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Abstract This article establishes a sufficient criteria for the existence of an optimal pair and a mild-solution
of a non-autonomous fractional Sobolev-type integro-differential equation (FSIDE) with a generalized nonlocal
condition. The fixed-point technique, tools from fractional calculus and the semigroup-theory played a valuable
role in deriving the results. It is imperative to mention the distinguish attributes of this work that the developed
results don’t assume (i) that the generated semigroup is compact; (ii) that the linear operators −S(t) are bounded;
and (iii) that the operator D is strongly continuous. We also provide an example to demonstrate the established
results.
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1 Introduction

Let us assume that (Y, ‖.‖Y ) and (Z , ‖.‖Z ) be the general Banach spaces. Also, let Ct , for every t ∈ I = [0, b],
denotes the space of continuous Y−valued functions defined on the interval [−τ, t] which will be complete with
respect to the norm defined as:

‖η‖t := sup
−τ≤ϑ≤t

‖η(s)‖Y , for each η ∈ Ct .

We wish to establish the existence of an optimal control and the mild solution of the following nonlocal non-
autonomous FSIDE involving α−th order Caputo’s derivative with α ∈ (0, 1).

⎧
⎨

⎩

C
0 Dα

t [Py(t)] + S(t)y(t) = g(t, y(t), yt )+
∫ t

0
h(t, s, y(s), ys)ds + D(t)u(t), t ∈ I, α ∈ (0, 1],

f (y[−τ,0]) = ζ,

(1.1)

with convex constraints on the control,

u(t) ∈ U(t) a.e. on I. (1.2)
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2 M. Sharma

For each t ∈ I , the segment yt ∈ C0 be defined as yt (ϑ) = y(t + ϑ) for ϑ ∈ [−τ, 0]. The maps f : C0 → C0,
g : I × Y × C0 → Z , and h : �b × Y × C0 → Z with (�b = {(t, s) ∈ I × I : t ≥ s}) defined in (1.1)
are nonlinear. Further, −S(t) : D(S(t)) → Z and P : D(P) → Z denote linear and closed operators whose
domains D(S(t)),D(P) ⊆ Y are such that D(P) ⊂ D(S(t)) for each t ∈ I . Hereafter, the domain D(S(t)) is
assumed to be independent of t , and we denote the same by D(S). Also, the linear operator P is bijective having
continuous inverse which implies that the operator −S(t)P−1(= −G(t)) : Z → Z is linear and bounded due to
the Closed - Graph theorem. Let X be a separable reflexive Banach space and the function D : I → L(X, Y ),
where L(X,Y )will be the vector space of bounded linear operators. Moreover, U : I → 2X\{φ} is a measurable
multi-valued function which assume only closed and convex values. Further, the range U(.) ⊂ W , where W is a
bounded subset of X .

The existence of numerous interesting works in the literature on various-types of fractional differential
equations (FDEs) has shown its importance and applicability in modeling real-life phenomenon. Especially, the
FDEs model anomalous behavior of several complex systems more accurately than the integer-order differential
equations. Let us mention few of them. [13] studied various thermo-mechanical models with memory in the
fractional derivative framework and compared them with the classical Volterra theory. [24] have studied an
epidemic model, named as fractional MSEIR, and shown the fact that the fractional model best fits the real data
compared to the classical one. Recently, [23] investigated the role of fungicide application in the disease caused
by fungi in the fractional derivative framework. For more interesting works, we refer to the references listed in
the aforementioned phrases.

Also, the above interesting facts motivated researchers and scientists to investigate the qualitative and quan-
titative characteristics of the various-types of FDEs in infinite-dimensional spaces [[6,9,11,20,27–30]]. The real
challenge is in defining a proper representation of a mild solution to a given FDE. The authors [[5,10,12,31]] used
the theory of semigroups, techniques of Laplace transform and nonlinear analysis for defining the same. Recently,
there is a significant increase in studying the associated optimal control problems to FDEs ([1,4,8,19,21]), so-
called fractional optimal control problems (FOCPs), due to their applications in robotics, bioengineering, process
control, etc. (refer the books by [2], Antil et al. 2022 [16]). [32] established the existence of fractional optimal
control to a class of partial stochastic differential systems with fractional sectorial operators and impulsive condi-
tion through fixed-point technique, the measure of non-compactness and tools from fractional calculus. Recently,
[26] rendered a sufficient criteria for the existence of fractional optimal control to the FOCP associated with a
non-local FDE of neutral-type without assuming the compactness of the semigroup. These works motivated us
to investigate the existence of optimal pair to the associated FOCP to the considered FSIDE (1.1) - (1.2). As far
as we know, so far there is no such study performed for the proposed general non-local non-autonomous FSIDE
of the form (1.1) - (1.2). Note that [7] and [8] have investigated optimal controllability results for Sobolev-type
FDEs along with non-local and fractional Sobolev non-local conditions, respectively. The authors considered the
autonomous case and also imposed the compactness conditions on the operators L−1, M−1, and N−1. However,
in the present paper, we didn’t impose such a strong condition neither on the operator P nor on the semigroup
Ts(t) generated by the linear operator −G(s) for s ∈ I . Therefore, the derived results can be considered as a
new addition to the theory of fractional calculus and optimal control.

We started by recalling basic facts from the fractional calculus and semigroup theory, important definitions
and Lemmas, and finally provide a suitable concept of mild solution to the considered FSIDE in the Section 2.
The solvability of the considered system is addressed in the Section 3. Finally, the associated FOCP is defined
in the Section 4 and render a sufficient criteria for the existence of fractional optimal control. We exemplify the
results with an example in the Section 5.

