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Abstract In this paper, we mainly study the monomial-prime numbers, which are of the form pn* for primes
p and integers k > 2. First, we give an asymptotic estimate on the number of numbers of a general form pf (n)
for arithmetic functions f satisfying certain growth conditions, which generalizes Bhat’s recent result on the
Square-Prime Numbers. Then, we prove three Mertens-type theorems related to numbers of a more general form,
partially extending the recent work of Qi-Hu, Popa and Tenenbaum on the Mertens sum evaluations. At the end,
we evaluate the average and variance of the number of distinct monomial-prime factors of positive integers by
applying our Mertens-type theorems.
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1 Introduction and statement of main results

The distribution of integers with certain constraints is a fundamental topic in analytic number theory. Recently,
Bhat [1] studied the numbers of the form pnz, which are named Square-Prime (SP) Numbers, for integers n > 1
and primes p. He showed that the number of SP Numbers up to x is asymptotic to ({(2) — 1)x/log x, where
£(s) = X2, 1/n° (s > 1) is the Riemann zeta function. In this paper, we study the numbers of a general
form pf(n) for certain primes p and arithmetic functions f : N — Rx;. If f(n) = n® is a monomial for
some positive real number s > 1, we call pn® a monomial-prime number of power s. Our first result gives an
asymptotic formula for the number of monomial-prime numbers.

Theorem 1.1 Let S be a set of primes satisfying the following asymptotic estimate

3 = (1+0<—1 ))
log® (x) log? (x)

p=<x,peS
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Distribution of monomial-prime numbers... 1441

for some positive constants c, o, f, and 0 < y < 1. Let f : N — R~ be an increasing positive sequence
satisfying Zf(n)zx 1/f7 (n) < x79 for some 8 > 0. Then as x — oo we have

oo
1 cx?
#{(p,n): < x, Sy ~ ) )
{(p.n): pf(m) <x.p €5 (2 I (n)) og (1)
In particular, for any real number s > 1 we have
. X
#{(p.n) 2 pn® < x, p prime} ~ £(s) - . ()
0g x

Remark 1 Fors = 11in (1), Banescu and Popa proved in [2, Proposition 5(ii)] that
#{(p,n) : pn < x, p prime} ~ x loglogx.

When s = 2, see [3,4] for more properties on SP Numbers, such as their bounded gaps, SP Numbers of the form
x2 + 1, and existence of SP Numbers between x2 and (x + 2)2, etc.. When s = k > 2 is an integer, the numbers
of the form pn* with n > 1 is called by Bhat [4] KP; Numbers. And he also gave an asymptotic estimate for the
distribution of KP; Numbers, and its main term can be deduced from (1).

Theorem 1.1 builds a connection between the density of sets of primes and the asymptotic behavior on
numbers of the form pf(n). We see that the asymptotic behavior of monomial-prime numbers differs from that
of prime numbers by the special value ¢ (s) of the Riemann zeta function as a factor. Several common examples
of § will be given in section 2.1 including primes in arithmetic progressions, in the Chebatorev density theorem,
in the Beatty sequences, in the Piatetski-Shapiro sequences, and with preassigned digits. If we take S to be the set
of all primes and f(n) = n?, then Bhat’s asymptotic formula on the number of SP Numbers is recovered from
Theorem 1.1 by the prime number theorem. Moreover, analogous to the SP Numbers, we call pn® a Cube-Prime
(CP) Number' for n > 1. Taking f(n) = n>, we get the following asymptotic formula on the number of CP
Numbers.

Corollary 1 The number of CP Numbers smaller than x is asymptotic to (£(3) — 1)x/log x.

In [1, Theorem 6.1] Bhat also gave an asymptotic estimate on the number of SP Numbers ending in 1. As
another application of Theorem 1.1, we get the following asymptotic estimate on the number of CP Numbers
ending in 1 as well.

Corollary 2 The number of CP Numbers ending in 1 is asymptotic to

X 1 3 7 9
4000 log x (5 (3’ E) +< (3’ E) +¢ (3, E) +¢ (3, E) - 1000) , )

where £(s,t) = Z,‘iio 1/(n 4 t)* is the Hurwitz zeta function.

Remark 2 The asymptotic estimates of CP Numbers ending in 3, 7, and 9 respectively are the same as that ending
in 1. Similarly, one can count the number of CP Numbers ending in 2, 4, 5, 6, and 8 in the same way as the case
ending in 1, but the asymptotic estimates will be slightly different.

