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Abstract We derive two continued fractions I (q) and J (q) of order ten from a general continued fraction
identity recorded by Ramanujan in his notebook. We prove theta-function identities for the continued fractions
I (q) and J (q). Using Ramanujan’s parameter k(q) = R(q)R2(q2), where R(q) is the Rogers-Ramanujan
continued fraction, together with a new parameter u(q), we prove general theorems for the explicit evaluations
of I (±q) and J (±q) and give examples. As applications of some of the identities of I (q) and J (q), we derive
some partition identities using colour partition of integers. We establish 2-dissections for the continued fraction
I ∗(q) := q−3/4 I (q) and J ∗(q) = q−1/4 J (q) and their reciprocals.

Keywords Continued fraction · Theta-functions · Explicit values · Dissection formulas · Partition of integer ·
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1 Introduction

For any complex numbers λ and q, define the q-product (λ; q)∞ as

(λ; q)∞ :=
∞∏

n=0

(
1 − λqn) , |q| < 1. (1.1)

For brevity, we often write

(λ1; q)∞(λ2; q)∞(λ3; q)∞ · · · (λm; q)∞ = (λ1, λ2, λ3, · · · , λm; q)∞ .

The Ramanujan’s general theta-function f(a, b) [4, p. 34] is defined as

f(a, b) =
∞∑

n=−∞
an(n+1)/2bn(n−1)/2, |ab| < 1. (1.2)
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14 S. Rajkhowa, N. Saikia

In terms of f(a, b), Jacobi’s triple product identity [4, p. 35, Entry 19] can be stated as

f(a, b) = (−a; ab)∞(−b; ab)∞(ab; ab)∞ = (−a,−b, ab; ab)∞. (1.3)

Three useful special cases of f(a, b) are the theta-functions φ(q), ψ(q) and f (−q) [4, p. 36, Entry 22(i)-(iii)]
given by

φ(q) := f(q, q) =
∞∑

n=−∞
qn2 = (−q;−q)∞

(q;−q)∞
, (1.4)

ψ(q) := f(q, q3) =
∞∑

n=0

qn(n+1)/2 = (q2; q2)∞
(q; q2)∞

, (1.5)

f (−q) := f(−q,−q2) =
∞∑

n=−∞
(−1)nqn(3n−1)/2 = (q; q)∞. (1.6)

Ramanujan also defined the function χ(q) [4, p. 36, Entry 22(iv)] as

χ(q) = (−q; q2)∞. (1.7)

One of the Ramanujan’s remarkable contribution is in the field of q-continued fraction. The most celebrated is
the Rogers-Ramanujan continued fraction R(q) defined by

R(q) := q1/5 (q, q4; q5)∞
(q2, q3; q5)∞

= q1/5 f
(−q,−q4

)

f
(−q2,−q3

) = q1/5

1 + q

1 + q2

1 + q3

1 + · · ·

, |q| < 1. (1.8)

The continued fraction R(q)was introduced by Rogers [15] in 1894 and rediscovered by Ramanujan in approxi-
mately 1912. In his notebooks [13], lost notebook [14] as well as in his first two letters to Hardy [9], Ramanujan
recorded several explicit values of R(q) and S(q) = −R(−q) which are first proved by Watson [17,18] and
Ramanathan [12]. One can see [1,7,8,10,19] for more details on explicit evaluations of R(q) and S(q).

Ramanujan also recorded some general continued fractions in his notebooks. For example, from [4, p. 24,
Entry 12] we have the following general continued fraction: Suppose that a, b and q are complex numbers with
|ab| < 1 and |q| < 1, or that a = b2m+1 for some integer m. Then

(a2q3; q4)∞(b2q3; q4)∞
(a2q; q4)∞(b2q; q4)∞

= 1

1 − ab + (a − bq)(b − aq)

(1 − ab)(q2 + 1)+ (a − bq3)(b − aq3)

(1 − ab)(q4 + 1)+ · · ·

. (1.9)

Two special cases of the (1.9) and of our interest in this paper are the continued fractions I (q) and J (q) of order
ten, defined as

I (q) := q3/4 (q, q9; q10)∞
(q4, q6; q10)∞

= q3/4 f(−q,−q9)

f(−q4,−q6)

= q3/4(1 − q)

(1 − q5/2)+ q5/2(1 − q3/2)(1 − q7/2)

(1 − q5/2)(1 + q5)+ q5/2(1 − q13/2)(1 − q17/2)

(1 − q5/2)(1 + q10)+ · · ·

(1.10)
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Some results on Ramanujan’s continued... 15

and

J (q) := q1/4 (q
2, q8; q10)∞

(q3, q7; q10)∞
= q1/4 f(−q2,−q8)

f(−q3,−q7)

= q1/4(1 − q2)

(1 − q5/2)+ q5/2(1 − q1/2)(1 − q9/2)

(1 − q5/2)(1 + q5)+ q5/2(1 − q11/2)(1 − q19/2)

(1 − q5/2)(1 + q10)+ · · ·

. (1.11)

To obtain I (q) and J (q), we first replace q by q5/2 in (1.9) and then set {a = q3/4, b = q7/4} and {a = q1/4, b =
q9/4}, respectively.

The purpose of this paper is to establish some results of I (q) and J (q) analogous to those of R(q). In Sect.
2, we prove theta-function identities of I (q) and J (q). In Sect. 3, we prove general theorems for the explicit
evaluations of I (q) and J (q) using Ramanujan’s parameter k(q) together with a new parameter u(q), and give
examples. In Sect. 4, we prove theorems for the explicit evaluations of I (−q) and J (−q). Sect. 5 is devoted to
give applications of some identities of I (q) and J (q) in partition theory using colour partition of integers. Finally,
in Sect. 5, we establish 2-dissections for the continued fractions I ∗(q) := q−3/4 I (q) and J ∗(q) = q−1/4 J (q),
and their reciprocals.

2 Theta-function identities for I (q) and J(q)

Ramanujan, in his notebook [13, p. 362] defined the parameter

k := k(q) = R(q)R2(q2) (2.1)

and recorded some of its identities. From [11, p. 102, Theorem 4.2], we note that if k ≤ √
5 − 2, then

ψ2(q)

qψ2(q5)
= 1 + k − k2

k
. (2.2)

Following theorem gives a connection between the parameter I (q), J (q) and k(q).

Theorem 2.1 We have

k(q) = I (q)J (q).

Proof From (1.8) and (2.1), we note that

k(q) = R(q)R2(q2) = (q, q4; q5)∞
(q2, q3; q5)∞

(
(q2, q8; q10)∞
(q4, q6; q10)∞

)2

. (2.3)

Simplifying (2.3) with elementary q-series manipulation, we obtain

k(q) = (q, q6, q4, q9; q10)∞
(q2, q7, q3, q8; q10)∞

(
(q2, q8; q10)∞
(q4, q6; q10)∞

)2

= (q, q9; q10)∞(q2, q8; q10)∞
(q3, q7; q10)∞(q4, q6; q10)∞

= f(−q,−q9)

f(−q4,−q6)
· f(−q2,−q8)

f(−q3,−q7)

= I (q)J (q).

��
In next theorem, we define a new parameter u(q) and its theta-function representation.
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16 S. Rajkhowa, N. Saikia

Theorem 2.2 We have

u(q) := I (q)

J (q)
= q1/2ψ(q

5)

ψ(q)
.

Proof From (1.10) and (1.11), we note that

u(q) = I (q)

J (q)
= q1/2 f(−q,−q9)f(−q3,−q7)

f(−q4,−q6)f(−q2,−q8)
. (2.4)

From [4, p. 258, Entry 9(vii)], we have

f(−q,−q4)f(−q2,−q3) = f (−q) f (−q5) (2.5)

and

f(q, q9)f(q3, q7) = χ(q) f (−q5) f (−q20). (2.6)

Employing (2.5) and (2.6) in (2.4), we obtain

u(q) = I (q)

J (q)
= χ(−q) f (q5) f (−q20)

f (−q2) f (−q10)
. (2.7)

By q-series manipulation one can easily see that

χ(−q) = f (−q)

f (−q2)
, f (q) = f 3(−q2)

f (−q) f (−q4)
, and ψ(q) = f 2(−q2)

f (−q)
. (2.8)

Simplifying (2.7) with the help of (2.8), we arrive at the desired result. ��
Theorem 2.3 We have

(i)
1

u2(q)
= 1 + k(q)− k2(q)

k(q)
,

(i i) J 3(q)− I (q)− J (q)I 2(q)+ J 2(q)I 3(q) = 0.

