r )\n+2r70(i)7i7k71

A
Fro@yas his o Ay =y =
i=1

-t = S 39
P’ (%) ; k];[_()»i — k) %)

As part of the application of Theorem 7, namely, Expressions (38)—(39), we can also formulate Expressions
(33)—(35) under an analytical form. Indeed, the generalized Cassini identity, can be written under the analytic
form,

> 58n(©)ar 1 Trgry r (i Ao Ap) Ao T (n) = (=1 D"a)_ (40)
oS,

where I ),k (n; A1, ..., A;) is given by Expression (39) and,

r—1
Ao() = ao T 1M Mo A) Y ar kDrg k(M3 ALy Ar), (41)
k=1
r—=1[r—i+l
My (m) =[] [ > ar ko x xl,...,m] (42)
i=2 L k=1

Expressions (40)—(42), will be very useful in the next sections concerning their applications to generalized
Cassini identities for generalized Fibonacci and Pell numbers.

5 Applications
Results of Sections 2, 3 and 4, can be applied to some well known sequences of usual numbers. In this section

we are interested in some identities and the generalized Cassini identities related to generalized Fibonacci and
Pell numbers. Thereby, we recover results of [8,14,15] established for these sequences of numbers.

5.1 Identities and generalized Cassini identities for generalized Fibonacci numbers

5.1.1 Linear and combinatorial aspect

Foray = ... = a,—1 = 1 in Expression (2), we get the sequence of generalized Fibonacci numbers, namely, we
have,
r—1
Fo=)Y Fpi1 for nxr (43)
i=0
with given integer initial conditions F,, = «,, forn =0, 1, ..., r — 1. The associated fundamental solution is

characterized by the initial conditions,
F,_i1=1land F,, =0, forn=0, 1, ..., r — 2.

And, as claimed by Expression (14), the combinatorial formula for F},, the generalized Fibonacci numbers (43),

is shaped in the form below,

(kO + -+ kr—l)!
ko'k1!. .. ky.—q!

’

Fo=pn+1,r=)"
7,

n,r
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with p(r,r) = land p(n,r) = Oforn < r—1,where 7, , = {(ko, k1, ..., ky—1) € N, ko+2ki+- - -+rk,—1 =
n — r + 1} (for more details, see also [14]).
The related generalized Cassini identity established in [14], is started under the form,

> 581(0) Fuo ()1 Fao(ryir = £(0,)C(n) = (=)D,

o €S,
.
Z sgn(o) |:]_[ pn—o@)+i+1, r)] = (=) Fhe=D,
oeS, i=1
where &, is the group of permutations of {1, 2, ..., r}, sgn(o) is the signature of o € S,. However, Expressions

(26)—(32), allow us to get a new formula for the generalized Cassini identity for the generalized Fibonacci
numbers (43). So, we hold the following new result,

r r—i+1
Cr(n) = Z sgn(a)l_[ |: Z Frfl:i-)Zr—a(i)—i—k—l:| = (=pvbn (44)

whose combinatorial form is determined by,

r r—i+1
Cr(n) = Z sgn(o) ]_[ [ Z on+2r—o()—i—k, r):| = (=1)=bn, (45)

oeS, i=1L k=1

In the best of our knowledge the identities (44)—(45) of the generalized Cassini identities, for generalized
Fibonacci numbers, are not known in the literature.

5.1.2 Analytical aspect

The analytical formula of the generalized Fibonacci numbers (43) is established in terms of the roots of the
associated characteristic polynomial, namely, P(z) = 7" — 77— .. —1. Lemmad.ll of [8] shows that the
roots A1, ..., A, of the characteristic polynomial P (z) are simple. Hence, applying Expression (37), the analytical
formula of the fundamental solution is started under the form,

r )\‘n r
Fa=p+ln=) ———=
= P ()

Al
———L— forevery n >r.
= TG =20
ki

Therefore, with reference to the combinatorial formula (45), we arrive to the subsequent analytic expression of
the generalized Cassini identity,

Cr(n) =) sgn(o)

r |:ri+l r )\n+2r—a(i)—i—k—l
ceS, i=1

i _ (_1\(r—Dn
> i }—( Dir=bn, (46)

k=1 i=1

or equivalently,

r r—i+1 r n+2r—o(i)—i—k—1

Cr(n) = Z sgn(o)l_[ Z ZAZH(}L—_}%) = (=1)r=bn, 47
ki

ceS, i=1| k=1 i=l

It is significant to point out that the analytical formulas (46)—(47), concerning the generalized Cassini identity
for generalized Fibonacci numbers, are not common in the literature.

