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Abstract We consider a connected threshold graph G with A, § as its adjacency matrix and Seidel matrix
respectively. In this paper several spectral properties of S are analysed. We compute the characteristic polynomial
and determinant of S. A formula for the multiplicity of the Seidel eigenvalues £ 1 and characterisation of threshold
graphs with at most five distinct Seidel eigenvalues are derived. Finally it is shown that two non isomorphic
threshold graphs may be cospectral for S.
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1 Introduction

Let P,, C, and K,, denote the path, the cycle and the complete graph on n vertices respectively. A vertex in a
graph is called a dominating vertex if it is adjacent to all other vertices of the graph. A graph with no induced
subgraph isomorphic to P4, C4 or 2K> is called a threshold graph. Threshold graphs have various interesting
applications [9,10] and there are various equivalent definitions for them (see [16]). One of the most interesting
facts for threshold graph is that a threshold graph with n vertices has a binary representation with n digits (or
every threshold graph can be represented by a binary string of length n). We can construct a threshold graph
from one isolated vertex by an iterative process of two graph operations, namely, adding a new isolated vertex or
adding a dominating vertex. Therefore we can represent a threshold graph by a binary string (sometimes called
creation sequence of the threshold graph) b = ajap03 . . . a,. Here «; = 0 if the vertex v; is added as an isolated
vertex, and «; = 1 if v; is added as a dominating vertex. We always consider oy = 0. Every threshold graph has
a unique binary string; so for each n > 2, the number of distinct connected threshold graph is exactly 212 For
more interesting properties of threshold graphs we refer to the book by Mahadev and Peled [16].

Since last decade investigation of the spectral properties of adjacency eigenvalues gained a lot of attention.
We found a lot of papers in this direction [1,2,5,7,11-14,18]. Bapat [5] determined the number of negative, zero
and positive eigenvalues of a threshold graph from its binary representation. He also calculated the determinant of
the adjacency matrix. Some interesting spectral properties of threshold graphs were given by Sciriha and Farrugia
in [18]. Jacobs et al. wrote several papers (see [11-13]) with major focus on eigenvalue location, characteristic
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polynomial and energy of the adjacency matrix of threshold graphs. Lazzarin et al. [14] proved that no two
threshold graphs are cospectral with respect to their adjacency matrices. We found articles with focus on other
matrices associated to threshold graphs. In [4], Banerjee and Mehatari derived some useful results on normalized
adjacency spectrum of threshold graphs, whereas the papers [3, 15] are focused on distance spectra of threshold
graphs.

In this paper we consider the Seidel matrix [6,8] of a connected threshold graph. Let G = (V, E) be a finite,
undirected, simple, connected graph and let A denote the adjacency matrix of G. Then the Seidel matrix S of
the graph G is defined by

S=J—-1-2A.

Here J is all 1 matrix and / is the identity matrix. In other words, if s;; is the (i, j)-th entry of S, then

—1, ifi~j,
sij=1, ifiwj i#]
0, ifi=]j.

Let G be a threshold graph with the binary representation b = aja2a3 . .. «,. Then the adjacency matrix A
of G has the form

0 ap a3 g -+ oy

ar 0 a3 ag --- oy

A | @303 0 ag - ay
T ag o4 4 0 ---
oy oy oy oy - 0

Therefore the Seidel matrix of G is given by
0 1—2a0 1 =203 ... 1—2a,
1—2ay 0 1—2a3...1—2aq,
S = 1—20[31—20[3 0 ...1—20[,1
1 —20, 1 —2a, 1 —20q, ... 0

If we take 1 —2o; = B; fori =1,2,3, ..., n, then S takes the form

0 B2 B3...Bu
B2 O B3...By
S=1BB 0 ...0. |,
Bn Bn Bn ... O
where B; = 1 if ¢; = 0 and B; = —1 if ; = 1. Thus if the binary representation of a threshold graph is

b = ajapa3 ... oy then the entries of S are given by,

Bi, ifi > j,
sij = ,Bj, lfJ > i,
0, otherwise.

