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Abstract For a square matrix M of order n partitioned into m> blocks B; j» the quotient matrix Q is a square
matrix of order k (m < k < n — 1) with (i, j)-th entries as the average of the row (columns) sums of B;; of M.
The partition is said to be equitable if each block B;; of M has some constant row (column) sum, in such case Q
is known as the equitable quotient matrix of M and each eigenvalue of Q is the eigenvalue of M. Atik [(2020),
Linear Multilinear Algebra] asked the problem: What is the necessary and sufficient condition on Q to contain
all the distinct eigenvalues of M ? In this paper, we consider this problem: we give some classes of matrices such
that Q contains all the distinct eigenvalues of M, classes of matrices such that Q does not contains all the distinct
eigenvalues of M with respect to some partition and contains all the distinct eigenvalues of M with respect to
another partitions. The significant observation is that the problem of the distinct eigenvalue of Q is about the
smallest possible equitable partition. We restate the problem in terms of the smallest possible equitable partition.
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1 Introduction

We denote set of all square matrices over a field F by M, (F). The set of all eigenvalues of M € M, (F) is known
as the spectrum of M. The largest eigenvalue of M is the spectral radius of M. A matrix is said to be non-negative
if all its entries are greater than or equal to zero and matrix is non-positive if it contains arbitrary entries (both
positive and negative). If an eigenvalue A of M occurs with algebraic multiplicity k, then we write it as Al]. For
k = 1, we say A is the simple eigenvalue of M.

Consider a square matrix M written in block form as given below:

Bii1 Bip -+ Bim-1  Bim
By1 By -+ Bym—1  Bom

M: : . ‘.. . : R

Bm—l,l Bm—l,2 Bm—l,m—l Bm—l,m
Bm,l Bm,Z Bm,m—l Bm,m
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such that the rows and the columns of M are partitioned according to a partition
P={P1,P2,...,Pu_1, Pn}oftheindex setZ = {1,2,...,n}.

If ¢;; denotes the average row (column) sum of the block B;; of M, then the matrix Q = (g;;)mxm is called the
quotient matrix (see [3,4,6]). The partition P is said to be regular (equitable), if every block B; ; of M has some
constant row (column) sum and in this case Q is known as the equitable quotient matrix. More about matrix
theory terminology can be seen in [5,7].

For, two sequences of real numbers {s1, 52, ..., s,} and {s{,s5,...,s,,} with n > m. The latter is said to
interlace the former, whenever

Si >80 > Spomyi, fori=1,2,...,m.
The interlacing is said to be tight if there exists a positive integer k € [0, m], such that
si=s; fori=1,2,...,kand sy_pmy; =s;, fork+1<i<m.
If m = n — 1, then the interlacing becomes
S >8] >8> 8y > > S 2 8, > S
Next result give the relation between the eigenvalues of M and the eigenvalues of Q.

Lemma 1.1 (/3,4]) Let M be a real symmetric matrix of order n and Q be its quotient matrix. Then the following
hold.

(i) If the partition P of I of matrix M is not equitable, then eigenvalues of Q interlace the eigenvalues of M.
(ii) If the partition P of T of matrix M is equitable, then the interlacing is tight and each eigenvalue of Q is the
eigenvalue of M.

Quotient matrices are very interesting and have many applications in linear algebra especially spectral theory
of graphs. By the interlacing property of Q, we can find bounds for the eigenvalues of the original matrix M.
Quotient matrix plays rich role in the spectral theory of graphs defined on algebraic structures like zero-divisor
graphs of commutative rings and Von Neumann regular rings, commuting graphs of finite groups, power graphs
of finite groups and many other algebraic graphs, see [2,8-12].

Since, the eigenvalues of Q interlace the eigenvalues of M. So question is: What about the spectral radii of
M and Q. In case of non-negative matrices, we have the following result.

Lemma 1.2 ([2,12]) The spectral radius of a non-negative matrix M and the spectral radius of an equitable
quotient matrix Q coincide.

The above result is not true for an arbitrary matrix, one such infinite class of matrix is the matrix given by (2.1).