Next, we evaluate some sums and products of Mertens type for monomial-prime numbers. Recall that Mertens’
theorems are three results related to the reciprocals of primes (e.g., see [5, Chapter 1.1]), which are stated as
follows:

log p ,
Z =logx + O(1) (Mertens’ first theorem), 3)
p=x

1 1
Z — =loglogx + M + O (Mertens’ second theorem), 4)
ey log x

1 eV 1 .

H 1—— )= 1+0 (Mertens’ third theorem), %)
pex p log x log x

! Here we require n > 1 for CP Numbers to agree with the SP Numbers defined by Bhat. But n = 1 is allowed for monomial-prime
numbers defined in this paper.
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1442 L. Feng et al.

where M is the Mertens’ constant and y is the Euler’s constant.
Generalizations of Mertens’ theorems have been widely studied in many literatures. With respect to the
Mertens’ first theorem, Qi and Hu [6] evaluated the following sum

Z log®(p1--- p)

D1 Pk=X Pre Pk

for positive integers k and s. By their result, for s = 1 there is a polynomial F'(X) of degree kK — 1 such that

Z log(p1 - -+ pr)

= F(loglogx)logx + O ((log logx)k> . (6)
Pl Pk

Pl pR=x
See Lemma 2.1 in Section 2.2 for the explicit description of F'(X). In particular, when k = 2, one may take
F(X)=2X+2M — 2, see [7, Theorem 3.3] as well.
With respect to the Mertens’ second theorem, if we let

Six) = Y ;

Pl Pk=X p1- Pk

where p; denotes a prime number, then Mertens’ second theorem evaluates Sy (x). In [8,9], Popa proved asymp-
totic estimates for S>(x) and S3(x) respectively. In 2017, Tenenbaum [10, 11] showed the following asymptotic
formula for general S (x) using the Selberg-Delange method: for k£ > 1, we have

k—1
Si(x) = P, (loglogx) + O <M> (x = 3), (7
log x

where Py (X) := Zosjsk )Lj,ka and

k S\
hjgi= ) ( .)(M—y)“'”ﬂ(;) 1 O<j<k.

O<m<k—j m, j,k—m=—j

Here M is the Mertens’ constant and y is the Euler’s constant as in Mertens’ third theorem, I'(x) is the Gamma
function, and (1/ ') is the m-th derivative of 1/I". We remark that recently Qi and Hu [6] proved another
formula for (7) and Bayless et al. [12] showed these two formulas ere equivalent to each other.

Our second main result is the following theorem of Mertens type for the numbers of more general form
p1--- prfi1(ny)--- fr(n,) for some arithmetic functions f; and integers k,r > 1,1 <i <r.

Theorem 1.2 Let k and r be two positive integers. Let F (X) and Py (X) be the same polynomials as in (6) and (7)
respectively. For 1 <i <, let f; : N — Rx be an increasing positive function satisfying Zfi(n)zx 1/ filn) K
x 7% for some 8; > 0. Then we have

(I) Z lOg(Plpkfl(nl)fr(”r))
i fr(n) - fr(np) <x p1--prfitnn) -+ fr(ng)
= (E’; ﬁ) F(loglogx)logx + O ((log logx)k) ; 8)
1
II) :
() 2 preccprfi(ny) - fr(ng)

1P f1(n1)- fr(ny)<x

TS 1 (log log x)*
= (HZ m) Pk(loglogx) + 0 (W) N (9)

i=1n=I
1
(III) : (1 - )
p.~~pkf1<}1_>[~~fr<nr)<x pre-cpefin) - fr ()
r (o] 3 3 k—1
_ o (Mo 22 7 ) etoglog oy +eth i o) <1 1o (M)). (10)
log x
Here the constant c(k, f1,---, fr) in (10) depends on k and the functions f;, 1 <i <r, only.
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Taking k = r and f;(n) = n* for any positive real number s; > 1, 1 <i <k, we get the following result of
Mertens type for the products of X monomial-prime numbers.

Corollary 3 Let sy > 1,...,sr > 1 be k positive real numbers. Let F(X) and Py(X) be as in Theorem 1.2.
Then we have

oy e p)
, piny' - peny
pimyepen <x ! k
k
- (H g'(si)) F(oglogx)logx + O ((loglogx)k> : (11)
(loglog x)*
1y : — = Pe(log] o YY), 12
(IT) Zk pmi g (H((&) i (log log x) + ( g (12)

Sl S
piny —pkny <X

1
(y’ - [P S
1_[ piny' - penyt

51 Sk
P1ny Py =X

k
_ o~ (TTi=y £(s0) Pelloglog x)+e k51, 51) (1 o0 <(10g10gx) )) ' (13)
log x
Here the constant c(k, sy, - -+ , sx) in (13) depends on the constants k, sy, - - -, and s.

