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Abstract In this article, we consider a singularly perturbed time-dependent reaction-diffusion problem with a
large delay in space direction. The problem possess two boundary layers and also an interior layer. To find the
numerical solution, we proposed a method which is comprised of an implicit Euler method in the time direction
and a finite difference scheme on the exponentially graded mesh. The term containing the delay is treated using
the theory of interpolation. The numerical method is shown to be first order parameter uniform convergent in
space and time directions in the maximum norm. Theoretical estimates support the obtained numerical results.

Keywords Singular perturbation problem - Partial differential equations - Delay differential equations - Finite
difference method - Exponentially graded mesh - Parameter uniform convergence

1 Introduction

Singular perturbation problem is defined as the differential equation in which the highest order derivative is
multiplied with a perturbation parameter ¢ — 0. For such problems difficulty arise in obtaining the solution
due to the presence of boundary layers in the solution. In the study of bistable devices, human pupil-light reflex,
variational problems related to control theory are few areas in which singularly perturbed delay differential
equations (SPDDE) arise. Stein [1] studied a mathematical model related to neuronal variability which turns
out to be a singularly perturbed differential-difference equation (SP-DDE). Later the model was generalized by
Musila and LansKy [2]. Lange and Miura [3-5] studied various singularly perturbed boundary value problems
in differential-difference equations and observed that small shift terms produce large amplitude and multiphase
behaviour over some parts of the domain. These studies attracted many researcher to work on SP-DDE.

As far as the large delay problems are concerned very little literature is available. Amiraliyev and Erdogan
[6] studied the first order SPDDE with a fixed delay. Later Amiraliyeva et al. [7] approximated the solution
of quasilinear SPDDE on a uniform mesh. Nicasi and Xenophontos [8] considered a second-order singularly
perturbed reaction-diffusion problem with constant delay at x = 1 and approximated the solution by using /p
finite element method. Subburayan and Ramanujam [9] used an initial value technique on Shishkin mesh for
the numerical solution of a second-order SPDDE with discontinuous convection-diffusion coefficients. Zarin
[10] developed a non-symmetric discontinuous Galerkin FEM with interior penalties on singularly perturbed
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1330 P. P. Chakravarthy, M. Shivhare

reaction-diffusion problem with constant delay on layer adapted mesh. Rai and Sharma [11] studied SPDDE
with a turning point. In [12,13], the authors discussed numerical methods for SP-DDE in which shift terms are
of any order from o(¢) to O (¢). To the best of our knowledge, very few papers are on time dependent SPDDE of
reaction-diffusion type with large delay in space. Bansal and Sharma [14] proposed a finite difference scheme
on Shishkin mesh. Kumar and Kumari [15] constructed a finite difference scheme for time-dependent singularly
perturbed reaction-diffusion problem on Shishkin mesh where the solution is shown to be first order in space
and second-order in the time direction.

We proposed a finite difference scheme for 1D-singularly perturbed parabolic reaction-diffusion problem
with delay in space. The method comprises of Euler method in time and a finite difference scheme in space
direction on an exponentially graded mesh and the delay term is treated using interpolation. The exponentially
graded mesh is constructed in such a way that it adapts the boundary layers and the interior layer. The error
estimates are obtained and shown to be the first order of uniform convergence in space and time directions.

The paper is arranged as follows: In Section 2, we stated the problem under consideration and is semi-
discretized by using an implicit Euler method on an equidistant mesh in the time direction. Also, exponentially
graded mesh is generated in space direction and a finite difference method is constructed on this mesh. In Section
3, theoretical estimates are obtained for the proposed method. Numerical results which shows a parameter uniform
convergence of first order in space and time directions are presented for two test problems in Sect. 4. Conclusions
are given at the end of last section.

In this paper C is a generic constant which is positive and is independent of the perturbation parameter
and the mesh parameters N,, N,. The maximum norm for a function f in a domain ® € R? is defined as

= max x, 1)].
£ W)eglf( )|

2 Statement of the problem

For our study, we consider the following singularly perturbed parabolic delay partial differential equation of
reaction-diffusion type on a rectangular domain. For fixed 7 on ® =  x A where 2 = (0,2), A = (0, T) and
0D =2D-29={0,HUx,0)UR,HUKX,T):0<x<2,0<t<T},

u 0%u
— —e— taX@ulx, 1)+ BXulx —1,1) = g(x,1), (x,1) €D, (1)
ot ax2

with the initial and boundary conditions

u(x,0) = up(x), Yxe=1I0,2], )
uGx, 1) = o(x,1), Y@, 0)ed ={-1<x<0,1e(0,T], 3)
u@,0) =), V@0)edD ={21):tel0,T]) 4)

where, 0 < ¢ < 1. The functions a(x), B(x), g(x,t), uo(x), ¢(x,t), ¥(t) assumed to be sufficiently smooth,
bounded and independent of perturbation parameter ¢. Further, it is assumed that

a(x)+B(x)>2k >0, VxeQ &)

and B(x) < 0, where « is positive constant. The solution has boundary layer of boundary width of O(./¢) is
expected in the right neighbourhood of x = 0 and also in the right neighbourhood of x = 1 and left neighbourhood
of x = 2 and also in the left neighbourhood of x = 1.
If welet Q_ = (0, 1], 2y = (1,2), we have ®1 = Q_ x A and D> = Q4 x A. Since u(x, t) is known in
[—1,0] x A, the problem (1)—(4) can be rewritten as