By (ii) of Lemma 1.1, it follows that distinct eigenvalues of Q are contained in the spectrum of M. What
about other way round, that is, if A1, A2, ..., As, (f > 2) are the distinct eigenvalues of M, then is it true that
A1, A2, ..., As are always the eigenvalues of Q7 In this regard, Atik [1] asked the following problem about the
distinct eigenvalues of the equitable quotient matrix of M.

Problem 1 (Atik, [1]) What is the necessary and sufficient condition on the equitable quotient matrix Q to
contain all the distinct eigenvalues of M ?

In the next section, we consider Problem 1, we provide several important and interesting classes of matrices
such that Q may contain all the distinct eigenvalues of M with some equitable partition and may not contain all
the distinct eigenvalues of M with other equitable partition. We also give classes of matrices such that Q contains
all the distinct eigenvalues of M. The purpose of presenting these particular matrices is that a general conclusion
about Problem 1 can be obtained. The most significant observation is that there seems no necessary and sufficient
conditions on equitable quotient matrix to contain all the distinct eigenvalues of the original matrix. The problem
is about the smallest possible equitable partition of the quotient matrix Q to contain all the distinct eigenvalues of
M. We end up the article with the restatement of Problem 1 in terms of the smallest possible equitable partitions.
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2 Equitable quotient matrices and the distinct eigenvalues of original matrix

In this section, we consider several classes of matrices and study their eigenvalue relations with the parent matrix
for different equitable partitions.
We begin with a result, which gives the spectrum of the classes of non-negative matrices.

Theorem 2.1 Let M be a real symmetric matrix of order n = 211 + 1, 1} > 2 and is given in Equation (2.1).
Then the spectrum of M is

1 [l1—1] 1
{0, (5 <a+cbi,/(a—cb)2+4y2)) 5 (—2y+2811 +11$+l10+§+0:i:\/5) ,

where D = 4y? — 8y 81y + 4y L& +4ylio + 4827 — 48138 — 48130 + 1262 + 21182 + 21360 — 4l1Eo + 120% +
2ho? +E2—2%0+0ra=L(B+)+E—y. @=L (Y +8) +o—y,u=0E+0)andB,y,8,& and o
are real numbers.

Proof Let [ be a positive integer such that n = 2/1 + 1 and M,,«, be the matrix given below

aly, — BJi, vh, —38J;, —§Jx1
M= |y, —8J;, I —VJ;, —oJx1 ], 2.1)
—&Jixi;, —oJixy 2
where o, B, v, 8, &, 0, , u and W are real numbers. We will find the eigenvalues of the matrix M with the help
of eigenvector analysis.
Fori =2,3,...,1, consider a sequence of vectors over R as follows:

* * * *
Xio1 = (= Br.Xi2. Xi30 oo Xty 15 Xty — L X9, x5, 6 x] . 0) € RM(R),

where

1 B ifi=j
=—(a—®—/(ad— D)2 +4y2), x;; = , and
A ay (a (e "+ y) g {O otherwise n

=y
& 0 otherwise -

Fori =2,3,...,1,itis easy to verify that X;_1, are linearly independent vectors. Also, for the vector X; and
the definition of eigenequation, we have

api —y B2 (a—d>)2+4y2>_y
— By —
afi +y %(d—¢— (a—®)2+4y2)+y
0 0
0
MX, = —13,317/_’_—;’ = —%(a—i—(b— (oz—<D)2—|—4y2)
1Y
0 o+ o V@—o7+47)
0 :
0 0
0
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(a+<l>— a2—2a<l>+4y2+<l>2) <a+<I>— a2—2a<1>+4y2+d>2)

4y _
(RS e v =) | (Y s e e ) ﬂﬁl
4y 0]
0
0
_ =] -1 | =x1x,,
—%(a+d>— (ot—d>)2+4y2) 1 !
Lo+ o— V@07 +4y?)
: 0
0 0
0

where A = % (a +® — /(o — D)2 —|—4y2) . Thus, it follows that % (oz + - /(o — D)2+ 4y2> is the
eigenvalue of M with the corresponding eigenvector X ;. Proceeding in a similar manner, we can show that

X5, X3, ..., Xj,—1 are the eigenvectors corresponding to the eigenvalue %(a + & — /(o — D)2 + 4y2). In this
manner, we obtain /; — 1 eigenvalues of M.
Again, Fori =2,3,...,1;, let