The paper is organized as follows: In Section 3 we give recurrence formulas for calculating the characteristic
polynomial and determinant of a threshold graph. In Section 4 we prove some important properties of the Seidel
quotient matrix Qs. We prove that Qg is diagonalizable and it has simple real eigenvalues. Later on, in that
section, we derive the formula for multiplicity of the eigenvalues £1 of Seidel matrix. In Section 5 we derive
some classes of threshold graphs with a few distinct Seidel eigenvalues. We prove that no threshold graph can
have three distinct Seidel eigenvalues. In the last section we construct cospectral non-isomorphic pair of threshold
graphs for the Seidel matrices.
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1292 S. Mandal and R. Mehatari

2 Determinant and characteristic polynomial

In this section we obtain a recurrence formula for calculating the characteristic polynomial and determinant of
the Seidel matrix of a threshold graph. The determinant of the Seidel matrix of a threshold graph can be found
recursively using its binary representation. To obtain that, first we recall a theorem by Bapat.

Theorem 2.1 (Theorem 1, [5]) Let a2, a3, ..., oy be real numbers and M be the matrix of the form
0 ap a3 ag --- oy
ar 0 o3 ag -+ o
M| %o 0 o4 - oy
og ag o4 0 -y
Oy Oy Oy Oy --- 0

Then there exists an n x n matrix P with det(P) = 1 such that

—200 a2 0O O0... 0 0 0
oy —2a3 a3 0 ... O 0O 0
PMPT — 0 a3 —20(4 o4 ... O O O

0 0 0 O ...0pi_1 2, oy
0 0 0O O0... 0 o, O

Therefore, using above theorem, we conclude that the determinant of S is equal to the determinant of the
following tridiagonal matrix:

2B B2 0O 0... 0 0 0
B =283 Bz 0 ... O 0 0

By Algorithm 2.1 of [17], we know that the determinant of a tridiagonal matrix 77, where

bycg 0 0... 0 0 0
a by ¢ 0 ... O 0 0
T = 0 a3 b3 ¢c3 ... O 0 0 ’
00 0 O Leedp—q ﬂn—l Cp—1
0O0O0O0... 0 a, b,
is given by
n
det(Ty) = [ [ ;.
i=1
where
4 by, ifi =1,
t b[—%c,'_l, ifi =2,3, ..., n.
Now, to find the determinant of S, we apply above algorithm to 7. Since B; € {—1, 1}, fori =1,2,...,n, we
have
202, ifi =1,
di = \—2Biy1 — g, if2<i<n—1,
—ﬁ, ifi =n.
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Therefore the determinant of the Seidel matrix is given by

det(S) = det(T) = Hd,-.
i=1

Example 2.1 Consider the representation b = ajarazasasag = 001111 of a threshold graph G. Then ; =
B =1, B3 = P4 = P5 = Be = —1. The corresponding Seidel matrix is

0 1 —-1-1-1-1
I 0 -1—-1-1-1
-1-10 —-1-1-1

S=1o1-1-1 0 —1-1
~1-1-1-10 -1
~1-1-1-1-10
Heredy = -2, dy =3, ds=5, dy =Y, ds =3, dg = 4.

Therefore, det(S) = d1drdsdsdsdg = 11.
Theorem 2.2 Let G be a threshold graph with the binary string b = ajaa ...y, Let by = aja203...0;
and suppose @, (x) denote the characteristic polynomial of Seidel matrix of the threshold graph whose binary
representation is b, then the characteristic polynomial ®,(x) of the Seidel matrix is obtained by the following
recurrence formula

@, () = 20x + Br—1)Pr—1(x) = 2(x + Br—1) P2 (%),
where ®1(x) = x and ®o(x) = x% — 1.
Proof Let @, (x) be the characteristic polynomial of the threshold graph whose binary representation is b, =
o103 ... ap. Then