Proof (i) follows easily from (2.2) and Theorem 2.2. To prove (ii), we employ Theorem 2.1 and Theorems 2.2
in (i) and simplify. ��
Theorem 2.4 We have

(i) 1 − u2(q) = f (−q)

f (−q10)

(
f (−q5)

f (−q2)

)3

,

(i i)
1

u2(q)
− 1 = f (−q2)

q f (−q)

(
f (−q5)

f (−q10)

)5

.

Proof From [4, p. 262, Entry 10(v)], we note that

ψ2(q)− qψ2(q5) = f(q, q4)f(q2, q3). (2.9)

Also, from [4, p. 258, Entry 9(vii)], we note that

f(q, q4)f(q2, q3) = φ(−q5) f (−q5)

χ(−q)
. (2.10)

Combining (2.9) and (2.10), we obtain

ψ2(q)− qψ2(q5) = φ(−q5) f (−q5)

χ(−q)
. (2.11)
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Some results on Ramanujan’s continued... 17

Dividing (2.11) by ψ2(q) and then simplifying using (2.8) and the result

φ(−q) = f 2(−q)

f (−q2)
, (2.12)

we obtain

1 − qψ2(q5)

ψ2(q)
= f (−q)

f (−q10)

(
f (−q5)

f (−q2)

)3

. (2.13)

Employing Theorem 2.2 in (2.13), we arrive at (i). To prove (ii), we divide (2.11) by qψ2(q5) and proceed as in
the case of (i). ��

Next theorem follows from the following theta-function identities [11, p. 93, Theorem 2.1(i)-(ii)]:

f 3(−q)

f 3(−q5)
= ψ(q)

ψ(q5)
× ψ2(q)− 5qψ2(q5)

ψ2(q)− qψ2(q5)
, (2.14)

f 6(−q2)

f 6(−q10)
= ψ4(q)

ψ4(q5)
× ψ2(q)− 5qψ2(q5)

ψ2(q)− qψ2(q5)
. (2.15)

Theorem 2.5 We have

(i)
1 − 5u2(q)

u(q)− u3(q)
= f 3(−q)

q1/2 f 3(−q5)
,

(i i)
1 − 5u2(q)

u4(q)− u6(q)
= f 6(−q2)

q2 f 6(−q10)
.

Proof Rewrite (2.14) as

ψ(q)

ψ(q5)

⎛

⎜⎜⎜⎝

1 − 5
qψ2(q5)

ψ2(q)

1 − qψ2(q5)

ψ2(q)

⎞

⎟⎟⎟⎠ = f 3(−q)

f 3(−q5)
. (2.16)

Employing Theorem 2.2 in (2.16), we easily arrive at (i). (ii) follows similarly from (2.15). ��
Theorem 2.6 We have

(i)
1

I (q)
− I (q) = f

(−q3/2,−q7/2
)
φ(q5/2)

q3/4f
(−q,−q4

)
ψ(q5)

,

(i i)
1

I (q)
+ I (q) = f

(
q3/2, q7/2

)
φ(−q5/2)

q3/4f
(−q,−q4

)
ψ(q5)

,

(i i i)
1

J (q)
− J (q) = f

(−q1/2,−q9/2
)
φ(q5/2)

q1/4f
(−q2,−q3

)
ψ(q5)

,

(iv)
1

J (q)
+ J (q) = f

(
q1/2, q9/2

)
φ(−q5/2)

q1/4f
(−q2,−q3

)
ψ(q5)

,

(v)

(
1

I (q)I (q2)
− I (q2)

I (q)

)(
J (q)

J (q2)
− J (q)J (q2)

)
= φ2(q5)

q5/2ψ2(q10)
,

(vi)

(
1

I (q2)
+ I (q2)

)(
1

J (q2)
+ J (q2)

)
= φ2(−q5)ψ(−q5)

q2ψ2(q10)ψ(−q)
,

(vi i)

(
1

I (q2)
− I (q2)

)
+
(

1

J (q2)
− J (q2)

)
= φ(q5)χ(−q)χ(−q5)f(q, q4)

q3/2ψ(q10)f(−q,−q4)
,

(vi i i)

(
1

I (q2)
+ I (q2)

)
+
(

1

J (q2)
+ J (q2)

)
= φ(−q5)χ(q)χ(q5)f(q2,−q3)

q3/2ψ(q10)f(−q2, q3)
.
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18 S. Rajkhowa, N. Saikia

Proof From (1.10), we deduce that

1√
I (q)

−√
I (q) = f(−q4,−q6)− q3/4f(−q,−q9)√

q3/4f(−q,−q9)f(−q4,−q6)
. (2.17)

From [4, p. 46, Entry 30 (ii) and (iii)], we note that

f(a, b) = f(a3b, ab3)+ af(b/a, a5b3). (2.18)

Setting a = −q3/4 and b = q7/4 in (2.18), we obtain

f(−q3/4, q7/4) = f(−q4,−q6)− q3/4f(−q,−q9). (2.19)

Employing (2.19) in (2.17), we obtain

1√
I (q)

−√
I (q) = f(−q3/4, q7/4)√

q3/4f(−q,−q9)f(−q4,−q6)
. (2.20)

Again from (1.10), we obtain

1√
I (q)

+√
I (q) = f(−q4,−q6)+ q3/4f(−q,−q9)√

q3/4f(−q,−q9)f(−q4,−q6)
. (2.21)

Setting a = q3/4 and b = −q7/4 in (2.18), we obtain

f(q3/4,−q7/4) = f(−q4,−q6)+ q3/4f(−q,−q9). (2.22)

Employing (2.22) in (2.21), we obtain

1√
I (q)

+√
I (q) = f(q3/4,−q7/4)√

q3/4f(−q,−q9)f(−q4,−q6)
. (2.23)

Combining (2.20) and (2.23), we arrive at

1

I (q)
− I (q) = f(−q3/4, q7/4)f(q3/4,−q7/4)

q3/4f(−q,−q9)f(−q4,−q6)
. (2.24)

Again, from [4, p. 46, Entry 30 (i),(iv)], we note that

f(a, ab2)f(b, a2b) = f(a, b)ψ(ab) (2.25)

and

f(a, b)f(−a,−b) = f(−a2,−b2)φ(−ab). (2.26)

Setting a = −q and b = −q4 in (2.25), we obtain

f(−q,−q9)f(−q4,−q6) = f(−q,−q4)ψ(q5). (2.27)

Setting a = −q3/4 and b = q7/4 in (2.26), we obtain

f(−q3/4, q7/4)f(q3/4,−q7/4) = f
(
−q3/2,−q7/2

)
φ(q5/2). (2.28)

Employing (2.27) and (2.28) in (2.24), we arrive at (i). Squaring (2.23), we obtain

1

I (q)
+ I (q) = f2(q3/4,−q7/4)

q3/4f(−q,−q9)f(−q4,−q6)
− 2. (2.29)

From [4, p. 46, Entry 30 (v),(vi)], we note that

f2(a, b) = f(a2, b2)φ(ab)+ 2af(b/a, a3b)ψ(a2b2). (2.30)
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Some results on Ramanujan’s continued... 19

Setting a = q3/4 and b = −q7/4, we obtain

f2(q3/4,−q7/4) = f(q3/2, q7/2)φ(−q5/2)+ 2q3/4f(−q,−q4)ψ(q5). (2.31)

Employing (2.27) and (2.31) in (2.29) and then simplifying, we arrive at (ii). Proofs of (iii) and (iv) are identical
to the proofs of (i) and (ii), so we omit.
From parts (i) and (iii), we deduce that

(
1

I (q)
− I (q)

)(
1

J (q)
− J (q)

)
= φ2(q5/2)f(−q3/2,−q7/2)f(−q1/2,−q9/2)

qψ2(q5)f(−q,−q4)f(−q2,−q3)
. (2.32)

Replacing q by −q in (2.6) and then again replacing q by q1/2, we obtain

f(−q1/2,−q9/2)f(−q3/2,−q7/2) = χ(−q1/2) f (q5/2) f (−q10). (2.33)

Employing (2.33) and (2.5) in (2.32), and then simplifying using (2.7) and (2.8), we obtain

(
1

I (q)
− I (q)

)(
1

J (q)
− J (q)

)
= φ2(q5/2)

q5/4ψ2(q5)

I (q1/2)

J (q1/2)
. (2.34)

Replacing q by q2 in (2.34) and simplifying, we arrive at (v). Proofs of (vi), (vii) and (viii) are similar to the
proof of (v), so we omit. ��

3 Explicit evaluations of I (q) and J(q)

In this section, we prove general theorems for the explicit evaluations of I (q) and J (q) in terms of the parameter
u(q) and give examples.