Yior = (= B2. Yi2s Yizo -+ Vit —1s Yity» =1, 5. Y5 -0 ¥, 10 91,5 0) € RY(R),

where
1 B ifi=j
= O+ /(e — D)2 +4y?), yij = , and

P 2 <a ety )y Yij 0 otherwise

V= 1 ifi=j

& 0 otherwise -
Clearly, Y;_1, with i = 2,3,...,1[; are linearly independent vectors. Further, as above we can verify that
Yy, Y2, ..., Y, are the eigenvectors corresponding to the eigenvalue %(a + @+ /(a — D)2 +4y2). So,

we have obtained 2/; — 2 eigenvalues of M. The remaining three eigenvalues of the block matrix M are the
eigenvalues of the following equitable quotient matrix

a—LB y—Ls —§
O=|-yvy—-1i6>—-1LV —0|. (2.2)
Ut =lio

Since the eigenvalues of Q are not easy to locate, without loss of generality, we assume that @ = [1(8 + §) +
E—y, =1 (V+6)+o0—yand u =1;(§ +0), so that the eigenvalues of Q are easy to calculate. With such
a choice, each row sum of Q is zero, it follows that 0 is the eigenvalue of Q with eigenvector (1, 1, DT. Now,
it is easy to see that the other two eigenvalues of matrix (2.2) are

1
{E(—2y+2811—i—llé—i-llcr—l—é—l-cr:t\/ﬁ)},

where D = 4y2 — 8y 8l + 4yl 1€ +4ylio + 48213 — 48138 — 48130 + 262 + 21182 + 21360 — Al Eo + 3o? +
21102 4 £2 — 2£0 + o2, That gives the spectrum of M completely. O

From Theorem 2.1, we note that the matrix M has five distinct eigenvalues and its associated equitable
quotient matrix contains only three distinct eigenvalues. So, the equitable quotient Q of the block matrix M does
not contains all the distinct eigenvalues M. Next, we try to partition the matrix M of (2.1) in such a way that its
corresponding equitable quotient matrix contains all the distinct eigenvalues of M. In this regard, we have the
following result.
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Proposition 2.2 Let M be a matrix as given in (2.1) and consider its new block representation as in (2.3). Then
the resulting equitable quotient matrix contains all the distinct eigenvalues of M.

Proof First by brute force, we see that there does not exist equitable quotient matrix of order 4 and certainly
that does not contains all the distinct eigenvalues of M, since there are five distinct eigenvalues of M. Let
{P1, P2, P3, P4, Ps}, be the partition of the index set {1,2,...,1;,1; + 1,...,2l;,2l1 + 1}, where P; =
{(L2,.... —1},Po={1}, P3={i+ 1,11 +2,...,2[; — 1}, P4 = {2[;} and Ps = {2[; + 1} and the block
matrix with this partition is shown in (2.3)

al—1— BJy—1 —BJa—1yx1 V-1 =801 —8Ju—nx1 —EJq—1x1
—BJix -1 a—p —8J 1% (1) y—3§ —&

vi—1—8J-1 —8Ju—nyx1 -1 — VI -1 VI —nx1 —8Ju—nx1 | - (2.3)
—8J1x (-1 y—2§6 =W -1) d -y -0
—&J1x(-1) —& —oJix(-1) -0 2

It is clear that (2.3) has constant row sum for each partition cell (block), so the equitable quotient matrix of
(2.3)is

a=plh-1) =p y-sli-1) —§ —§
P —=1)a=p 8(=ULi—=1) y—8 =&
O=|y-8sti-1) =8 -G -H¥ -V —0o |, (2.4)
S(—L—-1)y—=8 —(L-DH¥Y ®—V¥ —0¢
-(h-H§ =& —-U—-DHo —o pu

where the parameters «, 8, v, §, o, i, &, ® and W are as in Theorem 2.1. By using symbolic computation (Wol-
fram Mathematica) on a computer, the eigenvalues of Q' are

1 1
{0,5(a+d>i,/(a—<l>)2+4y2>,5(—2y+2511 + L&+ Lo +E+0:b«/5>},

where D = 4y2 — 8y 81y +4yli& +4ylio + 48213 — 4812E — 48130 + 1362 + 21182 + 21360 — 4l 6o + 20% +
21162 + &2 — 20 + 2. Thus, Matrix (2.4) contains all the distinct eigenvalues of Matrix (2.1). O

We have the following observation from Theorem 2.1 and Proposition 2.2.

