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Abstract The objective of this work is to provide an efficient numerical scheme for solving singularly perturbed
parabolic convection-diffusion problems with a large time lag having Robin-type boundary conditions. The
implicit Euler scheme is used in the temporal direction on a uniform mesh. To handle the layer behavior caused
due to the presence of perturbation parameter, the problem is solved using the upwind scheme on two layer-
resolving meshes in the spatial direction. As the Shishkin mesh makes the order of convergence to one up to a
logarithmic factor, in the spatial direction, the presence of this effect is prevented by the use of the Bakhvalov-
Shishkin mesh. Further, the robustness of the scheme is tested over semi-linear time-lagged initial boundary value
problems. Numerical outputs are presented in the form of tables and graphs to prove the parameter-uniform nature
and robustness of the proposed scheme.

Keywords Singular perturbation - Convection-diffusion problem - Time lag - Robin-type boundary condition -
Semi-linear parabolic problem

Mathematics Subject Classification  65MO06 - 65M12 - 35K20 - 35K58

1 Introduction

Singularly perturbed problems (SPPs) are the major tools for describing various types of problems in many
branches of applied mathematics. The peculiar character of these type of problems is an arbitrarily small parameter
multiplied to the highest-order derivative term. The presence of this parameter makes the solution vary rapidly in
some parts of the domain. This unique feature makes the treatment of these problems quite challenging. In a quest
to address this challenge, numerous amount of numerical experiments is conducted which provide parameter
uniform solutions for these problems. One can refer [6,7,11,17,21,25,26] and the references therein, which
provide the solutions of SPPs for both ordinary and partial differential equations.

The topic of time delay/lag is rather an old topic of research dating back to the works of Euler-
Bernoulli in XVIII century. The time lag is not just a mathematical exercise but is deeply rooted in
many natural and man-made systems such as biology, process industries, and mechatronic motions. The
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lag can capture a wide variety of possible gestures of a simple system. In engineering, time lag usu-
ally describes the propagation phenomenon, energy or material transfer in inter-command systems, and
data transmission in communication systems [13,29]. Usually, these lags are the major reasons for induc-
ing oscillations, poor control performance, and instability. In biology, it can represent a bunch of bio-
logical occurrences, accounting for only the time required by them to complete. It sometimes can be
related to the duration of the certain hidden process like stages of the life cycle, the time between the
infection of a cell and the production of new viruses, the gestation period, the incubation period, the
duration of the infectious period, the time required by the immune system to respond to any treatment,
or can simply be the delays that happen due to the transport [2,24]. Any system certainly can con-
tain a time lag if it has a feedback control or if it requires prior information about itself to act further.
In easier words, the evolution of a system at a particular time depends on past history/memory. If the
delay would be small enough then some analytical approximations could work [26]. But, as the time-lag
in SPPDDEs are large (i.e., of o(1)), they require more mathematical maturity than their without-delay
counter parts.

The major motivation behind this work is to construct, analyze and apply a robust and efficient &-
uniform numerical algorthim for a special class of parameter (both perturbation and time delay) depen-
dent differential equation, as its solution is highly impacted by some minute changes in the parameters.
Several numerical experiments are conducted in this regard. In [9] and [10], Gowrisankar and Natesan
have used the implicit Euler scheme in time on a uniform mesh and the upwind scheme in spatial direc-
tion upon the non-uniform mesh constructed via the equidistribution of a monitor function, for singu-
larly perturbed parabolic delayed differential equations (SPPDDEs) of reaction-diffusion and convection-
diffusion types, respectively. Das and Natesan [4] used the hybrid scheme on the piecewise uniform
Shishkin mesh (S-mesh) for spatial direction and the implicit Euler scheme on a uniform mesh for the
temporal direction, Govindrao et.al. [8] used the Richardson extrapolation technique to solve the sim-
ilar problem in reaction-diffusion case. The use of a finite difference scheme and the adaptive grid
is investigated by Kaushik and Sharma [12], and Podila and Kumar [20] used the NSFD scheme for
the same. For problems with a time lag and two small parameters, Govindrao et.al. [6] proposed the
implicit Euler scheme on a uniform mesh and the upwind scheme on S-mesh for the temporal and spa-
tial direction, respectively. Kumar and Kumar [14] used the monotone hybrid finite difference scheme
and Sahu and Mohapatra [25] experimented with a similar scheme as in [4]. Recently in [22], the
authors have used the Richardson extrapolation technique to give more accurate results for a similar class
of problems. For semilinear SPPDEs having time lag, Priyadarshana et.al, in [21] and [23] have used
the Crank-Nicholson scheme for temporal direction along with the upwind scheme and the Monotone
hybrid scheme in spatial direction, respctively, after resolving the semilinearity with the quasilinearization
process.

In literature, the convection-diffusion SPPs in ordinary differential equations with Robin boundary con-
dition are explored by a few of the researchers [3,17]. Again, all the time-lagged SPPDEs discussed above
are problems with Dirichlet boundary conditions. As per our knowledge, the only work discussing the time-
lagged SPPDEs with Robin boundary condition is by Selvi and Ramanujam [27]. But, it is worthy enough to
mention that the problem considered in [27] is of reaction-diffusion type. It clearly indicates the gap of numer-
ical discussions for such kind of model problems with a convective term. Hence, the motive of this work is
to provide a robust finite difference scheme for convection-diffusion type SPPDEs with a time lag and Robin
boundary conditions. The scheme involves the use of the implicit Euler scheme in the time direction and the
upwind scheme in the spatial direction on two layer-resolving meshes namely, S-mesh and Bakhvalov-Shishin
mesh (B-S-mesh), which provides a first-order global accurate result. The accuracy of the presented scheme
has again experimented on semi-linear time-lagged convection-diffusion problems having Robin-type boundary
conditions.