Theorem 3.1 We have

(i) I 2(q) = −1 + u2(q)+√
1 − 2u2(q)+ 5u4(q)

2u(q)
,

(i i) J 2(q) = −1 + u2(q)+√
1 − 2u2(q)+ 5u4(q)

2u3(q)
.

Proof From Theorems 2.1 and 2.2, we note that

I 2(q) = k(q)u(q) (3.1)

and

J 2(q) = k(q)

u(q)
. (3.2)

Again from Theorem 2.3(i), we obtain

k(q) = −1 + u2(q)+√
1 − 2u2(q)+ 5u4(q)

2u2(q)
, (3.3)

where we used the fact that k(q) > 0. Employing (3.3) in (3.1) and (3.2), we arrive at (i) and (ii), respectively. ��
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20 S. Rajkhowa, N. Saikia

From Theorem 3.1, it is clear that if we know the explicit values of u(q) then explicit values of I 2(q) and
J 2(q) can be easily determined by routine calculation. To evaluate explicit values of u(q), we employ parameters
of theta-functions: For any positive real numbers k and n, define

rk,n = f (−q)

k1/4q(k−1)/24 f (−qk)
; q = e−2π

√
n/k, (3.4)

r ′
k,n = f (q)

k1/4q(k−1)/24 f (qk)
; q = e−π√

n/k, (3.5)

gk,n = ψ(−q)

k1/4q(k−1)/8ψ(−qk)
; q = e−π√

n/k, (3.6)

g′
k,n = ψ(q)

k1/4q(k−1)/8ψ(qk)
; q = e−π√

n/k . (3.7)

The parameters rk,n and r ′
k,n are introduced by Yi [20, p. 384] or [21]. Berndt [6, p. 9] also defined the parameter

rk,n . The parameters gk,n and g′
k,n are introduced by Baruah and Saikia [3] and also by Yi [20]. They also

established several properties and explicit values of gk,n and g′
k,n .

Two particular cases of the parameters rk,n and r ′
k,n are the parameters sn and tn such that

sn = r6
5,n and tn = (r ′

5,n)
6. (3.8)

The parameters sn and tn are introduced by Yi [19] to find explicit values of Rogers-Ramanujan continued fraction
R(q). A list of all known values of sn and tn can be found in [16]. Using transformation formulas [4, p. 43, Entry
27] for theta-functions it is established that, if � := r, r ′ or g, then

�k,n = �n,k and �k,1/n = 1/�k,n . (3.9)

For details of (3.9) see [3,20,21].

Theorem 3.2 We have

u
(

e−π√
n/5
)

= 1

51/4g′
5,n
.

Proof We employ the definition of the parameter g′
k,n with k = 5 from (3.7) in Theorem 2.2 to complete the

proof. ��
Remark 3.3 From Theorem 3.2 it is easily seen that if we know the explicit values of the parameter g′

5,n then

u
(

e−π√
n/5
)

can be calculated. Baruah and Saikia [3] evaluated g′
5,n for n =1, 2, 3, 4, 5, and 9. For

g′
5,5 = (5 + √

5)1/2(51/4 + 1)/2,

in Theorem 3.2, we evaluate

u
(
e−π ) = 2 · 5−1/4(5 + √

5)−1/2(51/4 + 1)−1. (3.10)

Now, employing the above value of u(e−π ) in Theorem 3.1(i) and (ii), we evaluate, respectively

I 2(e−π ) = 10
√

28 + 19 · 51/4 + 14
√

5 + 9 · 53/4 − (25 + 59/4 + 13
√

5 + 57/4)

2 · 53/4(1 + 51/4)
√

5 + √
5

and

J 2(e−π ) =
(1 + 51/4)(5 + √

5)
(

10
√

28 + 19 · 51/4 + 14
√

5 + 9 · 53/4 − (25 + 57/4 + 13
√

5 + 57/4)
)

8 · 51/4 .

123



Some results on Ramanujan’s continued... 21

Theorem 3.4 We have

(i)
1 − 5u2(e−2π

√
n/5)

u(e−2π
√

n/5)− u3(e−2π
√

n/5)
= 53/4r3

5,n,

(i i)
1 − 5u2(e−π√

n/5)

u4(e−π√
n/5)− u6(e−π√

n/5)
= 53/2r6

5,n .

Proof We employ the definition of the parameter rk,n with k = 5 in Theorem 2.5 (i) and (ii), respectively to
complete the proof. ��
Remark 3.5 Yi [19,21] evaluated many explicit values of the parameters r5,n . For example, we have the following
values.

r5,1 = 1, r5,2 = (
√

5 + 2)1/6, r5,5 = (25 + 10
√

5)1/6.

Employing the value r5,1 in Theorem 3.4(i) and solving the resulting equation, we evaluate

u(e−2π/
√

5) = 1

10

(
55/4 + 53/4 −

√
10(5 + √

5)

)
. (3.11)

Similarly, employing the values of r5,2 and r5,5 in Theorem 3.4(ii) and solving the resulting equations, we
evaluate

u(e−π√
2/5) =

√
5 − 2

√
5

5
(3.12)

and

u(e−π ) =

√√√√
(

3 + √
5 −

√
10 + 6

√
5
)

10
, (3.13)

respectively. To choose the appropriate values of u(e−2π/
√

5),u(e−π√
2/5) and u(e−π ) from (1.1), (1.5) and

Theorem 2.2, we note that

u(q) ≈ q1/2(1 + q5)(1 + q + q3 + q6)−1,

where we have neglected the terms involving q7 and higher powers of q as |q| < 1.
Now employing the value of u(e−π√

5) in Theorem 3.1, one can easily evaluate the values of I 2(q) and
J 2(q). For example, employing the value of u(e−π√

2/5) in Theorem 3.1(i) and (ii), one can easily calculate that

I 2(e−π√
2/5) =

(
−1 +

√
2(5 − 2

√
5)

)
/

√
5 − 2

√
5

and

J 2(e−π√
2/5) = 5

(
−1 +

√
2(5 − 2

√
5)

)
/
(

5 − 2
√

5
)3/2

.

Similarly, other values can be evaluated.

Corollary 3.6 We have

(i)
1 − 5u2(e−2π/

√
5n)

u(e−2π/
√

5n)− u3(e−2π/
√

5n)
= 53/4r−3

5,n,

(i i)
1 − 5u2(e−π/√5n)

u4(e−π/√5n)− u6(e−π/√5n)
= 53/2r−6

5,n .

Proof We replace n by 1/n in Theorem 3.4(i) and (ii) and use the property that r5,1/n = 1/r5,n from (3.9). ��
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Remark 3.7 From Corollary 3.6(i) and (ii) it is clear that if we know the explicit values of r5,n , then the explicit

values of u(e−2π/
√

5n) and u(e−π/√5n) can be evaluated, respectively. For example, setting n = 1 in Corollary
3.6(ii) and employing the value of r5,1 = 1 from [19] or [21], solving the resulting equation and choosing
appropriate value, we obtain

u(e−π/√5) = 1√
10

(
5 + √

5 −
√

10(1 + √
5)

)1/2

. (3.14)

Now employing the value of u(e−π/√5) from (3.14) in Theorem 3.1(i) and (ii), we evaluate

I 2(e−π/√5) =

(
−5 + √

5 −
√

10(1 + √
5)+

√
10(20 + 8

√
5 − 5

√
2(1 + √

5)− 3
√

10(1 + √
5))

)

2

√

10

(
5 + √

5 −
√

10(1 + √
5)

)

and

J 2(e−π/√5) =

√
5

(
−5 + √

5 −
√

10(1 + √
5)+

√
10(20 + 8

√
5 − 5

√
2(1 + √

5)− 3
√

10(1 + √
5))

)

√
2

(
5 + √

5 −
√

10(1 + √
5)

)3/2 ,

respectively.