Lulx,t) =G(x,1) (6)
where
2
a—u—sa—bzt +a(x)u(x,t), V(x,t) € D
Lu(x, 1) = gzi g%u @)
—_8—+O((.x)u(x,t)+ﬁ(x)u(x_l,t), V(x’t)€©2
Jat 9x2
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Numerical solution of a time dependent singularly perturbed delay differential equation 1331

and

G(x,t) = g, 1) = B)e(x — 1, 1), V(x,1) € D) "
g(xat), V(_x,t) G@z

with

u(x,0) =up(x), Vx € Q,

u,t) =0,1), u®2,t)="79().

For the existence and uniqueness of the solution (1)—(4), the given data is assumed to be Holder continuous and
satisfy the required compatibility conditions

9(0,0) = ug(0),  #(0) = up(2), ©
39(0,0)  0%uo(0

‘”(at ) :ﬁ;)+a(0)uo(0)+ﬂ(0)<p(—1,0)=g(0,0), (10)
2

WO _ T 4 @@ + (1, 0) = ¢(2,0). (11
at 0x

Using the compatibility conditions (9)—(11), one can prove the estimate [c.f. [16]]
lu(x, ) —u(x,0)| = |u(x, 1) —up(x)| < Ct, VY(x,1) €D. (12)
Lemma 2.1 [14] The solution u(x, t) of the problem (1)—(4) is bounded
lu(x,0)] <C, V(x.1)€D.

Lemma 2.2 Let £(x,t) € Cz’l_(’)_D) such that E(x,t) > 0, Y(x,t) € 09 and £&(x,t) > 0, V(x,t) € D it
implies E(x,t) >0, V(x,1) € D.

Proof We can prove this by using the method of contradiction principle. If there is a point say &(x*, t*) =

( rn)in@ E(x, 1) < 0 for some (x*, t*), then we have &, (x*, t*) > 0 and & (x*, r*) = & (x*, r*) = 0. It is clear
x,1)e

that the point (x*, *) does not lie on the boundary 9. We have the following two cases:
Case I: For (x,1) € ©,

2 2
LE(x™, %) = % - 82—;: +a(xMEE*, %) = —8% +a(xMHEE*, ) <0
CaseII: For (x,t) € D,
2 2
LE(x™, 1) = % _ 88—52 +oa(xMEXT, 1) + BEHERT - 1,17) < —88—2 + (@(x™) + B(x")EXT, %) <0
ot ax 0x

we obtain the contradiction from both the cases. Thus &(x*, r*) > 0, which implies &(x,7) > 0V(x, 1) € 9.0

Lemma 2.3 Under the assumption of ug(x) = ¢(x,t) = 9(t) = 0, the derivative bound of the solution u(x, t)
with respect to t given by

Proof The proof can be followed from [15]. O

dlu

—1||<C, i=0,12.
ar!
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2.1 Time discretization

The considered problem (1)—(4) is semi-discretized on the time domain [0, 7'] using backward Euler method
with uniform mesh in time such that AN = {r, = nAt, n =0, 1, ..., N;}, where N; is the number of mesh
elements considered in t-direction. The semi-discrete problem at (n + 1)-th time level given by

LN (x) = G(x, tyg) (13)
where
dZ n+1
N —ear T Rt (x), x € (0,1]
Ny (x) = x| (14)
—eAt——— + ()" (x) + ) AT (x — 1), x € (1,2)
X
and

Atg(x, tny1) — B(X)ALo(x — 1, ty1) +u" (x), x € (0,1]

G(x,t = 15
(5 fn1) A1g(x, tyy1) + u" (x), xe(1,2) (15)
u’(x) = up(x), xeQ=10,2], (16)

W) =, thy1),  —1<x<0,1<n+1<N, (17)
W"NQ2) = 9ty p1). l<n+1<N, (18)

where, @(x) = 1 + Ara(x) and u”(x) is the semi-discrete solution at n-th time level. It is clearly seen that the
operator £V satisfies the maximum principle and so from [17], we have

1
£Nt —1 < ,
1(€7) ”OO_—I—{-ZKAt

which ensures the method (13)—(18) is stable.

Lemma 2.4 Let £"V!(x) be a smooth function such that €"*'(0) > 0 and £"*1(2) > 0 then £Vg" 1 (x) >
0V x € Q it implies E"T1(x) > 0Vx € Q.

