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2
Abstract We revisit the quadratic series of Au-Yeung Y 7 (%) , which is quite well-known in the mathe-

Hy

2
matical literature, and we consider its alternating sum )~ , (=1l ( -] ) . The central notion of this paper is

to address a new approach to the famous quadratic series of Au-Yeung via the construction of a few classes of
logarithmic integrals with the tails of the dilogarithm functions, which on computation leads to the elementary
harmonic sums and polylogarithm sums. We also give an explicit proof of its alternating sum.

Keywords Harmonic number - Euler sum - Logarithmic integral - Dilogarithm function - Abel’s summation
formula - Alternating Euler sum
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1 Introduction

In the theory of the non-linear harmonic series, the quadratic series associated with the harmonic numbers H,
for all integers n greater than zero

= (H.\* 177

> () -4 0
n 360

n=1

has an interesting history. It first appeared in The American Mathematical Monthly proposed by H. F. Sandham

[1], and its solution was due to Martin Kneser [2], which involved the series manipulation followed by the

computation of the logarithmic integrals. Later this series was numerically rediscovered by an undergraduate

student, Enrico Au-Yeung, in the faculty of Mathematics in Waterloo. It is famously known as the quadratic

series of Au-Yeung because of its rediscovery in the literature. David Borwein and Jonathan Borwein (see [3])

used the Fourier series and the Parseval series formula to prove it.
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1252 N. Bhandari, Y. Joshi

After the first appearance and rediscovery of the series, several different approaches were made in the
mathematical literature. For instance, Freitas [4] calculated the series via the application of double integrals
containing logarithmic integrals, Valean et al. [5] gave a new proof of the series based on the quadratic logarithmic
functions and Abel’s summation formula, and a different approach proved it by calculating a special harmonic
series and applying Abel’s summation formula can be found in [6], and Furdui gave a new proof of the series
in [7]. This series appears in different mathematical books and papers. For example, a list of papers and books
regarding the appearance of the series can be found [8].

Now focusing on the present aim of this paper, we construct an alternative approach to the quadratic series
of Au-Yeung (1), which solely relies on the calculation of the logarithmic integrals with the tails of dilogarithm
functions. For instance, the logarithmic integrals with the tails of the dilogarithm functions are

| Li | —
/ g L) - and f 02 1o (=2 .
0 1—x o 1—x 1—x

In the course of working with proofs, we shall come across some more integrals that ultimately reduce to the
harmonic sums and the polylogarithm sums of orders less than 5. Likewise, we provide an explicit evaluation of
its alternating sum, namely

i(_l)""rl (ﬂ ’ = 4—lg‘(4) —2Liy l) - 25(3)10g(2)
n=1 " 16 2 !

1 1
+582) log?(2) — 5 log*(2). )

Here, Li;(z) is the polylogarithm function defined by Y oo | z"/n* of order s > 1 and | z |< 1, and ¢(s) is the
Riemann zeta function, which is a special case of Lis(z) at z = 1. The above series (2) can be found in [8, p.
75], and its compact result was evaluated via the construction of the generating function. In view of (1) and (2),
we can easily conclude the results of the harmonic series containing odd-indexed and even-indexed harmonic

numbers. i.e.,
H2n H2n 1
and .
> () 2(2,1_ )

n=1

Next, for natural number m > 2, we note the classical Euler sum [9]

oo m—2
H,
2’;W:(m+2)§(m+l)—;;(m—k)g“(k+1). 3)

In addition, we mention Abel’s summation formula [10, p. 55], which states that if (a,),>1 and (b,),>1 are two
sequences of real numbers such that A, = Y} _, ai, then

n n
Y akbe = Apbp1 + Y A(bi — bit). ©)
k=1

These two essential results aid in the deduction of some intermediate results and Euler sums. We organize the
remaining work into different sections. In Section 2, we display some lemmas, and prove them. In Sections 3
and 4, we give the proofs of our main results.