X _,32 _ﬂ3 S _,Br

B2 x —Bz...—pB
S, (x)=|-B3—B3 x ...—B|.
—B —B —Br ... x

We now consider the following two cases.
Case L. If 8, = B,_1, then

X =B —=B3 ... =Br—1 —Br-1
_.32 X _ﬂ3 _,Br—l _,Br—l
@, (x) = —Bs —Bs X coe =Br—1 —Br—1
ot —Brot =Bt ... X =P
—Br—1 —Br—1 =Br—1 ... —Br-1 X
-x B B3 ...B—1 O
B —x B3 ...B-1 O
B3 B3z —x ...B—1 O
0 0 0 ... —h 2h

b

where i = B,_1 + x. Therefore,

X _ﬂZ _,33 o _IBr—Z _,Br—l
=B x —B3...—Br—2 —Br-1

O, (x) = 2h®,_(x)+ 1| PP B X B2 =B
‘3’_2 ﬂV—Z ,Br—2 X _:8"—1
0 0 0 ... 0 —h

= 2h®,_1(x) — h*®r_p(x).
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1294 S. Mandal and R. Mehatari

Case IL. If 8,1 = —B,, then

X B2 B3 .. —Br—1 Br-1
—B2 X —Bs .. =Br—1 Br-1
q)r(x) — _ﬂ3 :33 X e _:37'71 :31‘71
—Br—1 —Br—1 =Br—1... x Br-1

Br=1 Br—1 Br—1 ... Br—1 X

x =B =B ...—B-1 O
B x =B ...—B-1 O

B B x B O
—Br-1 =Br—1 =Pr—1 ... X h
0 0 0O ... h 2h

where i = B,_1 + x. Therefore,
X _:82 _,33 cee _lgr—Z _ﬁr—l
—B2 X _,33 cee _,Br—Z _ﬁr—l
q)r(x) — Zh(br_l(x) —h _ﬂS _ﬂ3 X LR _:37'72 _,Brfl
—Br—2 —Br—2 —Br—2 .. X —Br-1
0 0 o ... 0 h
= 2h®,_1(x) = h* Do ().

Thus, combining Case I and Case II, we obtain the required result. O

3 Eigenvalues of threshold graphs

In this section, first we describe some properties of the quotient matrix corresponding to an equitable partition
of the Seidel matrix. Using these properties we establish multiplicity of the eigenvalues %1.

Let G be a graph. A partitionr = {V7, V3, ..., V};} of the vertex set of G is called an equitable partition of G
if there exists nonnegative integers b;; for 1 < i, j < m such that each vertex v in V; has exactly b;; neighbours
in V;. We define a matrix Qg = [g;;] of order m x m, whose (i, j)-th entry is defined by

Vil =2bij, ifi # j,
W=V v =2k — 1, ifi = J.

The matrix Qg is called the (Seidel) quotient matrix for the equitable partition 7.

3.1 Quotient Matrix

Let us consider a threshold graph G with the binary string b = 0511710%2 ... 0% 1%, where s;, #; > 1 for all i.

Clearly G has (s + 1) vertices, where s = )_s; and# = ) _ ;. Then the Seidel matrix S of G is a square matrices
of size (s + t), given by

(J - I)sl _Jsl X1 Jsl X 52 _Jsl Xty v _Jsl Xtk
_Jtlxsl (I - J)t] Jtlxsg _Jtlxtz _Jtlxtk
S — JSzXS] JS2><Z] (J - I)Sz _Jsle‘z ... _JS2><lk

_Jtzxsl _Jtzxn _Jtzxsz (I - J)tz .. _Jtzxtk ’