The rest of the manuscript is structured as the statement of the problem along with its bounds are discussed in
Section 2. The complete numerical scheme is discussed in Section 3. The convergence of the numerical scheme
is derived in Section 4. Section 5 describes the existence and the approximation to handle a similar kind of
model problem with semi-linearity associated with it. Section 6 provides the numerical outputs followed by the
conclusion in Section 7.

Throughout the manuscript, C > 0 is considered as a generic constant, independent of ¢, mesh points, and

mesh sizes. For any ¢ (s, t) defined on D, the standard supremum norm is defined as ||{||co = sup (s, 7).
(s,H)eD
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2 Statement of the problem

The problem of consideration with the initial-Robin boundary conditions is of the following type:

Lez(s, 1) = (ezss +azs — bz — z/)(s, 1) = —z(s,t = T) + f(s,1), (s,1) €D
z]Td = ®y4(s,1), (s,1) € Yg=[0,1] x [~7,0],

B :2(0,1) = (z —e24)(0, 1) = (1), (s,1) € Y7 =0x(0,T],

B,ez(1,t) = (z 4+ ez)(1, 1) = P, (), (s,1) e Y, =1x(0,T].

ey

Here, D = DU 3D with D = 0,1) x (0,T]and 0D = Y4 U Y; U Y,. T > 0 is the temporal lag. T = it
for i in N. We assume a(s), b(s), f(s, 1), ®y(s, ), ®;(t), P, (¢) are sufficient smooth and bounded functions
that satisfy a(s) > « > 0 and b(s) > B > 0 for (s, t) € D. The temporal and spatial domains are denoted by
D; = [—1, T] and D5 = [0, 1], respectively. The reduced problem (with ¢ tends to zero) exhibits a layer in the
neighbourhood of Y7 i.e., on the left side of the lateral boundary with a width of order O(¢). The considered
problem (1) satisfies the following minimum principle [27].

Lemma 1 Assume that WV (s, t) be a sufficient smooth function such that it satisfies L.V (s,t) <0, (s,t) € D,
W(s,t) > 0 for (s,t)_e Yo, B« ¥(0,1) > 0and B..W(1,t) > 0, where Yo = {(5,0) : s € [0, 1]}. Then,
W(s,t) >0, (s, t) e D.

Proof Assume that W (s, t) attains its minimum value at (s*, t*) i.e.,

W(s*, ") = min W(s, 1) <O.
(s,t) € D
oW ow 92w
Clearly, (s*,t*) ¢ Y. 8—(s*, )y =0, E(s*, t*) = 0 and F(s*, t*) > 0. Then, the following cases can
S S
oV
happen. For Case:1, if (s*, t*) € Y} then, W(s*, t*) — sa—(s*, t*) < 0 and for Case:2, if (s*, *) € Y, then,
S
2

ov - ov
W (s*, ") +sa—(s*, t*) < 0. Again, in Case:3, if (s*,t*) € D, L.V (s*,t*) = ¢ 552 (s*, %) +aa—(s*, ) —
s s s

ow
bW (s*, t*) — o (s*,t*) > 0. In all the above cases, we arrive at a contradiction, which proves the statement. O
Lemma 2 The solution z(s, t) of (1) satisfies,

b k]

J2ts. 0l = Cma {31

Broz| 2], } + o7 Lez] p.
Proof This lemma can be proved by using Lemma 1 and the barrier function
©*(s,) =M £2(s,1), (s,1) €D,

where,

M = max {H B¢z

/|

For the details, one can refer to [5]. The stability and e-uniform bound for the solution of (1) in the maximum
norm follows immediately from the statement. O

Broz| |zl } + e Lozl .

9

For the solution of problem (1), where the lag values of (¢ — ) are bounded away from ¢ by a positive constant,
the existence of the solution of (1) is verified by method of steps. As, the solution is known on Y i.e., z(s,t —T)
is given, so (1) becomes a classical singularly perturbed parabolic problem, which can be solved and treated by
some known existing theories [5, 16]. Again, z(s, t — ) will be known while solving for (s, #) € [0, 1] x [7, 27]
and so on. The existence and uniqueness of the solution z(s, #) of (1) can be proved in a similar approach as in
[27] i.e., by assuming all the datas to be Holder continuous and also satisfy appropriate compatible conditions
at the corner points (0, 0), (1, 0), (0, —7), (1, —7). ®;, ®, € C¥([0, T]), &y € C19(T,) are said to have the
k" -order compatibility conditions if

ok ad, dk ok D, k
otk

d
Oy —e—— [(0,0) = —P;(0) and P —(1,0) = —®,(0).
d =& }( ) P 1(0) an ok | Pt e }( ) PI; r(0)
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Theorem 3 Let coefficients and the source function a,b, f € C(4+V)(5), O;(t), ©,(t) and Dy(s,t) €
COt(D),y € (0, 1). Assuming that the compatibility conditions are satisfied for k = 0, 1, the problem
(1) has a unique solution z € C**t7) (D).

Proof The proof can be followed from [15]. O

2.1 Bounds of the solution and its derivatives

The following theorem provides the bounds on the solution of (1) and its derivatives.

