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Abstract Multi-dimensional cyclic code is a natural generalization of cyclic code. In an earlier paper we
explored two-dimensional constacyclic codes over finite fields. Following the same technique, here we charac-
terize the algebraic structure of multi-dimensional constacyclic codes, in particular three-dimensional (¢, 8, v)-
constacyclic codes of arbitrary length s¢k and their duals over a finite field F;, where , 8, y are non zero
elements of IF,. We give necessary and sufficient conditions for a three-dimensional (o, 8, y)-constacyclic code
to be self-dual.
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1 Introduction

A multi-dimensional cyclic code or more precisely an n- D cyclic code of length s1s2 - - - 5, over [F; is an ideal
in the polynomial ring Fy [xy, x2, -+, x,1/(x]" — 1, x> — 1, -+, x,;" — 1). Because of their rich mathematical
structure, involving Algebraic Geometry or ideals in a polynomial quotient ring, multi-dimensional cyclic codes
are of great importance. Two-dimensional (2-D) cyclic codes are used in daily technical applications such as
video encoding. The characterization for 2-D cyclic codes, for the first time was presented by Ikai et al. [9]
in 1975. Since the method was pure, it did not help decode these codes. After that Imai [10] introduced basic
theories for binary 2-D cyclic codes using the concept of ‘common zero’.

One of the main concerns about n- D cyclic codes is to find the related generator polynomials. In 2016,
Sepasdar and Khashyarmanesh [15] obtained generator polynomials of two-dimensional cyclic codes of length
5.2K (s = 5,50 =25 over F pm iteratively, where p is an odd prime. The authors state in the concluding remarks
of their paper [15] that their method does not work for arbitrary 2-D cyclic codes, noteven whens; = 3, so = 3.In
2017, Sepasdar [16](unpublished) gave a method for obtaining generator matrix of 2-D cyclic codes of arbitrary
length 5157, but this method is not very practical.

Constacyclic codes over finite fields have a very significant role in the theory of error-correcting codes. A
lot of work on constacyclic codes has been done in recent years, see for example [2,4,6,14]. Given nonzero
elements @ and B of I, a two-dimensional («, B)-constacyclic code of length s¢ is an ideal of the polynomial
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1486 S. Bhardwaj and M. Raka

ring Fy [x, y]/{x* —«, y¢ — B).In 2018, Rajabi and Khashyarmanesh [13] investigated some repeated-root two-
dimensional («, 8)-constacyclic codes of length 2p*.2% over F pm, where p is an odd prime, using the structure
of 2-D cyclic codes given in [15].

The authors [3] gave a novel method to characterize the algebraic structure of 2-D («, 8)-constacyclic codes
of arbitrary length s¢ and their duals over a finite field F,, using central primitive idempotents of the ring
F,ly1/¢( y% — B). This method is quite different from that of [13,15,16] and it does not require s to be a multiple
of p, the characteristic of F; as in [13].

There are much less results about general n-D cyclic codes. Giineri et al. [7] obtained a trace representation
for multidimensional cyclic codes via Delsarte’s theorem. This relates the weights of the codewords to the
number of affine rational points of Artin Schreier type hypersurfaces over finite fields. In 2018, Lalasoa et al
[11] generalized the method of Sepasdar [16] and constructed a basis of a 3-D cyclic code. Andriamifidisoa et
al. [1] and Lalasoa et al. [11], [12] applied the method of Sepasder [16] to construct a basis of a 3-D cyclic code
of arbitrary length. As is for 2-D codes, this construction is not practical.

Generalizing our method of [3], in this paper, we study multi-dimensional constacyclic codes and their duals.
Due to the ease in visualization of the idea, we give the construction of generator polynomials of 3-D constacyclic
codes and their duals. Generator matrices of a general n-D constacyclic code can be computed in a similar way.
A 3-D (a, B, y)- constacyclic code C of length s¢k is an ideal of the ring Fy [x, y, z]/(x* —«, ye—B,zF—y).In
Section 2.1, we study primitive central idempotents of the rings I, [z]/ (zF —y) and Fylyl/¢ y¢ — B) and discuss
some of their properties. Generator polynomials and generator matrices of 3-D («, 8, y)- constacyclic code C
and its dual are obtained in Sections 2.2 and 2.3 respectively. In Section 2.4, we give necessary and sufficient
conditions for a 3-D constacyclic code to be self-dual for «, B, y € {1, —1}.

2 Three dimensional («, 8, y)-constacyclic codes of length s¢k

Firstly we recall the definition of a A- quasi-twisted code over ;.

Definition 1 Let

a = (40,0, 41,0, """ » am_l,olao’l7 cee am_1’1| . |a0’n_l’ cee am—l,n—l)
— (a(0)|a(l)| . |a(n—1))
wherea?) = (ao,i,ai,i, - ,am-1,),beavectorin FZ”‘ divided into n equal parts each of length m. A linear code
C of length mn over IF, is called a A- quasi-twisted code of index n if 73 (a) = ()\,g(”_l) la©@]... |a(”_2)) eC

whenever a € C. When A = 1, C is called quasi-cyclic code of index n.