O\
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5.2 Generalized Cassini identity for the generalized Pell numbers
5.2.1 Linear and combinatorial aspect

Let study some identities and the generalized Cassini identities, for the model of generalized Pell numbers
introduced in [8]. The elements of such model are defined as follows. Letd > 0,i (0 <i <r—2)and h > 1,
be integer parameters, and consider the linear difference equation of order » > 2,

d
Painn+1 =2°Pyinn + Pajinn—i—1+ - +hPginn—rit, for n=>r, (48)

where the initial conditions Py ; 50 = a0, ..., Pg.inr—1 = a,—1 are chosen adequately. We also consider the
two special cases related toi = 0, h = 1 and i = r — 2, which defined by the equations,

d
Pao1,n+1 =2Pa01.0 + Pao1,n—1 + -+ Pa,0,1,n—r+1, for n>r, (49)

d
Pir—2nnt1 =2°Pyr—onn+hPar2nnril, for n=>r, (50)

with d > 0 and & > 1. The former case (49) has been studied in [15]. The two cases (48) and (50) have been
largely explored in [8].

For reason of simplicity, we denote by P, = Py ; ., the fundamental solution of Equation (48), defined
by the initial data Pp = ... = P, = O and P,_; = 1. And we denote by R, = Py ,—1 5., the fundamental
solution of Equation (50) defined by the initial data Ry = ... = R,_» = 0 and R,_; = 1. In both cases, when
considering special cases, we will specify the values of the parametersd > 0,7 (0 <i <r —2)andh > 1. In
accordance with Expression (14), the combinatorial formula of the fundamental solution P, = Py ; s, is given
by,

(ko + kiv1 4+ -+ k—1)

2dko pkr—1 51
kolkit1!. . kr_p! b

Pi=pin+1r)=7)"
Tin

for every positive integer i and n > r, where P; = Py j 5 j =0for j <r —1and P,y = Py p,—1 =1, and

Tin = {(ko, kix1, - kr—1), ko + (( +2)kit1 + -+ +rk,—1 =n —r + 1}. For i = 0 we have,
- B (ko + -+ kr—D! o ko,
Py = Pgonn= Z ko!... k1! S

ko+2ki+-~4rk,—1=n—r+1

where P; = Pyo,p,j =0 forj <r—1land P, = Py 0,,-1 = 1 (for more details, see also [8]). Furthermore,
concerning the fundamental solution of Eq. (50), namely, R, = P4 ,—1.1.» We have

(k() + kr—l)!

2dko phr—1 (52)
kolky—1!

Ry=pan+1,r)=>)
Ty

n

foreveryn > r,where Rj = Py, _1p,j =0forj <r—1,R._1 = Py 1 p,—1 = land 7, = {(ko, kr—1), ko +
rky_1=n—r+1}.

According to Expression (26), the generalized Cassini identity can be written under the form (28) and (29).
For the generalized Pell numbers (48), the coefficients are ag = 24 g j=Lforl <j<r—2anda,| =h,

the fundamental solutions is given by v,(,r) = P, = Pyinn. Therefore, we obtain the linear formula for the
generalized Cassini identity below,

Cp(n) =Y 5gn(©@)VhPuyr—o()-146m)s () = (=1~ D"A", (53)
oeS,

where

r—1

A () =2 Prsyg(y—1 + Z Potor—o()—k—1 + h Pnyor—o(1)-2,
k=2
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and

r—1[r—i+l1
Ho(n)zn[z arkp(n+2r—o(i)—i—k~|—1,r)i|.

i=2 L k=1

Expression (53) is valid forevery i € Nand & > 0, especially, it is also verified for (49), namely, wheni = 0.
However, for Expression (50), we show that ag = 2d, aj=...=ar—3 =0anda,_1 = h > 0. Therefore, using
Expressions (30)—(31) we derive that the generalized Cassini identity for (50), takes the form,

Cr(n) =Y 5gn(0)hRytr—o(r)—1 4 (M5 (n) = (=)~ D"R", (54)
oS,

such that Ay (1) = 2?Rutr—o(1)—1 + hRus2r—o()—2 and M, (n) = h""2[1/25 Rusar—o@)—i» Where R, =
Py r—1.n.n 1s the fundamental solution of Equation (50).