Theorem 4 For 0 < i + j < 4, under sufficient compatibility conditions, the solution of (1) and its partial
derivatives satisfy,

3" z(s, 1) s —

’ -1 — ‘/8

“asiar] - <C(+¢e'e ) for (s,t) € D.

Proof For the proof one can refer Lemma 2.3 - Lemma 2.8 of [16]. O

The classical bounds on z(s, ) and its derivatives are insufficient for the derivation of g-uniform error
estimates, hence z(s, t) needs to be decomposed into its regular (z,(s, t)) and boundary layer components
(zp(s, 1)) as z(s, t) = z,(s,t) + zp(s, t). Again, the regular component has to be decomposed into z,(s, t) =
zro(s, 1) +ez1(s, 1) + szzr,z(s, t), where z,. is the solution of the following inital boundary value problem

la(zr0)s — bzr0 — (2r,0)el(s, 1) = =z 0(s, t = T) + f(s,1), (s,1)eD
Zr,0|Td(s’t)=<Dd(s9t)v (S,t)er (2)
Br,&Zr,O(l, H=o.(), 0<tr<T.

Zr,1 and z,» are the solutions of

la(zr1)s — bzr1 — @ )e](8, 1) = —2p1(5, 8 — T) + (2,0)5s,  (5,7) €D
iy, (5. =0, (s,0) € Yy (3)
Br,sZr,l(lst):Oa 0<t<T,

and

ngr,Z(sa 1) = _Zr,Z(Sa r—1)+ (Zr,l)ss» (s,t) eD
22y, (5. =0, (s,1) € Yy )
Bl,szr,2(07 )=0= Br,SZ}’,Z(lv 1, 0<tr=<T,

respectively. Hence, z, satisfies,

Leze(s,0) = =2 (5,1 =D + f(5,0), (5,) €D
Zr‘rd(s’ 1) =®4(s, 1), (s,1) € Yg

2 5
B ¢z,(0,1) = Z ngl,sZr,i(O, 1, 0<t=T )
i=0
Br,é‘Zr(lvt):(Dr(t)v OEIST
Now, the boundary layer component satisfies,
LSZb(svt):_Zb(Svt_t)’ (S7Z)GD
Zb}’rd = Ov (S, t) € Td (6)

Biezp(s,t) = B1ez(0,1) — B o2,(0,1), 0<t<T
By ezp(1,1) =0, 0<t<T.

The following theorem provides the bounds for the smooth and layer components of z(s, t).
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Theorem 5 Under certain smoothness and compatibility conditions on a(s), b(s) and f (s, t), the smooth and
boundary layer components satisfy the following bounds

i tiz. (s, 1) 2—i o
—a | = C4+e""), fori+j <3,
iz (s, 1) .

) —i —as/e . .
'—Bsiaﬂ <Ce'e ™ fori+2j <4.

Proof Since, both z,0 and z,| are the solutions of (2) and (3) that are independent of ¢, therefore the bounds
can be rightfully obtained as

aH_er,k(sv t)

| <G k=01 @)

Again, z,.7 is the solution of (4), which is in the form of (1), hence it will satisfy the bounds as mentioned in
Theorem 4. So,

3i+er,2(Ss t)
dsiot)
Thus, by the use of (7) and (8), the bounds for the solution of (5) can be obtained as
B O I R SR TC))

0siotd dsiot]
<Co+ Cre + Cre?[1 + e e/%),

< Cr(1+&1e7 /%), for (s,1) € D. (8)

ai+jzr(sa t)
dsiot

aH_er,Z(S’ 1)
dsiot

2

By choosing sufficiently large C, the required bounds can be obtained. Before prooving the bounds for z; (s, ?),
we must show

l2b(s, )] < Ce™°.
Consider the barrier functions as
OF (s, 1) = Ce /%! £ 7(s, 1).
If (s, t) € Yy, then choosing sufficiently large C, the following can be concluded
OF(0,1) — e0F(0,1) = Ce' +2,(0, 1) + Cae’ F £(2)5(0, 1) > 0.

Similarly, for (s,#) € Y, and (s,t) € D, @i(l, t) + 8®§t(1, t) > 0 and LSG)i(s, t) < 0, respectively can
be obtained. ®F (s, 1) satisfies the conditions for Lemma 1 hence, ©®F(s, ) > 0 and z5(s, 1) < Ce /¢! <
Ce /¢ for 0 < t < T. Now, the bounds for the derivatives of z; (s, ) can be obtained by using the approach
as done in [18]. O

3 Numerical scheme

The complete numerical scheme is discussed in this section, comprising the implicit Euler scheme in the time
direction and the upwind scheme in the spatial direction.

3.1 Temporal discretization

With constant step length Az, the time direction is handled using an uniform mesh. Let D; = [—7, 2t = T] be
divided as,

Df"" ={tw=mAt,m=0,1,... M, ty, =7, At =71/M},
DM = {1, =mAt,m=0,1,..., My, ty, = T, At = T/M>}.

Let, M = (M| + M3), M| and M> are the number of mesh intervals in [—t, T'], [—7, 0] and [0, T'], respectively.
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1394 S. Priyadarshana,J. Mohapatra

3.2 Spatial discretization

With o > 0 as the transition parameter, let N > 4 be an even integer considered as the total number of mesh
intervals in space. With o9 > 2/«, o is defined as:

1
© = min <5, o0o0éIn N).

Due to the presence of ¢, a layer of O(e) appears near s = 0. Dy is split into two equal sub-domains namely,
[0, 0] and [0, 1]. D with so = 0, sy/» = 0 and sy = 1 is

Dy ={s0=0,51,5,....5N2=0,....5n = 1}.