Throughout the paper R denotes the polynomial ring Fy[x, y, z]1/(x* — «a, vyt — B, z¥ — y). Let C be a three
dimensional (@, B, y)- constacyclic code over Fy, i.e. C is an ideal of the ring R. Each codeword c in C has a
unique polynomial representation

s—1¢0-1k-1

cx,y,2)=Y > Y cijuxyd (1

i=0 j=01=0
For fixed j,1,0<j<¢—-1,0<r<k—1,let

(.2
Cx :(CO,j,t’Cl,j,ta"'Cs—l,j,t)

denote the s-tuple whose co-ordinates are coefficients of xt yj 71,0 <i <s—1linc(x,y,z) given by (1). The

. . izt . . . P .
subscript x in c)(cy “) denotes that in this tuple the power i of x' is varying. Define,

C(Zt) _ (C)(Cyo’zl) C)(Cyl’zt) o

e
cy )
1y . . . .
en, ¢ 1S a §£- tuple wnose co-orainates are a e coemncients or z- mce(x, y, 7).
then, ¢ £- tuple wh dinat 11 the coefficients of z’ y
- ',z (' y7)
Similarly, define cy = (Ci,0,» Ci,1,t> "~ Cie—1,1)5 C7 = (€i,j,0, Ci,j,1» " Cijk—1)s

) = (et ‘C;x",zb o'

i k— N 0
‘cﬁx iz l)) and ¢ = (C? )

. ‘Céxsil'yj)).
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The co-ordinates of the ¢k- tuple ¢ and the co-ordinates of sk- tuple ¢O”) are the coefficients of x! and y
respectively in c(x, y, 7).
For a 3-D constacyclic code C, let

C = {(C(XO)|C(X])| .. |c(xs_l)) te(x,y,2) € C} , 2)
G2 = (10D 1e0D) tetr v, e ) 3)
Cy = [(c(z°)|c(zl)| . |C(ZH)) te(x,y,2) € C} . )
Clearly Cy, C; and C3 are linear codes in Fffk and are permutation equivalent.
Note that xc(x, y, z) corresponds to the codeword (ozc("H) |c(x0) |c(x1)| e |c(x572)), ye(x, y, z) corresponds to
the codeword (,Bc(yzfl) 10D 0D |c(>’Z72)) and zc(x, y, z) corresponds to the codeword (yc(zkfl) 1c@ @D
k=2
|- e )).

By definitions of a 3-D code and of a A- quasi-twisted code we immediately have

Proposition 1 C is a 3-D (a, B8, y)-constacyclic code if and only if Cy is an «- quasi-twisted code of index s, C)
is a B- quasi-twisted code of index € and C3 is a y - quasi-twisted code of index k.

Rajabi and Khashyarmanesh [13] showed that the dual of a two-dimensional («, §)-constacyclic code is a two-
dimensional («~!, B~!)-constacyclic code. A similar result holds for a 3-dimensional («, 8, y)-constacyclic
code.

Proposition 2 The dual of a three-dimensional («, B, y)-constacyclic code is a three-dimensional (ot_1 , B -1
y ~Y-constacyclic code.

Proof Let Cy, Ca, C3 be the corresponding linear codes in Fﬁlek as defined in (2), (3), and (4) respectively. Let
Cit. C, C4 be the duals of Cy, C2, C3 in ]F;ek.

To prove that C* is 3-dimensional (@~!, 87!, y~!)- constacyclic code, it is enough to prove that Cll is o 1-
quasi twisted code , Cj- is B~1- quasi twisted code and C3L is y ~1- quasi twisted code.

Leta = (a(xo) ‘a(xl) ‘ ‘a(’“H)) € Cit, where a(x,y,z) € Ct and b = (b(xo) ‘b("l) ‘ ‘b(’CH)) be an
arbitrary element of C;. Then

227 b) = (@b | ab®) | - [ap™ D [N,
As Cy is a-quasi twisted code , 737! (b) € Cy. Therefore, by definition of duality a - t~!(b) = 0. This gives

a@ bt L gD L gpet) L L g0 g pTh T L pa%) —
= o 1q® . pa® £ 400 peh 4 4 @ 0T Z
ie. (a,la(x.q_l) ‘au“)‘ \a(xs—z)) . (W") ‘bu')‘ ‘bw—l)) -0
i.e. t,-1(a)-b=0 forall b € Cy.

This gives 7,-1(a) € Cf‘ whenever a € Cll. Therefore, Cf‘ is o~ !- quasi twisted code. Similarly, one gets that
Cj- is B~!- quasi twisted code and C3J- is y ~1- quasi twisted code. O

Definition 2 Let

¢ = (@)D e@h
_ (C)(Cyozo) ‘C)(Cylzo) ‘ o C)(Cyzflzo) ‘ ...... ‘C)(Cyozkfl) ‘Ciylqu) ‘ o ‘C;ylé—lzk—l))
= (€0,0,05 €1,0,0 "+ » €s—1,0,0 | €0,1,05 C1,1,05 "+ » Cs—1,1,0| =+ | CO,e=1,05 C1e=1,0. "+ + Cs—1,6-1,0
------ | €0,0,k—15 C10K—1+*** 5 Cs—1,0,k—1 | €O, 1k—15 CT,1 k=15 " » Cs—1,1,k—1 |
| eoe—1 k=15 11 k=1 s Co—1e—1.4-1) € C.
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1488 S. Bhardwaj and M. Raka