Proof By using the similar approach followed in Lemma 2.2, the above result can be proved easily. O
Lemma 2.5 [14] Let u" ! (x) be the solution of the semi-discretized problem (13)—(18), then the solution u"tl (x)

satisfies

" (x)| < max {|u"+‘<0>|, IGI, |u”+‘<2)|} . Vx e

14 2k At

The error estimates for local truncation error(LTE) defined by e,,+1 = u(x, ty4+1) — u" 1 (x) and the global
error E, for the time semi-discretization (13)—(18) is presented in following lemma.

Lemma 2.6 [18] In the solution of (13)—(18) the LTE estimate is given by
lensilloo < C(AD?,
and the global error satisfies

IEslloo < CAL, n < T/At.
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Numerical solution of a time dependent singularly perturbed delay differential equation 1333

From Lemma 2.6, it is clear that the semi-discretization process (13)—(18) is first-order convergent in time.
The solution 1”11 (x) of the semi-discretized problem (13)—(18) can be decomposed in its regular and singular
components as

un+1(x) — Uﬂ+1(x) + wl’H‘l(x)’
where v"*!(x) be regular component further decompose as

""H(x) 0<x<l,

") = 19
v (x) ,21+1(x)’ l<x <2, (19)
forx € (0,17), vf +1(x) satisfies the following differential equation
2. n+1
—eAt + @) = Arg(x, 1) = BO)ALQ(x — 1, 1yp 1) + 1" (X),
1
vt 0) = v (0, fur), VA7) = = A8 te)) = B AR, tur) +u" (D),
where vg(x, #,+1) be the solution of reduced problem.
Forx € (11,2), v"+1(x) satisfies the following differential equation
ZUn—H
—eAt— 55— +@ )T ) + B AT (x — 1) = Arg(x, tugr) + 1" (x),
X
vt ah) = E(Atg(l 1) — B Atug(0) +u" (1), v371(2) = 002, tng1),
where w1 (x) be singular component further decompose as
n+1
ntl x), 0<x <1,
= 20
wr ) ;H(x), l<x<?2, (20)
an—H
n+1 _ -
—eAt —l—ot(x)w (x) =0, forxe (0,17)
2wn+l
—eAtd— + @i ) + B AW (x = 1) =0, forx e (17,2)
x2

witHO) = " (0) — v ™0,

n+1(2) _ Ml’l-‘rl(z) n+l(2)’

n+1(1 )+wn+1(] )_U}’L+1(1+)+wn+1(1+)

WA+ @A) = @A), 4+ @it A,
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1334 P. P. Chakravarthy, M. Shivhare

Further, we decompose it as

alzw"‘H
—eAt

+a@w] () =0, forxe(0,17)

wi, () =0, wit'©) =w{t©0), wii'd1) =0,

2wn+1

—eAt +a (x)w"+‘(x)_o forx € (0,17)

x
w) p(x) =0, wiH©0) =0, wiR (1) =M,

wn+1

—emd—+ awy @) + @AW (x —1) =0, forx e (17,2)
X

wd () =0, wit'() =M, wi}'(@) =0,

d2wn+1
—smd— +a (x)w"“(x) + ,B(x)Atw”+1(x —1)=0, forxe(1",2)
x

w) p(1) =0, wiR (1) =0, wi%@=w;"Q).

Here, M| and M are chosen constants and satisfy the jump condition at (1, #,41),YV1 <n+4+1 < N, + 1.
Now we give the derivative bounds of the solution of (13)—(18) and also for its regular and singular compo-
nents.

Lemma 2.7 [19,20] The solution u"*'(x) of the semi-discretized problem (13)—(18) satisfies fori =0, 1,2, 3

di n+1 )

‘”—(x) <cC (1 +g*’/2e1(x,;<)), Vx € Q_
dx!

di n+1 )

‘L:{—l(x) <C (1 —i—e_’/zez(x,/c)), Vx € Q4
X

where,

Kk [k
e1(x, k) = exp (— —x) + exp (— —(1— x)) ,
e &
ex(x, k) = exp (— /g(x — 1)) + exp <— /5(2 —x)).
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Lemma 2.8 [19,20] The derivative bounds of the regular component v" ' (x) and singular component w" ' (x)

satisfy the following estimates fori = 0,1,2,3

di n+1 )
‘vd—l(X) <C (1 +8_(’_2)/2e1(x,/<)> , VxeQ_
X
di n+1 )
"’d—i(x) <c (1 4D 205y, IC)) . VxeQ,
X
and
diwn 1 )
‘wd—l(x) < Ce?ei(x,k), Vxe€Q_
X
di n+1 )
'wd—l(x) < Cs_’/zez(x,/c), Vx € Q4.
x