2 Lemmas, their proofs, and main results
In this section, we highlight the main aims of the paper, and we explore and prove some important results. They
are as follows:

Lemma 1 Forn > —1, the following relation holds:

1
/ X"V Lir(x)dx = @ — i;
0 n

n

where ¢ (s) is the Riemann zeta function and H), is the nth harmonic number.
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Proof Integrating by parts gives us

1 2 1 1
/ x" ' Lip(x)dx = f@ + —/ x"og(1 — x)dx
0 n nJo

_O Uy, ) I
= Ek/ox dx == n];k(n+k)'

In the above steps, we use the series expansion of log(1 — x) for x € [—1, 1). Further, employing the series
representation of the harmonic numbers H, = Z,fi] n/k(k + n) [6, p. 5, Eqn. (3)], we obtain the desired
conclusion. o

Lemma 2 [fm, p are positive integers, then the following equality holds:

m H(P) 1
> =5 (HP? + ).

where Hk(p) =1+ % + -+ ki,, is the kth generalized harmonic number of order p.

Proof The proof of the stated lemma is straightforward. The required conclusion can be obtained by applying
Abel’s summation formula (4), where we choice ay = 1/k and by = H,fp ) We leave details to the reader. O

Lemma3 Ify e [—1, 1), then

/1 xlogv) _ Lix(y) —¢@)  log(l—y)
0 (1= —xy)? (1-y)? y(l—y)
Proof We note that the partial fraction decomposition of the integrand U—)O()CT)/)Z is
X 1 y 1
2 = 2~ 2~ : ®)
-0 -xy)* (A-x-y7 dA-xy)d-y*> A-=y)dA-xy)
Now, multiplying both sides of (5) by log(x) and integrating from x = 0 to x = 1, we get
fl xlogx) £(2) 1 /1 y log(x)
Al —e2 ¥ =~ 2 2 d
o (I—x)(1 —xy) -y A=y I —xy
1 /1 log(x)
— 5 dx
I=yJo (I -xy)
_ @ Liz(y) ~ log(1 —y)
(I=»* A=»* yd-y
Rearranging the terms yields the proposed result. O

Remark 1 We can express Lemma 3 in other direction by using the series of the factor

9 1 R
ay (1= x)(1 = x) g =y

_9
dy
00 k
y k
k—1-2)).
; (1—y>2+<1—y>2< y))

. Next, multiplying both sides by log(x) and

1
(I=x)(I=xy) "

‘We note that the partial derivatives of &

X
ay X)(l ) T (=0 (1—xy)?
integrating fo -+ dx, we get

1 x log(x) 1 ( 1 yk < k))
20 i =-— k—1-—2
fo T—n -2 ™ Z -2 (-2 y

Lix(y) —¢(2)  log(1 —y) 1 1 ¥k ( k))
- S . —1-=)).
-2 y(d—y Zk2<(1—y)2+(1—y)2 =13

@ Springer



1254 N. Bhandari, Y. Joshi

Remark 2 In a similar fashion, for y € [—1, 1), we can easily conclude that

fl log(x) L L) —¢@)  logl —y)
o (1= —xy)? (1—)? -y

Now we highlight our main results as follows:
Theorem 1 The following equality holds:
i H,\>  177*
n) 360’
n=1
where Hy, is the nth harmonic number defined by % i _, 1/ k.
Theorem 2 The following equality holds:
o

Syt (i)z — w21 (1) — T¢(3)10g2)
n 16 2 4

n=l1

+ 108226 @) - 5 log*(2)
—lo — —1lo ,
) g ¢ 12 g
where Lis(z) is the tetralogarithm function defined by oo | 1/ k*.

3 Proof of Theorem 1

_ log(1—y)
I—y

for

Proof Since the ordinary generating function of the harmonic number is given > oo H,y" =
y € [—1, 1). Dividing both sides of it by y and applying Lemma 3, we get

o0

1 2 . _
Sy = [ W, Lio) -0
n=1 0

(1 =x)(1 = xy)? (1—y)?

Zﬂznzfllogu) (/ dy )dx_fz Liay) —¢@
n o I—x \Jo (I—xy)? o (1—y?