Remark 3 On Mertens’ first theorem, notice that in the case k = 1 the error term in (3) is better than that in (6).
Due to this observation, the following result gives a more precise estimate than (11) fork = l:lets > 1 be a
positive number, then

Z loglpn’) _ =¢(s)logx — s¢'(s)loglogx + O(1). (14)
pnf<x p n
Remark 4 There are other generalizations of Mertens type theorems too. For example, Garcia and Lee [13]
recently obtained unconditional and effective number-field analogues of the three Mertens? theorems. In [14],
Lichtman proved an asymptotic formula for the dissecting sum of reciprocals of numbers with exactly k prime
divisors, k > 1. We leave the monomial-prime analogues of these results to the interested readers.

Finally, we apply (12) in Corollary 3 to compute the average and variance of the number of distinct monomial-
prime factors of integers. Let k > 2 be an integer. Let wi (n) be the number of distinct monomial-prime factors
of n of power k. That is, wy (n) = mekm 1.

Theorem 1.3 We have

x loglog x
Za)k(n) = ¢(k)xloglogx + ¢(k)Mx + O (—) (15)
o log x
and
3 _ 2
Z(a)k(n) — ¢ (k) log 10g)c)2 = ¢k —¢ (k)g(zk)x(log log)c)2 + O(x loglogx), (16)

¢ (2k)

n<x
where M is the Mertens’ constant.

Remark 5 Recall w(n) is the arithmetic function that counts the number of distinct prime factors of n, then
one may view wy(n) as an analogue of w(n). Although wy(n) is not a multiplicative function as w(n) is, some
properties of w(n) still hold with respect to wy (n). For example, let k = 2, if there are infinitely many natural
numbers n such that w(n) = w(n +2) = 1 or wp(n) = wa(n + 2) = 1, then both of them would imply the
famous twin prime conjecture is true, which is still far from reach now. We do have some results on w(n) and
w(n + 2), as well as wy(n) and wy(n + 2), taking the same values. For example, it follows by [15, Theorem 5]
that there are infinitely many integers n such that w(n) = w(n + 2) = 5 and wr(n) = w(n + 2) = 9. Also,
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1444 L. Feng et al.

one may think of w(n) as the limit of wy(n) as k — oo, then letting k — oo in Theorem 1.3, we recover the
following estimates on w(n) (e.g., see [16, Theorems 3.1.1 and 3.1.2]):

xloglogx)

Za)(n) = xloglogx + Mx + O <
log x

n<x

and

Z(w(n) — log log)c)2 = O(xloglogx).

n<x

This paper is organized as follows. In Section 2 we introduce some interesting examples of sets of prime
numbers and some technical theorems and lemmas that will be applied later. In Section 3 we first use the key
technical tool, Lemma 2.2, to prove Theorem 1.1, and then we apply Theorem 1.1 to prove Corollary 2. In
Section 4 we prove Theorem 1.2 and Equation (14) by Lemma 2.2. In Section 5 we compute the average and
variance of wy (n) in Theorem 1.3 by applying (12) in Corollary 3 and Lemma 2.5.

Notation. The letters p, ¢, p1,...,and pr always denote primes. We write f(x) = O(g(x))or f(x) < g(x)
if there exists some constant C > 0 such that | f(x)| < C|g(x)| for all x. The implied constant C may depend on
some parameters, say k, m, or e. We write f(x) ~ g(x) if limy_ o f(x)/g(x) = 1. As usual [a, b] is the least
common multiple of a and b, (a, b) is the greatest common divisor of @ and b, and | x] is the floor function.

2 Nuts and bolts

In this section, we list some examples of interesting sets of prime numbers, state a theorem on Mertens sums, and
prove some lemmas that will be used in the proofs of main results. In particular, Lemma 2.2 is the key technical
tool to be frequently used in the following sections.

2.1 Examples of subsets of primes

Let P be the set of all primes. Let S be a subset of primes and let wg(x) = {p € S : p < x} be the number of
primes in S up to x. The following list gives several common interesting examples of S in the literature. The
asymptotic estimates on 7rg(x) satisfy the assumptions in Theorem 1.1.