2.2 Exponentially graded mesh construction

Let N, > 8 be even and divided the interval / = [0, 2] into N, sub-intervals using the mesh ANx = {x; }lN:"O. The
mesh generating function ®(p) = — In(1 — 40 ) generate the non-uniform layer adapted mesh which depends

on the perturbation parameter, the function 6 defined as [21]

0:1—exp(_\/z>e]RJr

rel/2

where, T > 1 user chosen parameter and « € (0, 1). First we divide the interval [0, 2] into two intervals [0, 1]

and (1, 2], where the mesh points {x; }INZ"'O are defined as,
for [0, 1] such that xn, = 1.
2

1/2
TE . N
——d(g)), i=0,1,..., = —1,

X3N — XN
C_ 5+l -1 (. Ny . Ny Ny 3N,
i = %—ﬁw("?“)’ PEE L
el/? . 3N 3N N.

1_4ﬁ¢(1_531)7 l:Tx+la 84Y+21-~-7TX~

We divide the interval [0, 1] into three subintervals as

0.0 =00y [0 [y e 0 [rage 1]
for interval (1, 2] the mesh points are defined as

1/2
/ SN,

TE
1+ ®(p; — 1), i=0 4, ey, 2B

IV

XN, — X 5N

=+ 2B g SN

Xj = 8T 837 ;=X = 3Ny SNy 4 1N

A R T (’ 8+)’l g8 Tl
,_ T 1/2¢,2 , . _ N, N,
- ( _601)» Z_T+l’ 3 +2,...,Nx.

e

We divide the interval (1, 2] into three subintervals as

.20 = [y [V g Ju g 2]

2

(22)
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1336 P. P. Chakravarthy, M. Shivhare

i
where g; = I fori =0,1,..., Ny. The mesh points in I:O,.XNTX_I], [xz%ﬂ, 1] R [x%ﬂ,x%fl] , and

X
[x 7% 41 2] are gradually distributed, whereas the mesh points in [x Ne s X 3% n 1] and [x 5% X 7% +1] are

equidistant.
Follows from [22]

K — K1— — K
_‘/:x%*',e JEa x%ﬂ)’e «/?(1+x5%71) —JEe- x7Nx+1 < CN, =

max{e (23)
and
max |®'| < CNx.
For the subset of indices
N, Ny Ny 5N,
Si={1,2,...,— — 1}, Spg={—+1,—+2,..., -1},
1={ s } 4 {2 + > + A 1
Ny N, 3N, SNy 5N, TN,
S)={—,—+1,..., , S5 = ,——+1,..., ,
2 {8 3 + 5 } 5 5 g + 3 }
3N, 3N Ny TNy TNy
S 2 ——— Se = ,——+2,...,N
3=1{ 5 + > } 6 5 g + }
The mesh step size h; = x; — x;—1, fori = 1,2,..., Ny,
e!/? 1/2 A7—1 / 12 .
no< 15 [0 — (o] < Ce' AN max |0 < €2 e S) j=1.3.46. oy
CN;!, ieS;, j=2,5.

Introducing the mesh characterizing functions ¥ = exp(—®) and it is observed that max |¥'| < 46 < 4. We
derive the other properties of mesh width of exponentially graded mesh in the layer region given as

1/2 4
hi<— max  (—=W(0)e®®) < Ce2NT! max  [W/[e®® < Cel2N T ex ( ‘/1_’;’> €S,
4k pelpi-1.pil PElpi-1.pil /
(25)
similarly, following the above approach we get
4 11—
hi < Ce'2N; ! ex <w) . €S, (26)
tel/
4 -1
hi < Ce'ANV ex (%) i €Sy 7
tel/
2
hi < Ce'PN"ex (M) ., i€ S (28)
tel/
these estimates are used to prove the convergence analysis.
3 Numerical scheme
N -
We denote QN = {xg, x1, ..., xn, b\ {xo, x e , xn, } and we define Q7 = {x; iiO and Q = {x } NX+1
’ =

where the layer adapted mesh is constructed in such a way that the more points lies in layer region. The proposed
scheme is given by

MUt ) = G o), e (29)
MUt ) = Gy ), e @, G0
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Numerical solution of a time dependent singularly perturbed delay differential equation 1337

where,
glNeNegntl () = —e AtDY DU () + @) U™ (), x e @,
£ MUt () = —eAtDY DU () + @0 UM () + BT ) AU (), e @,
and
G'f+1(xi) = A1g(xi, tat1) — B Ate(x; — 1, tyg1) + U" (1), xi e ¥,
Gy () = Arg(xi, ts1) + U" (), x; € @l
also we have
D U = DUyt (31)
2 2
with the initial condition
U%xi) = uo(x;), fori=1,2,...,Ny—1, (32)
and boundary condition for i = —%, —% +1,...,0, andn=0,1,..., N, — 1
U™ ) = 9y tag1), U ew) = 9 (ta), (33)
where, we define
DD U™ (x)) = ; (D+U”+1(x,-) - D_U"“(xi)) ’
hi +hit1

U™ (xi) — U (ximy)
h;

U™ (xi1) — U (x)

, DU (x) =
hitq

DU (x) =

3

Uerl:U”Jrl(xj) x]_H—(x,) +U"+1(xj+1) u cxj<xi—1<xj4, x,-lex.
xj-H_xj xj_,_]—xj

Lemma 3.1 Assume " (xg) > 0 and "' (xn,) = 0, n = 0,1,..., N, — 1 such that £} &1 (x;) > 0

forx; € @Y, eloNentl() > 0 forx; € QY and DTE™ (x e ) — DTE" (xn,) < 0. Then "+ (x;) > 0,
2 2

Vi=0,1,...Ny.