For «, B, y € ¥, define

TJ:&S(C) = (@€5-1,0,0,€0,0,05 - 96572,0,0‘ ‘Olcsfl,ﬁfl,OvCO,Kfl,Ov 7Cx72,Z71,0‘
e e 1,0k—15 €O0K—T5 7 5 Cs—2,0k—1]
acs_zl’ligl’k_l(; %'O,Z—l,k—lé 20) Cs_z’e_l'f_llg 1 0,k—1 -2 k-1
= e g T oo g

73’2:31/@) — (yc(z"’l)|c(z0)| .. |C(z"’2))'

Proposition 3 Let f(x, v, z), g(x, y, 2) € R and let codewords corresponding to f(x,y,z) and g(x, v, z) be

a= a(ZO)ia(zl) ‘ ‘a(z"*‘)

a _ (a)(CyOz ) ‘a)(CyIZO) ‘ o ‘a)(cyhlzo) ‘ ...... ‘a)(cyozkﬂ) ‘a)(Cylzk—l) ‘ N ‘a§>’6712k71))
and

b= b<zO>ib<z1>\ ] pEh

b _ (b;(cyoz ) ‘b)(cylzo) ‘ ‘b,(cyz_lzo) ‘ ‘bj(cy()zk—l) ‘b)(cylzk—l) ‘ ‘b)(cy@_lzk_l))

respectively. Then, f(x,y,2)g(x,y,z) = 0in R if and only if a is orthogonal to b* = (b;(ylflzkfl) ‘

0_k—1 1.0 0.0 J
‘ b;"(y T ‘ prz ) ‘ b;"(y < )) and all its (a~', 1, v~ - constacyclic shifts, where b;(yjzl) =
(bs—1,j,1sbs—2,j,t» -+ » bo,j.1)-

Proof For convenience, we give a proof for s = £ = k = 2. Also we skip commas in subscripts of ¢; ;. For,
0 ! 0%0 | 60| 6% | 'h

c= (%) ‘C(z )) = (cy ‘Cx ‘Cx ‘Cx ) = (co00, 0100‘6010, 6110‘6001, €101 ‘6011, ci11) we have

y~le@ ‘ C(z"))

(

= (v~ teoor. ¥ “tero1 |y eonr. ¥ ternn [ cooos c100 | coros ci10)
(B~ cono, ﬂ_ICno‘Cooo, ClOO‘ﬂ_ICOII» B~ e ‘6001,6101),
(

70 ) =

-1 -1 -1 -1
a-lp-ly o CIO()’COOO‘C( CllOaCOIO‘C( 510170001‘05 Cl]laCOII)-

Let

h(x,y,2) = f(x,y,2)8(x, y,2)
= (aoooxoyozo + a100x'y92% + a010x%y 120 + ar1oxy' 20 + ago1x0y0z!
+ainx'y0z! + apr1x0ylz! + amxlylzl)
(b000x°y2% + b100x 020 + bo10xy 20 + by1oxty120 + bog1x0y02!
+ bro1x! Y0z + b1 a0zt + byyxtylz!).

Then for ky, ka2, k3 € {0, 1} (mod 2), coefficient of xk1 y*2 755 ig

higkgks = Y @b+ Y aaibipy+ Y Bagjibyje

i+i'=ky i+i'=s+k; i+i'=ky

j+j'=ka j+i'=k JHi'=ttk
t+t'=ks t+t'=k3 t+t'=ks

+ Z Yaijibirjir + Z aBaijibirjr + Z ayaijbiji
i+i'=k; i+i'=s4k; i+i'=s+ky
J+i'=ka JHi =tk JHi'=ka
t+t'=k+k3 t+1'=k3 t+1' =k+k3

+ > Byaibiye+ Y. aByaijbijy
i+i'=k; i+i'=s+k;

J+j'=t+ky J+j=t+ky

t+t'=k+k; t+t'=k+k;
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Multi-dimensional constacyclic codes 1489

For k1, ky, k3 € {0, 1} (mod 2), one finds that

ki+1ko+1.ks+1
i koky = k11 ghatlykatly . Tyrlgity i (bi11, boit, biot., boot . bi1o, boio, b1oo, booo)-

Therefore, Ay, ,k; = 0 if and only if
ki-+1ky+1,ks+1 .
a- a—lllg—l)z,—l ’ (é*) =0,
if and only if a is orthogonal to b* and all its («~!, B!, ¥ ~1)- constacyclic shifts. O

For a non-empty subset S of a commutative ring R, the annihilator of S is the set ann(S) = {f € R: fg =
0 for all g € S}. Then ann(S) is an ideal of R. For a polynomial f(x) with deg(f(x)) = k, its reciprocal is
defined as f*(x) = x* f(1/x). For any set S of polynomials, we use the notation $* = { f* : f € S}. The above
proposition immediately gives the following result.

Proposition 4 Suppose that a, 8,y € {1, —1}. Let C be a three-dimensional («, B, y)-constacyclic code, then
the dual code C*+ is (ann(C))*, also denoted as ann*(C).