1. Arithmetic progressions. Let ¢ > 2 and 1 < a < ¢ be two integers with (a,q) = 1. Let § =
{p €P:p=a (mod q)}, then by the prime number theorem in arithmetic progressions (e.g., see [5, Theo-
1
T5(x) = —— — <1+0

rem II .4.1]), we have
1
¢(q) log x logx ) )"

2. Chebatorev density theorem. Let K /Q be a finite Galois extension with Galois group G = Gal(K /Q). For
any conjugacy class C C G, let

Sc = {p € P : p unramified, |:K—/Qj| = C},
P

where [%@] is the conjugacy class of Artin symbols with respect to an unramified prime p. Then by effective
versions of the Chebotarev density theorem from Lagarias and Odlyzko [17, Theorems 1.3 and 1.4], we have

rse =1 (1o
X) = — .
Sc |G| log x log x

3. Beatty sequences. Let « be positive and irrational of finite type. Let

Sy ={p€P:p=|an] forsomen € N}.

Then by the prime number theorem for Beatty sequences [18, Corollary 5.5], we have

X 1
s, () = alog x <1 +O (logx>> ’
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4. Piatetski-Shapiro primes. Let ¢ > 1 be positive and set

S = {peP:p:anJ forsomeneN}.

( : ))
log x
forc e [1,12/11).

5. Primes with preassigned digits. Let ¢ > 2 be an integer and A; = {0, 1,2, ..., g — 1}. For integers n > 0
and j > 0, leta;(n) € A, be defined by n = Z;’;O aj(n)q’. Letb > 1 be an integer with g-ary expansion

Then by Piatetski-Shapiro’s work [19], we have

xl/c
s (x) = <1 + 0

log x

b= Z;‘zo quj with by, by, ..., b, € Ay and (by, g) = 1. For a sequence of indexes 1 <[} < --- <[, we
take

Sp:={p € P:ao(p) =bo.a;,(p) =b;.V1 < j=<r}.

Then by [20, Theorem 1], for gV < x < gVt N>1,0<r <+/N,1 <l <--- <1, < N, we have

9= o (140 (g7)
T @) logx logx ) /)"

2.2 Multiple Mertens evaluations

Suppose {a,} is a sequence related to the Riemann zeta function, that is,

@ =—1(2),a3 = 20(3), a4 = 3£(2)> — 60(4),
k=3

ax =) (=1)'Ci_yi'¢(i + Dag—1—i + (=D "k = Dlck) (k> 4,
i=1

and C! = (l;) Then we set a series of polynomials {Q; (y) : i > 0}:

Qo) =1,01(y)=y+ M,
k

Ok =+ M+ Clan(y + M (k> 2),
m=2

where M is Mertens’ constant.
Now, we state a theorem about multiple Mertens evaluations by Qi and Hu.

Lemma 2.1 ([[6], Theorem 1.1]) For any positive integers k and s, the following evaluation holds

1
3 w Z( A e 0 1_i(loglog ) -log' () + ) log™ ')

Pl Pr<x p1-
o <logs—1(x) - (log logx)k) ,

where
k—1

f@) =) (=D A 0x1-(loglog x) - log x,

[=0
and the combinatorial number Ai = (ll‘) S

In (6), one may take F(X) = Y520 (=1)' AT Qp_ 1 (X).
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2.3 Some lemmas

Now we establish some lemmas that will be used in the proofs of our main results. In particular, in Lemma 2.2,
A and B are two expressions on some variables. For example, we may take A = pp - -- pg, then py, ..., py are
variables in this expression. If we take B = [a*, b¥] or fi(ny)--- fr(n;),thenaandborny, ..., n, are variables
in B. In our applications, the variables of A and B are easy to see from their explicit expressions related to the
summations.

Lemma 2.2 Let A and B be two expressions. Let g(A) be a nonnegative function on A and h(B) a nonnegative
function on B. Suppose that g(A) has the following asymptotic estimate:

B
Z g(A) = x7 P(loglog x, log x) (1 +0 (M))

ol log®(x)

forsomea >0, B € R, andy > 0. Here P(x,y) = Zu,veR cuvx"yv is a finite sum of some monomials of two
variables. If h(B) satisfies ) 5 h(B)/BY < oo with the following decaying rate

> MB) s

BY
B>x

for some § > 0, then we have

B
Z g(A)h(B) = (Z hg?) x? P(loglog x, log x) (1 + 0 <loilg0§x> +0 (M>> . (7

o
AB<x B log ()

If P(loglog x, log x) has no log x term, then the error term O (%) in (17) can be replaced by O (méx )