Proof Let i* be such that & (x;x) = min &(x;) then &(x;+) < 0. Itis clear that i* ¢ {0, Ny}.
13
Casel: Fori*=1,2,..., % -
eV NER = —eALDTDTE (i) + @ (e )E" (x74) < 0
Case II: For i* = %—i— I,..., N,
eV Neentl — e ArDTDTE T () + (1 + @) ADE"™ (i) + B ) ArEI T (x5
—eAtDTDTE ™ () 4+ (1 + o (i) ADE" T (x+) + Bxie) ALE" ! (x;)

< —eAtDTDTE" T (i) + (a(xie) + Blxi)) ALE" T (xye) + A" (x4
< 0.

IA

Since, if i* = 2, then £"+! (x;+) — €™+ (xp+_1) < 0 and £ (1) — E"F (xi0) > 0, gives
DYE (xi) — DTE" T (xp) 2 0,

to avoid contradiction, we assume D& (x;) — D7E" (x;) = 0 and so £" ' (xn, |) = £ (xw) =
2 2
E (x ny +1) < 0. Hence, we proof the lemma. O
2

N
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1338 P. P. Chakravarthy, M. Shivhare

Lemma 3.2 (Stability estimate) Let Ei"‘H be any function, for 0 < i < N, it satisfies

hey e e
(1 +2«A1) (14 2kAr)

+1 +1 +1
& |§max{|$3 L &R,

Proof For 0 <i < Ny, let us consider two barrier function

Ny, N, 1 Ny, N, 1
ey Ngntty gl Nent ||}

S(l+l
(142cAt) ~ (1 42cA1)

i ’

1 1 1
(M H* = max {@5” L 1E6,
from above equation we have, (1'[8“)i > 0 and (l'[’;vjl)i > 0,

N

eNeNmrth® >0, fori=1,2,..., 7 —1,
N

eyeN@mrthE > 0, for i = — o Ny

N
+ - +1y+ . x
(DT = DHITT)* =0, fori= X

Hence using Lemma 3.1, we have (I'I;H'l)jE >0, for 0 <i < N, which leads to required estimate.

4 Convergence analysis

To derive the parameter uniform convergence of the fully discretize scheme (29)—(33), we obtain the consistency
and stability estimates of (13)—(18) and then generalize it for the fully discretize scheme (29)—(33). To obtain

the error estimates, consider a finite difference scheme

el Mg gy = 6 (), e M,
MU ) = G5 o), el

with
D0 = DO,
3 5
with the initial condition
Uo(xl):uo('xl)? i:1727"'7NX_15
and boundary condition for i = —%, —% +1,...,0,andn =0,1,...,N; — 1
U xi) = @i tas). U (ay,) = 9 (s,

where the £ @XM G+l (x;) and G2 (x;) defined as in (29)-(33).
The discrete solution U" ! (x;) can be decomposed into regular and singular component as

U () = Vi ) + W (),
where the regular component yntl (x;) is further decomposed into

Vit ), 0<i<%—1,
Vi), B+ 1<i <N,

Vit () = {

@ Springer
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Numerical solution of a time dependent singularly perturbed delay differential equation 1339

where, fori = 1,2,...%—1,

e MVt ) = G oo,

Vit = o0, Ve ) =vtan),
fori = %+1,...,Nx,

£ MV () = G5 o),

ity p=vah. Haw) =u @),
and singular component W"*+!(x;) is further decomposed into
Wittea), 0<i<B -1,

7 —

- 41
Wit ), B 4+1<i <N, @b

Wit () = {

fori =1,2,... % 1,

e MWt @) =0,

”1 I(XO)—wl 1(0)’
fOIi—_N +1 N
2 ’ ’ X

£ MWt (i) =0,

Wit ey, = with @),
and

7n+1 Tn+1 _ yn+l n+1
V1 (x%_l)—i_wl (x%—l)_ V2 (x%x.H)"‘Wz (XNTX+1)7

DTV (e ) + DTWH (o) = DTV (e, ) + DYWSH (o).
3 7 3 3
Lemma 4.1 Ifthe smooth component V1 (x;) be the solution of problem (34)—(38) and v+ (x;) be the solution
of semi-discrete scheme (13)—(18), then

ey M ) — v ) < N =Y n=1,2,0 0 N, — 1
1N ) — v e < ONJYL =@l n=1,2,00 N -
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1340 P. P. Chakravarthy, M. Shivhare

Proof Fori =1,2,..., % — 1, using Lemma 2.8 and h; < CN;l,

d? '
<D+D— dxz) n+ (xl)

d3vn+l(xl_)
dx3

eV N P ) = o )| = Co

< CeAt(h;

<CN_!