Remark 2.3 From Theorem 2.1, we see that Matrix (2.2) is the smallest possible equitable quotient matrix and
it does not contain all the distinct eigenvalues of the original Matrix (2.1). Besides, it is clear that there exists no
equitable quotient matrix of order 4, which contains all the distinct eigenvalues (or even 4 distinct eigenvalues)
of Matrix (2.1). By Proposition 2.2, the smallest quotient matrix corresponding to the equitable partition of
minimum size is 5 and it contains all the distinct eigenvalues of (2.1) and that solves the problem of spectral
radius of matrix with negative entries and Problem 1 for these infinite class of matrices. But the problem is not
done yet, it was an experiment for a class of matrices to gain some insight about Problem 1.

Next, we have an another type of result.

Theorem 2.4 Let M be the matrix of order n > 6 as given in (2.5). Then the spectrum of M consists of the
eigenvalue 2n — 4 with multiplicity n — 4 and the zeros of the following polynomial

x4 = (10n = 20)%3 (35n2 — 1480 + 160) 24 (—son3 431802 — 666n + 448) x +24n*
— 19213 4 528n% — 5201 + 64.
Proof Consider the matrix M, given below

2nly 3+ 2ep-3 Ji—3)x1 2J(—3)x1 3J(mn—-3)x1

_ Jixn-3) n 1 1
M= o 1 m—4 1| 2.5)
3J1x(n=3) 2 1 3n—=6

where ¢,_3 = —21,,_3 + J,,—3.
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1 ifi=j

Choosing the vector X;_1 = (I, xj2, X3, ..., Xi(n—4), 0,0, 0!, where Xij = . for i =
0 otherwise,
2,3,...,n — 3. We can easily verify that X;_1,i = 2,3,...,n — 3 are the n — 4 eigenvectors corresponding
to the eigenvalue 2n — 4 of M. The other four eigenvalues of the block matrix M are the eigenvalues of the
following equitable quotient matrix (with partition cells {1, 2, ...,n — 3}, {n — 2}, {n — 1}, {n})
4n—-101 2 3
n—3 n 1 2
2m—3)12n—4 1 (2.6)
3n—=3)2 1 3n-6
By computer calculations, the characteristic polynomial of the above matrix is
x4 (10n = 2027 + (3507 — 1480 + 160) x + (= 500 + 3180 o
— 6661 + 448)x + 24n* — 192n° + 528n* — 520n + 64.
O

The zeros of the polynomial in (2.7) cannot be found explicitly, but by using intermediate value theorem
and computer calculations, it is easy to verify that it has four distinct zeros and they lie in four mutually disjoint
intervals (n — 1,n), 2n —8,2n —5), 3n — 15,3n — 14) and (4n, 4n + 2). Thus, the matrix given in (2.5)
has five distinct eigenvalues and we note that the equitable quotient matrix (2.6) does not contain all the distinct
eigenvalues of M. However, if we choose the partition {{1, 2, ...,n — 4}, {n — 3}, {n — 2}, {n — 1}, {n}} of n,
then the corresponding equitable quotient matrix contains all the distinct eigenvalues of M as can be seen below:

2nly—a+2e5—4 2J—2)y Ji—ayx1 2Jn—2yx1 3J(n—4)x1
2J1x (-4 2n —2 1 2 3

M = Jixn—4) 1 n 1 1 ,
2011ty 2 1 2m—4 |
3Jix(n-4) 3 2 1 3n—6

and its equitable quotient matrix is

dn—12 2 1 2 3
dn—4)2m—21 2 3
O =| n—-4 1 n 1 2
2m—4) 2 12n—4 1
3m—4) 3 2 1 3n—-6

The characteristic polynomial of Q’ is

(x =20+ 4) (" = (101 = 20)x* (3507 = 1481 + 160) 17 + ( = 50n° + 3182
— 6661 + 448)x + 24n* — 192n® + 528n% — 520n + 64).

Therefore, Q' contains all the distinct eigenvalues of the matrix M given in (2.5).