Proof Let £ > max {8 15 o } We break the double summations up into two parts:
Y gMhBY= Y h(B) Y gA)+ Y h(B) Y g(A)
AB=x B<logt(x) A=x/B B>logt(x) A=x/B
ERN
In S}, we have B < log®(x), which implies log(x/B) = log x (1 4+ O (loglog x/log x)) and loglog(x/B) =

loglogx (1 4+ O (1/logx)). Since log”(x/B) = log’(x) (1 + Oy ¢ (log logx/logx)) and (loglog(x/B))* =
(loglog x)" (1 + Oy¢ (1/logx)) for any u, v € R, it follows that

P(loglog(x/B),log(x/B)) = P(loglogx, logx) (1 + 0 <10;gol%>> . (18)

By (18) we obtain that

B
Si= 0 hE/ By Ploglogte/ ), oxte/ B (140 (CESELDE))
! log®(x/B)
B<log"(x)
B
= Z @ xV P(loglog x, log x) (l + 0 <loglogx>> <1 +0 (—(loglogx) ))
BY log x log® (x)

B<logt(x)

h(B) 1 v loglog x (log logx)ﬁ))
< 2 B +0 <—log‘”(x)>> x¥ P(loglog x, log x) (1 + 0 < log x > +0 (—log“(x)

B
= Z h(B) x? P(loglog x, log x) <1 + 0 (—loglogx) + 0 <—(log10gx) )) .
= BY log x

log” (x)
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For §», we have

x?” P(loglogx, lo x)
$H< Y hB)Y | g(A) < £ Mg £
log®" (x)
B>logt(x) A=x

Combining the estimates above for S and S, completes the proof. O

Next we prove two lemmas on Mertens-type sums.

Lemma 2.3 Let r > 1 be an integer. Let f : N' — R.q be a function satisfying #{(n1,...,n,) € N :
fny,...,n.) <a}is finite for any a € R.¢ and
1 8
) DL
fny,...n)>x f,..onp)

for some § > 0. Then we have

3y Zlog Sn)
a A )=

forany O <n < §ands > 0. Furthermore, for any 0 < n < § and s > 0, we have

] ) 9 00y B
) og’ (f(ny 1n_rn)) < 2" log" (x). "
fni,np)=x f(ny, ..., n)
Proof By our assumptions on f, it suffices to prove (19). We writt n = (ny,...,n,) € N’. Since

Y fmyzx 1/f @) = O (x7?), we have
1
—— =0 (x7?).
xff%<2x f(n) (x )
This implies that #{n : x < f(n) < 2x} = O(x'7%) and § < 1. Then
log' (f(n1.....n,) log* (f (m))
log* (2k+1x)
- Z (ka)l n Z 1

2kx < f(n)<2k+1x

OO IOgS (2k+1)€)

(ka)lfn : (Zk.x)l_(S

k=0

- 8 10g (2k+1x)
Z TokG-m

(log(2*1) log x)’
n—3a
<X Z SkG—m

&« x"78 log (x),

which completes the proof. O

Lemma 2.4 Let f; : N — Ry be an increasing positive sequence satisfying y Fi)=x 1/fi(n) < x~% for
some 8; > 0,1 <i <r. Then we have

! s
s <X 20)
fl("1)~%r:(nr)zx Si(ny) -+ fr(ny)

for some § > 0.
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Proof Indeed, notice that Y oo 1/f;(n) < oo foreach 1 <i < r. We have

1
f1<n1)-~§:<nr)2xr Sl ==+ fr(nr)

1 1
=
fl(nl)---f(n-)>x’ fl(nl)"'fr(nr) fl(nl)f (n )>xr fl(”l)"'fr(nr)
fi@m) froi(np—p)=x""1 Fi@) froi(np—p)<x"~1
1 1
= i _—
Z finy) -+ fr(ny) Z Sfiny) -+ fr(ny)

fi(my)- fr—1(np_p)>x"1 fr(np)=x

1 1
a 2 fim) - froi (o) (Z fr(nr))

fimy) fr—1(np_p)=xr—1

1 1
i n|.§¢:,_1 Simy) - fr—1(np—1) Z fr(ny)

fr(np)=x
1 s
< > +x%
n DRI _ n _
frn e fy otz J1O 7 frot ()
LxT gy
where the last line above holds by induction on r. Thus, we may take § = ! min {8y, ..., 8,} for (20). This
completes the proof. O

The following two lemmas will be applied in the study of the average and variance of wy (x).