4 Explicit evaluations of I (−q) and J(−q)

This section is devoted to find explicit values of I 4(−q) and J 4(−q).

Theorem 4.1 If v2(q) = −u2(−q), then

(i) I 4(−q) =
(
−1 − v2(q)+√

1 + 2v2(q)+ 5v4(q)
)2

−4v2(q)
,

(i i) J 4(−q) =
(
−1 − v2(q)+√

1 + 2v2(q)+ 5v4(q)
)2

−4v6(q)
.

Proof From Theorem 2.2, we note that

u2(q) = qψ2(q5)

ψ2(q)
. (4.1)

Replacing q by −q in (4.1), we obtain

u2(−q) = −qψ2(−q5)

ψ2(−q)
= −v2(q). (4.2)

Squaring Theorem 3.1(i) and (ii) and employing (4.2) we arrive at (i) and (ii), respectively. ��
From Theorem 4.1, it is easily seen that, to evaluate I 4(−q) and J 4(−q) it is sufficient to evaluate v(q).

Theorem 4.2 If v2(q) is as defined in Theorem 4.1, then

v2(e−π√
n/5) = 1

51/2g2
5,n

.

Proof We employ the definition of the parameter gk,n with k = 5 from (3.6) in (4.2) to complete the proof. ��
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Remark 4.3 Baruah and Saikia [3] evaluated explicit values of the parameter g5,n for n =1, 3, 5, and 9. Baruah
and Saikia [2] also evaluated the value of g5,2. For example, employing the value g5,1 = 1 in Theorem 4.2, we
obtain

v2(e−π/√5) = 1√
5
.

Now employing the value of v2(e−π√
5) in Theorem 4.1(i) and (ii), we evaluate

I 4(−e−π/√5) =
−
(

−5 − √
5 +

√
10(5 + √

5)

)2

20
√

5

and

J 4(−e−π/√5) =
−
(

−5 − √
5 +

√
10(5 + √

5)

)2

4
√

5
,

respectively. Similarly, other values of g5,n can be used to evaluate v2(e−π√
n/5) which can be employed in

Theorem 4.1 to calculate the values of I 4(e−π√
n/5) and J 4(e−π√

n/5).

Corollary 4.4 If v2(q) is as defined in Theorem 4.1, then

v2(e−π/√5n) = g2
5,n√
5
.

Proof Replacing n by 1/n in Theorem 4.2 and using the property that g5,1/n = 1/g5,n from (3.9), we arrive at
the desired result. ��
Remark 4.5 From Corollary 4.4 it is easily seen that if we know the explicit values of g5,n , then v2(e−π/√5n) can
be determined. For example, employing the value of g5,5 = (5 + √

5)3/2/(23/2
√

5) from [3, p. 1779, Theorem
6.4(iv)], we obtain

v2(e−π/5) = (5 + √
5)3

40
√

5
.

Employing the value of v2(e−π/5) in 4.1(i) and (ii), we evaluate

I 4(−e−π/5) =
−10

√
5
(

3 + √
5 −

√
50 + 22

√
5
)2

(5 + √
5)3

and

J 4(−e−π/5) =
−80000

√
5
(

3 + √
5 −

√
50 + 22

√
5
)2

(5 + √
5)9

,

respectively.

Theorem 4.6 If v2(q) is as defined in Theorem 4.1, then

1

v2(e−π√
n)

+ 1 − 2
G5

25n

Gn
= 0.
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Proof Replacing q by −q in Theorem 2.4(ii), we obtain

1

−v2(q)
− 1 = − f (−q2)

q f (q)

(
f (q5)

f (−q10)

)5

. (4.3)

Setting q = e−π√
n in (4.3) and employing the definition of Ramanujan’s class invariant Gn , we obtain

1

−v2(e−π√
n)

− 1 = −2G5
25n

Gn
. (4.4)

The desired result now easily follows from (4.4). ��
Remark 4.7 Setting n = 1 in Theorem 4.6 and employing the values of G25 = (1 + √

5)/2 from [5, p. 190] and
solving the resulting equation, we obtain

v2(e−π ) = (−2 + √
5)/5.

Employing the above value of v2(e−π ) in Theorem 4.1 (i) and (ii), we evaluate

I 4(−eπ ) = −(2 + √
5)

(
3 + √

5 −
√

50 − 10
√

5

)2

/20

and

J 4(−eπ ) = −5(2 + √
5)3

(
3 + √

5 −
√

50 − 10
√

5

)2

/4,

respectively.

Theorem 4.8 If v2(q) is as defined in Theorem 4.1 and the parameters sn and tn are as defined in (3.8), then

(i)
1 + 25v4(e−π√

n/5)+ 10v2(e−π√
n/5)

v2(e−π√
n/5)+ v6(e−π√

n/5)+ 2v4(e−π√
n/5)

= 53/2r ′6
5,n = 53/2tn,

(i i)
1 + 5v2(e−π√

n/5)

v4(e−π√
n/5)+ v6(e−π√

n/5)
= 53/2r6

5,n = 53/2sn .

Proof Squaring Theorem 2.5(i) and then replacing q by −q, we obtain

1 + 25u4(−q)− 10u2(−q)

u2(−q)+ u6(−q)− 2u4(−q)
= − f 6(q)

q f 6(q5)
. (4.5)

Setting q = e−π√
n/5 in (4.5), using the definitions of r ′

k,n and tn , and noting u2(−q) = −v2(q), we arrive at (i).
To prove (ii), replacing q by −q in Theorem 2.5 (ii), we obtain

1 − 5u2(−q)

u4(−q)− u6(−q)
= f 6(−q2)

q2 f 6(−q10)
. (4.6)

Setting q = e−π√
n/5 in (4.6) and employing the definitions of rk,n and sn , and noting u2(−q) = −v2(q), we

arrive at the desired result. ��
Remark 4.9 Setting n = 3 in Theorem 4.8(i) and employing the value of t3 = r ′6

5,3 = (1 + √
5)/2 from [19] or

[21] and solving the resulting equation, we obtain

v2(e−π√
3/5) = (5 − 2

√
5)/5.

To choose the appropriate values of v2(e−π√
3/5), from (1.1), (1.5) and Theorem 2.2, we note that

v(q) ≈ q1/2(1 − q5)(1 − q − q3 + q6)−1,
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where we have neglected the terms involving q7 and higher powers of q as |q| < 1. Employing the above value
of v2(e−π√

3/5) in Theorem 4.1 (i) and (ii), we evaluate

I 4(−e−π√
3/5) = −1

25
(5 + 2

√
5)

(
−5 + √

5 +
√

75 − 30
√

5

)2

and

J 4(−e−π√
3/5) = −1

25
(5 + 2

√
5)3

(
−5 + √

5 +
√

75 − 30
√

5

)2

,

respectively.
Again, setting n = 2 in Theorem 4.8(ii) and employing the value of s2 = r6

5,2 = 2 + √
5 from [19] or [21]

and solving the resulting equation, we obtain

v2(e−π√
2/5) = (−√

5 + √
10)/5.

Employing the above value of v2(e−π√
2/5) in Theorem 4.1 (i) and (ii), we evaluate

I 4(−e−π√
2/5) = −(1 + √

2)

(
−5 + √

5 − √
10 +

√
10(10 − 5

√
2 − √

5 + √
10)

)2

/20
√

5

and

J 4(−e−π√
2/5) = −(7 + 5

√
2)

(
−5 + √

5 − √
10 +

√
10(10 − 5

√
2 − √

5 + √
10)

)2

/4
√

5,

respectively.

Corollary 4.10 If v2(q) is as defined in Theorem 4.1 and the parameters sn and tn are as defined in (3.8), then

(i)
1 + 25v4(e−π/√5n)+ 10v2(e−π/√5n)

v2(e−π/√5n)+ v6(e−π/√5n)+ 2v4(e−π/√5n)
= 53/2(r ′

5,n)
−6 = 53/2/tn .

(i i)
1 + 5v2e−π/√5n)

v4(e−π/√5n)+ v6(e−π/√5n)
= 53/2(r5,n)

−6 = 53/2/sn .

Proof We replace n by 1/n in Theorem 4.8 and use the property that r ′
5,1/n = 1/r ′

5,n and r5,1/n = 1/r5,n ,
respectively. ��
Remark 4.11 From Corollary 4.10, it is easily seen that if we know the explicit values of r ′

5,n and r5,n , then explicit

values of v(e−π/√5n) and then I 4(−e−π/√5n) and J 4(−e−π/√5n) can be evaluated by routine calculation.