It seems for us that the identities (53)—(54), of the generalized Cassini identities, for the generalized Pell
numbers are not current in the literature.

Furthermore, the combinatorial form of the fundamental solutions of Egs. (48) and (50), are furnished by
formulas (51) and (52), namely,

ko + ki . ko + ky—
Pn:Z( o+ z+1+ + ky 1>2dk0hk’_' ananzz( 0+ Kkr 1>2dk0hkr—l’

= ko kiv1 ... kr— = \ ko kr—1
for n = r, where (3! F ) = PHEHRIL T — (koo kit - hrm1) ko + (4 Dkit + -+ rkeoy =

n—r+1}and 7, = {(ko, k,—1), ko + rk, 1 = n —r + 1}. Therefore, the combinatorial form of the generalized
Cassini identity, for the generalized Pell numbers (48), are determined by the formula,

( ) g ( ) Z <k k: ; k >2 O‘lkr ! Ar(n)fpr(n) = (_ )(r l)n7 (55)
geSy Tintr—o() 0 Ki+1l - Kr—1 |

where m; , = ko + kit1+ -+ kr—1, and

@ _2d ir 2dk()hk, 1 zdk()hk,_|’
() 2 <kokl+1...k, 1) +ZZ kok,+1...k

Dl,n,a(l) - k=1 D

with Di,n,a(l) = 7;,n+r—o(l), and ,Di‘n,k = Z,n+2r—o(1)—k, and

r—1 | r—s+1
Am =TT X2 Z ( >2dk0hk'1
o Wiy kok,+1...k

where m; , = ko + kiy1 + -+ k—1and D; 5 k = Ti nt2r—o(s)—s—k+1-
For the generalized Pell numbers (50), the combinatorial formula of their associated generalized Cassini
identity is specified by the next form,

Cr(n) = Z sgn(o)h Z <k0 +kr— 1)2dk0hkr_1Ar(n)¢r(n) = (=D Dnpn, (56)

o ES n+r o(r)

such that

ko + ky— ko + Ky
D, (n) = 2d Z < Zo+k r | 1>2dkohkr—1 +h Z ( 20+k r 1 l)zdkOhkr—l ’
r— r

SV[+)‘*O'(1) 7;14r2r70(1)71
r—1
ko + kr—1
Arn) =17 ( pdkopkr1,
2 (el
i=2 Ty 275 ()i
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5.2.2 Analytical aspect

Formulas (53)—(54) show that the analytical aspect of the generalized Cassini identities can be exhibited from
those of the fundamental solutions P, and R,,, given respectively by (48), (49) and (50). For these former solutions,
the analytical formulas are obtained from the roots of their associated characteristic polynomials, namely,

P(zy=z7 —27"'— 2 —z—handR(z) =2 — 297" —h.
For reason of simplicity, we consider the special case (49) of (48), namely,i =0 and h = 1.

Lemma 2 (see [8, Lemmas 4.1, 4.3]) The roots of each polynomials
Px)=z7" =20V — 772 —z—landR(z) =7 — 297! —h.
are simple.

We denote by Ay, ..., A, the roots of the polynomial P(z) and yy, ..., y, those of the polynomial R(z). Then,
with the aid of the Lemma 1, the analytic formula of the fundamental solutions P, and R,,, are imparted under
the following form,

n

Vi

P,=pi(n+1,r)= Z l_[(k —Ak) and R, = po(n+1,r) = Zm, (57)
k;ét

for every n > r. By substituting the analytical expressions of P, and R,,, which are yielded as in (57), we then
establish the explicit analytical formulas of the generalized Cassini identities associated with the two families
of generalized Pell numbers (49) and (50). More precisely, the analytic expression of the generalized Cassini
identity for the generalized Pell numbers (49), is presented under the form,

r n+r o(r)
Cp(n) =) sgn(o) Z o Ar(m)®,(n) = (=D, (58)
oeS, k;él
where
r n+r o(l) r—1 r n+2r —o(1)—k
D, 24 + L
=22 o ,;Z o=’
k;él

r—1|r—s+1 r )Ln+2rfo(x)fs7k+1

Am=1]1 > > inu-—m

s=2 | k=1 i=1 . !