2.1 Primitive central idempotents and their properties

In this section we study primitive central idempotents of the rings IF;[z]/ (zK—y)and Fylyl/( y¢ — B) and discuss
some of their properties.
Let r be the order of y in IF, so that y" = 1 and r|(g — 1). Let w be a rk™ root of unity such that of = .

Assume that g = 1 (mod rk) so that w € Iy, since for some integer &', 0l ! = @™ = K =1 Then,
e l=-De-0)z—0) (- o™ ).
For 0 <t <rk — 1, define

G-Dz-—w) - z—o ™ Hz—ThH. . (z — ™
(@ — Do — ) - (0 — o' Do — o't (o — CUrk—l)’

fz (Z) = (5)

Then £y(2), §1(2), - - - , &rk—1(z) are primitive central idempotents in I, [z]/(z’k —1),ie @) +& @+ -+
Ek—1(z) = 1 and &(2)&/(z) = &.p4&(2) fort,¢' € {0,1,2,--- ,rk — 1}, where §, , is the Kronecker delta

function. For a proof of it see [5]. Also, & (') = 1 and & (w’/) = 0 for t # t’. The following Lemmas 1-5 are
similar to [3], therefore proofs are skipped.

Lemmal Fort=0,1,2,---,rk — 1, we have

1
&) = E(l +o @I+ + (w’k—tz)rk—1).

Lemma 2 £, (2)2" = (@"47) &4, (). for 1,1/ €{0,1,2, -+ k—1}.
Following the notations of [6], let Py, =14+ 7rZy = {1 +rt:t=0,1,---,k—1}. Then o,ie Py, are all
the roots of zK — y,i.e.

Foy=G-0)@-—0"Mc-0"") (g —oTEDN, (6)

Let 7% — 1 = (z¥ — ¥)Q(z), where Q(z) = l_[ (z - a)i). For0 <t <k — 1, define
i¢Pk,y

(z — w) co(z — wl+(l7])r)(z _ w1+(t+1)r) . (Z _ ler(kfl)r)

Gi(2) = (lertr —w)--- (lertr _ wl+(lfl)r)(wl+lr _ w]+(t+1)r) c (wl+tr _ w1+(k71)r)' O
Then £o(z), £1(2), - - - , {k—1(z) are primitive central idempotents in I, [z]/ (z* —y).
Note that
Itr =1, §&(z) = &+1(2) and §—1(z) = §o(z) and (3)
(@) = 1and & (0'T") = 0 fort £ 1. )
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1490 S. Bhardwaj and M. Raka

Lemma3 Fort=0,1,2,---,k — 1 wehave &4+ (2) = &(2) (QC(Z)

’ ) for some constant ¢; in IF;;

Lemmad ¢(2)z" = (0'*") ¢,(2) fore, 1’ € {0, 1,2,k — 1},
Lemma 5 The reciprocal polynomials of {;(z), fort =0, 1,--- , k — 1, are given by

bi G () if y =1

4@ = {bt G142 if y = —1 (10)

for some constant b; € ]F; with the understanding that fory = landt =k — 1, {0, (2) = ¢-1(2) = & (2) =
Sk—1(2) -

Similarly, let 7 be the order of B in IF, so that g "= land r'|(qg — 1). Let 6 be the r'¢'" root of unity such
that 9¢ = B. Assume that ¢ = 1 (mod r'¢) so that 6 € IF,. We define x;(y), the primitive central idempotents
in Fy[yl/ (y”‘Z — 1) similar to & (z) as defined in (5) and then define, as in (7), primitive central idempotents
nj(»),0 < j < £—1,inFylyl/(y* — B) given by

(y _ Q)(y _ 91+r’) L (y _ 91+(j*1)r/)(y _ 91+(j+1)r’) . (y _ 91+(571)r’)

i) = G gy @ — gDy @Y — GG (@I — g1y
We have similar results for x;(y) and n;(y) as obtained in Lemmas 1, 2, - - -, 5. In particular
Lemma 6 The reciprocal polynomials of n;(y), for j =0,1,---,£ — 1, are given by

v, Jeine—aj(mif p=1
o) = {cj M1 () if =1 (4

for some constant c¢; € IFZ with the understanding that for 8 = land j = € — 1, np2;(y) = n-1(y) =
x0(y) = ne-1(y).

Similar to (9), we have
i@y = Land n; @'y = 0for j # j'. (12)

2.2 Generator matrix

In this section we obtain generators of a three-dimensional («, 8, y) - constacyclic code of arbitrary length s¢k.
Let C be a three dimensional («, 8, y)-constacyclic code, i.e. C is an ideal of the ring R = Fy[x, y, z]/(x* —
o, yz —ﬂ,zk — y). Define, for0 <t <k — 1,

I ={f(x,y) € Fylx, y1/{(x* —a, y* = B) : & (2) f(x, y) € C} (13)

Then /;, 0 <t < k — 1, are ideals in the ring F,[x, y]/(x* — a, y¢ — B), i.e. I, are two dimensional (a, B) -
constacyclic codes.

For each t, 0 <t < k — 1, there exist polynomials py)(x), 0 < j < £ —1, such that p§t)(x)|xs — « and the
ideals I; are generated by (see Theorem 1 of [3])

I = 0Py ), mpy @), e p (), (14)
where no(y), n11(y), - - -, n¢—1(y) are primitive central idempotents in I, Iyl/(y¢ — B).