5 Applications of some identities of I (q) and J(q) to colour partition

A partition of a positive integer n is a non-increasing sequence of positive integers, called parts, whose sum
equals n. A part in a partition of n is said to have r colours if each part has r copies and all of them are
viewed as distinct objects. For any positive integer n and r , let Cr (n) denote the number of partitions of n with
each part has r distinct colours. For example, if each part of partition of 3 has 2 colours, say red (indicated
by the suffix r ) and blue (indicated by the suffix b), then the number of 2 colour partition of 3 is 10, namely
3r , 3b, 2r +1r , 2r +1b, 2b +1r , 2b +1b, 1r +1r +1r , 1r +1r +1b, 1r +1b +1b, 1b +1b +1b.

The generating function of Cr (n) is given by

∞∑

n=0

Cr (n)q
n = 1

(q; q)r∞
. (5.1)
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For positive integers s,m and r , the quotient

1

(qs; qm)r∞
(5.2)

is the generating function of the number of partitions of n with parts congruent to s modulo m and each parts
has r colours. For example,

1

(qs1; qm)3∞(qs2; qm)3∞
= 1

(qs1 , qs2; qm)3∞
(5.3)

is the generating function of the number of partitions of positive integer with parts congruent to s1 or s2 modulo
m and each part has three colours. Here we use the notation

(qr±; qt ) := (qr , qt−r ; qt )∞, (5.4)

where r and t are positive integers and r < t .

Theorem 5.1 Let C1(n) denote the number of partitions of n into parts congruent to ±1 and ± 3 (mod 10)
having 3 colours. Let C2(n) denote the number of partitions of n into parts congruent to ±1,±2 or ±4 (mod 10)
such that the parts congruent to ±1 (mod 10) has 2 colours and parts congruent to ±2 (mod 10) has 3 colours.
Let C3(n) denote the number of partitions of n into parts congruent to ±1,±2,±3 or ± 4 (mod 10) such that
parts congruent to ±2 and ± 4 (mod 10) have 2 colours. Let C4(n) denote the number of partitions of n into
parts congruent to ±2,±3 or ± 4 (mod 10) such that parts congruent to ±3 (mod 10) with 2 colours and
parts congruent to ±4 (mod 10) with 3 colours. Then for any integer n ≥ 2,

C1(n)− C2(n)− C3(n − 1)+ C4(n − 2) = 0.

Proof Employing (1.10) and (1.11) in Theorem 2.3(ii), we obtain

q3/4 (q
2±; q10)3∞

(q3±; q10)3∞
− q3/4 (q

1±; q10∞)
(q4±; q10∞)

− q7/4 (q
2±; q10)∞(q1±; q10)2∞

(q3±; q10)∞(q4±; q10)2∞

+q11/4 (q
2±; q10)2∞(q1±; q10)3∞

(q3±; q10)2∞(q4±; q10)3∞
= 0. (5.5)

Dividing (5.5) by q3/4(q1±,2±; q10)3∞, we obtain

1

(q1±,3±; q10)3∞
− 1

(q2±; q10)3∞(q1±; q10)2∞(q4±; q10)∞

− q

(q2±,4±; q10)2∞(q1±,3±; q10)∞
+ q2

(q2±; q10)∞(q3±; q10)2∞(q4±; q10)3∞
= 0. (5.6)

The above quotients of (5.6) represent the generating functions for C1(n),C2(n),C3(n) and C4(n), respectively.
Hence, (5.6) is equivalent to

∞∑

n=0

C1(n)q
n −

∞∑

n=0

C2(n)q
n − q

∞∑

n=0

C3(n)q
n + q2

∞∑

n=0

C4(n)q
n = 0, (5.7)

where we set C1(0) = C2(0) = C3(0) = C4(0) = 1. Equating coefficients of qn on both sides, we arrive at the
desired result. ��
Example: The following table illustrates the case n = 3 in Theorem 5.1:
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C1(3) = 13 C2(3) = 10 C3(2) = 3 C4(1) = 0

3r 2r + 1r 2r
3g 2g + 1r 2g
3b 2b + 1r 1 + 1
1r + 1r + 1r 2r + 1g
1g + 1g + 1g 2g + 1g
1b + 1b + 1b 2b + 1g
1r + 1g + 1g 1r + 1r + 1r
1r + 1b + 1b 1g + 1g + 1g
1r + 1g + 1b 1r + 1r + 1g
1g + 1r + 1r 1g + 1g + 1r
1g + 1b + 1b
1b + 1r + 1r
1b + 1g + 1g

Theorem 5.2 Let C1(n) denote the number of partitions of n into parts congruent to ±1,±3 and ±5 (mod 10)
having 2 colours. Let C2(n) denote the number of partitions of n into parts congruent to ±2,±4 and ±5
(mod 10) having 2 colours. Let C3(n) denote the number of partitions of n into parts congruent to ±1,±2,±3
or ±4 (mod 10) such that parts congruent to ±2 and ± 4 (mod 10) have 2 colours. Then for any integer
n ≥ 1,

C1(n)− C2(n − 1)− C3(n) = 0. (5.8)

Proof From Theorem 2.4 (ii), employing the same procedure as in Theorem 5.1, we obtain

1

(q1±,3±,5±; q10)2∞
− q

(q2±,4±,5±; q10)2∞
− 1

(q1±,3±; q10)∞(q2±,4±; q10)2∞
= 0. (5.9)

The above quotients of (5.9) represent the generating functions for C1(n),C2(n) and C3(n), respectively. Hence,
(5.9) is equivalent to

∞∑

n=0

C1(n)q
n − q

∞∑

n=0

C2(n)q
n −

∞∑

n=0

C3(n)q
n = 0, (5.10)

where we set C1(0) = C2(0) = C3(0) = 1. Equating coefficients of qn on both sides of (5.10), we obtain the
desired result. ��
Example: The following table illustrates the case n = 3 in Theorem 5.2:

C1(3) = 6 C2(2) = 2 C3(3) = 4

3r 2r 3
3g 2g 2r + 1
1r + 1r + 1r 2g + 1
1r + 1r + 1g 1 + 1 + 1
1r + 1g + 1g
1g + 1g + 1g

Theorem 5.3 Let C1(n) denote the number of partitions of n into parts congruent to ±2,±3,±7 or ±10
(mod 20) such that parts congruent to ±2 and ±10 (mod 20) have 2 colours. Let C2(n) denote the number of
partitions of n into parts congruent to ±3,±7,±8 or ±10 (mod 20) such that parts congruent to ±8 and ±10
(mod 20) have 2 colours. Let C3(n) denote the number of partitions of n into parts congruent to ±2,±5 or ±8
(mod 20) having 2 colours. Then for any integer n ≥ 3,

C1(n)− C2(n − 3)− C3(n) = 0. (5.11)
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Proof From Theorem 2.6(i), replacing q by q2 and then employing the same procedure, we have

(q8±; q20)∞
q3/2(q2±; q20)∞

− q3/2 (q
2±; q20∞)

(q8±; q20∞)
− (q3±; q10)∞(q10; q10)6∞

q3/2(q2±,8±; q20)∞(q20; q20)4∞(q5; q5)2∞
= 0. (5.12)

Rewriting the products of the above identity subject to the common base q20 and multiplying by q3/2, we deduce
that

(q8±; q20)∞
(q2±; q20)∞

− q3 (q2±; q20∞)
(q8±; q20)∞

− (q3±,7±; q20)∞(q10±; q20)2∞
(q2±,8±; q20)∞(q5±; q20)2∞

= 0. (5.13)

Dividing the both side of (5.13) by (q2±,3±,7±,8±; q20)∞(q10±; q20)2∞, we obtain
1

(q10±; q20)2∞
+ q

(q1±,3±,4±,7±,8±,9±,10±; q20)2∞

− 1

(q4±,8±; q20)2∞(q5±; q20)4∞(q1±,2±,3±,6±,7±,9±; q20)∞
= 0. (5.14)

The above quotients of (5.14) represent the generating functions for C1(n),C2(n) and C3(n), respectively. Hence,
(5.14) is equivalent to