Let 5]“ = [0, o] x [0, T],@R =lo, 11 x [0, T], hy, = s, — sp—1 and f, is denoted as: i1,, = h,, + hy+1.. S-mesh
is denoted as:
2 N
n=2, ifn=1,2,..., >,

_|'N
Sn = 2(1 - o) . N
o+ = =N/2), ifn=—41.. N-1L

The B-S-mesh is:
. N
—o00¢In [1 — <2(1 — 1/N)(n/N))}, ifn=1,2,..., >

2(1 - N
o+ (NQ)(}’!—N/Z), ifn:E—}—l,...,N—l'

Sp =

3.3 Fully discretized scheme

With N number of mesh intervals in spatial direction and At as the uniform mesh width in temporal direction,
let DV-A! is the fully discrete version of D. The similar argument works for LéV*A’,BlNg‘At,BngAt, and TZZV’A’.

The discrete form of (1) on DV-A1 is

LN,Atzm+l ~
& n -
(82 + apdt — b+l — o))zt = —zy Mg g,
ZmH=M _ ®4(sn, tmr1—m,) for m=My,...,M and n=0,...,N —1, 9
B Z (0, twi1) = Z(0, tmy1) — €85 Z(0, timy1) = Pr(tms1),
BroZ(L, tyy1) = Z(L, tyy1) + €87 Z(1, tyy1) = @r(tmpr), Vs, 1) € DVAL

where,
m+1 _ Zm+1
5gzr}ln+l — i((gjz;r&l _ S;Z,TJFI), S;FZ,TJFI — Zntl Zn
hn hn+l
Zm+1 _ Zm+1 Zm+l _gm
syzmtl =" Tl and szptl="n T
hy, At

After rearranging the terms, we have

Ay ZH + Az AFZIE = gt (s, tgr) € DV,

Z0M = Dy sy tms1-my), 0<n <N, m=M,....M,

B Z(0, tyy1) = Z(0, tyy1) — €85 Z(0, ty11) = P(tmy1).

Br,ez(ly tm+1) = Z(17 tm+1) + 88;2(1, tm+1) = Qr(tm+1) m = Mla LR M.
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The coefficients are given by,

2 2¢e 1
ap =B - ~ 2 by——,
hrzzhn+1 hn+l hnl’ér’ln+] hn+1 At
&
A= — , m+l _ _“n Zm+1*M| m+1
" i &n AL i
+ & . & _ &
forn=12,....,(N—1andm = My, (M; +1),.... M. Ay = ——, AB =1+ — Ay =——and
hy hi hy

Ay =1+ hi The coefficient matrix of the discrete problem in (9) along with the discrete boundary conditions

will create anN(N +1) x (N +1) system of linear equations with (N + 1) number of unknowns i.e., Zg, Z1, ..., Zn.
The tridiagonal matrix obtained for each time level can thus be proved to be an M-matrix. This demonstrates that
the discrete scheme applied is stable and oscillation free. The solution of (9) will satisfy the discrete minimum
principle which is analogous to Lemma 1 satisfied by the solution of (1). The following lemma will provide the
e- uniform stability for the discrete operator LY-A7.

Lemma 6 Assume that Z(sy, t,,+1) be a sufficient smooth function such that it satisfies

—N,At
Lév’AtZ(Sn, tm+1) =0, for (su,tm+1) €D s
N, At
Z(sn, thrl) > O,for(s,,, thrl) € T() B
N, At
B Z(s0, tm1) = 0,

B}},Vs’AtZ(SN,lmH) >0, where Tév’m ={(s,,0):n=0,1,..., N}

Then, Z(sy, Im+1) > 0, (S, tm+1) € 'Z_)N’At'
Lemma 7 Solution Z(s,, tym+1) of the discrete problem (9) satisfies the following bounds

I

HZ(Sn» tm+l)HT§V,At} + Ol_l |‘L5'Atz(sn, tm+1) ”DN,Az-

| Zsns tms) | var < € maxc{|| B Z(so, i)

N, At
B, Z(sn, tmt1)

3

Proof Analogous to Lemma 2 for the continuous problem, this lemma can be proved by using Lemma 6 and the
appropriate barrier function. O

4 Convergence of the numerical scheme

This section explains the order of convergence of the proposed numerical scheme. The analysis will be divided
into two steps for two different time levels. Let [0, 1] x [0, ] = Dj and [0, 1] x [z, 2t] = D;. Before the proof
of converegnce in the entire domain, the following results are needed.

Lemma8 For n = 0,1,...,N and for fixed time at (m + 1)'" level, define a mesh function as,

n h -1
Y (sps tmr1) = Yt = T |:1 + aTk] with x[fé"“ = 1. Then, forn = 1,..., N, we have LY-Mym+1 >
1

k=
¢ m—+1

maX{S, hn-i—l} "

n he ]!
Lemma9 Forn=1,...,N — 1 we have, exp ( — as,/¢) < [] [1 + a—k:| .
k=1 &

ahy, -1 L ohy -1 n
Proof Forany n, [1+—j| > exp (—ahy/¢).So, ] [H——} > [1 exp (—ahi/e) = exp (—asq/e).
€ k=1 € k=1
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Theorem 10 Let z(s, t) and Z(sy, tm+1) be respectively the solutions of continuous problem (1) and the fully
discrete problem (9) in D1, satisfying the compatibility conditions at the corners. Then, the following error bound