Theorem 1 Let C be an ideal in the ring R = Fy[x, y, z]/(x* — a, yt — B, 72K — y), then

C=(p@m(Ma@:0<r<k—1,0<j=<t—1) (15)

and a generator matrix of C is given by

@ Springer



Multi-dimensional constacyclic codes 1491

P @m0 (2)
xpd” (M0 (320 (2)

257001 p O (o (y) 80 (2)

P (-1 (10 (2)
xpfgo_)l(xmm ()¢0(2)

xS—ao0.e-1—1 péo_)l X)ne—1()¢o(2)

P D@1 ()81 )
2 One 1 ()&-1(2)

w5kt =1 D (e (1) 61 (2)
where a; =degpy)(x)f0rt =0,1,---,k—land j=0,1,--- , £ — 1.

Proof Let the ideal on the right hand side of equation (15) be denoted as D. Let g(x, y, z) be an arbitrary element
of C. Then there exist polynomials g, (x, y) € Fylx, y1/(x* —«, ye —pB)fort =0,1,---,k — 1 such that

g(x,y,2) = go(x, y) + g1(x, M)z + - + gr—1(x, )ZF L

Using Lemma 4, we have

g(x, ¥, 26(2) = go(x, V)& (2) + g1(x, M (2) + -+ + g1 (x, ) (@ (2)
= (2){go(x, y) + g1(x, YT 4 4 g1 (x, ) (@ TN (16)
= (2)g(x, y, 0.

Now, g(x, y, z) € C implies g(x, y, 2)¢(z) € C and hence by definition (13) of I;, g(x, y, w'™") € I,. Further
from (14), there exist some polynomials 4 (x, y) € F,[x, y]/{(x’ — a, y¢ —B),0 < j <€ — 1such that

—1
g, y. ) =3 " hiGe, yn;(p ().
Jj=0
From equation (16), we get that
{—1
g(x. . 96 (2) = L(D)g(x, y, 0 = 6(2) Y hyx, y)n; ()P ().
j=0
k—1 k—1 k—=1¢6—1
Since Y ¢i(x) = 1. we get g(x, y.2) = ¥ 8. 3. &) = Y ¥ &(@hj(x. y)n;(y)p (x). Therefore,
1=0 1=0 1=0 j=0
g(x,y,z2) € D.Hence, C C D. Also, as (y)py)(x) € I, forevery j = 0,1, ---, £ — 1, we have, by definition

(13) of I, g“,(z)nj(y)py)(x) € C. This being true forevery ¢t,t =0,1,--- ,k — 1, we have D = C.

In order to prove that G is a generator matrix of C, it is enough to prove that rows of G are linearly independent.
Suppose, if possible, there exist polynomials m; j(x) in F,[x]/(x* — «), with degm; j(x) < s —a; ; — 1, for
t=0,1,2,---,k—1land j =0,1,2,---,€ — 1, such that

mo,0()E0 (@M (M Py () + -+ 4 Mo, -1 ()0 @D Ne—1 () Py () + -

Mk—l,o(X)ik—l(Z)no(y)P(()k_l)(X) +oF mk—l,e—l{k—l(Z)W—l(Y)Pék__ll)(x) =0
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1492 S. Bhardwaj and M. Raka

inF,[x,y,z]/(x* —a, yz - B, 2 — y). Therefore, there exist polynomials a(x, y, z), b(x, y, z),c(x,y,2) €
Fylx, y, z] such that

k—1¢—1
Y3 T m G @0 )PP () = alx, y, D@ — @) +b(x, y, G = B +clx, v, DG — ). ()
t=0 j=0
Substituting z = @'*"" and y = #1+/" "in equation (17) and using equations (9) and (12), we get
mi (P () = a0 0 (& — ), (18)

Since, deg(mt,j(x)py)(x)) <s-—a;j—14a;; <s,comparing coefficients of x*, x5t ... on both sides
of (18), we find that coefficients of a(x, gl+ir, ') are all zero and hence a(x, gl+ir, o'ty =0, ie.
my ](x)p( )(x) = Oin [F,[x]. Therefore, m; j(x) =O0forallt =0,1,--- ,k—1land j =0,1,---, £ — 1. Thus
the rows of G form a generator matrix of C. O

Corollaryl The dimension of a 3-D («, B, y)-constacyclic code C of length stk is given by stk —

Y20 Xj—oar;

2.3 Generator matrix of dual code

We assume here that «, 8, y € {1, —1} so that the dual code Ct of a 3-D (o, B, y)-constacyclic code C is
also an ideal in the ring R. As dim(C) + dim(Ct) = sk, therefore dim(C*) = ap o+ --- +ao—1 +--- +

ar—1.0+ -+ ap—1.0-1. As p}t)(x) are divisors of x* — «, there exist polynomials qj(.t)(x) € F,[x] such that
py) (x)q](-t) (x) =x"—oafort =0,1,--- ,k—1land j = 0,1,---,¢ — 1. The following theorem gives the
generators of the dual code C*:

Theorem 2 Suppose that «, B,y € {1, —1}. Let C be a 3-D («, B, y) - constacyclic code of length n = stk as
given in Theorem 1. Then the dual code