∞∑

n=0

C1(n)q
n − q3

∞∑

n=0

C2(n)q
n −

∞∑

n=0

C3(n)q
n = 0, (5.15)

where we set C1(0) = C2(0) = C3(0) = 1. Equating coefficients of qn on both sides of (5.15), we obtain the
desired result. ��
Example: The following table illustrates the case n = 5 in Theorem 5.3:

C1(5) = 2 C2(2) = 0 C3(5) = 2

3 + 2r 5r
3 + 2g 5g

Theorem 5.4 Let C1(n) denote the number of partitions of n into parts congruent to ±2,±5,±6 or ±10
(mod 20) such that parts congruent to ±2 and ±5 (mod 20) have 2 colours. Let C2(n) denote the number of
partitions of n into parts congruent to ±5,±6,±8 or ±10 (mod 20) such that parts congruent to ±5 and ±8
(mod 20) have 2 colours. Let C3(n) denote the number of partitions of n into parts congruent to ±2,±3,±7 or
±8 (mod 20) such that parts congruent to ±2 and ±8 (mod 20) have 2 colours. Then for any integer n ≥ 3,

C1(n)+ C2(n − 3)− C3(n) = 0. (5.16)

Proof From Theorem 2.6(ii), replacing q by q2 and then employing the same procedure, we have

1

(q6±,10±; q20)∞(q2±,5±; q20)2∞
+ q3

(q6±,10±; q20)∞(q5±,8±; q20)2∞

− 1

(q3±,7±; q20)∞(q2±,8±; q20)2∞
= 0. (5.17)

The above quotients of (5.17) represent the generating functions for C1(n),C2(n) and C3(n), respectively. Hence,
(5.17) is equivalent to

∞∑

n=0

C1(n)q
n + q3

∞∑

n=0

C2(n)q
n −

∞∑

n=0

C3(n)q
n = 0, (5.18)

where we set C1(0) = C2(0) = C3(0) = 1. Equating coefficients of qn on both sides of (5.18), we obtain the
desired result. ��
Example: The following table illustrates the case n = 8 in Theorem 5.4:
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C1(8) = 7 C2(5) = 2 C3(8) = 9

6 + 2r 5r 8r
6 + 2g 5g 8g
2r + 2r + 2r + 2r 3 + 3 + 2r
2r + 2r + 2r + 2g 3 + 3 + 2g
2r + 2r + 2g + 2g 2r + 2r + 2r + 2r
2r + 2g + 2g + 2g 2r + 2r + 2r + 2g
2g + 2g + 2g + 2g 2r + 2r + 2g + 2g

2r + 2g + 2g + 2g
2g + 2g + 2g + 2g

Theorem 5.5 Let C1(n) denote the number of partitions of n into parts congruent to ±1,±4,±9 or ± 10
(mod 20) such that parts congruent to ±4 and ± 10 (mod 20) have 2 colours. Let C2(n) denote the number of
partitions of n into parts congruent to ±1,±6,±9 or ±10 (mod 20) such that parts congruent to ±6 and ±10
(mod 20) have 2 colours. Let C3(n) denote the number of partitions of n into parts congruent to ±4,±5 and ±6
(mod 20) having 2 colours. Then for any integer n ≥ 1,

C1(n)− C2(n − 1)− C3(n) = 0. (5.19)

Proof From Theorem 2.6(iii), replacing q by q2 and then employing the same procedure, we have

1

(q1±,9±; q20)∞(q4±,10±; q20)2∞
− q

(q1±,9±; q20)∞(q6±,10±; q20)2∞
− 1

(q4±,5±,6±; q20)2∞
= 0. (5.20)

The above quotients of (5.20) represent the generating functions for C1(n),C2(n) and C3(n), respectively. Hence,
(5.20) is equivalent to

∞∑

n=0

C1(n)q
n − q

∞∑

n=0

C2(n)q
n −

∞∑

n=0

C3(n)q
n = 0, (5.21)

where we set C1(0) = C2(0) = C3(0) = 1. Equating coefficients of qn on both sides of (5.21), we obtain the
desired result. ��
Example: The following table illustrates the case n = 4 in Theorem 5.5:

C1(4) = 3 C2(3) = 1 C3(4) = 2

4r 1 + 1 + 1 4r
4g 4g
1 + 1 + 1

Theorem 5.6 Let C1(n) denote the number of partitions of n into parts congruent to ±2,±4,±5 or ±10
(mod 20) such that parts congruent to ±4 and ±5 (mod 20) have 2 colours. Let C2(n) denote the number of
partitions of n into parts congruent to ±2,±5,±6 or ±10 (mod 20) such that parts congruent to ±5 and ±6
(mod 20) have 2 colours. Let C3(n) denote the number of partitions of n into parts congruent to ±1,±4,±6 or
±9 (mod 20) such that parts congruent to ±4 and ±6 (mod 20) have 2 colours. Then for any integer n ≥ 1,

C1(n)+ C2(n − 1)− C3(n) = 0. (5.22)

Proof From Theorem 2.6(iv), replacing q by q2 and then employing the same procedure, we have

1

(q2±,10±; q20)∞(q4±,5±; q20)2∞
+ q

(q2±,10±; q20)∞(q5±,6±; q20)2∞

− 1

(q1±,9±; q20)∞(q4±,6±; q20)2∞
= 0. (5.23)
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The above quotients of (5.23) represent the generating functions for C1(n),C2(n) and C3(n), respectively. Hence,
(5.23) is equivalent to

∞∑

n=0

C1(n)q
n + q

∞∑

n=0

C2(n)q
n −

∞∑

n=0

C3(n)q
n = 0, (5.24)

where we set C1(0) = C2(0) = C3(0) = 1. Equating coefficients of qn on both sides of (5.24), we obtain the
desired result. ��
Example: The following table illustrates the case n = 6 in Theorem 5.6:

C1(6) = 3 C2(5) = 2 C3(6) = 5

4r + 2 5r 6r
4g + 2 5g 6g
2 + 2 + 2 4r + 1 + 1

4g + 1 + 1
1 + 1 + 1 + 1 + 1 + 1

Theorem 5.7 Let C1(n) denote the number of partitions of n into parts congruent to ±1,±2,±3,±4, ±7,±9
or ±10 (mod 20) such that parts congruent to ±2 and ± 4 (mod 20) have 2 colours and parts congru-
ent to ±10 (mod 20) has 4 colours. Let C2(n) denote the number of partitions of n into parts congruent to
±1,±2,±3,±6,±7,±9 or ±10 (mod 20) such that parts congruent to ±2 and ±6 (mod 20) have 2 colours
and parts congruent to ±10 (mod 20) with 4 colours. Let C3(n) denote the number of partitions of n into parts
congruent to ±1,±3,±4,±7,±8 or ± 9 (mod 20) such that parts congruent to ±4 and ± 8 (mod 20) have
2 colours. Let C4(n) denote the number of partitions of n into parts congruent to ±1,±3,±6,±7,±8 or ± 9
(mod 20) such that parts congruent to ±6 and ± 8 (mod 20) have 2 colours. Let C5(n) denote the number
of partitions of n into parts congruent to ±2,±4,±5,±6 or ± 8 (mod 20) such that parts congruent to ±5
(mod 20) has 4 colours. Then for any integer n ≥ 4,

C1(n)− C2(n − 1)− C3(n − 3)+ C4(n − 4)− C5(n) = 0. (5.25)

Proof Proceeding similarly as in above, from Theorem 2.6(v), we deduce that

1

(q1±,3±,7±,9±; q20)∞(q2±,4±; q20)2∞(q10±; q20)4 ∞
− q

(q1±,3±,7±,9±; q20)∞(q2±,6±; q20)2∞(q10±; q20)4∞

− q3

(q1±,3±,7±,9±; q20)∞(q4±,8±; q20)2∞
+ q4

(q1±,3±,7±,9±; q20)∞(q6±,8±; q20)2∞

− 1

(q2±,4±,6±,8±; q20)∞(q5±; q20)4∞
= 0. (5.26)

The above quotients of (5.26) represent the generating functions for C1(n), C2(n), C3(n),C4(n) and C5(n),
respectively. Hence, (5.26) is equivalent to