Lemma 2.5 Let k > 2 be an integer. Then we have

_ k)
ZZ [ak bk] {(Zk) (21)

a=1b=1

Proof Setd = (a,b),a =da’, b = db’, then we get [a*, b¥] = d¥a’*b'’*. It follows that

[o.<lNNNe SN ]

ZZ ak bk] Z Z Z dka /kb/k = ¢k Z Z /kb/k 22)

d=1a'=1b'=1 a'=1b'=1
(a',b)=1 (a',b)=1

Now, we compute the square of ¢ (k) as follows:

[o,SNNNe CENe ¢)

¢ (k) ZZ akbk Z Z Z d?kq /kb/k = ¢(2h) Z Z /kb/k

a=1 b=l d=la'=1b'=1 a'=1b'=1
(a’,b")=1 (a’,b")=1

This implies that

> (k)
Z Z /kb/k = C(Zk) (23)

a'=1b'=1
(a =1

Then (21) follows by plugging (23) into (22). ]
For the tail of the double series in (21) we have the following bound.
Lemma 2.6 For any ¢ > 0, we have

2 [ak,lbk] =0 (X_H%ﬂ)'

[ak bk ]>x
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Proof By [21, (1.81)], we have 13(n) < n®. Then we have

1 1 () ¢ gl
N TP S OB SR DM S

[ak ,bK)>x 1k>x [ak ,bk]=1k lk>x I>x1/k

3 Proofs of Theorem 1.1 and Corollary 2

In this section we prove Theorem 1.1 and Corollary 2. Indeed, if we take A = p, B = f(n), g(A) = ls(p),
and h(B) = 1 in Lemma 2.2, where 15 is the indicator function on S, then Theorem 1.1 follows immediately.
Therefore, it suffices to prove Corollary 2, in which we apply Theorem 1.1.

Proof of Corollary 2 Using the fact that primes are asymptotically equi-distributed in the reduced residues mod
10, we calculate the asymptotic estimates for CP Numbers ending in 1 as follows. We have the following four
cases: when p = 1 (mod 10), we require a3 to end in 1, thus a is congruent to 1 modulo 10; when p = 3
(mod 10), we require a> to end in 7, thus a is congruent to 3 modulo 10; when p = 7 (mod 10), we require a>
to end in 3, thus a is congruent to 7 modulo 10; and finally when p = 9 (mod 10), we require a3 to end in 9,
thus a is congruent to 9 modulo 10. From the definition of CP Numbers, we know that a > 1. Therefore, the
number of pairs (p, a) such that pa® =1 (mod 10) with pa® < x is

#{(p,k) cp=1 (mod 10), p(10k + 1)® < x, k > 1}

+#[(p,k) cp=3 (mod 10), p(10k +3)> < x, k > 0}

+#[(p,k) -p=7 (mod 10), p(10k +7)% < x, k > o}

+#{(p,k) :p=9 (mod 10), p(10k +9)° < x, k > o}.
Then from Theorem 1.1, we have

#{(p,k) cp=1 (mod 10), p(10k + 1)® < x, k > 1}

x 1 x 3, ) — 1000
4logx &= (10k + 1)° ~40001og x ‘o '

Similarly, we obtain

# {(p,k) cp=3 (mod 10), p(10k +3)3 <x, k > 0} ~ m; (3, 13—()) :
#{(p,k) cp=7 (mod 10), p(10k +7)3 < x, k > 0] ~ mg (3, 17—0) :
and
#{(p. 0 p=9 (mod 10), p(10k +9)* <x, k= 0} ~ ¢ (3, 2) .
4000 log x 10
Hence the asymptotic formula (2) holds by adding these four asymptotic estimates up. O

4 Proofs of Theorem 1.2 and Equation (14)

In this section we prove Theorem 1.2 and Equation (14), in which we frequently apply Lemma 2.2.
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4.1 Proof of Theorem 1.2

First, we prove (8). We write the partial sum in (8) as two parts:

Z log(p1--- pefi(mny) - - - fr(ny))
pr-piefi(m) fr(n)<x puecpefi(nn) - fr(nr)
_ Z log(p1 -+ pk)
prpefrnnfrm<x P17 pefi(ni) - fr(nr)
+ Z log(f1 (}71() : ) Sr (;r()) )
prepifinye fyapy=x P17 PRITED 2 Jr ity
= 834+ S4.