2 Basic facts

This section introduces the basic results and definitions used in proving the main results. Let α ∈ (0, 1) and
h : I → Y be continuously differentiable. Then, the α−th order Caputo fractional derivative is given by ([15])

C
0 Dα

s h(s) = 1

	(1 − α)

∫ s

0
(s − η)−αh′(η)dη.

Further, the family of linear operators {−G(t) : t ∈ I } satisfies the following conditions:
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Existence of optimal pairs and solvability... 3

(G1) For each s ∈ I , the operator νI + G(s) is invertible with ν ∈ C, 
(ν) ≥ 0, the identity operator I on Z ,
and

∥
∥
∥[νI + G(s)]−1

∥
∥
∥ ≤ M

| ν | +1
.

(G2) Let M, γ be constants independent of points s, t,m ∈ I such that
∥
∥
∥[G(s)− G(m)]G−1(t)

∥
∥
∥ ≤ M | s − m |γ , 0 < γ < 1,

One may verify that the linear operator −G(s), for each s ∈ I , generates analytic semigroup {Ts(t) = e−tG(s)}
due to the assumption (G1) and is such that ([14,22])

∥
∥Gn(s)exp(−vG(s))

∥
∥ ≤ M

vn
, v > 0, and n = 0, 1.

Note that the constant M > 0 is independent of points s and v.
We introduce the following nonlinear operators to define the appropriate definition of a mild-solution to the

dynamical system (1.1)-(1.2) [12]:

ψ(ϑ,m) = α

∫ ∞

0
sϑα−1vα(s)exp

(−ϑαsG(m)
)

ds,

where vα defines a probability-density function on [0,∞). Further, we define

ϕ(ϑ, s) =
∞∑

j=1

ϕ j (ϑ, s),

where the terms ϕ j in the infinite series satisfy the following recurrence relation:

ϕ1(ϑ, s) = [G(ϑ)− G(s)]ψ(ϑ − s, s),

ϕ j+1(ϑ, s) =
∫ ϑ

s
ϕ j (ϑ,m)ϕ1(m, s)dm, for j = 1, 2, ...

Lastly, we introduce

U (ϑ) = −G(ϑ)G−1(0)−
∫ ϑ

0
ϕ(ϑ, s)G(s)G−1(0)ds.

For 1 < p < ∞, the admissible control set is defined as AW
p = {u ∈ L p[I,W ] : u(t) ∈ U(t) a.e.}. It is easy to

see that the set AW
p is non-empty ([17]).

Assume that there exists σ ∈ C0 such that f (σ ) = ζ . Then, a continuous function yu ∈ Cb corresponding
to the control u ∈ AW

p defines a mild solution of the dynamical system (1.1)-(1.2) if ([12,28,30])

yu(t) = σ(0)+
∫ t

0
P−1ψ(t − ς, ς)U (ς)G(0)Pσ(0)dς +

∫ t

0
P−1ψ(t − ς, ς)Q(ς, yu(ς), yu

ς )dς

+
∫ t

0

∫ ς

0
P−1ψ(t − ς, ς)ϕ(ς, s)Q(s, yu(s), yu

s )dsdς,

for t ∈ I and yu(s) = σ(s) for s ∈ [−τ, 0], where Q(s, yu(s), yu
s ) = g(s, yu(s), yu

s )+
∫ s

0
h(s,m, yu(m), yu

m)dm+
D(s)u(s). In case when the map yu : [0, b0] → Y becomes a mild(or classical) solution of the system (1.1) for
some b0 ∈ (0, b), then such map yu is said to be a local mild (or classical) solution of (1.1).

Lemma 2.1 ([25]) Let B(α, γ ) denote a Beta function. Then, for every map y ∈ L1[0, b], the following result
holds true

∫ a

0

∫ b

0
(a − b)α−1(b − s)α−1 y(s)dsdb = B(α, γ )

∫ a

0
(a − s)α+γ−1 y(s)ds.
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4 M. Sharma

3 Mild solution existence

This section is devoted to render sufficient criteria for the existence and uniqueness of a mild solution to the
fractional dynamical system (1.1)-(1.2). For the same, we make the following assumptions:

(H1) Let σ be a Y−valued Lipschitz continuous map defined on [−τ, 0] such that f (σ ) = ζ and σ(0) ∈ D(P).
(H2) Let R ⊆ I × Y × C0(= Ỹ ) be open. Further, for every point (t, ỹ, z̃) ∈ R, one can find a neighborhood

N ⊆ R of (t, ỹ, z̃)which will be such that g, H
(

H(t, ỹ, z̃) =
∫ t

0
h(t, s, ỹ, z̃)ds

)

are continuous nonlinear

functions on N with respect to the first variable. Moreover, these maps satisfy the locally Lipschitz like
condition with respect to second and third variables on N , i.e., for all (s, y1, y2), (s, z1, z2) ∈ N and
(t, s) ∈ �b, we have

‖g(s, y1, y2)− g(s, z1, z2)‖Z ≤ Lg[‖y1 − z1‖Y + ‖y2 − z2‖0],
‖h(t, s, y1, y2)− h(t, s, z1, z2)‖Z ≤ L∗

h(t, s)[‖y1 − z1‖Y + ‖y2 − z2‖0],
where Lg is positive constant and L∗

h : �b → [0,∞) is a function.