∞∑

n=0

C1(n)q
n − q

∞∑

n=0

C2(n)q
n − q3

∞∑

n=0

C3(n)q
n + q4

∞∑

n=0

C4(n)q
n −

∞∑

n=0

C5(n)q
n = 0, (5.27)

where we set C1(0) = C2(0) = C3(0) = C4(0) = C5(0) = 1. Equating coefficients of qn of (5.27), we obtain
the desired result. ��
Example: The following table illustrates the case n = 4 in Theorem 5.7.
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C1(4) = 6 C2(3) = 4 C3(1) = 1 C4(0) = 1 C5(4) = 2

4r 3 1 4
4g 2r + 1 2 + 2
3 + 1 2g + 1r
2r + 1 + 1 1 + 1 + 1
2g + 1 + 1
1 + 1 + 1

Theorem 5.8 Let C1(n) denote the number of partitions of n into parts congruent to ±10 (mod 20) having
2 colours. Let C2(n) denote the number of partitions of n into parts congruent to ±1,±3,±4, ±7,±8,±9
or ±10 (mod 20) having 2 colours. Let C3(n) denote the number of partitions of n into parts congruent to
±1,±2,±3,±4,±5, ±6,±7,±8 or ± 9 (mod 20) such that parts congruent to ±4 and ± 8 (mod 20) have
2 colours and parts congruent to ±5 (mod 20) has 4 colours. Then for any integer n ≥ 1,

C1(n)+ C2(n − 1)− C3(n) = 0. (5.28)

Proof From (4.3), we have

(q1±,3±,4±,7±,8±,9±; q20)2∞
q

+ 1 = (q1±,3±,7±,9±; q20)∞(q10; q10)4∞
q(q2±,6±; q20)∞(q5±; q20)4∞

(5.29)

Dividing (5.29) by (q1±,3±,4±,7±,8±,9±,10±; q20)2∞, we obtain

1

(q10±; q20)2∞
+ q

(q1±,3±,4±,7±,8±,9±,10±; q20)2∞

− 1

(q4±,8±; q20)2∞(q5±; q20)4∞(q1±,2±,3±,6±,7±,9±; q20)∞
= 0, (5.30)

The above quotients of (5.30) represent the generating functions for C1(n),C2(n) and C3(n), respectively. Hence,
(5.30) is equivalent to

∞∑

n=0

C1(n)q
n + q

∞∑

n=0

C2(n)q
n −

∞∑

n=0

C3(n)q
n = 0, (5.31)

where we set C1(0) = C2(0) = C3(0) = 1. Equating coefficients of qn on both sides of (5.31), we obtain the
desired result. ��
Example: The following table illustrates the case n = 3 in Theorem 5.8:

C1(3) = 0 C2(2) = 3 C3(3) = 3

1r + 1r 3
1r + 1g 2 + 1
1g + 1g 1 + 1 + 1

6 2-dissection formulas for I∗(q) and J∗(q) and their reciprocals

In this section, we present 2-dissections of the continued fractions I ∗(q) := q−3/4 I (q) and J ∗(q) := q−1/4 J (q)
which are analogous to those of Rogers-Ramanujan continued fraction. We will use the fact that,

∞∑

n=0

anqn +
∞∑

n=0

an(−q)n = 2
∞∑

n=0

a2nq2n (6.1)
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and
∞∑

n=0

anqn −
∞∑

n=0

an(−q)n = 2
∞∑

n=0

a2n+1q2n+1. (6.2)

Theorem 6.1 If

I ∗(q) := q−3/4 I (q) = f
(−q,−q9

)

f
(−q4,−q6

) =
∞∑

n=0

anqn,

then

∞∑

n=0

a2nqn = f
(
q6, q14

)
f
(
q2, q3

)

f
(−q4,−q6

)
φ(−q5)

and

∞∑

n=0

a2n+1qn = − f
(
q4, q16

)
f
(
q2, q3

)

f
(−q4,−q6

)
φ(−q5)

.

Proof Write

∞∑

n=0

anqn = f
(−q,−q9

)

f
(−q4,−q6

) = f
(−q,−q9

)
f
(
q4, q6

)

f
(−q4,−q6

)
f
(
q4, q6

) . (6.3)

From [4, p. 45, Entry 29], we note that, for ab = cd

f(a, b)f(c, d) = f(ac, bd)f(ad, bc)+ af(b/c, ac2d)f(b/d, acd2). (6.4)

Setting a = −q, b = −q9, c = q4, d = q6 in (6.4), we obtain

f(−q,−q9)f(q4, q6) = f(−q5,−q15)f(−q7,−q13)− qf(−q5,−q15)f(−q3,−q17). (6.5)

Setting a = q4 and b = q6 in (2.26), we obtain

f(q4, q6)f(−q4,−q6) = f(−q8,−q12)φ(−q10). (6.6)

Employing (6.5) and (6.6) in (6.3), we obtain

∞∑

n=0

anqn = f
(−q5,−q15

)
f
(−q7,−q13

)− qf
(−q5,−q15

)
f
(−q3,−q17

)

f
(−q8,−q12

)
φ(−q10)

. (6.7)

Again, setting {a = −q5, b = −q15, c = −q7, d = −q13} and {a = −q5, b = −q15, c = −q3, d = −q17} in
(6.4), we obtain

f(−q5,−q15)f(−q7,−q13) = f(q12, q28)f(q18, q22)− q5f(q8, q32)f(q2, q38) (6.8)

and

f(−q5,−q15)f(−q3,−q17) = f(q8, q32)f(q22, q18)− q3f(q12, q28)f(q2, q38), (6.9)

respectively.
Employing (6.8) and (6.9) in (6.7), we obtain

∞∑

n=0

anqn = 1

f
(−q8,−q12

)
φ(−q10)

[
f
(

q12, q28
)

f
(

q18, q22
)

− q5f
(

q8, q32
)

f
(

q2, q38
)

−qf
(

q8, q32
)

f
(

q22, q18
)

+ q4f
(

q12, q28
)

f
(

q2, q38
) ]
. (6.10)
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Replacing q by −q in (6.10), we obtain

∞∑

n=0

an(−1)nqn = 1

f
(−q8,−q12

)
φ(−q10)

[
f
(

q12, q28
)

f
(

q18, q22
)

+ q5f
(

q8, q32
)

f
(

q2, q38
)

+qf
(

q8, q32
)

f
(

q22, q18
)

+ q4f
(

q12, q28
)

f
(

q2, q38
) ]
. (6.11)

Adding (6.10) and (6.11) and using (6.1), we obtain

∞∑

n=0

a2nq2n = f
(
q12, q28

)
(f
(
q18, q22

)+ q4f
(
q2, q38

)
)

f
(−q8,−q12

)
φ(−q10)

. (6.12)

Subtracting (6.11) and (6.10) and using (6.2), we obtain

∞∑

n=0

a2n+1q2n+1 = − f
(
q8, q32

)
(q5f

(
q2, q38

)+ qf
(
q22, q18

)
)

f
(−q8,−q12

)
φ(−q10)

. (6.13)

Dividing both sides of (6.13) by q, we obtain

∞∑

n=0

a2n+1q2n = − f
(
q8, q32

)
(q4f

(
q2, q38

)+ f
(
q22, q18

)
)

f
(−q8,−q12

)
φ(−q10)

. (6.14)

Setting a = q2, b = q3 in (2.18), we obtain

f(q2, q3) = f
(

q9, q11
)

+ q2f
(

q, q19
)
. (6.15)

Now, replacing q2 by q in (6.12) and (6.14) and then employing (6.15), we arrive at the desired result. ��
Theorem 6.2 If

J ∗(q) := q−1/4 J (q) = f
(−q2,−q8

)

f
(−q3,−q7

) =
∞∑

n=0

anqn,

then

∞∑

n=0

a2nqn = f
(
q8, q12

)
f
(−q,−q4

)

f
(−q3,−q7

)
φ(−q5)

and

∞∑

n=0

a2n+1qn = q
f
(
q2, q18

)
f
(−q,−q4

)

f
(−q3,−q7

)
φ(−q5)

.