From Theorems 2.1 and 2.4, it follows that the eigenvalue with algebraic multiplicity greater than 1 are not
the eigenvalues of the quotient matrix corresponding to the smallest possible equitable partition. Next, we have a
class of matrices whose all eigenvalues with multiplicities more than one are also the eigenvalues of the equitable
quotient matrix except one eigenvalue.

Theorem 2.5 Let M be defined as in (2.8) with n = p* — 1, where p is prime. Then the following holds
(i) The spectrum of M is

{O’(P4—'1ﬂp’”,(2p4—-p-—1)“#’pk(2p4—-p2——1)m3fp14l

@p* = p* = i),
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(ii) The equitable quotient Matrix (2.10) contains all the distinct eigenvalues of M.

Proof Consider the following block M matrix of order n = p* — 1, for prime p

dilpr = Jpr | =Jpnxp-p) | =Ip-nx@i-ph | ZIp-nxpt-ph

M= 2 pyxipn [ B2y = T2y | I pyxpiop?) [ 22 pyxptop?) (2.8)
—J = px(p=1) | I —px(pP=p) (DB Lp3—p2 =252 [ =203y pt—ph) |
I x(p-10 | T2 pt—pyx(p2—p) | T2 (pt—p3yx(p—p2) [dalpt—py = 2T pa_

where d; = p* — 1, d» =2p* — p> — 1, d3 = 2p* — p> — 1 and dy = 2p* — p — 1. Consider the sequence
of non-vectors of R” (R) defined as:
Xi—1 =(1, %12, ..., X1(p—1), 0,0, ...,0,0,0,...,0,0,0,...,0)7,
Yii1 =(0,0,...,0, 1,12, ... Yi(p2_ - 0,0,...,0,0,0,...,0)7,
Zi~1=(0.0,...,0,0,0,...,0, 1,212, ... 2y(p3_p). 0.0,...,0)T,
Ti-1=(0,0,...,0,0,0,...,0,0,0,...,0, 1, 112, ..., fyps_ 3"
1 i
where, fori =2,3,...,p—1,x;; = e j s
0  otherwise

—1 ifi=j
. 2
fori =2,3,...,p — P, Yij = {0 otherwise

] —1 ifi=j
f0r1=2,3,...,p—1,zij={0 otherwise ’

1 ifie
andfori =2,3,...,p—1,t;; = 0 i)t}llerwjise'

Now, itis verify that Xy, ..., X, are the linearly independent eigenvectors corresponding to the eigenvalues
=11, ..., Y,»_,_ are the linearly independent eigenvectors corresponding to the eigenvalues 2 pt—p3—1,
Zy, ..., Z,s_ 2 are the linearly independent eigenvectors corresponding to the eigenvalues 2 p*—p?>—1land
Th, ..., T,_p3_ are the linearly independent eigenvectors corresponding to the eigenvalues 2 pt—p—1.
Since the block matrix given in (2.8) with partition {{1,2,...,p — 1},{1,2,...,p?> — p}.{1,2,...,p° —
p), (1,2, ..., p* — p}} is equitable, so by Lemma 1.1, the remaining 4 eigenvalues of the block matrix M are
the eigenvalues of the following equitable quotient matrix

pt—p —(P*=») —(P=-r) -0 - p?
—(P_1)2P4_P3_P2+P_1 _(P3_P22 _2(P4_P) (2.9)
—-(p—1) - (P> —p) 2p* =2pP + p2 =1 -2(p* - p?) '
-(p=1  =2(p*-p) =2(p*=p*) 207 -p-1

The eigenvalues of the above matrix (2.9) are

[0,p4—1,2p4—p—1,2p4—p3—1}-

That proves (i).

Since matrix (2.9) does not contain all the distinct eigenvalues of M, so we modify the partitionas {{1,2, ..., p—
1, {1,2,....p2 = ph (1}, {2,...., p> = p}. {1,2, ..., p* — p}} and the new equitable quotient matrix is
pt—p —(r*=»p) -1 -(PP=-p-1 —(p*-p
—(p—=D2p*—p>—p*+p—1 —1 -PP-pr-1) 20" -p)
—(p—1 —(p*—p) 2pt—p* =3 2(p*—p*—1) =2(p*-p?) (2.10)
—(p=1 — (P’ - p) -2 2pt=2p7 4 pP 41 =2 (p* - pY)
—(p—=1 -2(p* - ») -2 =2(p=p*=1) 2p°—p—1

and its eigenvalue are

{0,p4—1,2p4—p—1,2p4—p2—1,2p4—p3—1}-

Thus, it is clear that the above matrix contains all the distinct eigenvalues of the matrix given in (2.8). O
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Theorem 2.5 can be generalized in the following result.