:/110g(x)< 1 _1> dx_zLiz(z)—§(2)
0

1—x \1—xz 1—1z

+ %logz(l —2)—¢(2).

log(1—z)
4

Furthermore, multiplying both sides by factor and integrating from z = 0 to z = 1, we have

oo

2 1 1 _
Z <ﬂ) _ _/ / x log(x)log(1 — z) dx dz — ;2(2)
o\n o Jo (A—=—x)1—-xz)

Mog(1—2) (. 72 1 ' log3(1 - 2)
=~ (.L = _ = e
+/0 202 (Z 2(2) 6 > dz 2/0 - dz

=1+J+K-2%2).
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We get the above conclusions by using the result fol Wdz = —{(2) and the well-known identity
fol x" og(l —x)dx = —% for all n > —1. Here the integrals
1 log(1 — 1 (Mlog3(1 —
I+K—c22) = / / logwlogl =) 4, 4, —-/ el =9 4,2
I =x)1 —xz) z
log(x) xlog(1 —z) Lo (z)
)
o 1—x 0 1—xz —Z

! log(x) x log(z)
=[] ) ——zfuog@dz
I
_;2(2)2_/0 fg();) ( ) 32——4(2)

Since the well-known Landen identity [11, p. 5, Eqn. (1.12)] is

. . —X 1 2
Liz(x) + Liz T—/= —zlog (1—2x) (6)

for x € [—1, 1). We now calculate the remaining integral in the last expression by using (6).

1 1 1 2 1— 4
[+K—22) = /O fg_();) ( o8 (2 all +Liz(x)> dx +3¢(4) - 3
1 201 1 . 4
_ l/ log(x) log=(1 — x) dx +/ log(x) Liz (x) dx + n_
2Jo (I—x) 0 1—x 180

Applying integration by parts, we get

1 201 _ 1 1ne3(1 1 1no3
l/ log(x)log“(1 — x) dx — _l/‘ log”(1 — x) dx — _l/ log”(x) dx = —¢(4),
0 0 0

2 1—x 6 X 6 1—x

Also, in view of Lemma 1, we observe that

" log(x) Li — 3 [
[ wdx_zf " log(x) Lin(x) dx :nza—/ 1 Ly () dx
—Z n H<2) 72 B 4+771 v} B 4
= w2 3n2) 36 360 18 120°

2 4 . . .
We use two different Euler sums > oo i; = 72 and Y 07, H—3 = %, which are the immediate consequence

of (3) and (4), respectively. Combining the obtained results, we conclude that the value of I + K —¢2(2) = 7;

We note that £z Lip(2) = Lia(z) — log(1 — 2) and [ 209 4z = — Lip() — £4=2 4, where C is the

integration constant. If z — 0, then C = 0. Now applying integration by parts to the integral J yields

1 2
J = / (LiZ(Z) - IOg(l - Z)) (Liz(z) + W) dz
0

1 1 1 3 1 — 1 1 1 —
=/ (Lis(2))? dz—/ Mdz—k/ Liz(2) log(1 — 2) (M— 1) dz.
0 0 2 0 2
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We show that J = 111% To reach this conclusion, we have expanded the integrand in the above step. And next,

we calculate each of the above integrals as follows:

o]

/ (Liz(2))* dz = Z—/ mH1=1 s (7) dz Lemma = Z; <n§:—)l - ++11)2>
n=1

n=I
¢(2) Hyq1
n2(n + 1) Z n2(n + 1)2

t”18

3
I
-

I
KI5
S|
)
|
)}
SN—"
|
M8
=
x
N
S |-
|
S
+ | =
—_
N————
5]

[\S]

I
A
oS VS N VoS
:ll\)
|
=
|
WK

Bl

N Hytl N\ Hpp N\ Hyp

2 n+ n+ n+

—6)— 2§ ol

g 2 Zn(n+1) ;(n+1)2

Hn++ Hn

Sk 5 ST on
s ( +2_:n2

2

T ) 22 Z 2(n+1)

n=1

4 2 2 4 2

bid T b4 T bid

=——-——-43)—-(— -1 5=——-4:3)— — +6.
36 6 0 < 6 )+ 36 £6) 3 *

In the course of the calculation, we use the particular case of the Euler sum (3) at m = 2, recurrence relation

of the harmonic number H, 1| = H, + n+1, and ) 07 nl(i"ﬂ) = 2. It is easy to see that fo log*>(1 — z)dz =

fo log3(z) dz = —6. Further, we calculate the remaining integrals as follows:

1 2 1 1
/ Lix(z) log(1 — z)dz = —% - / log(z) log2(1 —z)dz — / Lip(1 — z)log(1 — z) dz
0 0 0

2

1 1
= / log(1 — 2) log?(z) dz — / Lis () log(z) dz
0 0

7.[2 001 1 ) S 1 1
= —— - nl d - G nl d
6 +X_:”/0 7" log“(z)dz ,;rﬂ/o 7" log(z)dz
o o0

72 1
6 +n:1 n(n+ 1)3 _’; n2(n + 1)2

7T2 JT2 JT2

2
—3-2:(3) — %.