Proof Write

∞∑

n=0

anqn = f
(−q2,−q8

)

f
(−q3,−q7

) = f
(−q2,−q8

)
f
(
q3, q7

)

f
(−q3,−q7

)
f
(
q3, q7

) . (6.16)

Setting a = −q2, b = −q8, c = q3,d = q7 in (6.4), we obtain

f(−q2,−q8)f(q3, q7) = f(−q5,−q15)f(−q9,−q11)− q2f(−q5,−q15)f(−q,−q19). (6.17)

Again, setting a = q3 and b = q7 in (2.26), we obtain

f(q3, q7)f(−q3,−q7) = f(−q6,−q14)φ(−q10). (6.18)
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Employing (6.17) and (6.18) in (6.16), we obtain

∞∑

n=0

anqn = f
(−q5,−q15

)
(f
(−q9,−q11

)− q2f
(−q,−q19

)
)

f
(−q6,−q14

)
φ(−q10)

. (6.19)

Again from (6.4), we obtain

f(−q5,−q15)f(−q9,−q11) = f(q14, q26) f(q16, q24)− q5f(q6, q34)f(q4, q36) (6.20)

and

f(−q5,−q15)f(−q,−q19) = f(q6, q34)f(q24, q16)− qf(q14, q26)f(q4, q36). (6.21)

Employing (6.20) and (6.21) on (6.19), we obtain

∞∑

n=0

anqn = 1

f
(−q6,−q14

)
φ(−q10)

[
f
(

q14, q26
)

f
(

q16, q24
)

− q5f
(

q6, q34
)

f
(

q4, q36
)

−q2f
(

q6, q34
)

f
(

q24, q16
)

+ q3f
(

q14, q26
)

f
(

q4, q36
) ]
. (6.22)

Replacing q by −q in (6.22), we obtain

∞∑

n=0

an(−1)nqn = 1

f
(−q6,−q14

)
φ(−q10)

[
f
(

q14, q26
)

f
(

q16, q24
)

+ q5f
(

q6, q34
)

f
(

q4, q36
)

−q2f
(

q6, q34
)

f
(

q24, q16
)

− q3f
(

q14, q26
)

f
(

q4, q36
) ]
. (6.23)

Combining (6.22) and (6.23), we obtain

∞∑

n=0

a2nq2n = f
(
q16, q24

)
f
(−q2,−q8

)

f
(−q6,−q14

)
φ(−q10)

(6.24)

and

∞∑

n=0

a2n+1q2n = q2f
(
q4, q36

)
f
(−q2,−q8

)

f
(−q6,−q14

)
φ(−q10)

, (6.25)

where we used the result

f(−q2,−q8) = f
(

q14, q26
)

− q2f
(

q6, q34
)
. (6.26)

Now, replacing q2 by q in (6.24) and (6.25), we arrive at the desired results. ��
Theorem 6.3 If

1

I ∗(q)
:= f

(−q4,−q6
)

f
(−q,−q9

) =
∞∑

n=0

bnqn, (6.27)

then

∞∑

n=0

b2nqn = f
(
q6, q14

)
f
(
q2, q3

)

f
(−q,−q9

)
φ(−q5)

, (6.28)

and

∞∑

n=0

b2n+1qn = − f
(
q4, q16

)
f
(
q2, q3

)

f
(−q,−q9

)
φ(−q5)

. (6.29)
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Proof Write
∞∑

n=0

bnqn = f
(−q4,−q6

)
f
(
q, q9

)

f
(−q,−q9

)
f
(
q, q9

) . (6.30)

Setting a = −q4, b = −q6, c = q, d = q9 in (6.4), we obtain

f(−q4,−q6)f(q, q9) = f(−q5,−q15)f(−q13,−q7)− qf(−q5,−q15)f(−q3,−q17). (6.31)

Again, setting a = q and b = q9 in (2.26), we obtain

f(q, q9)f(−q,−q9) = f(−q2,−q18)φ(−q10). (6.32)

Employing (6.31) and (6.32), we obtain
∞∑

n=0

bnqn = f
(−q5,−q15

)
f
(−q13,−q7

)− qf
(−q5,−q15

)
f
(−q3,−q17

)

f
(−q2,−q18

)
φ(−q10)

. (6.33)

Employing (6.8) and (6.9) in (6.33) , we obtain
∞∑

n=0

bnqn = 1

f
(−q2,−q18

)
φ(−q10)

[
f
(

q12, q28
)

f
(

q18, q22
)

− q5f
(

q8, q32
)

f
(

q2, q38
)

−qf
(

q8, q32
)

f
(

q22, q18
)

+ q4f
(

q12, q28
)

f
(

q2, q38
) ]
. (6.34)

Replacing q by −q in (6.34), we obtain
∞∑

n=0

bn(−1)nqn = 1

f
(−q2,−q18

)
φ(−q10)

[
f
(

q12, q28
)

f
(

q18, q22
)

+ q5f
(

q8, q32
)

f
(

q2, q38
)

+qf
(

q8, q32
)

f
(

q22, q18
)

+ q4f
(

q12, q28
)

f
(

q2, q38
) ]
. (6.35)

Combining (6.34) and (6.35), we obtain
∞∑

n=0

b2nq2n = f
(
q12, q28

)
f
(
q4, q6

)

f
(−q2,−q18

)
φ(−q10)

(6.36)

and
∞∑

n=0

b2n+1q2n = − f
(
q8, q32

)
f
(
q4, q6

)

f
(−q2,−q18

)
φ(−q10)

, (6.37)

where we used the result

f(q4, q6) = f
(

q18, q22
)

+ q4f
(

q2, q38
)
. (6.38)

Replacing q2 by q in (6.36) and (6.37), we complete the proof. ��
Theorem 6.4 If

1

J ∗(q)
:= f

(−q3,−q7
)

f
(−q2,−q8

) =
∞∑

n=0

bnqn, (6.39)

then
∞∑

n=0

b2nqn = f
(
q8, q12

)
f
(−q,−q4

)

f
(−q2,−q8

)
φ(−q5)

. (6.40)

and
∞∑

n=0

b2n+1qn = q
f
(
q2, q18

)
f
(−q,−q4

)

f
(−q2,−q8

)
φ(−q5)

. (6.41)
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Proof

∞∑

n=0

bnqn = f
(−q3,−q7

)
f
(
q2, q8

)

f
(−q2,−q8

)
f
(
q2, q8

) . (6.42)

Taking a = −q3, b = −q7, c = q2,d = q8 in (6.4) we obtain,

f(−q3,−q7)f(q2, q8) = f(−q5,−q15)f(−q11,−q9)− q2f(−q5,−q15)f(−q,−q19). (6.43)

Again, setting a = q2 and b = q8 in (2.26), we obtain

f(q2, q8)f(−q2,−q8) = f(−q4,−q16)φ(−q10). (6.44)

Employing (6.43) and (6.44) in (6.42), we obtain

∞∑

n=0

bnqn = f
(−q5,−q15

)
f
(−q11,−q9

)− q2f
(−q5,−q15

)
f
(−q,−q19

)

f
(−q4,−q16

)
φ(−q10)

. (6.45)

Again from (6.4), we find that

f(−q5,−q15)f(−q11,−q9) = f(q16, q24)f(q14, q26)− q5f(q4, q36)f(q6, q34). (6.46)

and

f(−q5,−q15)f(−q,−q19) = f(q6, q34)f(q24, q16)− qf(q14, q26)f(q4, q36). (6.47)

Employing (6.46) and (6.47) in (6.45), we obtain

∞∑

n=0

bnqn = 1

f
(−q4,−q16

)
φ(−q10)

[
f
(

q16, q24
)

f
(

q14, q26
)

− q5f
(

q4, q36
)

f
(

q6, q34
)

−q2f
(

q6, q34
)

f
(

q24, q16
)

+ q3f
(

q14, q26
)

f
(

q4, q36
) ]
. (6.48)

Replacing q by −q in (6.48), we obtain

∞∑

n=0

bn(−1)nqn = 1

f
(−q4,−q16

)
φ(−q10)

[
f
(

q16, q24
)

f
(

q14, q26
)

+ q5f
(

q4, q36
)

f
(

q6, q34
)

−q2f
(

q6, q34
)

f
(

q24, q16
)

− q3f
(

q14, q26
)

f
(

q4, q36
) ]
. (6.49)

Combining (6.48) and (6.49), we obtain

∞∑

n=0

b2nq2n = f
(
q16, q24

)
f
(−q2,−q8

)

f
(−q4,−q16

)
φ(−q10)

(6.50)

and
∞∑

n=0

b2n+1q2n = q2f
(
q4, q36

)
f
(−q2,−q8

)

f
(−q4,−q16

)
φ(−q10)

, (6.51)

where we used the result (6.26). Now replacing q2 by q in above equations we obtain (6.40) and (6.41). ��
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