Similarly, fori = % +1,..., Ny, using Lemma 2.8 and h; < CNx’l,

M ) — u )| = Cea

2
(D+D_ _ %) n+l(x[) + At (Vi’l-‘rl(x ) I‘l-‘rl (.X[ _ l))‘

d3 n+lg,.. »
< CeAt(h vd—;x’) + At (v:+1(x,~) o — 1))
x
<CN; !,
|1~/*”+1 (x;) — v" Ty — DI <CNS 2 (as the linear interpolation is second order accurate). O

Now W{’ +(x;) and W;H (x;) further decompose as follows
Wit ) = Wi o) + WR ) and WO () = W o) + WRR! () (42)

where Wl'"JLrl, WI’"JI;], W;‘f, Wz”}l are defined by
eyt =0, fori=1.2,..., 5 -1
WP L0 =0, Wit o) = wi 0. Wi o) = wii (),
Nt =0, fori = % + 1, Ny,
WY, (x) =0, Wﬂl(x%) =wy (), Wi G, = wit @),
eyl =0, fori=1,2,..., % —1,

WP R@) =0, WiEl@o) = wi ©). Wil =wiZ ),

7 N
Eévx,N,W;JIrel =0, fori= 7’“ +1,..., Ny,
WS,R()C) =0, W;"El (x%) = wn-i-l(l) W;—IEI (xNx) — wn+1(2)

Lemma 4.2 The error of the singular component satisfies

N
e N W o) — wi )l < O fori=0.1... = —1 n=12_.N-L
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Proof The local truncation error of the singular component, as h; 41 > h; for x; € [0, xn, 1]
8

3. n+1
Wy L
dx3

3, n+1

d wyy
dx3

_ Kk 4 K
< CN, exp ——Xit1 |exp |, /——xi
eT e
_1 K 4 K
< CN_ exp ——(x; +h;) )exp ——X;
eT e
_ K 4 K 4
<CN_ exp|—,/—xi|——+1]) )exp ——h;
& T eT

< CNx_l, provided T > 4

eV WP ) — wi )| < Clhigr + hide

< Chjti&

by using the derivative bounds from lemma 2.8 and the bound of 4; in (25).
Following above approach, for x; € [x3ny |, Xn; _, | similar estimates can be obtained.
8 2

On the other hand, for x; € [xn, ,, X35, 41 ], the local truncation error of the left layer boundary, we have
8 8

-1

‘,QN N, (Wn+1(x,) — w"“(x,))‘ < Ce <D+D_ _ d_z) w’”Ll

dx2
but,
d2wn+1
DD W ()l <€ max LL
xelxirxin) | dx?
Hence
2. n+l
L < Ce_lexp —Ex-
dx? |~ ¢ ')

-1

~ K _
i (Wit o - wi o) = Cexp( /—;xNSx_1> <CN7

Here we used lemma 2.8, (23) and t value from the last result. |

for all x; > xn,
8

Similarly, one can obtain bounds for
Ny

e (Wi o —wi @) | < oNF! fori =120, S -1,

Consider a point at (xu, , t,), let hx, = h* = h&+1, as (D~ — DU (x;) = 0 so the error estimates, we
2 2 2
have

(DT = D)Y@ () = (e )| = ‘<(<D+ - i) - <D— - i)) " ()
3 3 dx dx 2

d d
< |((0F = Ju ™ Gy | + | (D7 = o= ) )
dx dx 3
h%Jrl d2 n+1(g) hNX dzun_H(g)
2 ge(zll,Z) dx? 2 ge((),xl) dx?
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A2 (x
< h*  max —()
x€(0,1)U(1,2) dx?
*
<C—.
- ¢
Define a set of discrete barrier function given by, fori =0, 1,2, ..., Ny,

kli[1 (1 " \/ghk) . _ Ny

i (43)

Ny—1 <
(+5m)
k=i & Nx .
., —=— <1 =Ny
Ne—1 P 2
()
k= &
2
‘We can observe that
ot =0, 0} =1, W} =0 (44)
2
and
0<o' <1, for0<i<N,. (45)
N
Fori = 1,2,...,—x,
2
+1 +1
Dot — Wi — o) — [ (46)
4 hi+l e ! ’
cl){l+1 _ w(l—i—l 1
D—w:l-l-l _ i - i—1 — \/g — CI);H_I, (47)
)
e
+ _ - r}+1
prp-aptt = 22T DO 26 48)
' hi + hii e !
N.
Similarly, for i = 7)‘ ...y Ny,
w(erl _ w(t+1 1
D+a)f+1 — ’h—l_l — _\/g—Kw?+l, 49)
’ <1 + —hiH)
D oMt =L [t (50)
4 hi+1 e ! ’
—,,n+1
DD ! = 2D — DTjwy < 2—'(0)’?“. (51)
' hi + hi1 Toe !
In particular, at i = % using (44), (47) and (49),
C