Theorem 2.6 Consider the following matrix of order n = p* — 1, where p > 2 is a real and t > 2 is a positive
integer.

M=
aj 2 i3 - g 141 Ni+2 o 2 11,20-1 .2
b1 ay b3 ... Dy D141 biy2 o o2 1211 2Dy o
1 32 a3y 13,141 By o B2 230i—1 23
’r,l ’t,2 lt,3 ar lt,r+l lt,r+2 21[,2[—2 20y 211 21:,2[
Latr b412 413 o0 by apy] 2y 42 o 2lp120-2 21201 2412
2,1 l22 b423 oo h2p 221 @2 o 22020 221 242,21
21 121—22 r—23 - 2p—24 22441 22,142 -+ -2 202211 222
Dr—1,1 lr—1,2 213013 -+ 210 21041 201,042 -+ 21202 axy—1 212
b1 2y 23 o 2Dy 2y pqr 242 - 22 221 a;

where a; = dl‘]pi_pi—l — in_pi—l,fori =1,2,...,t—2,t—1,a = djlpi_pi—l — szi_pi—l,fori =
tt+ 1,20 =220 — 1,20 and b j = J(pi_pi-tyx(pi—pi-1) Also, di = 2p* — p* =1 — 1, fori =
L2,...,t—1,t,t +1,2t —2,2t — 1, 2t.

As in Theorem 2.5 (here we avoid calculations), the eigenvalues of M are the simple eigenvalue 0 and the
eigenvalues

2 2+l

2p p — 1, with multiplicity p* — pi—l —1,

wherei =1,2,...,t — 1, t,t +1,...,2t —2,2t — 1,2t. Thus, M has 2t + 1 distinct eigenvalues.

A B
0= (C D)’ where

d—(p-1) —p*=p -@P*-pH ... —-"'=-pH - -phH
~(p=1) d—@p’=p —PP=p) .. =T =p =0 =P
| ~(p=1  —(P=p) B-@=p)... T =p =0 =ph
~(p=1  =(P=p P =pP) da =T =P =0 =P
-p= —@P’=-p =P . =T =P A= =P
_(pt+1 _ pt) _(pt+2 _ pt+1) _(pZI—Z _ p21—3) _(pZt—l _ p21—2) _(pZt _ pZI—l)
_(pt+l _ pt) _(pt+2 _ pt+1) _(p2t72 _ p2r73) _(pztfl _ p2r72) _2(p2t _ erfl)
5 _(pt+l _ pt) _(p1+2 _ pl+l) . _(p2!72 _ p2!73) _2(]72[7] _ p2l72) _2(p2[ _ p2t71)
_(pt+l _ pt) _(pt+2 _ pt+l) . _2(p2t72 _ p2t73) _2(p2t71 _ p2t72) _2(p2t _ p2t71)
_(pt+l _pt) _2(p1+2 _ pt+l) _2(p2t—2 _ p2t—3) _2(p2t—l _p2t—2) _2(p27 _p2t—l)
—(p=1 =(p*=p - =pH ... = =P —(p'—p'h
~(p=1 =P =p) =P =p) . =T =P 20" =)
C= : : : : :
~(p=1 =P =p) =P =p) 2007 = p ) 200" = '
—(p=1) =P’ =p) 2> = p?) ... 20" = pt ) 20" = '
—(p—=1) =2p* = p) =2(p* = pH) ... 220" = p'TH) =2p" = pT
dt+1 _ 2(pt+l _ pt) _2(pt+2 _ pt+l) . _2(p2t71 _ p2t72) _2(p2t _ p2tfl)
_2(pf+l _ pt) dH—Z _ 2(pl‘+2 _ pt+1) . _2(172[71 _ p2t72) _2(p2t _ pZIfl)
_2(pt+l _ pt) _z(pt+2 _ pt+1) o _2(p2l—1 _ p21—2) _2(p2t _ p2t—l)
D = . . . . :
_2(pt+l _ pt) _z(pt+2 _ pl+1) . _2(p2l—1 _ pZI—Z) _2(p2t _ p2t—l)
_2(pt+1 _ pt) _2(pt+2 _ pH—l) e dyy — 2(p2t—1 _ p2t—2) _2(p21 _ p2t—1)
_z(pt+1 _ pt) _2(pf+2 _ p1+1) . _2(p2171 _ p2t72) dyy — 2(p21 _ p2t71)