Ct =g MM @0t <k—1,0<j<e—1) (19)
and a generator matrix of C* is given by
@M ()g8 " (x)
25 (z)no(y)q(o)*(x)

x@00~1gx (Z)no(y)q(o)*(X)

@i 1(y)61(0)*(X)

x§0 (Z)ng 1()’)q€ (x)

x0e1 =1 (z)ng L8 )

G (@my_ l(y)qgk]”*(x)
x§k 1(1)77( 1()’)% ]1)*( )

k—1
XLt lé'k 1(2)77@ 1(}’)q( )*(x)

(t)*

where £ (2), 0% ; *(y) and q; (x) denote the reciprocal polynomials of &;(z), n;(y) and q](.t)(x) respectively.
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Proof Let the code on the right hand side of equation (19) be denoted by D. To prove that D C Ct it is
enough to prove, by Proposition 4, that ¢/ (z)n;‘f(y)qj(.t)*(x) € ann(C)* i.e, & (2)n; (y)q}’)(x) € ann(C) for each
Lji0<t<k=1,02j<l—1LAsC=({@n(pi (), 0 <u<k—1,0<v<—1),itisenough
to prove that

& @0 (g}” ()@ () i (x) =0 (20)

forallu,v; 0 <u <k—1, 0 <v <€ —1.Nowifu # ¢, we have ¢,(2)¢(z) = 0; when v # j, we have
nv()n;(y) = 0 and when u = ¢, v = j we have py)(x)qj(.t)(x) = x* —a = 0 in the ring R. Hence the
expression (20) holds i.e. D C C*.

To prove that dim(D) = ago + -+ + @oe—1 + - + Gx—10 + -+ + ak—10-1 = dim(Ch), we
need to show that the rows of H are linearly independent. Suppose, if possible, there exist polyno-
mials mg,o(x), .-+, moe—1(x), -+, mr—1,6-1(x) in Fg[x]/{(x* — o), with degm; j(x) < a;; — 1 for

t=0,1,2,--- ,k—1land j =0,1,2,---,£ — 1 such that
mo.0)g " NEDCE@) + -+ + mi—1.-1()g om0 (2) =0

inFylx, y,21/(x* —a, y* = B, 25 —y).
Therefore, there exist polynomials a(x, y, z), b(x, y, 2), c(x, y,z) € F4[x, y, z] such that
k—1¢—1

YD m g TG (@) = alx, y, D& — @) +b(x, y, )G = B) +clx, y, DG —y). @)
t=0 j=0

Let first r = r’ = 1. Then by Lemma 5, ¢;*(2) = ¢ {k—2—(2) and %(y) = b; ne—2—;(y) for some constant ¢,
and b; € F}. Also by equation (9), we have ¢x > (0" ~'™") = 1,and gy (0*~'7") = O for # ¢'. Similarly
by (12), we have ng—»—j(0*~177) = 1, and ng_p_ j(0*~177) = 0 for j # j'.

Substituting y = 0717/, z = *~1~" in equation (21) , we get

mij(ebiq () = ale, 8717 I (0 — ).

Since deg (mt,j(x)qy)*(x)) <a ;—1+s—a;; <s,comparing coefficients of x*, x**1, ... on both sides
we find that coefficients of a(x, 8¢~1=/, @k~1=7) are all zero and hence a(x, 87!/, w*~17") = 0 in F,[x].
Therefore, m; j(x) =0forall j =0,1,---,£—~1and?=0,1,--- ,k— 1.

Let now r = r/ = 2. Then by Lemma 5, {(z) = ¢;{x—1—(z) and n;‘-(y) = bj ne—1—;(y). Also by equation
9), we have g1 (@' P2(=1-0y = 1 and g_1_p(0'T2* 1=y = 0 for r # ¢'. Similarly, by (12), we
have ne—1—;(@'F2¢1=D) = 1, and ne_y—j(@1T2E"17) = 0 for j # j'. Substituting y = §1F2(¢=1=7)
7 = ' T2*=1=0 in equation (18) , we get

me j(eibjq (x) = a(x, 91D @RI (8 g,

Working as above we find that m, ;(x) =0forall j =0,1,--- ,£{ —1landt=0,1,--- ,k— 1.

When r =2 and r’ = 1. By Lemma 5, £*(z) = ¢;{k—1—+(z) and n}f(y) = bj ng—2—j(y). Also by equations (9)
and (12), we have gx—1— (@' T2*=1=0)y = 1, g (0 2*=1=0) = 0 fort # t/; ne—n—;(0*~177) = 1, and
n[,z,j/(ef—l—f) =0 for j # j'. We substitute y = 0717/, z = 0! t2¢=1=1) ip equation (18) and working as
above find that m; j(x) =Oforall j =0,1,--- , £ —landt=0,1,--- k- 1.

The case r = 1 and r’ = 2 is similar.