_ ‘ —N.At
is obtained for (sy, tyt+1) € D,

< C(N_1 In N + At), on S-mesh and

max |Z(sp, tm+1) — 2(Sn, tm—H)
(Snstm-H)
(max Z(Sns tms1) — 2(Sns tmi1)| < C(N"V 4 A1), on B-S-mesh.
Snstm41

Proof While finding the error bound for Dy, the term Z (s, ¢ — 7) in the problem will have the values from the
domain [0, 1] x [—7, 0], which is the given initial condition and hence is independent of ¢. So, the error bounds
for the domain D; can be done in a similar approach as for any usual SPPDE with Robin boundary conditions
[5]. O

Theorem 11 Let z(s, t) and Z(sy, ty+1) be respectively the solutions of continuous problem (1) and the fully
discrete problem (9) in D», satisfying the compatibility conditions at the corners. Then, for (s, ty+1) € ’l_)év ’At,

the corresponding error bounds on S-mesh and B-S-mesh are obtained as

(A% Z (s 1) = 20 b 1) | < C(N"'InN + Ap),
Snslm+1
and
N AT R C b = C(N' 4 Ar).
Snslm+1

Proof On D, the following time-lagged SPPDE with Robin boundary condition is considered.

Lez(s, 1) = (625 +azs — bz —2)(s,1) = —2(s,1 = D) + f(s,1), (s.0) € Dy

zlr, = zals, 1), (s,1) € D1 =10, 1] x [0, ], (10)
B1:z(0,1) = (z —ez4)(0,8) = y(t), T <t<2t

Brez(l, 1) = (z +ez,)(1,1) = @,(1), ©=1=21,

where, z4(s, 1) is the solution obtained in Dj. The solution of (10) is split into its regular and boundary layer
components as z(s, 1) = z,(s, 1)+ z5 (s, t). Since, 2_)2 C D, the estimates of Theorem 5 can also be used for both
z, and zp. Again, the smooth component will be decomposed into z, (s, 1) = z,.0(s, 1) +€z-1(s, 1) + 82z,,2(s, 1),
where z, o is the solution of the following problem

[a(z,0)s = bzro = (2r0)i)(s,1) = =2,0(5, 1 = T) + f(5,1), (s,0) € Dy
zr0(s, 1) = za(s, 1), (s,1) € Dy an
Brczr0(1, 1) = @.(2), T <t <21

Zr.1 and z,. 2 are the solutions of

la(zr,)s = bzrt — (2r1)i)(s, 1) = —zr1 (5,1 — T) + (21.0)ss, (5,0) € D»
zr1(5,8) =0, (s,1) € Dy (12)
Br,szr,l(l, HN=0 7v=<t=<2rt,

and
Lezro(s,t) = —zp2(s,t — T) + (21)ss,  (5,1) € D2

2205, ) =0, (s,1) €D (13)
B :7,2(0,1) =0= B, .z,2(1,1), © <1t <21,
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respectively. Hence, the smooth components satisfy,

Lez(s,0) = =2, (s, 1 =) + f(s,1), (s,1) € Dy
zr(s, 1) =za(s, 1), (s,1) € Dy

2 (14)
Bl,ezr(o’ 1) = Z SlBl,szr,i(Ov 1), Br,sZr(S, H=®o.(), v=t=<2t
i=0
Now, the boundary layer components satisfy,
Lezp(s, 1) = —zp(s,1 = 7), (s,1) € D2
(s, 1) =0, (s.1) €D
b(s, 1) (s, 1) 1 (15)
Biezp(s, 1) = B .2(0,1) — By £z,(0, 1),
Brezp(s,t) = Brez(l, 1) — Breze(1,1), 7 <1t <2t.
The fully discrete form of (10) in (s, t,,+1) € ’Dév “Af can be written as
LN-Mzmtl = (o082 4 q,8% — b, — 8;7)ZmH = —zmTITM g gt
Zyt M = Zy(sn tmsrmy). 0= <N, m=(My+ (Ma/2)), ..., M,
(16)

BN Z(0, tyi1) = Z(O, tyy1) — 887 Z(0, tyg1), m = (My + (Ma/2)),.... M,
BYMZ( tyst) = Z(L tygt) + €87 Z(L twgt), m = (My + (M2/2)), ... M

Again, the solution of (16) can be decomposed into the regular and boundary layer components as Z (s, ty+1) =
Zr(Snys tmt1) + Zp(Sns tmg1), where Z,(sp, ty+1) and Zp(sy, t,,41) are the solutions of following discrete prob-
lems

LMz = =zl P L G tnen) € DY
Zm M = 7 (Sptmgrom). 0<n <N, m= M+ (Ma/2))..... M, "
BN Z0(0, 1) = lg 0y tmst)y M= (M1 + (M2/2)), ..., M,
BN Z (1 b)) = BN 2 (L by, m= (M) + (M2/2)), ..., M
and
LN Ath+1 _ZM—H Ml’ (Sns tms1) € DQ/’A’
Zpt M =0, 0<n<N, m=M +M/2)..... M, .
BN Zy (0, tug1) = @1(tma) — BN Zp 0 tws). m= (My + (Ma/2)), ..., M,
BYN Zy (1 twgt) = @ (ts)) — B N“z (A tys1) m = (My+ (Ma/2))..... M

zq(s, t) and Z;(sy, ty+1) are the solutions of (1) and (9) in D; and D{V Al , respectively. At any node (s, t+1),
the error can be written as