_thxsl _thxtl _thxsz _thxtz .o (I - ])tk
where J,,x, is all 1 block matrix of size m x n. Here the diagonal blocks of S are the square matrices of size
S| X S1, 1] X 11, §2 X §2, th X ta, ..., tx X tg, respectively.
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Let b = 0°1110%2...0%1% be the binary string of a threshold graph G. For the representation b =
0°11710%2 ... 0% 1%, let Vj, denotes the first s; added vertices, V;, denotes the next 7; added vertices, V;, denotes
the next s, added vertices and finally V;, denotes the last #; added vertices. Then & = {Vy,, V4, Vi, ..., Vi, }is
an equitable partition of G. Now for 1 <i < 2k, we define

vyl =y, ifi=2j -1,
IVl =1, ifi =2

i

Therefore for the vertex partition = of V, the quotient matrix Qg is a square matrix of size 2k, given by

51— 1 —1 2 —h S3 ... —I
—s1 —(t1—1) s —I §3 ... — Iy
S1 n so— 1 —h 53 ... —1k
QS = _ _ o _ -1 _
S1 t 52 (tr ) s3 ... t
—51 —h —82 —h —s3 ... —(tr — 1)

We observe that all the eigenvalues of Q 5 are also eigenvalues of S. Now we provide some interesting properties of

QOs. Letus consider the diagonal matrix D = diag{si, t1, s2, . . ., Sk, tx}. We observe that the matrix D% OsD™ 2
is a symmetric matrix. Hence Qg is diagonalizable.

Let A be an eigenvalue of Qs with corresponding eigenvector X € R?*. Let P, o be the matrix whose i-th
row is given by

eyi+1 T ey 42+ teyic,

where y; = 0and y; = Z;;]l Cjfori =2,3,...,2k. Then it is easy to verify that SP = P Q.
Thus an eigenvalue of Qg 1s an eigenvalue of § also.

Theorem 3.1 Let G be a threshold graph and b = 0°11'10%2 ... 0*¢ 1% be the binary representation of G. Then

(a) —1is asimple eigenvalue of Qs if ty = 1.
(b) —1 is not an eigenvalue of Qs if ty > 1.

Proof Let Qg has the eigenvalue —1. Then for the nonzero vector X = [x1 X2 X3 -+ X2k ]T, we have the matrix

equation QsX = —X, which gives the following system of linear equations:

(51 — Dx1 — 11x2 + 52X3 — t2x4 + $3X5 — 13x6 + - - - — [pXop = —X], (D

—s1x1 — (11 — D)x2 + $2X3 — taXq4 + §3X5 — 13X + - - - — feXog = —X2, 2)
sS1x1 4+ t1x2 + (52 — Dx3z — toxg + $3x5 — 13X + - - - — lxXogp = —X3, 3)

—s1X1 — f1xp — $2x3 — (f2 — Dxg + s3x5 — f3x6 + -+ — IeXog = —X4, 4
$1X1 + 11x2 + $2X3 + faxg + (53 — 1)xs — 13x6 + - -+ — fpx2p = —Xs, (©)

—S1X] — 11 X2 — $2X3 — IaX4 — $3X5 — 13X6 + -+ - — (tr — Dxog = —x2k.  (2k)

Now, applying the following operations in order, we get the values of x;, foralli = 1,2,3,..., 2k.

(1) — (3) gives x» = 0.
Now putting x» = 0 and performing (1) — (2), we get x; = 0.
Next putting x; = x2 = 0 and performing (1) — (5), we get x4 = 0.
Again putting x; = x» = x4 = 0 and performing (1) — (4), we get x3 = 0.
Proceeding in this way, and after performing (1) — (2k — 1) and (1) — (2k — 2) we obtain that any vector that
satisfies eigenvalue equation corresponding to —1 must have first 2k — 2 entry equal to 0.
Finally performing (1) — (2k) and (1) + (2k) we get,

Xok — Sgxok—1 =0, (©)
(1 = t)x =0. (d)

Now two cases arise.
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1296 S. Mandal and R. Mehatari

Case L. If #4 = 1, then from (c) and (d), we get X = [0 00---01 s ]T is an eigenvector corresponding to
—1. In fact, in that case any nonzero eigenvector corresponding —1 is a nonzero multiple of X. Therefore —1 is
a simple eigenvalue of Q.