For brevity, we let P̂ = ∥
∥P−1

∥
∥

BL[Z ,D(P)], where BL[Z ,D(P)] denotes a space of linear and bounded functions.
The following lemma is required to establish the main result of this section.

Lemma 3.1 (see [28]) The following results hold true:

(i) The operator-valued functions ψ(ϑ − m,m) and S(ϑ)ψ(ϑ − m,m) are continuous in the uniform operator
topology in the variables ϑ, m, where 0 ≤ m ≤ ϑ − ε, ϑ ∈ I , for any ε > 0. Moreover,

∥
∥
∥P−1ψ(ϑ − m,m)

∥
∥
∥ ≤ M P̂(ϑ − m)α−1.

(ii) The operator-valued function ϕ(ϑ,m) is uniformly continuous in the uniform operator topology in ϑ,m
provided 0 ≤ m ≤ ϑ − ε, ε ≤ ϑ ≤ b for any ε > 0. Moreover,

‖ϕ(ϑ,m)‖ ≤ M(ϑ − m)γ−1.

(iii) For ϑ ∈ I ,
∫ ϑ

0
ψ(ϑ − m,m)U (m)dm is uniformly continuous in the norm of B(Y ) and

‖U (m)‖ ≤ M(1 + mγ ).

(iv) For 0 < m < ϑ1 ≤ ϑ2 and α ∈ (0, 1], there exists μ ∈ (0, 1] such that
∥
∥
∥P−1[ψ(ϑ1 − m,m)− ψ(ϑ2 − m,m)]

∥
∥
∥ ≤ M P̂

[
(ϑ1 − m)α−1 {1 + (ϑ2 − ϑ1)

μ
} − (ϑ2 − m)α−1

]
.

Theorem 3.1 Let pα > 1, u ∈ AW
p and the map D ∈ L∞(I, L(X, Y )). Further, let the hypotheses (H1)-(H2)

hold for the maps g : Ỹ → Z and h : �b ×Y ×C0 → Z with sup
t∈I

∫ t

0
L∗

h(t, s)ds := Lh < ∞. Then the fractional

dynamical system (1.1)-(1.2) has a unique local mild solution yu ∈ Cb1 for some 0 < b1 < b corresponding to
unique σ ∈ C0, where the map σ is such that f (σ ) = ζ . The local mild solution yu can be continued on the
whole interval J if either one of the following condition is true:

(i) Let l0 : I → [0,∞) be a continuous function such that ‖yu(s)‖Y ≤ l0(s) for every s in the interval of
existence of yu.

(ii) Let the maps l1, l2, l3, l4 defined on I and the maps l5, l6 defined on�b are locally integrable. Further, these
maps are such that

‖g(t, y, z)‖Z ≤ l1(t)[‖y‖Y + ‖z‖0] + l2(t), ∀ t ∈ I, y ∈ Y, z ∈ C0,

‖h(t, s, y, z)‖Z ≤ l5(t, s)
[‖y‖Y + ‖z‖0

] + l6(t, s), ∀ (t, s) ∈ �b, y ∈ Y, z ∈ C0,

and
∫ t

0
l5(t, s)ds = l3(t),

∫ t

0
l6(t, s)ds = l4(t). Moreover, let l1 and l3 be functions whose sum, denoted

by l7(t) = l1(t)+ l3(t), will be an increasing function on I .
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Existence of optimal pairs and solvability... 5

Proof The hypothesis (H1) implies the existence of a Lipschitz continuous function σ ∈ C0 which is such that
f (σ ) = ζ . Using the definition of σ , we introduce the following map ω ∈ Cb0 , for some b0 ∈ I ,

ω(t) =
{
σ(t), if t ∈ [−τ, 0],
σ (0), if t ∈ I0 = [0, b0].

One may verify that the segment ωt ∈ C0 and the nonlinear maps g(t, ω(0), ω0),

∫ t

0
h(t, s, ω(0), ω0)ds are

continuous functions of t on I0. We define

N1 = sup
t∈I0

‖g(t, ω(0), ω0)‖Z and N2 = sup
t∈I0

∥
∥
∥
∥

∫ t

0
h(t, s, ω(0), ω0)ds

∥
∥
∥
∥

Z
. (3.1)

Next, we select the constants κ > 0 and b0 > 0 so that the hypothesis (H2) hold for the nonlinear functions g
and h on the following neighborhood N of the point (0, ω(0), ω0) ∈ Ỹ

N =
{
(t, v1, v2) ∈ Ỹ : 0 ≤ t ≤ b0, ‖v1 − ω(0)‖Y ≤ κ, and ‖v2 − ω0‖0 ≤ κ

}
. (3.2)

Let the constants b1 > 0 and c ∈ (0, 1) be such that

b1 < min

{

b0,
(

cκK −1
1

) 1
α
,
(

cκK −1
1

) 1
α+γ

}

, (3.3)

where the constant K1 = 2K2 + (1 + M B(α, γ )) K3 with
{

K2 = M2

α
P̂ ‖G(0)Pσ(0)‖Z ,

K3 = M
α

P̂
[
2κ(Lg + Lh)+ N1 + N2)

]
.