For S3, we take A = pip2--- pk, B = fi(n1) fa(nz) --- fr(ny), g(A) = (log A)/A, and h(B) = 1/B in
Lemma 2.2. Combining with (6) and Lemma 2.4, we have

53 = (H 3 ﬁ)  Floglog x) -logx + O ((loglogn)") . (24)
i=1n=1

For S4, we take A = pip2--- px, B = fi(ny) fo(n2) --- fr(n;), g(A) = 1/A, and h(B) = (log B)/B in
Lemma 2.2. Combining with 7, Lemma 2.3, and Lemma 2.4, we get

o log(fi(n) - fr (1)) I
Sy = - Pr(logl 140 ———mmm
: ;X_:I Fr) o) frny %8 ng)< i (loglogx-logx))

=0 ((log logx)k) . (25)

Combining (24) and (25) together gives the desired formula (8).

Similarly, if we take A = py--- px, B = fi(ny)--- fr(n,), g(A) = 1/A, and h(B) = 1/B in Lemma 2.2,
then by Lemma 2.4 we immediately obtain (9).

Finally, we use (9) to prove (10). Let

1
Vi (x) = - '
kor () l_[ ( Pl"'Pkfl(M)"'fr(M))

1P f1(nn)- fr (ny)<x

After taking logarithm, we have

g

1
—log Vi r (x) = ~log (1 - p1prfi(ng) - fr(ny) < x)

1
Z t(p1---prfi(ng)--- fr(nr))t

pr-pr fi(ny)-fr(ny)<x t>1
1

p1--pefi(ny) - fr(ny)

pipr fr(ny)- fr(n,)<x

|
N

Il
™

pi-pr fr(ny)- fr(ny)<x

1
" Z Zt([’l"‘pkfl(nl)"'fr(nr))t.

pr-prfi(ny)- fr(np)<x =2
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By our assumptions on the functions f;, 1 <i < r, the tail in the second sum satisfies

1
Z Zl(Pl"'Pkfl(”l)"'fr(”r))t

prprfi(n1)- fr(ny)>x 122

1
< 2 L P fi ) - F )2

prpr fr(ny)-- fr(ny)>x

1 1
< Z Py Z e fr(ng)?

. P , (1o prfi(n)
p1=x2 P2 pr f1(n1)- fr(np)?>x2
<< ......
k I 1
< — + —_—
; ZL p} ; Z# (fj(n))?
pi=x2 fi(nj)y=x 2K+
<x~°f

for some constant ¢ > 0. Therefore, by (9) we obtain

r o k
1 (loglogx)
—log Vi, (x) = —L) Pettoglo x)—c(k,fl,-.-,f>+o(—
b0 = (15 75 ) rooss 4O g
for some constant c(k, fi,---, f,) that depends on k and the functions f;, 1 <i < r. Therefore, we know
r o0 k
Vi () = e (i1 Zi21 7t ) Petogtog et i 1) (1 Lo ((IO?Ing) ))
ogx

We have finished the proof of Theorem 1.2.

4.2 Proof of Equation (14)

The proof of Equation (14) is similar to that of (8). We write

log(pn®) log p log(n®)
Z pl’ls = Z pns + Z pns 1= S5 + Se.

pnf=<x pns<x pn’ <x

For S5, we take A = p, B = n*, g(A) = (logA)/A, and h(B) = 1/B in Lemma 2.2. Combining with
Mertens’ first theorem, we obtain

S5 = ¢(s)logx + O(1). (26)
For S¢, we take A = p, B =n", g(A) = 1/A, and h(B) = (log B)/B. Notice that

o log(n®)
Z P = —sC'(s).

n=1

From Mertens’ second theorem, similar to the argument of Lemma 2.2, we obtain
S¢ = —s¢'(s) loglogx + O(1). 27
Combining (26) and (27), we obtain

Z log (pn*) _ c(s)logx — s¢'(s) loglogx + O(1),

ns
pnf<x

which completes the proof of Equation (14).
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5 Proof of Theorem 1.3

In this section we prove Theorem 1.3 by applying (12) in Corollary 3.

5.1 Proof of Equation (15)

By definition, we have wy(n) = ) pmk|n 1. Then

Yo=Y Y1

n<x NEX pmkin

=2 X

pmk <x n<x/pm*

2l

pmkgx pm
=x Z —+0| Y 1 (28)
m"<x pmk<x

On the one hand, from (12) we know

1 loglog x
> — =¢(k) (loglogx + M) + 0 ( ——=— ). (29)
pm log x
pmk<x
On the other hand, by Theorem 1.1 we have
> 1~ c(k)— (30)
pmk<x
Combining (28), (29), and (30), we get
x loglog x
Za)k(n) = ¢(k)loglogx + Z(k)Mx + O —Togx

n<x

which completes the proof of Equation (15).