(Z — 2)(sus tng1) = (Zy — 20) Sus tng1) + (Zp — 26) (Sps tmt1)

which implies

(Z = 2)(ns tny1)| < Im+1)

+ ‘(Zb — 25) (Sns tmg1) |-

Hence, the errors have to be estimated separately for Z, and Zp.
Error in smooth component:
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For the left-end boundary conditions, the following can be obtained
N, A N, A N
Bl,s’ t(Zr = 27) (50, tm+1) = Bl,s’ tZr(SOa Im+1) — Bl,g’AtZr (505 tim+1)

= |:Zr(SOv Im+1) — €(z2)s(s0, tm—H)] - |:Zr (50, tm+1) — Sﬁ;rzr(S(), tm+l)i|

n 0
= ¢l — a]Zr(Sm Im+1)
Hence,

BN,At

le (Zr = 21)(805 1) | < Ce(s1 — 50)(2r) 55 (505 Tmt1)-

Using the bounds on regular components from Theorem 5 and the fact e < CN~!, we have

Bl[YéAt(Zr — 200, tms1)| SCNTY, My+1<m <M. (19)

Similarly, for the right-end boundary, one can get

BYAMN(Zr = 2) (N tme)| SCNTY Mi+1<m < M. (20)

Now, for | <n < N — 1, using Theorem 10, (14) and (17),

LYM(Zr = 20)(Sns tmt1)
= 2, (S, tm+lfM|) — Z(sn, tm+]7M|) + (Le — LéV'At)Zr(Snv tm+l)a

N,A
= 24(Sn, tm+1—M1) — Z4(sn, tm+1—M1) + (L — Lg t)Zr(Sns tm+1)

=C(N""+ A1)+ | 8—2—32 +a(s,) R W (e 2 (Sns It 1)
952 'S W\os % gr ot )| imd

Hence,
N.At -1 € 8%z
L (Zr —zr)(Sns tmt1)| S C(NT° + Ar) + g(sn—i-l — Sn—1) ﬁ N
DZ
o 82zr At Bzzr
+—=(Snt1 — Sn) || —=- — ==
2 ( n+1 n) 8S2 52\/»/\? 2 atz 5;\,,1\)‘

Choosing sufficient large C and by the use of Lemma 1 and Theorem 5, the required bounds can be obtained as

—N,At

Zr(Sns tmt1) — 2 Sns tms )| < C(NTV 4 A, V(sn, tms1) € Dy 21)

Error in layer component:

As the error estimate for the layer component depends upon the transition parameter o, so the proof of this
section is divided into two cases according to the choice of .

Case:1 If o = 1/2, then the mesh formed inside the layer region will be uniform in nature and el <ChnN.
Using Theorem 10, 5,41 — sp—1 = 2N s, — 5,1 = N7, we have

N, At N, At N,At
B, (Zy — 2p) (S0, tmy1) = By [ Zp(s0, tmy1) — By [ 2 (50, tm1)

= [Zb(So, Im+1) — €(2p)s (50, tm+1)] - |:Zb(50» tmt1) — &8 Zp (50, tm+l)i|

)
= &[5 — 55130080, Im41).- (22)
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Hence,

N,A
BN A

M (Zp = 2)(50, 1) | < Celst — 50)(25)ss (50, 1) < CN”'In N.

Similarly, for the right end boundary, one can derive

BNANZy — 2p) sy tmr1)| < CN“'InA.

Again, using the initial conditions in D, from (18) and the bounds in Theorem 10;

LYA(Zy — 25) (Sns tmg1)
= 25 (s tmt1—¢y) — Zb(Sns tm1—ay) + (Le — LY )25 (50 ting 1),
= (Le — LYz (s, tmt1)

32 9 9
_ Hm - 33) +a(sn><a - aj) - (5 - a;)}zb(sn, bt 1) 23)

Hence,
& 33z, o 82z,
‘Lév’m(zh = 2b)(Sn> tnt1)| < g(SnJrl — Sn—1) T53 |l + E(Sn—H — Sn) T5Z || <.
DZ DZ
At 822}; 1
— | —= <C(N 'InN + Ar).
2 N, —
2| 9= fipha

Case:2 If o = ppe In N, for the two boundaries it is easy to derive

BM(Zy — 2)(s0. tms1)| < CN~'In N

and

Brl,véAt(Zb — 2p) (SNt 1) < CN ' N,

Now, the proof for the smooth and the coarse mesh will be done separately. If (s, #,,+1) € (0, 1] X [7, 27], using
triangle inequality,

<\ ZpGns tu )| + |26 (Sns tng1)

‘(Zb = 26) (Sns Imt1)

From the bounds of the coarse components in Theorem 5, the following can be achieved for n =
1,...,N,

| =
| =

—asp —ao 1
WS, tmy1)| < Ce e <Ce @ <CN .

In a similar fashion, | Zy (s, ty+1)| < CN ~! can also be obtained (using Lemma 9). Therefore for all (s, , #,,41) €

(o0, 1] x [7, 27], we have

<C(N~'+ Ap).

‘(Zb —26)(Sn, tmg1)

If (sp, tmt1) € (0, 0) x [7, 27],
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'Lg’At(Zb — Zp)(Sns tms1)

Sn+1 ” Sn+1
< C[Ar+/ lz, (x,tm+1>|dx+/ |zb<x,zm+1)|dx}.

Sn—1 Sn—1

Using the bounds on the singular component, we have

‘Lé“’(zb — Zp)(Sn, tmt1)

< C|:At + 8—le—as,,/s(eah/s _ e—oth/a)i|

< C[At + e lemasn/e sinh(oeh/e):|.