(3.4)

Let K4 = ‖D‖∞ ‖u‖L p(I,X). We fix u ∈ AW
p . Then, we define a nonlinear function F on Cb1 by F yu = ỹ,

where ỹ is such that ỹ(ϑ) = σ(ϑ) for ϑ ∈ [−τ, 0] and

ỹ(t) = σ(0)+
∫ t

0
P−1ψ(t − ς, ς)U (ς)G(0)Pσ(0)dς +

∫ t

0
P−1ψ(t − ς, ς)Q(ς, yu(ς), yu

ς )dς

+
∫ t

0

∫ ς

0
P−1ψ(t − ς, ς)ϕ(ς, s)Q(s, yu(s), yu

s )dsdς, for t ∈ [0, b1]. (3.5)

From equations (3.1) and (3.2) along with the hypothesis (H2), we get
∥
∥Q(ς, yu(ς), yu

ς )
∥
∥

Z
≤ 2κ

(
Lg + Lh

) + N1 + N2 + ‖D‖∞ ‖u(ς)‖X . (3.6)

Now, from Lemma 2.1, Lemma 3.1 and (3.4), we get

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫ t

0

∥
∥
∥P−1ψ(t − ς, ς)U (ς)G(0)Pσ(0)

∥
∥
∥

Y
dς ≤ K2b1

α(1 + b1
γ ),

∫ t

0

∫ ς

0

∥
∥
∥P−1ψ(t − ς, ς)ϕ(ς, s)Q(s, yu(s), yu

s )

∥
∥
∥

Y
dsdς

≤ K3C B(α, γ )b1
α+γ + K4C2 P̂ B(α, γ )

(
p−1

p(α+γ )−1

) p−1
p

b
p(α+γ )−1

p
1 ,

∫ t

0

∥
∥
∥P−1ψ(t − ς, ς)Q(ς, yu(ς), yu

ς )

∥
∥
∥

Y
dς ≤ K3b1

α + K4C P̂

(
p − 1

pα − 1

) p−1
p

b
pα−1

p
1 .

(3.7)

The above inequalities imply that all integral terms in the equation (3.5) are Bochner integrable. Further, it follows
from the hypotheses (H1) and (H2), the fact that the operator D ∈ L∞(I, L(X,Y )), and the map u ∈ AW

p that
the considered nonlinear map F maps Cb1 into itself.

Next, we define a set� = {
y ∈ Cb1 : y(ϑ) = σ(ϑ) for ϑ ∈ [−τ, 0] and ‖y(ϑ)− σ(0)‖Y ≤ κ for ϑ ∈ [0, b1]

}
.

One may use the definition of the nonlinear map F and inequalities in equations (3.3) - (3.4) to establish the fact
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6 M. Sharma

that F(�) ⊂ �. Our main goal is to prove that F : � → � is a contraction map. For showing the same, we let
yu, zu ∈ �. Then, for 0 ≤ t ≤ b1, we have

∥
∥F yu(t)− F zu(t)

∥
∥

Y ≤
∫ t

0

∥
∥
∥P−1ψ(t − ς, ς)Q̃(ς, yu(ς), zu(ς), yu

ς , zu
ς )

∥
∥
∥

Y
dς

+
∫ t

0

∫ ς

0

∥
∥
∥P−1ψ(t − ς, ς)ϕ(ς, s)Q̃(s, yu(s), zu(s), yu

s , zu
s )

∥
∥
∥

Y
dsdς,

where

Q̃(ς, yu(ς), zu(ς), yu
ς , zu

ς ) = g(ς, yu(ς), yu
ς )− g(ς, zu(ς), zu

ς )

+
∫ ς

0

(
h(ς, s, yu(s), yu

s )− h(η, s, zu(s), zu
s )
)

ds.

From Lemma 3.1, equations (3.1) - (3.4), and the hypothesis (H2), we deduce that

∥
∥F yu(t)− F zu(t)

∥
∥

Y ≤ 2M

α
(Lh + Lg)P̂bα1

(
1 + M B(α, γ )bγ1

) ∥
∥yu − zu

∥
∥

b1

≤ Mbα1
κα

[
1 + M B(α, γ )bγ1

] [
2κ(Lh + Lg)+ N1 + N2

]
P̂
∥
∥yu − zu

∥
∥

b1

≤ K3

κ

[
1 + M B(α, γ )bγ1

]
bα1

∥
∥yu − zu

∥
∥

b1
≤ c

∥
∥yu − zu

∥
∥

b1
.

Also, note that ‖F yu(s)− F zu(s)‖Y = 0, for s ∈ [−τ, 0]. The derived results yield the fact the defined nonlinear
function F : � → � is strictly contraction, and hence, has a unique fixed-point, say yu ∈ �, due to the Banach
Contraction Principle. It is easy to follow that yu will be a mild solution, defined on J1 = [−τ, b1], of the
fractional dynamical system (1.1)-(1.2) corresponding to the control u ∈ AW

p .
The derived solution yu can be extended on a larger interval [−τ, b1 +δ], for δ > 0, by defining yu(t +b1) =

xu(t), where the function xu is the solution of the following FSIDE:
⎧
⎪⎨

⎪⎩

C
0 Dα

t

[
Pxu(t)

] + S(t)xu(t) = g(t + b1, xu(t), xu
t )+

∫ t+b1

0
h(t + b1, s, xu(s), xu

s )ds + D(t + b1)u(t + b1),

f̃
(

xu
[−τ−b1,0]

)
= ζ̃ .