Case IL. If 7 # 1, then from (d) xp; = 0. Therefore xp;—; = 0 by (c). Therefore

X:[xl xz)C3-~-xzk]T=[000~~0]T.

Thus —1 can not be an eigenvalue of Qg if 7 > 1. O
Theorem 3.2 Let G be a threshold graph and b = 0°1110%2 .. . 0% 1% be the binary representation of G. Then

(a) 1 is a simple eigenvalue of Qs if s = 1.
(b) 1is not an eigenvalue of Qs if s1 > 1.

Proof For X e R consider the matrix equation Qs X = X. This gives the following system of linear equations:

(51— Dx1 — f1x2 + $2X3 — foXg + -+ — fe—1X2k—2 + SpXok—1 — IpXok = X1, (1)
—s1x1 — (11 — Dxp +50x3 — toxg + - - -+ — tr_1x2k—2 + SkXok—1 — tkXok = X2, (2)
s1x1 +tx2 + (52 — Dxz — taxg + -+ - — (1 X2k—2 + SkX2k—1 — feXok = X3, 3)
—s1X] — 1Xp — $2X3 — fpxg — 0 — (fe—1 — DXok—2 + SkXok—1 -+ — lixok = xok—2,  (2k —2)
S1IX1 + 11X +8$2%3 + toxg + -+ o1 Xk—2 + (Sk — Dxok—1 — tixox = x2k—1, 2k —1)
—S1X] — 11X — $2X3 — IpXg4 — -+ — fe—1Xok—2 — SpXok—1 — (G — Dxog = xox. (2k)

Now, to find the x;’s, we apply the following operations:

(2k) — 2k — 2) gives x;—1 = 0.

Now putting xx—1 = 0 and performing (2k) — (2k — 1), we get xp; = 0.

Putting xo; = xp¢—1 = 0 and performing (2k) — 2k — 4), we get xo_3 = 0.

Putting xo; = x2x—1 = x2x—3 = 0 and performing (2k) — (2k — 3), we get xpx_» = 0.

Proceeding in this way, and after performing (2k) — (2) and (2k) — (3) we obtain x3 = x4 = --- = x9; = 0.
Finally performing (2k) — (1) and (2k) + (1) we get,

(s1 — Dx; =0, (c)
tixy +x1 =0. (d)

Now two cases arise.

Case L. If s; = 1, then from (c) and (d), we get X = [t] —-100--- O]T is an eigenvector corresponding
to 1. In fact, in that case any nonzero eigenvector corresponding 1 is a nonzero multiple of X. Therefore 1 is a
simple eigenvalue of Q.

Case II. If 51 # 1, then from (c) x; = 0. Therefore x, = 0 by (d). Therefore X = [xl X2 X3 -+ X2k ]T =
[000---0]".
Thus 1 is not an eigenvalue of Qg if f; > 1. O

From Theorem 3.1 and Theorem 3.2 it is clear that -1 can be an eigenvalue of Q¢ with multiplicity at most
1. In the next theorem we prove that Q¢ has 2k distinct eigenvalues.

Theorem 3.3 All eigenvalues of Qs are simple.
Proof Suppose X is an eigenvalue of Qg. Let X = [x1 X2 X3 -+ X2k ]T be an eigenvector corresponding to A

such that x; # 0 and x,, = O for all m < [, where [ is minimal. Then/ = 2p — 1,1 < p < k. It is already
proved that A = =+1 is a simple eigenvalue of Qg. So the remaining part is for A 7% =£1. The matrix equation
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QOsX = A X gives the following system of linear equations:

(51 — Dx1 — t1x2 + 8$2X3 — tpX4 + - - - — X = AX], (D
—s1x1 — (1 — Dxo +52X3 — toxa + - -+ — tgxop = Axa, 2
—s1x] —txp —sox3 — (2 — Dxg + - - — tgxop = Axp—y, (=1
$1X1 + 11 X2 + $2x3 + oxg + - - — IXog = AXy, )
—s1x1 —tixp —s2x3 — (2 — Dxg + -+ - — tgxop = Axppr, (4 1)
$1X1 + 11 X2 + $2x3 + 12X + - - — fpXop = Axpg2, (L +2)
—S$1X1 — 11 X2 — $2X3 — IpX4 + -+ — (tx — Dy = —xk. (2k)

Now, applying the following operations in order, we get the values of x; foralli =1,1 4+ 1,1 +2,...,2k.
() — (A +1) gives

(1 + A —2sz+1>xz

2
r—1

X4l = = ci41%;, (say).

Again () — (I + 2) gives,

1
Xj42 = A—H[ZI%XM + (1 + k)Xl] = ¢j42x1, (say)

and so on.
Thus, proceeding in this way, we get the constants ¢;41, ¢;4+2, /43, - - . , €2k, such that,

T
szl[00-~-016‘1+1 Cl+2~--6‘2k]

In fact any nonzero eigenvector corresponding to A is a constant multiple of X. Since Qg is diagonalizable so
all eigenvalues of S are simple. O

3.2 Multiplicity of the eigenvalues 1 and —1

Let us consider a threshold graph G with the binary representation 051 1710%2 ... 0% 1% Let n_1(S) and n41(S)
denote the multiplicity of the eigenvalues —1 and +1 respectively of the matrix S. We now derive formulas
for n_1(S) and n11(S). For that first we construct eigenvectors corresponding to =1 which does not belong to
spectrum of Q. Recall S has the form:

(J - I)S] _Jslxtl JS]XSZ _]Slxtz _Jslxlk
_Jt]><s| (I - J)l‘] Jl‘|XS2 _Jt1Xt2 _Jt1><tk
S = Js2><x1 szxtl (J - I)sz _Jszxtz e _Jszxtk

_Jt2><sl _le><t1 _Jt2><52 (I - J)tz ... _Jtzxtk
_thxsl _thxn _thxsz _thxtz R (I - J)lk
Fori > 1 define set of (i — 1) orthogonal row-vectors {X 3.} in R’ by

Xi=e() +exi) +-+e;() —jen () VI<j<i—1,

where e (7) is the j-th standard basis element of R,
Now for s; > 2, define

Y () =105 Oy - Oy X7 Oy - 01" V1<i<k, 1<j<si—1,
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1298 S. Mandal and R. Mehatari

where O, denote the r-component zero row-vector. The the set {Yy, (1), ¥, (2), ..., Y;(s; — 1)} contains s; — 1
orthogonal eigenvectors corresponding to —1.
Again for each t; > 2, define

Zy(j)) =105, Oy -+ 05 X1 05y -+ 041" Vi<i<k, 1<j<u—L

Si+1
Then the set {Z;, (1), Z;,(2), ..., Z;,(t; — 1)} contains #; — 1 orthogonal eigenvectors corresponding to 1.

Each of Y, (j)’s and Z;, (j)’s has row sum zero in each of the vertex partition. Now let A be an eigenvalue
of Qg with eigenvector X € R?*. Then the eigenvector P X corresponding to the eigenvalue X is constant in
each vertex partition. Therefore P X is orthogonal to each of these Y, (j)’s and Z;, (j)’s. Using this fact, we now
calculate the multiplicity of the eigenvalues £1.

Theorem 3.4 Let G be a threshold graph and 0°'110%2 ... 0% 1% be the binary representation of G. Then

i —k, ift > 1,
noa(s) = | = ik
Zsl'—k-i-l, ifty = 1.