Since, for any 0 < 0 < 2, sinh@ < C0. So, sinh(ah/e) < Cah/e. Now, using Lemma 9, the required bounds
can be found. The similar argument can follow to prove the bounds for B-S-mesh along with the idea followed
by [1]. O

Theorem 12 Let z(s, t) and Z(sy, tm+1) be respectively the solutions of continuous problem (1) and the fully

discrete problem (9), satisfying the compatibility conditions at the corners. Then, the following error bounds are
. . . —=N,A
obtained with S-mesh and B-S-mesh, respectively for (s,, ty+1) € D !

max <C(N"'InN + Ap),

Z(Sns tmg1) — 2(Sps tng1)
(Snstm+1)

max <C(N"'+ Ap).

Z(Sps tms1) — 2(Sns tma1)
(Snatm+1)

Proof The result follows from Theorem 10 and Theorem 11. O

5 Semiilinear singularly perturbed parabolic problem

In this section, the time-lagged semilinear singularly perturbed parabolic problem of the following type is
considered:

LSZ(S’ t) = (SZSS +aZS - bZ - Zt)(sv t) = _Z(S, r— T) + f(S, t1 Z)1 (Sv t) € D
2|y, = Pals, 1), (s,1) € Yg =10,1] x [, 0], 24)
By e2(0,1) = (2 —£2,)(0.1) = (1), (s,1) € 11 =0x (0, T]

B,.z(1,1) = (z+¢ez5)(1,8) = D, (t), (s,t) e, =1x(0,T].

For deducing some major estimates for the solution of (24), following the concept of the upper and lower solutions
(see Definition 3.1 in [19]), we can write

(—Z +eZo+al)iy —b($)Z) (s, 1) = (— 2 + e2gs + als)Zs — b(5)Z) (s, 1).

Here, 7 and Z are denoted as the upper and lower solutions of (24). Now, for any z € (Z, Z), by the use of weaker
assumption f; > 0 in D, problem (24) have a unique solution [15,19].

5.1 Quasilinearization

The quasilinearization process is used to solve (24). The function z(s, ¢) is approximated with a suitable initial
guess i.e., 7@ (s, 1) in f(s, t, z). From the conditions given in (24), we can introduce 7@ (s, 1) = 7 Now for
all k > 0, expansion of f (s, t, z(k+1)) around z® gives,

af

(k+1) ~ (k) (k+1) (k)
t, D) R 1, + — <
fls.tz (s, ) & fls.1,27) [Z ¢ ] az(s,t)

(25)

(5,2,28)
Applying (25) in (24), we get
~ k+1 k+1 k+1
Lez=| — zt( D ez 4a(s)z D — bis)*D — %hs’,,z(m)z(“l)](& r)

a
= (st — )+ f(5,1,20) — Z(k)£|(s,z,z(k))'
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Table 1 Numerical results for Example 1

£ Mesh N/ At
32/35 64/ 128/ 256/ 3¢ 512/515
1073 S-mesh 8.3558¢-1 5.0029-1 2.9266e-1 1.6785¢-1 9.4731e-2
0.7400 0.7735 0.8020 0.8252
B-S-mesh 3.6065e-1 1.7527e-1 8.5608¢-2 4.2181e-2 2.0927e-2
1.0410 1.0337 1.0212 1.0112
1073 S-mesh 8.3465e-1 4.9949-1 2.9215e-1 1.6756e-1 9.4573e-2
0.7407 0.7737 0.8020 0.8251
B-S-mesh 3.6167e-1 1.7545e-1 8.5509¢-2 4.2026e-2 2.0794e-2
1.0436 1.0369 1.0248 1.0151
1077 S-mesh 8.3464e-1 4.9948e-1 2.9215e-1 1.6755e-1 9.4572e-2
0.7407 0.7737 0.8020 0.8251
B-S-mesh 3.6168e-1 1.7545e-1 8.5509¢-2 4.2025¢-2 2.0793e-2
1.0436 1.0369 1.0248 1.0152

Table 2 Numerical results on S-mesh for Example 2

N e=1073 =107
Dt r - Dr

16 3.9169e-1 9.4077e-3 3.9184e-1 9.2666¢e-3
0.6038 0.8728 0.6041 0.8649

32 2.5773e-1 5.1372e-3 2.5778e-1 5.0881e-3
0.6735 0.9210 0.6736 0.9141

64 1.6159¢-1 2.7130e-3 1.6160e-1 2.7001e-3
0.7332 0.9477 0.7333 0.9427

128 9.7200e-2 1.4065¢e-3 9.7206e-2 1.4047¢e-3
0.7795 0.9646 0.7795 0.9608

256 5.6625¢e-2 7.2071e-4 5.6628¢e-2 7.2170e-4

Table 3 Numerical results on B-S-mesh for Example 2

N e=1073 e=10"3
Dr Dr - Dr

16 2.4629¢-1 9.5311e-3 2.4675¢e-1 9.2678¢e-3
0.9483 0.8633 0.9472 0.8648

32 1.2763e-1 5.2389¢-3 1.2797e-1 5.0891e-3
0.9831 0.9157 0.9829 0.9140

64 6.4568e-2 2.7770e-3 6.4748e-2 2.7007e-3
0.9971 0.9465 0.9971 0.9426

128 3.2348e-2 1.4409¢-3 3.2439¢-2 1.4051e-3
1.0012 0.9670 1.0015 0.9608

256 1.6161e-2 7.3711e-4 1.6203e-2 7.2191e-4

On further arrangement we have,

12

—2 5 (s, 1) + 25V (5, 1) + a) 28V (5, 1) — B(s, 1)z (s, 1)
= —z8 (st — 1) + F(s,1).