(3.8)

Note that the segment xu
t : [−τ −b1, 0] → Y is defined as xu

t (θ) = xu(t +θ) for θ ∈ [−τ −b1, 0]. Moreover, f̃
defines a nonlinear map from C̃0 into itself, where C̃0 = C([−τ − b1, 0],Y ). Then, the assumption (H1) holds
true for the above dynamical system with a Lipschitz continuous function σ̃ ∈ C̃0 given by:

σ̃ (t) =
{
σ(t + b1), t ∈ [−τ − b1,−b1],
yu(t + b1), t ∈ [−b1, 0].

Moreover, the definition of the map xu implies that the nonlinear maps g and h defined in the system (3.8)
satisfy the assumption (H2). Hence, the aforementioned discussion shows the existence of a mild solution
xu ∈ C([−τ − b1, b1 + δ],Y ) to (3.8). Therefore, one may get a representation of mild solution, say ỹu , to (1.1)
on the larger interval [−τ, b1 + δ] by defining as

ỹu(s) =
{

yu(s), s ∈ J1,

xu(s − b1), s ∈ [b1, b1 + δ].
In case when the assumption (i) holds true, one can apply the similar steps to extend the mild solution over J .
On contrary, if the other assumption, i.e., condition (ii), holds true, then one may proceed as follows. First, we
introduce the following map defined on I with l8(t) = l2(t)+ l4(t):

�(t) = ‖σ‖0 + M2 P̂

α
(1 + tγ )tα ‖G(0)Pσ(0)‖Z + M P̂

∫ t

0

[
(t − ς)α−1 + M B(α, γ )(t − ς)α+γ−1

]
l8(ς)dς,

+ M P̂ K4

⎡

⎣

(
p − 1

pα − 1

) p−1
p

t
pα−1

p + M B(α, γ )

(
p − 1

p(α + γ )− 1

) p−1
p

t
p(α+γ )−1

p

⎤

⎦ .
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Existence of optimal pairs and solvability... 7

One can verify that the defined � is a continuous function on I . Also, we have

sup
−τ≤s≤0

∥
∥yu(s)

∥
∥

Y = sup
−τ≤s≤0

‖σ(s)‖Y = ‖σ‖0 ≤ �(t).

Next, the Hölder’s inequality along with the Lemma 2.1 and the Lemma 3.1 give that

∥
∥yu(t)

∥
∥

Y ≤ �(t)+ 2M P̂
∫ t

0

[
(t − ς)α−1 + M B(α, γ )(t − ς)α+γ−1

]
l7(ς)r(ς)dς,

where r(t) =
(

sup
−τ≤s≤t

∥
∥yu(s)

∥
∥

Y

)

. It is easy to deduce that the defined functions � and r are increasing.

Therefore, we get the following estimate

r(t) ≤ �(t)+ 2M P̂
∫ t

0

[
(t − ς)α−1 + M B(α, γ )(t − ς)α+γ−1

]
l7(ς)r(ς)dς.

The above inequality implies that

r(t) ≤ 2�(t)+ K5

∫ t

0

[
(t − ς)α−1 + (t − ς)α+γ−1

]
l7(ς)r(ς)dς,

where the constant K5 = max{2M P̂, 2M2 P̂ B(α, γ )}. Since � and the map l7 are increasing, therefore, from
generalized Gronwall’s inequality for integrals with singularity ([33]), we get

r(t) ≤ 2�(t)
(
Eα

(
K5	(α)k7(t)t

α
) + Eα+γ

(
K5	(α + γ )k7(t)t

α+γ )) .

The above fact establishes that ‖yu(t)‖Y is bounded by a continuous function. Hence, the assumption (i) holds
true. Therefore, the mild solution yu can be extended over J which establishes the result.

4 Optimal pair existence

In this section, we render sufficient conditions for the existence of optimal pair to the following associated
Lagrange Problem to the fractional dynamical system (1.1)-(1.2): Find an optimal pair (y�, u�) ∈ Cb ×AW

p that
satisfies

J (y�, u�) ≤ J (yu, u), ∀ u ∈ AW
p ,

where the functional J is defined by

J (yu, u) :=
∫ b

0
K(s, yu(s), yu

s , u(s))ds.

Also, y�, yu represent the mild solution of the considered fractional dynamical system (1.1)-(1.2) corresponding
to the controls u�, u ∈ AW

p , respectively.
In order to prove the result, we make the following assumptions:

(H4) For each t ∈ I and bounded subset B of W , the set �ε1,�(t), defined below, is relatively compact in the
Banach space Y . Here, ε1 is arbitrarily chosen from (0, t) and � > 0 is a constant.

�ε1,�(t) :=
{

α

∫ t−ε1

0

∫ ∞

�

θ(t − ς)α−1vα(θ)P
−1exp

(−(t − ς)αθG(ς)
)

D(ς)u(ς)dθdς

+α
∫ t−ε1

0

∫ ς

0

∫ ∞

�

θ(t − ς)α−1vα(θ)P
−1exp

(−(t − ς)αθG(ς)
)
ϕ(ς, s)D(s)u(s)dθdsdς, u ∈ B

}

.

(HK): We make the following assumptions on the functional K : I × Y × C0 × X → R ∪ {∞}.
(i) It is Borel measurable.

(ii) The functional K(t, ., ., .), for almost all t ∈ I , is sequentially lower semi-continuous.
(iii) K(t, y, z, .) is convex for all y ∈ Y , z ∈ C0, and almost all t ∈ I , .
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8 M. Sharma

(iv) Let m1, m2 ≥ 0, κ > 0 be constants and ρ ∈ L1(I,R) be a real-valued nonnegative map which are
such that:

K(t, y, z, u) ≥ ρ(t)+ m1 ‖y‖Y + m2 ‖z‖0 + κ ‖u‖p
L p(I,X) .