Therefore D = C and the rows of H form a generator matrix of C. O

Remark 1 Ifdeg(p(.t) (x)) =a,j =0forsomet, j; 0<t<k—-1,0<j=<{f—1,ie. py)(x) = A, a constant,
then the polynomia{s

&M a0, x8F @i 0g " @), L x T @ (g (x)

do not contribute any rows in H.
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2.4 Self-dual codes

Theorem 3 Suppose that a, 8,y € {1, —1}. Then a three-dimensional (a, B8, y)- constacyclic code C of length
n = stk is self-dual if and only if

(i) stk =2(apo + - -+ aoe—1+ - +ax-1,0+ -+ ak—1e-1)
(ii) foreveryt, j;0<t<k—1,0<j<f-1,

g\ (1) =m0 pl 7 ). p @) =ml; gl i p=1y =1 (22)

k—1—

k—1— .
g () =m0 pf T ) pP ) =m0 @) i p= 1y = -1

1-1)
=J

(k—1—1)%

g @), P x) = ml; (gl @) it p=1y =1

(x) = myj () p(,
k—2— k—2— .
q](.t)*(x) = my; (x)péflzfjt)(x), py)(x) = m;j (x)qéflzfjt)*(x) if B=—1,y=1
for some non-zero polynomials m;(x), m;j (x) inFy[x1/(x* —a). Wheny = 1andt = k—1, the superscript
k —2 —t be replaced by k — 1. Similarly when 8 = 1 and j = € — 1, the subscript £ — 2 — j be replaced
byt —1.
Proof 1t is clear that if C is self-dual, then s¢k = 2(apo + --- + aoe—1 + -+ -+ ak—1,0 + -+ + ak—1.¢—1). By
(19), we find that
Ct c C if each of qy)*(x)n;f(y)g*(z), 0<t<k—-1,0<j <¢—11is a linear combination of rows
of generator matrix G of C as given in Theorem 1. This is so if and only if there exist polynomials %, (x) of
deghyy <s —au,y — linFy[x]/(x* — a) such that

k—11¢—1

¢ OM MG @ =D huw () p () (12 (). (23)

u=0 v=0

Again C C ctif, by (15), each of py)(x)nj(y)g,(z), 0<t<k—1,0<j <£—1isalinear combination

of rows of generator matrix H of C* as given in Theorem 2. This is so if and only if there exists polynomials
), (x) of deg h,,, < a, o, — 1inFy[x]/(x* — ) such that

uv —

k—1¢—1

PO MG =37 by (a8 @y (08 ). (24)

u=0v=0

When 8 =1=y,wehaver = r' = 1 and {(z) = b;{—2—1(2), n”,.‘(y) = ¢jne—2—j(y) by Lemmas 5 and 6.
Whent =k — 1, {k—2—4(2) = &k—1(z) and when j = € — 1, 7’]@_2_1:()1) = n¢—1(y). Multiplying both sides of
(23) by Ck—2—1(2)Me—2—y(y) We get

k—1+¢£-1

0\ eint o ;b 5@ =YY )P ) (DNe-2— () (221 (2).
u=0 v=0

As £,(z), 1y (y) are primitive central idempotents, C* C C if and only if
(1)* (k—2—1)
q; (X)cjne—2-j(Vbilk—2-1(2) = hxa—r.e—2-jX) P~ ()ne—2—j (¥)k—2-1(2)

i.e. if and only if

k—2—
g\ (o) = my () pl 7 ()

for some polynomial m;; (x).
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Further, (24) can be rewritten as

k—1£-1
PO MG = D> buchl, ()g8* (e -2 -0 (k24 (2)
u=0 v=0
(25)
k=2 =2
=33 beaucima—hh gy gy @ @M ()8 (@)
u=—1v=-1
with the understanding that {_1(z) = &0(z) = {k—1(2) from equation (8) and similarly n_1(y) = n¢—1(y). O
Multiplying both sides of (25) by n;(y)¢:(z), C C Ct if and only if

P @G @) = beaiceajhl 5 40 ;@S OO0 ()6 ()

i.e., if and only if

(1) (k—2—1)*
p; (x) =my (g, 5" (x)
for some polynomial ] ; (x).
When g = —1 =y, wehaver =r" =2, §7(2) = bilk—1-1(2), n;(y) = ¢jne—1-;(y); when g = 1,y = —1,
we have r = 2,r" = 1, () = bi&k—1-1(). 07 (y) = ¢jne-2-j(y); and when B = —1,y = 1, we have
r=1,r"=2,¢"z) = bitk—2—+(2), njf(y) = c¢;jn¢—1-j(y) and the proof is similar.

Theorem 4 If 8 = 1 = y and o = %1 then a three-dimensional («, 1, 1)-constacyclic code C of lengthn = stk
can not be self-dual if gcd(s, q) = 1, assuming that s is odd if « = —1.

Proof Suppose a three-dimensional (¢, 1, 1)-constacyclic code is self-dual. On takingr =k — 1, j=¢ — lin
equation (22) we get

a5 ) =m0 p P ), (26)

and
pék 11)(x) =My 1(x)q(k D% (). (27)

We have x* —a = p* " (0)g* " (x). If ged(s, ¢) = 1, x — « divides exactly one of p{* " (x) and ¢{* ;" (x)
and not both (If ¢ = —1 we assume that s is odd). The rec1proca1 of x —ais £(x — ).

(k— 1)*(x) This implies (x — )* I(q(k D

If x — a|plk b (x), then from equation (26) we have x — a|q,_

(x)* ie
X — oz|qék 1)()c) as (f*)* = f. This is not possible, when ged(s, ¢) = 1.