(DT =Dt < ——.
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Considering,
VoMt — _eArDT DT @ (x0T (53)
> (—2k At + a(x,- ) ot (54)
Similarly, we get
N = —e AtDY DT () + @)oo T+ B () At (55)
> (=2 At + @) of T+ B () At T (56)

Following above approach, we can also prove the bounds given below

) N
e (Wt o) — i o )| = oNg fori =2+ 1 Moo= 12 Ny = L.

; N
e (Wy! ) — wi @) | < ONF! fori =S4 L Ne =12 N — 1.

Lemma 4.3 Let u" ' (x;) be the solution of problem (13)~(18) and Ut (x;) be the solution of problem (34)—
(38), then for 0 <i < Ny,

" () — U ()| < CN!
Proof Consider two mesh functions given by
(rH =N+ Cz\/éh*w;”’l Lt 0<i <N
where C; and C; are constants independent of perturbation parameter and mesh parameters, then
ey N eE ! = craon Ny + C2\/§h*£?]"N’w?+l + gt
using (54), we obtain
ey N erEy > caey) N+ Cz\/gh* (—2c At + @) of T £ CNTL
Similarly,

—~ _ K
e NorEymt = clay) Ny + cz\/gh*sg’*%;’“ £ ey Nt

1

using (56), we obtain

~ _ K —~ _
2N rE L > C @) + AB)INT! + Cz\/gh* (—2k A1 +@(x) o T+ B At T (x;) £ CN

Further

Ch* Ch*
(DT — D~ mri < -0y ,
&

<0, for a suitable choice of C».

We have (Ti)’”rl > 0 and (TﬂE )"*1 > 0. Therefore using Lemma 3.1, it follows that (Ti)”“ > 0 for
0 <i < Ny, we obtain the requlred result. O

Corollary 4.4 If we take N© < CAt with 0 < k < 1 then we have

" () — U ()| < CANTIT i =1,2,..., N,
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Theorem 4.5 Let u(x, t) be the exact solution of (1)—(4) and U™ (x;) be the approximate solution of the fully dis-
crete scheme (29)—(33) at the n'" —time level. Assume that N 7 < CAtwith0 < k < 1. Then the corresponding
error is given by

e (x;, 2,) — U”(xi)” <C (At + NX—1+K> )

Proof Let the error at the time level 7, by x/' = u(x;, t,) — U"(x;). Splitting the error ;" and using the triangle
inequality, we have

= s 1) — " Gl + " () = T el + 107 () = U™ ).
Using Lemma 2.6 and Corollary 4.4, we have
11 = CAr (At + N7H) + 10" (i) = U™ Gl
Using Lemma 3.2 and stability estimates of the fully discretize scheme, we obtain
10" (i) = U Gl < Ml (i ta—1) = UG-

From above equations, we obtain
- -1
Il < CAr (A NTF) 4 gL

which proves the required result. O

5 Numerical experiments

Two test problems whose solutions exhibit interior and boundary layers are encountered to verify the theoretical
results estimated in the previous section.

Example 5.1 In this problem, we take o(x) = 3, f(x) = —1, g(x,1) = 1, up(x) = 0, ¢(x,¢) = 0, and
D(r) =0.

Example 5.2 In this problem, we take a(x) = x + 6, B(x) = —(x241), gx,t) =3, up(x) =0, p(x,t) =0,
and v (1) = 0.

Since the analytical/exact solution of considered problems are not available, for a fixed ¢ the absolute maximum
pointwise error of the proposed method is calculated using the double mesh principle. Let DV A7 = AN« 5 AN
be the discretized domain, by bisecting the original mesh ©™x+A7 in x and ¢ direction gives DN A1/2 If U (x;, t,)
and U (x;, ;) are the approximate solutions on the mesh DVx-A" and ®*Vx:A1/2_ respectively. Then for each &

. . . Ny, At . :
the maximum point-wise error E, "~ over all time levels is calculated as

Ny, At =
E;™ = max |U(xi, ty) — U(xai, 1p)]
1<i,n<Ny,N;

and the corresponding order of convergence Rév +A1 s calculated as
Ny, At
E X
Ny, At _ €
R =logy <E2NX,A1/2) :
&