Proof We already observed that, if s; > 2 then the set {¥, (1), Yy, (2), ..., Y, (s; — 1)} contains s5; — 1 orthogonal
eigenvectors corresponding to —1. Now for s;, s, > 2, the vectors Y, (j) and Y, (k) are orthogonal for all
1 <j <mand1 <k < m. Therefore the set

m

{Ys(DIl<i<k, 1<j<si—lands; > 1}
provides a set of Y s; — k orthogonal eigenvectors corresponding to —1. We consider two cases.

Case L. If 1 > 1, then Qg does not contain the eigenvalue —1 . Therefore the multiplicity of the eigenvalue
—1in Sis exactly > (s; — 1). Thus

noi(S)=Y si—k
Case IL. If 7z = 1, then Qg has eigenvalue —1 with multiplicity 1. Thus
no(§) =Y si—k+1

Therefore, by combining Case I and Case II, we get the required result. O

Theorem 3.5 Let G be a threshold graph and 0°'110%2 ... 0% 1% be the binary representation of G. Then

N
Proof By a similar argument to previous theorem, the set

{(Zy(H)1 <i<k, 1<j<gi—1landt; > 1}
provides a set of Y _ #; — k orthogonal eigenvectors corresponding to 1. We now consider two cases.

Case L. If 51 > 1, then spectrum of Qg does not contain the eigenvalue 1. Therefore the multiplicity of the
eigenvalue 1 in S is exactly > (#; — 1). Thus

na(S) =Y t—k

Case II. If s; = 1, then 1 is a simple eigenvalue of Q. Thus

na(§) =Y ti—k+1.

Therefore proof of the theorem follows from Case I and Case II. O
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By using Theorem 3.1, 3.2, 3.4 and 3.5 we can easily calculate eigenvectors corresponding to +1. For
example, consider the threshold graph G with binary string » = 01100111. Thenn_;(G) = 1 and n41(G) = 4.
An eigenvector corresponding to —1 is

Y,()=[0001-1000]".
Whereas eigenvectors corresponding to 1 are

Z,()=[01-100000]",

Z,(1)=[000001-10]",

Z,2=[0000011-2]",
and

PX=[2-1-100000]",

where X = [2 —-100 ]T is an eigenvector corresponding to 1 for the quotient matrix Q.

4 Threshold graph with few distinct Seidel eigenvalues

Now we characterize classes of threshold graphs which have a few distinct Seidel eigenvalues. In particular we
classify all such threshold graphs which have at most five distinct Seidel eigenvalues.

Theorem 4.1 Let G be a threshold graph. Then G has two distinct Seidel eigenvalues if and only if G is either
the complete graph K, or the star graph S;,.

Proof Suppose G has two eigenvalues then the binary string of G is of the form 0°1" ™. Now if | <s <n —1
then 1 are eigenvalues of S. Again in that case Q s has two distinct eigenvalues other than +1. Hence S has four
distinct eigenvalues. Therefore either s = 1 or s = n — 1, and in both these cases S has two distinct eigenvalues.
Now, if b = 01"~ then G = K, and if b = 0""'1 then G = S,,. O

For a threshold graph with binary representation b = 0°1110%2 . .. 0% 1%, the Seidel matrix has atleast 2k distinct
eigenvalues and atmost 2k 4 2 eigenvalues. We already observed that for a threshold graph whose binary
representation is 0°1" %, 1 < s < n — 1, the Seidel matrix S has 4 distinct eigenvalues. Again by previous
theorem if b = 01"~! or b = 0"~'1, then S has exactly two distinct eigenvalues. Thus we have the following
conclusion.

Theorem 4.2 No threshold graph can have three distinct Seidel eigenvalues.
In the next two theorems we characterize threshold graphs with exactly 4 and 5 distinct Seidel eigenvalues.

Theorem 4.3 Let G be a threshold graph and b be the binary representation of G. Then G has 4 distinct Seidel
eigenvalues if and only if b = 011", s; > 1, t; > 1 or b = 01" 0%21.

Proof Let b = 0°1110%2...0%1% be the binary representation of the threshold graph G. If S has 4 distinct
eigenvalues then £ < 2. Now two cases arise.