Lemma 4.1 Let pα > 1 and the assumption (H4) holds. Then, the operator � : L p(I, X) → Cb, given by

(�u)(t) :=
∫ .

0
P−1ψ(.− ς, ς)D(ς)u(ς)dς +

∫ .

0

∫ ς

0
P−1ψ(.− ς, ς)ϕ(ς, s)D(s)u(s)dsdς

is strongly continuous.

Proof We make use of the Ascoli-Arzela Theorem to establish our claim. In order to do so, let us consider a
bounded sequence {un} in the Banach space L p(I, X). For a fixed t ∈ I , it is easy to prove the boundedness of
the map ‖(�un)(t)‖Y whenever pα > 1 (refer to the arguments followed in the Theorem 3.1). Next, we establish
the equicontinuity of the family {(�un)(t); t ∈ I }. For this, we let 0 < t < t + ε1 ≤ b, where ε1 > 0. Now,
using Lemma 3.1 and the Hölder’s inequality, we get the following inequality:

∥
∥(�un)(t + ε1)− (�un)(t)

∥
∥

Y

≤ M P̂ ‖D‖∞
[∫ t

0

[
(1 + ε1

μ)(t − ς)α−1 − (t + ε1 − ς)α−1
] ∥
∥un(ς)

∥
∥

X dς

+ M
∫ t

0

∫ ς

0

[
(1 + ε1

μ)(t − ς)α−1 − (t + ε1 − ς)α−1
]
(ς − s)γ−1

∥
∥un(s)

∥
∥

X dsdς

+
∫ t+ε1

t
(t + ε1 − ς)α−1

∥
∥un(ς)

∥
∥

X dς + M
∫ t+ε1

t

∫ ς

0
(t + ε1 − ς)α−1(ς − s)γ−1

∥
∥un(s)

∥
∥

X dsdς

]

≤ M P̂ ‖D‖∞
∥
∥un

∥
∥

L p(I,X)

⎡

⎣

(
p − 1

pα − 1

) p−1
p
{

ε1
μb

(
pα−1

p

)

+ 2ε1

(
pα−1

p

)

+ M

α
b

(
pγ−1

p

)

εα1

}

+ M B(α, γ )

(
p − 1

p(α + γ )− 1

) p−1
p
{

ε1
μb

(
p(α+γ )−1

p

)

+ ε1

(
p(α+γ )−1

p

)}
⎤

⎦ → 0 as ε1 → 0.

This establishes the equicontinuity of the family {(�un)(t); t ∈ I }. Next, we prove that the map (�un)(t) is
relatively compact for every t ∈ I . The case t = 0 is trivial. For the case t > 0, we proceed as follows. We
define the following map for every t ∈ (0, b],

(�un)ε1,�(t) = α

∫ t−ε1

0

∫ ∞

�

θ(t − ς)α−1vα(θ)P
−1exp

(−(t − ς)αθG(ς)
)

D(ς)un(ς)dθdς

+α
∫ t−ε1

0

∫ ς

0

∫ ∞

�

θ(t − ς)α−1vα(θ)P
−1exp

(−(t − ς)αθG(ς)
)
ϕ(ς, s)D(s)un(s)dθdsdς,

where ε1 ∈ (0, t) is arbitrary and � > 0 is the constant. Note that the map (�un)ε1,�(t) is relatively compact
map due to the hypothesis (H4). Further, the Hölder’s inequality implies the following inequality

∥
∥(�un)(t)− (�un)ε1,�(t)

∥
∥

Y

≤ αM P̂ ‖D‖∞
∥
∥un

∥
∥

L p(I,X)

⎡

⎣

(
p − 1

pα − 1

) p−1
p
{

b
pα−1

p

(∫ �

0
θvα(θ)dθ

)

+ ε

pα−1
p

1

(∫ ∞

�

θvα(θ)dθ

)}

+ M

α

(
p − 1

pγ − 1

) p−1
p
{

b
p(α+γ )−1

p

(∫ �

0
θvα(θ)dθ

)

+ b
pγ−1

p εα1

(∫ ∞

�

θvα(θ)dθ

)}
⎤

⎦ → 0 as ε1, � → 0.

The above fact shows that the map (�un)(t) can be approximated by the relatively compact set (�un)ε1,�(t)
arbitrarily, for each t ∈ I . Also, the defined operator � is continuous. Therefore, the result follows from Ascoli
- Arzela Theorem that the linear operator � is strongly continuous (refer P597, [17]).
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Theorem 4.1 Let us assume that all conditions in the Theorem 3.1 and the Lemma 4.1 along with the hypothesis
(HK) hold true. Then there exists at least one optimal pair for the associated Lagrange problem to the fractional
dynamical system (1.1)-(1.2).

Proof Let us define an admissible control set AW
p that contains pairs (yu, u), where yu ∈ Cb represents a mild

solution of the dynamical system (1.1)-(1.2) over the interval J corresponding to the control u ∈ AW
p . The

result is trivial whenever inf{J (yu, u) : u ∈ AW
p } = +∞. Hence, we establish the result for the case when

inf{J (yu, u) : u ∈ AW
p } = ε2 < +∞. It is easy to follow that ε2 > −∞ due to the assumption (HK). Further,

note that

inf{J (yu, u) : u ∈ AW
p } = ε2

which guarantees the existence of a sequence {(yn, un)} of feasible pairs in the set AW
p so that the sequence

J (yn, un) → ε2 whenever n → +∞. Since un ∈ AW
p for each n ∈ N, therefore, one can verify that the

sequence {un} ⊆ L p(I, X) is bounded. This fact implies the existence of a weakly convergent subsequence
converging in the Banach space L p(I, X), let us relabeled that subsequence as {un} converging to u0. Moreover,
the admissible control set AW

p is closed and convex, and therefore, u0 ∈ AW
p due to the Marzur’s Lemma.