one way to find the eigenvalues of Q is to verify that 2p* — p* 1= — 1, i=1,2,....m—1,m,m+2,m+
3,...,2t—2,2t —1, 2t are the eigenvalues of Q. We note that 2p* — p™ — 1 is only remaining eigenvalue of M
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which is not the eigenvalue of Q. However dividing (t + 1)-th column (row, respectively) in two columns (rows)
as in the matrix given in (2.10), so the new equitable quotient matrix (say Q*) contains all the eigenvalues of Q
and the eigenvalue 2p* — p™ — 1. Thus, Q* contains all the distinct eigenvalues of M.

By gaining the information from Theorems 2.1, 2.4 and 2.5, it certainly follows that there exists an equitable
partition such that its corresponding quotient matrix contains all the distinct eigenvalues of M. In this direction,
we have the following result.

Theorem 2.7 Let M be a matrix of order n and Q be its equitable quotient matrix. Then the following hold.

(i) There exists an equitable partition such that its quotient matrix Q contains the spectral radius of M.
(ii) There exists an equitable partition such that its quotient matrix Q contains all the distinct eigenvalues of M.

Proof Let {P, P2, ..., Pj,..., Pu} be the equitable partition of {1,2,...,n}, Qux, be the corresponding
equitable quotient matrix and A be the spectral radius of M (other than non-negative matrix). Let A be the
eigenvalue of M with multiplicity greater than or equal to 1. If A is contained in the spectrum of Q, then the
result follows. If A is not the eigenvalue of Q, then there is some partition cell P; = {1,2,...,z},2 <z < n,
which when modified, the resulting quotient matrix contains the spectral radius. That is, we can write P; =
{1,2,...,z = 1} U {z} = P UPY, sothat {P1,Ps, ..., Pj—1, P}, Py, Pjs1, ..., Pu} is the new equitable
partition of {1,2,...,n} and its corresponding quotient matrix Q' of order m + 1 contains the eigenvalue
A. Similarly, if n*! with multiplicity k > 1 is the any other eigenvalue of M, then 1 may or may not be
the eigenvalue of Q. If n is not in the spectrum of Q, then as above we modify the previous partition as
{Pl.P2, ..., Pi—1. P1, Py, Pitt, -, Piet, P Py, Pigt, - . ., P}, so that the resulting quotient matrix of
order m + 2 is equitable and its spectrum contains the eigenvalue 1. Repeating the same process of modifying

the partitions of the set {1, 2, ..., n} for the remaining eigenvalues not contained in the spectrum of the quotient
matrix. Thus there exists a partition of {1, 2, ..., n}, so that the spectrum of the resulting equitable quotient
matrix contains all the distinct eigenvalues of M. O

We illustrate Theorem 2.7 with the help of the following example: Consider a matrix

[ S —
—_ = = DN
[ NG gy S

11
11
11
22
12
21

DO DN = = = =

The spectrum of M is {7.54138, 1.45862, 112!, (—1)[21}. Clearly, M have four distinct eigenvalues and its quotient
matrix with smallest possible equitable partition

43

and its eigenvalues are 7.54138 and 1.45862. Since, M has four distinct eigenvalues, so the smallest order of the
equitable quotient matrix must be 4. Consider a new partition 7 = {{1, 2}, {3}, {4, 5}, {6}}, we note that such a
partition is not unique. Thus, the quotient matrix Q’ with partition 7 is

3121

, 2221

O=12132]|
2141

and it is easy to see that the spectrum of Q' is {7.54138, 1.45862, —1, 1}. Therefore, Q' with the enlarged
partition 7 contains all the distinct eigenvalues of M.