5.2 Proof of Equation (16)

We first compute the second moment of wy (n). It is easy to see

Seim=Y ¥ 3

n=<x n=<x pakln qb"'ln

=2 > 2!

k k n=<x
pa*<x gbk<x =
pa*|n.gb*|n

:Z ZLpakqka

pak<x gbk<x

=xz++0 Yoo

5 bk
[pa*,gbk]<x Lpa®. qb] [pak,gbk]<x
=x-85+ Sg.
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For the sum S7, we will prove

3k
¢ (2k)

Lemma 2.5 and Mertens’ second theorem imply

1 1
2 [pak, gb¥] — 2 plak, bF]

p=q.[pa*,qb¥1<x plak b¥1<x

1 1
= 2 @@L,

[ak,bk]<x ’ p=<x p

<<Z—

p=x P

S7 = (log logx)2 + O (loglogx) . 31)

< loglog x.
So we only need to consider the terms with p # ¢. In the sum
1
§h = _
’ 2 [pa*, gb*]
p#4q.[pak.qbkl<x

we let a = p®g®©a; and b = plig2by, where (a1, pg) = (b1, pg) = 1. Then [pa*, gb*] = pgqh[all‘, b’l‘],
where ¢ = max {ke; + 1,kf1} > 1 and h = max {kes, kf> + 1} > 1. Next we discuss the contributions of the
terms according to their eq, e», f1, and f, values. If e; > 1, then [pak, qbk] > p3q[a’f, b’l‘], and thus

Y pman <l Z,, > Z @ bk < loglogx. (32)
p#q.[pak.qbF]<x,e1>1 R e (o - il
If fi = 1, then [pa*, gb*] = p’qlaf, b’f], which implies

Z [pak qbk <Z

p#q.[pak,gbF1<x, f1=1 q=x

— < loglog x. (33)
2 p? 33 [a, b]

1
4 p=1 ar=1b1=1

Similarly, for the terms with e; > 1 or f> > 1, we also have

1
—— = O (loglog x) (34)
[Pak%:kkx [pat, ab/] o

p#q.e2=1lor fr>1
Noting that ey = e = f1 = f> = 0 implies [pak, qbk] = pq [a’l‘, b’f], we can combine the estimates (32), (33),
and (34) to obtain

1
Pyt pqla®, b*]
pqla®,b"]<x
p#4q.(a,pq)=(b,pq)=1

In fact, we can remove the constrains p # g and (a, pq) = (b, pq) = 1in S since

1
Z pq[ak, bk] = Z

214k bk
palak bFl<x, p=q plak, bk] pelat, bl
=DM PR
P=x p [ak,bF]<x [a bt
< 400,
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I DS 1
K bk T K1 g [ak/ pk, bk / pk
pq[ak‘llwkls‘alc),paéq rql ] prHiglak/pk bk /pkl<x prratat/p /P
pla.p
1 1 1
= Z phtl Z [ak, bk] Zg
p=x [ak ¥ <x ’ g=x
< loglogx,

and

Z ; Z ! < loglog x.

ak bkl — K1 g[ak [ pk bk
palak br1<x, pq pal ] P glat pF pHx prtg alt/p ]
pla.ptb pla.ptb
Therefore, we have proved
1
S7 = Z —kbk + 0 (10g10g)€) .
pylak bFl<x pqla”. b7l

Now Equation (31) holds when we apply Lemma 2.2 with A = pg, B = [a¥, b*],g(A) = 1/A,and h(B) = 1/B,
Lemma 2.5, and Lemma 2.6.
By similar arguments we can prove

Sg = O (xloglogx). 35)
From (31) and (35) we know
3
gw,%(n) = ;(éi;x (log log)c)2 + O (xloglogx). 36)
Combining (36) and (15), we obtain
Y (@r(n) — £ (k) log log x)?
= > wi(n) —2¢(k)loglogx - Y ax(n) + ¢*(k)x (loglog x)*
§3(1‘)11 2 272 (k)x (loglog x)? + 2 (k)x (loglog x)? + O (x logl
mk)x(og 0gx)” —2¢7(k)x (loglog x)” + ¢ (k)x (loglogx)” 4+ O (x loglog x)
_ ) = (k) 2k)

x (log log)c)2 + O (xloglogx),

¢(2k)
which completes the proof of Equation (16).
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