We use the elementary integral result

: q q q‘
/0 Z"log?(z)dz = (—1) CET

for M (n), N(g) > —1 and a dilogarithm identity [11, p. 5, Eqn. (1.11)] for z € (—1, 1)

2

Liz(2) 4+ Lip(1 — 2) = % —log(z) log(1 — 7).
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1 1 . . .
The sums an 1w ® and anl gD e straightforward that can be evaluated by the partial fraction
decomposition of the summands of both sums. Also employing the same trick, we can easily deduce that

1 2 1 1
/ Lis(2) log?(1 — z)dz = % — / log(1 — z)log?(z) dz — / Liz(z) log?(2) dz
0 0 0
72 ad 6 s 2
z?_;n(rz+l)4 _;nZ(n+1)3
7T2 7'[2 7'[2 7'[2
=?—6(—§(3)+4—?—9—0)—2(;(3)—6+7)
7'[2 7T4
:44(3)—12+?+B.

.. . 1 1 . .
In a similar fashion, the value of the sums } -, PP and ), T e easily determined. We leave the
details to the reader. Therefore, the value of the integral

2 7T4

b log(1 — 2) B e
/0 Liz(z) log(1 — 2) (T - 1) dz =4:(3) -9+ 5 + o

Combining the pieces of the integral J, we conclude that J = %. Finally, collecting the values I, J, K, and

putting them together produces

i L RSP S ik

n) AT

n=1
which is the required conclusion of Theorem 1. O
4 Proof of Theorem 2
Proof Rewrite Lemma 3 in the following manner:
i H o _ /1 xzlogr) - 2L —¢@) log’(1—2) () o
n>  Jo 1—x)1—x2) 11—z 2 ’

n=l1

We replace z with —z, multiple both sides of (7) by factor
obtain

w, and integrating from z = O to z = 1, we

ad H,\> U1 xlog(z) log(l — 2)
VRS il z_// 4+ 22
20 (7) = [ [ o e e
1 2 _
+/‘ log=(1 + z) log(1 Z)dz
0 2z

Uog(1 —z) . n?
o Y i (— - )
fo z(1+2) (Z 12(=2) 6 ) dz ®)
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Now we separately calculate each of these integrals. Before we begin to evaluate, we note that Liy(—z) =

fol % dx. Using the noted result and interchange of integrals, we get

/1 log(1 — z) Lia(—2z) dz = /110 " (/1 Mdz) dx
0 14z 0o ° o (I+2)+2x)

o Uzlogl—2) [ «x 1

_/Olog(X)</0 r—1 (1+zx_l+z)dz)dx

_/110 o[ @ e ()
) BN 200 20— x(-»n

_{@- 10g (2) 10g(x) ' log(x) x
/ dx —f Li» dx
1—x o x(1—x) 14+ x
n? n2 ) U logx) . x
=1 (?—log (2))—/0 -0 L12<l+x> dx. C)
Also, we note that the double integral
1 pl _ 1 1
/’ / x log(x)log(1 — z2) dx dz z—>=1—z/ x log(x) (/ log(z) dz) dx
0o Jo (I—x)1+x2) o 1—=x \Jo 1+x(1-2)
! log(x) . X
__/0 l_xL12<1+x)dx. (10)

Further, we have the algebraic identity 6ab* = (a+b)*+(a—b)> —24°. Setting a = log(1 —z) and b = log(z),
we get

6f1 log?(1 + z) log(1 — 2) J
0

Z

1
1 [10e3(1 — 22 log? 21093(1 —
:/ og’l =27 . (+>_ ogf(l=2)) .
0

Z Z Z

Substituting 1 — 72— 7, }% — z, 1 —z — z, in the first, second, and the third integrals, respectively produces