Theorem 2.7 gives an insight that there exists an equitable partition such that equitable quotient matrix with
such partition contains all the distinct eigenvalues of M. How do we know which partition cell of the equitable
partition of {1, 2, ..., n} need to be written into two disjoint cells so that the resulting quotient matrix is equitable
and its spectrum contains the required eigenvalue. We need to be very smart in picking up such a partition cell,
sometimes the missing eigenvalue and the symmetric pattern of some matrices may help but in general it is an
inspection method and all cells need to be checked. Further, we note that for matrices with symmetric eigenvalue,
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(that is, if A is eigenvalue of a matrix M, then —A is also eigenvalue of M), we simultaneously need to modify
their corresponding partitions as we did in Proposition 2.2 for the matrix given in (2.1). Also an interesting
question is: How small is the equitable partition such that Q contains all the eigenvalues of M ? For suppose,
next we have a very rare type of matrix such that Q with the smallest equitable partition contains all the distinct
eigenvalues of M.

Proposition 2.8 Let M be the matrix as defined in (2.11). Then it’s equitable quotient matrix Q given in (2.12)
contains all the distinct eigenvalues of M.

Proof Consider the block matrix of order n + 2 given below

4n -2 —-2n—-2)| -2 -2 ... =2 -2
—1 4n +1 —4 -4 ... —4 —4
—1 |[—2Qn—=2)[8n—7 —4 ... —4 -4
M = -1 —2(2n—2) —4 8n-—-7... —4 —4 . (2.11)

1 |—2@n—-2)| -4 -4 ...81-7 —4
—1 |—2@n—-2)| -4 -4 ... —4 81—7

Now, it can be easily verified that 8n — 3 is the eigenvalue of M with corresponding eigenvectors

X;=(0,0,1,-1,0,...,0,0), X» =(0,0,1,0,-1,0,...,0,0), X3 =(0,0,1,0, -1,0,...,0,0),

Xn73 = (O’ Ov 1’ 07 09 ] _1’ 07 0)7 X}’l72 = (07 09 17 09 sy 07 _17 0)7 X}’L*l = (07 O’ 17 O’ ceey 07 05 _1)'
The remaining three eigenvalues of M are the eigenvalues of the following equitable quotient matrix

dn—2 —2n—2) —2n
o=\ -1  4n+1 —4n |. (2.12)
-1 —22n—-2)4n-3

Clearly, 0, 4n — 1 and 8n — 3 are the eigenvalues of (2.12). Therefore, all the distinct eigenvalues of M are also
the eigenvalues of its equitable quotient matrix Q. O

Remark 2.9 Proposition 2.8 is a special case of the following general matrix

o —B =¥ J1xn
M = -4 ) —WJixn , (2.13)
—ndnux1 —EJnx1 bil, — baJy

where «, 8, v, 8, ®, n, &, b and b, are real numbers.
The equitable quotient matrix of Matrix (2.13) is

a —f —ny
OQ=|-6 & —nv . (2.14)
—n —& by — nb;.

Now, witha =B +ny,®=8+nV, by =n+&+nbrand=2n—-2,y =2, =1,V =4n=1,§ =
2(2n — 2), it is easy to see that Proposition 2.8 follows. We note that in general the equitable quotient matrix in
(2.14) may not contain all the distinct eigenvalues of Matrix (2.13) for arbitrary values of parameters included
there.

In view of the above results, we observe that the equitable quotient matrix may or may not contain all the
distinct eigenvalues of M. As we increase the order of partition, we get an equitable quotient matrix which contains
all the distinct eigenvalues (including the spectral radius in case of non-positive matrices) of M. Therefore,
problem is about the partitions of matrix M and there seems no conditions on matrix itself, so that the distinct
eigenvalues of M are also the eigenvalues of Q. Thus, it seems very non-trivial to identify those classes of matrices
whose quotient matrices contain all the distinct eigenvalues (including spectral radius in case of matrices other
than non-negative) with respect to the smallest equitable partition. Therefore, we ask Problem 1 and the problem
of the spectral radius of non-positive matrices in the following way.
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Problem 2 Characterize those non-positive matrices, whose quotient matrix with the smallest equitable partition
contains the spectral radius?

Problem 1’ Characterize those matrices such that the spectrum of the quotient matrix contains all the distinct
eigenvalues of parent matrix with respect to the smallest equitable partition?
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