Through the analytic expression of the generalized Cassini identity for the generalized Pell numbers (50),
we hold the formula,

r n+r o(r)
Crm) =) sgn(o)hZ S A M) = (=D, (59)
oeS, H( Vi~
such that
r n+r a(l) r n+2r —o(1)—1 r—1 r J/n+2r—<7(i)—i
N R Y — L Ar(n) =h""? LA
"= Z [T — v Z l_[( " H Z [T —w)

Ui i=2 | =l

Note that the analytical formulas (58)—(59), of the generalized Cassini identity for the generalized Pell numbers
(49)- (50), seem new to us.
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For the general setting, the characteristic polynomial of generalized Pell numbers (48), where d,i (0 <i <
r —?2)and h > 1 are arbitrary integer, is,

P@)=z7 27—z —z—h

In view of the difficulties in characterizing the simplicity of the roots of the preceding polynomial, some significant
cases have been studied in [8]. More precisely, the analytic aspect of the following three special cases of (48)
were studied,

1. r =4 andi = 1, whose characteristic polynomial is S;(z) = 24 —=243 — 7 —h,
2. r =5andi = 1, whose characteristic polynomial is S>(z) = =244 2 o,
3. r = 5andi = 2, whose characteristic polynomial is $3(z) = z° — 29z* — z — h.

Regarding these three special cases, it was established in [8] that the roots of each one of the polynomials S (z),
S>(z) and S3(z) are simple (see Lemmas 5.2, 5.6 and Proposition 5.10 of [8]). Therefore, analogous analytic
formulas of the generalized Cassini identity, related to the associated generalized Pell numbers, can be exhibited.
For example, in third case where r = 5 and i = 1, according to the Lemma 5.6 of [8], the characteristic
polynomial S>(z) = 20 — 24974 — 22 — 7 — h, of the related generalized Pell numbers (48), owns 5 distinct roots
Aj, 1 < j < 5. Therefore, the analytic form of fundamental solution takes the form,

5 n 5 n

— _ J _ J
Po=pin+1,5 =3 < o =y T00 70"
j=1 2 J j=1 Py J

forn > 5,

Thus, the analytic formula for the associated generalized Cassini identity, for the generalized Pell numbers (48),
is started under the form,

n+5 —o(5)
Csim) =Y _ sgn(a)z l'[(k T S As s = (- HE-bn =,
0’685
where

n+5 o(1) 4 5 )\n+10 o(l)—k 4 6—s 5 )Ln_+llfa(s)fs7k
®s(n) =27 + , As(n) = R
Z l‘l(x ) ;; 10 =) 11 ,;jzl TG =40

k#j

Through the same process, we can establish the analytical form of the generalized Cassini identity for the
other two special cases, namely, case »r =4,i = l andcasei = 5,i = 1.

6 Conclusion and perspectives

This study presents new results regarding the generalized Cassini identity as continuation of [14,15]. We do not
claim that we have given a complete presentation of all methods for approaching generalized Cassini identities.
However, we would like to clarify that the material presented here is a reflection of our approach concerning
generalized identities of Cassini, throughout the fundamental system related to the associated to difference
equations. Indeed, as shown in the development, our approach is based on the techniques and properties of the
linear difference equations with constant coefficients, and those of the weighted generalized Fibonacci sequences,
as well as the properties of the determinants of matrices. In the best of our knowledge, our results on this topic
are not current in the literature.

In addition, our approach can also be applied to Cassini identities, related to other sequences of usual numbers
such as those of Lucas, Jacobsthal, Morgan-Voyce, Chebyshev and Dickson polynomial.
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