6/1 log?(1 + z) log(1 — 2) J
0 Z

_/11 3()< Lo, 1 2 )d

) B\ T a—l+o 1-z)%
1 |

2./0 log (Z)( 11z 2(1—z)) &

0 1 7"
= Z/ log’ (2) <(—1)” " '—) dz
n=0 0 2

(= 1
_6;)( (n+1>4+2(n+1>4)

Therefore,

1 {1 10g2(1 + 2)log(1 — 1t ¢
_/ og?(1 + z) log( z)dZ:__,’T_:_”_. (1)
2 ), 2 2240 480
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Substituting the results (9), (10), and (11) into (8) gives us

0o 2 1 1 4
H log (+
Z(_l)n+l (_n) — f Og(x) le < X > dx _ JT_
= n 0 X 1+x 480
mp 1 /1 10g2(x) log(1 + x) 4
= = X ——. (12)
2 Jo x(14+x) 480

It is easy to note that [ =% 102t g log x) and 4 Li; (] +x> = lig((llj; ’;) . Employing integration by parts (IBP),

we yield (12). By the partlal fraction decomposmon, the last integral boils down to

/1 log2(x) log(1 + x) J fl logz(x) log(1 + x) d /1 logz(x) log(1 + x) J
x = x —
0 x(1+x) 0 X 0 1 +x

_ZZ —1)” 1_/1 10g2(x)log(1+x) dXZE—
0 1+x 360

To calculate integral B, we make the use of the elementary algebraic identity (a — b)? = a3 — b> +3ab* — 3a%b,
where we set a = log(x) and b = log(1 + x). Thus,

og? og?(1 | log?(1
3B=/ og (X)dx_/ og™( +x)dx+3/ og(x)log" +x) ,
0 I+x 0 I 4+x 0 14+x

1 log? (%)
_/ A
0

14+x
774 logt(2) /1 log’ (1 +x) /5 log ()
—_— e —_— e — _— X — [
120 4 0 X 0 1—x
Since ! log (X) dx 120 and [, ! logls_l:x) dx log @) Here, we note that the integral Jo 1/2 log (x) dx can be

further ertten as follows

o0 1 A
> [F o) dx = S o2 1¢2) — 6Lis (l> — 2l logc3) - £
n=0"0 2 2 4 2

For the remaining middle integral, we substitute ﬁ — x to get

11003 3 3 13 1. 3
/ log”(1 + x) dr — /2 log” (x) dr — /2 log” (x) dx +/‘2 log” (x) dx
0 X 1 x(1—x) 1 X 1 1 —x

log*(2) X [
=%()+r§/1 x”log3(x)dx

Clogt2) | w* 21 (1 3 ) log*(2)
=—5 t15 750G log —6Lis <5> +5¢@log () — ——
at log*2) 21 (1) 3 )
=" "1 71 ¢(3)log(2) — 6Liy (§> + 54(2) log“(2).
We employ
R _ (log? @) 3log’(x)  6loglx) 6 ntl
/x 10g(x)dx_<n+1 ar? P vy i)t R
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where K is the integration constant. If x — 0, then K = 0. And to simply the results, we use the well-known
identities
Al 72 log*(2)
L[z )=—— ,
2 12 2

3 2
Lis (%) = e+ T o),

6

which are found in [11, p. 11, Eqn. (1.16)] and [11, p. 296, Entry A.2.6.3], respectively. Collecting all the values
of integral 3B yields

1zt log*2)
180 6

Tt

1
B =-4Liy (2) - —4(3) 0g(2) + ——

2
360 + £(2) log”(2). (13)

Dividing both sides of (13) by 2 and substituting the obtained value into (12) completes the proof of Theorem 2.
O

Corollary 1 The following relations hold:

> Ho\? (1 27 7 log (2)
Z( )=4Ll4(§)+§C(4)+§§(3)1Og(2) (@) log? @) + 2

=1 n
00 2
Hy, | 109 (1 7 g (2)
) =—¢4 2 log“(2) — Lis | = ) — =¢(3 2
;(2,1_1) S+ ;()og() 14(2> 2C()log@) — —
Proof The proofs of these two corollaries directly follow from Theorem 1 and 2. We encourage interested reader
to pursue the results. O
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