(k— 1)*

If x — algl P (x), we have (x — a)*|g" P (x) ie. (x — @)lgl" ;" (x). This implies, from equation (27),

X — otlpz_ll) (x), again not possible. -

2.5 Examples

Minimum distances of codes in the following examples have been calculated by software MAGMA.

Example I Letgq =5, 0 =1,=—1,y =—1,5s =2 ={ = k. One finds that v = 2isadh root of unity in
IF;‘ such that @? = —1. Therefore

ZHl=-0c-2)=@c-2@E-23).
Thus,
to(z) =—2+4+3, &1(z) =z+3.

Also @ = 2 is a 4" root of unity in ]Fg‘ such that 62 = —1. Therefore,
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no(y) =-y+3, m@y =y+3.

Wehave x2 — 1 = (x — D(x + 1). Suppose, p(()o)(x) = pél)(x) =x —1,and pgo)(x) = pgl)(x) = x + 1, then
by Theorems 1 and 2, generator matrices of two dimensional (1, —1, —1)-constacyclic code C and C are given
by

(x=D(=y+3)(-z+3) (x + D(=14+3y)(—1+32)

oo [ GHDO+EDEE | [Cx DA+ 3014 32)
(= D(=y+3)z+3) (x 4+ D(=1+3y)(1 +32)

(x+ D +3)z+3) (=x+ DA +3y)(1 +32)

respectively. The corresponding code C3 has a generator matrix

1 -1-22 =22 —-11
-1-1-2-22 2 —1-1
1 -1-22 2 =21 -1
-1-1-2-2-2-21 1

Gy =

Then Cs is a [8, 4, 2] self-dual and (-1)-quasi-twisted code of index 2 over Fs[x].
Example2 Letq =7, 0 =1,=1,y =—1,5s =2 = { and k = 3. One finds that v = 3 is a 6" root of
unity in 5 such that w? = —1. Therefore
P+H1l=c-Nc-3c-3)=c-H+DE+2).
Thus,
t0(z)=—-22 =322, &i(x) =222 +2:-2, L(z) =3z>+z—-2.

Also y? — 1= (y — D(y + 1), hence no(y) = =3y — 3, n1(y) =3y — 3.

We have x — 1 = (x — 1)(x + 1). Suppose, pi(x) = p{’(x) = p§?(x) = x = L,and pV(x) = p{P(x) =
piz) (x) = x + 1, then by Theorems 1 and 2, generator matrices of two dimensional (1, 1, —1)-constacyclic code
C and C* are given by

(x = D(=3y =3)(=z* =3z - 2) (x + 1)(=3y = 3)(=22" =3z — 1)
(x+ D@y —3)(—z> -3z -2) (—x 4+ D(=3y +3)(—2z2 -3z — 1)
o |@-DE3y=2242: -2 | | D3y =322 +2:-2)
T+ DBy =3)(—222+2z2-2) | T | (=x+ D(=3y+3)(—222+2z-2)
(x = D(=3y =3)3z* +2—2) (x + 1)(=3y = 3) (=222 + 2+ 3)
x+DBy—-3)3z2+z-2) (—x + D(=3y +3) (22> +z+3)
respectively. By Theorem 3, the code C can not be self-dual as p;') = p(()o) = x—1but q@(k_;z_;')* = q(()])* =x+1
The corresponding code C3 is a [12, 6, 2] code over F7[x]. It is a (-1)-quasi-twisted code of index 3.

Example 3 Letq =7, a =—-1,=2,y =—1,s5s =3, =2and k = 3. As computed in Example 2, we
have

fo(z) =622 +4z+5, 1(z) =522 —52+45, 0(z) =322 +z—2.
Also @ = 3 is a 6" root of unity in IF% such that 6% = 2. Therefore
¥ =2=0-30-3)=0-3)0-4.
And hence,

n@ =6y+4, m@y =y+4
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(2

We have x3 + 1 = (x + 1)(x — x + 1). Suppose, pi’ (x) = pi" () =2 —x+1, p¥ ) = pP(x) =x + 11

and p}l) (x) = piz) (x) = 1, then by Theorem 1, generator matrix of three dimensional (—1, 2, —1)-constacyclic
code C is given by

(x? —x + 1)(6y +4) (62> + 42+ 5)
(x + D(y +4)(62> + 4z +5)
x(x 4+ D(y +4)(622 + 4z +5)
(x2—x + D6y +4) (522 = 5z+5)
1(y +4)(5z> =52+ 5)
x(y +4)(5z2%2 — 52+ 5)
x2(y +4) (522 —52+5)

(x + D6y +H B2 +27+5)
x(x + D6y +4) B2 +z7+5)
1y +4Bz2+2+5)

x(y +4HBz2+z+5)

X2y +4B2+z4+5)

The corresponding code C3 is a [18, 12, 4] code over F7[x]. It is a (-1)-quasi-twisted code of index 3.

3

In

Conclusion

this paper we characterize the algebraic structure of three-dimensional («, 8, y)- constacyclic codes of arbitrary

length s£k and their duals over a finite field I, where «, 8, y are non zero elements of I,. We give necessary
and sufficient conditions for a three-dimensional constacyclic code to be self-dual. The same technique can be
applied to characterize the algebraic structure of multi-dimensional constacyclic codes and their duals over a
finite field IF,.
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