Let y0 and yn denote the mild solutions of the nonlocal dynamical system (1.1)-(1.2) corresponding to the
controls u0 and un , respectively. That is, for each t ∈ I ,

y0(t) = σ(0)+
∫ t

0
P−1ψ(t − ς, ς)U (ς)G(0)Pσ(0)dς +

∫ t

0
P−1ψ(t − ς, ς)Q(ς, y0(ς), y0

ς )dς

+
∫ t

0

∫ ς

0
P−1ψ(t − ς, ς)ϕ(ς, s)Q(s, y0(s), y0

s )dsdς,

and

yn(t) = σ(0)+
∫ t

0
P−1ψ(t − ς, ς)U (ς)G(0)Pσ(0)dς +

∫ t

0
P−1ψ(t − ς, ς)Q(ς, yn(ς), yn

ς )dς

+
∫ t

0

∫ ς

0
P−1ψ(t − ς, ς)ϕ(ς, s)Q(s, yn(s), yn

s )dsdς. (4.1)

For each t ∈ I , it is easy to follow from the above definitions that
∥
∥
∥yn(t)− y0(t)

∥
∥
∥

Y

≤
∥
∥
∥(�un)(t)− (�u0)(t)

∥
∥
∥

Y
+

∫ t

0

∥
∥
∥P−1ψ(t − ς, ς)

(
g(ς, yn(ς), yn

ς )− g(ς, y0(ς), y0
ς )
)∥
∥
∥

Y
dς

+
∫ t

0

∫ ς

0

∥
∥
∥
∥P−1ψ(t − ς, ς)ϕ(ς, s)

∫ s

0

(
h(s, ϑ, yn(ϑ), yn

ϑ)− h(s, ϑ, y0(ϑ), y0
ϑ)
)

dϑ

∥
∥
∥
∥

Y
dsdς.

Let us define l̃(t) =
(

sup
−τ≤s≤t

∥
∥
∥yn(s)− y0(s)

∥
∥
∥

Y

)

for t ∈ I and the constant M̂ = M P̂(2Lg + Lh). From

hypothesis (H2) and Lemma 3.1, we get

∥
∥
∥yn(t)− y0(t)

∥
∥
∥

Y
≤
∥
∥
∥(�un)(t)− (�u0)(t)

∥
∥
∥

Y
+ M̂

∫ t

0

{
1 + M B(α, γ )(t − m)γ

}
(t − ς)α−1̃l(ς)dς.

The above inequality along with the fact that yn(s) = y0(s) for s ∈ [−τ, 0], it can be prove that

l̃(t) ≤
∥
∥
∥(�un)(t)− (�u0)(t)

∥
∥
∥

Y
+ M̂

∫ t

0

{
1 + M B(α, γ )(t − ς)γ

}
(t − ς)α−1̃l(ς)dς.

By virtue of general Gronwall’s inequality ([33]), there exists P∗ > 0 such that

l̃(t) ≤ P∗
∥
∥
∥(�un)(t)− (�u0)(t)

∥
∥
∥

Y
�⇒

∥
∥
∥yn(t)− y0(t)

∥
∥
∥

Y
≤ P∗

∥
∥
∥(�un)(t)− (�u0)(t)

∥
∥
∥

Y
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Now, the Lemma 4.1 implies that
∥
∥(�un)(t)− (�u0)(t)

∥
∥

Y → 0 as n → +∞ that yields the following result

yn → y0 in Cb as n → +∞.

Next, one may use the Balder’s Theorem ([3]) to prove that the functional J (yu, u) =
∫ b

0
K(t, yu(t), yu

t , u(t))dt

is sequentially lower semi-continuous in the weak topology of the Banach space L p(I, X). Hence, we can show
that J attains its infimum at u0 ∈ AW

p using the assumption (HK)(iv), i.e.,

ε2 = lim
n→∞

∫ b

0
K(t, yn(t), yn

t , un(t))dt ≥
∫ b

0
K(t, y0(t), y0

t , u0(t))dt = J (y0, u0) ≥ ε2.

5 Application

We take the following fractional dynamical system
⎧
⎪⎪⎨

⎪⎪⎩

∂αt (w(t, v)− wvv(t, v))− s(t, v) ∂
2

∂v2w(t, v) = g1(t, w(t, v), wt )+
∫ t

0
h1(t, η)e

−w(η,v)dη + du(t, v),

w(t, 0) = w(t, π) = 0,
f0(w(ϑ, v)) = σ0(v), ϑ ∈ [−τ, 0], t ∈ [0, 1] = I, v ∈ [0, π ] = 	.

(5.1)

Here, ∂αt represents the α−th Caputo’s derivative with α ∈ ( 1
2 , 1

)
, d > 0 be constant and the nonlinear maps

s(t, v), h1(t, v), u(t, v) are such that

(i) The map s(t, v) is continuous and s(t, v) ≥ l0 (l0 > 0) for all v ∈ 	.
(ii) Let γ ∈ ( 1

2 , 1
)

be a constant such that | s(t1, v) − s(t2, v) |≤ M | t1 − t2 |γ for t1, t2 ∈ I and v ∈ 	. The
constants M and γ are independent of t1, t2.