Lez (26)

B(s,1) = b(s) + 5|, wy and F(s,0) = f(s,1,20) — 2018
numerically with a stopping criterion

| (s..200)" Afterwards, each iteration is solved

max | Z5 sy, tw) — Z¥(su, tw)| < TOL.

(5, tm) € D

For computation, the 7 O L is chosen to be 10~. The numerical approximation and the analysis for convergence
of (26) can be done in a similar approach as discussed for (1).
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Table 4 Numerical results for Example 3

B Mesh N/ At
32/35 64/ 128/ 256/ 3¢ 512/515
1073 S-mesh 7.5393e-1 4.4912e-1 2.6089-1 1.4881e-1 8.3652e-2
0.7473 0.7836 0.8099 0.8310
B-S-mesh 2.6548e-1 1.3938e-1 7.1010e-2 3.5725¢-2 1.7904e-2
0.9295 0.9729 0.9910 0.9967
1073 S-mesh 8.5859%-1 5.1819-1 3.0266e-1 1.7303e-1 9.7362e-2
0.7284 0.7757 0.8067 0.8295
B-S-mesh 3.5592e-1 1.8740e-1 9.5030e-2 4.7531e-2 2.3709e-2
0.9254 0.9796 0.9995 1.0034
1077 S-mesh 8.6131e-1 5.1978e-1 3.0355e-1 1.7352e-1 9.7632e-2
0.7286 0.7759 0.8068 0.8297
B-S-mesh 3.5807e-1 1.8842-1 9.5518e-2 4.7765¢-2 2.3823e-2
0.9262 0.9801 0.9998 1.0036

6 Numerical outputs

Three exemplifying problems are presented in this section in order to validate the theoretical findings. The errors
(Eév Aty and convergence rates (Rév A1y are computed by,

Eév’At = max |ZN‘M(Sn’ tm) — ZN’M(Sn’ tm)
(Sns tw) € D

NA EN,AI

JAE &

» R =log, <E2N,At/2)'
&

As the exact solution is not known, so the double mesh principle is applied to calculate EY-A" and RY-A for
Example 1 and Example 3. So, ZV-M (s,,, 1,,) = Z?N-?M(s,,, 1,,) for Example 1, Example 3 and ZV-¥ (s,,, 1,,) =
z(Sn, ty) for Example 2.

Example 1 Consider the following SPPDE having time lag of the form (1), with (s, 7) € (0, 1) x (0, 2].

(6255 + 25 —20)(s. 1) = —z(s,t — 1) — 413
Z’Td(svt)zov Td:(ov I)X[—I,O]
—e2,(0,1) =%, z(1,1) =0.

Example 2 Next, we consider the following test problem with (s, ) € (0, 1) x (0, 2].

(ezss + 225 —20)(s, 1) = —2(s, 1 = D) + f (5, 1)
2|y, (5,0 = ®a(s, D), Ya=(0,1) x [-1,0]
(z—2,)(0,1) = ®y(1), (z+ez5)(l, 1) = D, (1),

The source term and the initial boundary conditions are made to satisfy

exp(=2) — exp(=2)

1 —exp(3)

(s, 1) = + exp(—1).

Example 3 Consider the following semi-linear SPPDE having time lag of the form (1), with (s,¢) € (0, 1) x
(0, 2].

(6255 +25 — 20)(s. 1) —exp(z) = —z(s, t — 1) — 4¢3
Z|Td(sal):07 sz(ov 1)X[_190]
—ez,(0,1) =12, z(1,1) =0.

The numerical solutions on both S-mesh and B-S-mesh for Example 1 and Example 3 are tabulated in Table 1
and Table 4, respectively. Both the tables conclude the efficacy of B-S-mesh over S-mesh. Table 2 and Table 3
provide a comparison of (EY-A7) and (RY A7) between inside and outside layer region for Example 2. It is evident
from Table 2 and Table 3 that in case of the outer layer region both S-mesh and B-S-mesh provide almost similar
kind of results whereas inside the layer region, being graded in nature, B-S-mesh gives better result. The surface
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plots for Example 1 with ¢ = 10° and ¢ = 1072 are presented in Figure 1. The layer behavior in Example 1 is
shown clearly in Figure 2 by providing the solution profiles at different time levels with ¢ = 10 and & = 107>,
The layer behavior in Example 2 can be identified from the surface plots in Figure 3 and the solution plots for
different ¢ in Figure 4a. Figure 4b confirms the global first-order accuracy through the log-log plot in both the
S-mesh and B-S-mesh for Example 2. The claim of our scheme to be parameter uniform is confirmed through
the numerical outputs as the error for each example can be seen to decrease after certain values of ¢ and N.

7 Conclusion

The singularly perturbed parabolic convection-diffusion problem with Robin-type boundary conditions having
large time lag is solved using an efficient numerical approach. The temporal direction is handled with the implicit
Euler scheme along with the upwind scheme on both the Shishkin mesh and the Bakhvalov-Shishkin mesh in the
spatial direction. Along with the linear case, the scheme is also tested over the semi-linear convection-diffusion
problem and proved to be efficient for this case, as well. Numerical experiments and analysis prove the global
first-order accuracy and robustness of the proposed scheme. From the numerical experiments it is evident that
B-S-mesh provides better accuracy than the S-mesh.
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