The maximum-pointwise errors and corresponding order of convergence of Example’s 5.1 and 5.2 is presented
in Table 1-2 for different values of N,, N; as ¢ — 0. Comparison of present method is shown in Table 3
with method present in [15]. From the table we can observe that the maximum-pointwise error decreases as Ny
increases. Numerical solution of proposed method are shown to be parameter uniform convergence of first order.
Furthermore, Figure 1-2 represent the surface plot for N = 64, Ar = 1/64 of Example’s 5.1 and 5.2 respectively,
from the graph it can be observed that there is a weak layer at x = 1 due to presence of large delay at x = 1 and
boundary layer at x = 0 and x = 2. Figure’s 3—4 represent the numerical solution of of Example’s 5.1 and 5.2
for different value of ¢ and N, = 64 at time level N, = 64.
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Table 1 E; +A and R, AL of Example 5.1 for different values of ¢

N, = 16 Ny =32 N, =64 N, = 128 N, = 256
At =1/16 At =1/32 At =1/64 At =1/128 At =1/256
EMA 7.8263¢-03 3.6485¢-03 1.6365¢-03 8.0081e-04 3.9883¢-04
RN 1.1010 1.1567 1.0311 1.0057
EMA, 6.8457e-03 3.4772e-03 1.6491e-03 8.0353¢-04 3.9957e-04
RM™ 2, 0.97727 1.0762 1.0373 1.0079
EMA, 6.0211e-03 3.4767e-03 1.6509¢-03 8.0400e-04 3.9960e-04
RM™5, 0.79231 1.0745 1.0380 1.0087
EM™2, 5.6725¢-03 3.4730e-03 1.6509¢-03 8.0401e-04 3.9960e-04
R, 0.70779 1.0729 1.0380 1.0087
EM2 5.6042e-03 3.4710e-03 1.6509¢-03 8.0401e-04 3.9960e-04
R 0.69116 1.0721 1.0380 1.0087
EM2 5.6040e-03 3.4699¢-03 1.6509¢-03 8.0401e-04 3.9960e-04
RZ";ﬁ{S 0.69155 1.0716 1.0380 1.0087
EMA, 5.6040e-03 3.4694e-03 1.6509e-03 8.0401e-04 3.9960e-04
szgﬁéo 0.69177 1.0714 1.0380 1.0087
Table 2 Eév AL and Rév i Example 5.2 for different values of ¢
N, =16 N, =32 N, =64 N, = 128 Ny = 256
At =1/16 At =1/32 At = 1/64 At =1/128 At =1/256
EM2 2.2569¢-02 1.0986e-02 5.3067¢-03 2.6077e-03 1.2978e-03
R 1.0386 1.0498 1.0250 1.0067
E™2 2.0297e-02 1.1074e-02 5.3781e-03 2.6405¢-03 1.3100e-03
R, 0.87408 1.0420 1.0263 1.0113
E™2, 1.8675¢-02 1.1095¢-02 5.3939¢-03 2.6493¢-03 1.3147e-03
R?’;'ﬁfz 0.75130 1.0405 1.0257 1.0108
EM2, 1.7829¢-02 1.1105e-02 5.4013e-03 2.6531e-03 1.3170e-03
RZV;vzég 0.68301 1.0398 1.0256 1.0104
EM 1.7402¢-02 1.1110e-02 5.4053e-03 2.6550e-03 1.3182e-03
R 0.64733 1.0394 1.0256 1.0102
EM 2 1.7187e-02 1.1113e-02 5.4073e-03 2.6560e-03 1.3187e-03
RM™ 2 0.62909 1.0393 1.0257 1.0101
EM™2, 1.7079¢-02 1.1114e-02 5.4083e-03 2.6565¢-03 1.3190e-03
RM™5 0.61986 1.0392 1.0256 1.0101
Table 3 Comparison of ENeA of Example 5.1 for e =270, Ar = N%
Method in [15] Present Method
Nx ENX,AZ NX ENX,AI
18 1.12E-02 16 5.6040e-03
36 6.98E-03 32 3.4689¢-03
72 2.96E-03 64 1.6509¢-03
144 1.14E-03 128 8.0401e-04
288 3.89E-04 256 3.9960e-04
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X—axis

N, =64

t-axis
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Fig. 2 Surface plot of Example 5.2 for ¢ = 2720 and N,
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Fig. 3 Numerical solution of Example 5.1for ¢ = 2720 at time level Ny =64 N, =64
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0.1

0> L L
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Fig. 4 Numerical solution of Example 5.2 for ¢ = 2720 at time level N; = 64 N, = 64

6 Conclusions

1.5

In this article, we proposed a parameter uniform numerical method comprise of backward Euler method in
t—direction and central difference scheme on exponentially graded mesh in x — direction for singularly perturbed
parabolic delay differential equation exhibiting boundary layers at x = 0, x = 2 and an interior layer at x = 1.
The method is shown to first order of convergence in x and ¢ directions and theoretical estimates were verified
by considering two test examples numerically. The proposed method has better accuracy as compared to the

previous existing results.
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