(iii) For each t ∈ I , h1(t, .) ∈ L1(I ). Further, sup
t∈I

∫ t

0
h1(t, v)dv := h̃1 < ∞.

(iv) u : I × (0, π) → (0, π) is a continuous function with respect to the first variable.

Our main aim is to find an optimal pair (w, u) for the associated Lagrange problem to the system (5.1) and is
minimizing the following functional:

J (w, u) =
∫ 1

0

∫ π

0
‖w(t, v)‖2 dvdt +

∫ 1

0

∫ π

0

∫ 0

−τ
‖w(t + ϑ, v)‖2 dϑdvdt +

∫ 1

0

∫ π

0
‖u(t, v)‖2 dvdt

Let us select Y = Z = X = L2(	,R), where the space L2(	,R) denotes a collection of square integrable
functions. Next, we introduce the definitions of operators P : D(P) → Z and S : D(S) → Z , where D(S) ={
r ∈ Y : r, r ′ are absolutely continuous, r ′′ ∈ Y and r(0) = r(π) = 0

} ⊆ Y , given by

Pr = r − r ′′ and Sr = −r ′′, for r ∈ D(S) = D(P).
By following [18,22,30], one can show that the operator −S P−1 = −G generates an analytic semigroup and
the operator P−1 is compact.

In order to get the respective abstract formulation of the considered system, we introduce the following maps
y(t)(v) = w(t, v) and yt (ϑ) = wt (ϑ, .), that is (y(t + ϑ))(v) = w(t + ϑ, v) for t ∈ I, v ∈ 	, ϑ ∈ [−τ, 0].
Next, the nonlinear functions g : I × Y × C0 → Z , h : �1 × Y × C0 → Z , D(t)u : I → X and f̃ : C0 → Y ,
and the linear operators S(t) : D(S(t)) ⊂ Y → Z and G(t) : Z → Z are defined as follows:

g(t, y(t), yt )(v) = g1(t, w(t, v), wt (ϑ, v)),

h(t, s, y(s), ys)(v) = h1(t, s)e−y(s)(v),

D(t)u(t)(v) = dν(t, v),

f̃ (χ)(v) = f0(χ(t, v)),

S(t)y(v) = s(t, v)Sy(v),

−G(t)y(v) = −S(t)P−1 y(v) = −s(t, v)S P−1 y(v),
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for each t ∈ I and v ∈ 	. Moreover, D(S(t)) = D(S) for each t ≥ 0.
Now, the corresponding abstract formulation of the considered dynamical system (5.1) will be

⎧
⎨

⎩

C
0 Dα

t [Py(t)] + S(t)y(t) = g(t, y(t), yt )+
∫ t

0
h(t, s, y(s), ys)ds + D(t)u(t), t ∈ I,

f̃ (y0) = σ0.

along with the cost function

J (y, u) =
∫ 1

0

(
‖y(t)‖2

Y + ‖u(t)‖2
X

)
dt +

∫ 1

0

∫ 0

−τ
‖y(t + ϑ)‖2

Y dϑdt.

Note that the domain D(S(t)) of the operator S(t) absorbed the boundary conditions. Further, the condition
(ii) implies that (G1)-(G2) holds true for the operator −G(t). We define g(t, y(t), yt ) = y(t) + sin(yt ). Also,

the map f̃ is defined as f̃ (χ)(v) =
∫ 0

−τ
a(m)χ(m)(v)dm, for a ∈ L1([−τ, 0]) and v ∈ 	. Finally, we define

the map f : C0 → C0 by f (y0)(ϑ) ≡ f̃ (y0) for y0 ∈ C0, ϑ ∈ [−τ, 0] and σ(ϑ) ≡ σ0 for ϑ ∈ [−τ, 0].
Therefore, the considered dynamical system (5.1) can be formulated as (1.1). Let us take σ(t) = 1

m σ0 over

[−τ, 0], where the constant m =
∫ 0

−τ
k(s)ds �= 0. One can verify that all the conditions in the Theorem 3.1 hold

true which implies the existence of mild solution of the considered fractional dynamical system (5.1) over the
interval [−τ, 1] whenever α ∈ ( 1

2 , 1
)

and the admissible control set is AY
2 = {u ∈ X : ‖u‖L2(I,X) ≤ 1}. Also,

the assumptions in the Theorem 4.1 hold true. Therefore, there exists at least one optimal pair for the considered
fractional dynamical system (5.1).

6 Conclusion

The present article studied a non-autonomous nonlocal fractional Sobolev-type integro-differential dynamical
system in a Banach space. First, we carefully introduced a mild solution for the considered system and established
its local and global existence using the Banach contraction principle. Finally, we defined an associated Lagrange
problem for the considered Sobolev-type fractional dynamical system and derived a sufficient criteria for the
existence of an optimal pair. The compactness condition on the semigroup is relaxed and replaced with the
weaker hypothesis (H4) for the existence of an optimal pair. Further, the rendered results did not assume the
boundedness of the linear operators −S(t) and that the operator D is strongly continuous. Finally, we applied the
developed theoretical results to a fractional partial differential equation of Sobolev-type and demonstrated their
effectiveness under appropriate assumptions. Indeed, we designed a theoretical approach to determine optimal
controls for Soblev-type fractional optimal control problems under weaker assumptions.
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