Case L. If k = 1, then G has binary representation b = 0°11", If either of s or #; is equal to 1, then by
Theorem 4.1, S has exactly two distinct eigenvalues. Whereas if s; > 1,#; > 1, then Qg has two distinct
eigenvalues other that 1. Therefore S has four distinct eigenvalues which are —151=1 11-1 and another two
simple eigenvalues come from Qg.

Case IL If k = 2, then b = 0°11710°2172. Now if S has 4 distinct eigenvalues, then S can not have eigenvalue
+1 outside of the spectrum of Q. Therefore 4 distinct eigenvalues is possible only if s; = 1 = 5, and in that

_ )2
case eigenvalues of S are 171, —1%2 and 2 /(52 11)2+4(1+t‘+‘92+2m2).
Conversely if b = 011, 51 > 1, #; > 1 or b = 0111021, then S has four distinct eigenvalues. O

Theorem 4.4 Let G be a threshold graph and b be the binary representation of G. Then G has 5 distinct Seidel
eigenvalues if and only if b = 0110%21%2 with to > 1 or b = 0°111021 with s1 > 1.
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O O O O

Fig. 1 Non isomorphic cospectral threshold graphs with 4 vertices

Proof Let G has the binary representation 0°1110%2172 ... 0% 1%. Now for 5 distinct eigenvalues of S, k must be
equal to 2. Let b = 0°11710°21% be the binary representation of G. Then Q' has four distinct eigenvalues. Now §
will have five distinct Seidel eigenvalues if £1 are eigenvalues of S and exactly one of £1 belongs to spectrum
of Qg. Thus following two cases arise.

Casel.Lets; = 1,7 > 1. Then 1 belongs to the spectrum of Q g, whereas —1 does not. Therefore spectrum
of §is {—1S2’1, 11%%2 oy, B1, ¥1}, where a1, B1, and y; are the distinct eigenvalues (other than 1) of Q. Thus
S has five distinct eigenvalues.

Casell. Lets; > 1, = 1. Then —1 belongs to the spectrum of O, whereas 1 does not. Therefore spectrum
of Sis {—1517%2, 11 a2, B2, 2}, where an, B2, and y; are the distinct eigenvalues (other than —1) of Q5. Thus
S has five distinct eigenvalues.

Conversely if b = 0110212 with t, > 1 or b = 0°11710°21 with s; > 1, then S has five distinct eigenvalues.

O

5 Two threshold graphs may be Seidel cospectral

We conclude this paper by showing that two non-isomorphic threshold graphs may be cospectral with respect
to their Seidel matrices. Although it is well known that two non-isomorphic threshold graphs are not cospectral
with respect to their adjacency matrices and Laplacian matrices; but here we see that two threshold graphs with
distinct binary strings may be Seidel cospectral. Using the following theorem we can construct nonisomorphic
cospectral threshold graphs.

Theorem 5.1 Let us consider two threshold graphs G| and G, on n vertices with the binary representation
by = 0"21% and by = 010" 31 respectively. Then G and G, are always Seidel cospectral.

Proof Let fi(x) = 0 and f>(x) = 0 be the characteristic equations of quotient matrices of G| and G, are
respectively. Then

i) =x>+ @ —nmx + (7 —3n),
and
Hx) =xt+ @ -+ 6 -=30)x>+ (n —4x + Gn—17).
It is easy to verify that
Hx) == 1) fix).

Thus for both the strings the Seidel spectrum is same which is {—1"‘3, 1, a, B}, where «, B are the zeros of

J1(x).
Hence two threshold graphs G| and G, are Seidel cospectral. O

Example 5.1 If we take n = 4 in Theorem 5.1, we get threshold graphs G and G, with binary string b; = 0011
and by = 0101 respectively. In that case, G| and G are not isomorphic (see Figure 1) but they both have Seidel
eigenvalues £1, +/5.
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