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Abstract In this paper, we determine the eigenvalues of a block circulant matrix of type (n, 2) and compute it
for the Hadamard product distance matrix of a cubic graph, particularly.
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1 Introduction

Studying graphs with using related matrices has long been an interesting topic for mathematicians. The Adjacency
matrix, Incidence matrix, Laplacian matrix and Distance matrix are their importance. We refer to [3] for basic
properties of the incidence and the Laplacian matrices. The spectrum these graphs helps researchers to know the
structural properties of graphs. For example, we refer reader to [1,4,9,10].

Throughout this paper all graphs considered are finite, simple and undirected, i.e., graphs on a finite number

of vertices without multiple edges or loops. For a graph G, its vertex set and edge set are denoted by V (G) and
E(G), respectively. The distance matrix is a natural generalization of adjacency matrix. For the graph G with
the vertex set V(G) = {1, 2, ..., n}, the Distance matrix D(G) is a square matrix of order n whose rows and
columns are indexed by V(G) and D(G);; = d(i, j), where d(i, j) is length a shortest path between verticse
i, j in the graph G. It is known that if A is a eigenvavalue of square matrix A, then A% is eigenvalue of A*, respect
to ordinary product of matrices.
Let A and B be m x n matrices , the Hadamard product Ao B is amatrix of the same order and with elements given
(A o B)jj = A;jB;;. Although,the Hadamard product is commutative and simpler than the usual product, but
dose not exist direct relation between their eigenvalues, see [6]. Many authors investigate properties of Hadamard
product for matrices that are related to graphs. For example, Bapat and Sivasubramanian, determine formula for
the determinant of Hadamard product of a distance matrix of a tree, see [2].

The cubic graph Q, is a graph whose vertex set consists of vectors with binary coordinates 0 or 1, where
two vertices are adjacent whenever they differ in exactly one coordinate.

Communicated by Rahul Roy.

A. Doostabadi (<)
Faculty of Sciences, University of Zabol, Zabol, Iran
E-mail: aldoostabadi @uoz.ac.ir

M. Yaghoobian
University of Gonabad, Gonabad, Iran
E-mail: Yaghoobian@live.com

@ Springer



Distance spectrum of the Hadamard... 39

Let S be a set of ¢ elements and n a positive integer. The Hamming graph H (n, q) has vertex set consisting
of all ordered n-tuples of elements of S, or sequences of length n from S. Two vertices are adjacent if they differ
in precisely one coordinate. In the special case, H (n, 2) is cubic graph. The distance spectrum of a connected
graph is the spectrum of its distance matrix. The study of distance spectrum has received much attention. We can
find distance spectrum of Hamming graph in Theorem 2.2 of [5]. In the case which Hamming graph is cubic,
Jack H. Koolen et al. showed that the cubic graph is determined by its distance spectrum, see [7].

This paper has two sections: In the first section, we define block circulant matrix of type (n, 2) and moreover
determine its eigenvalues.

In the second section, we proved that the matrix D(Q;,) is block circulant matrix. In Theorems 2.13 and 2.14
we give formula for eigenvalues of D(Q;) and A(Q,) = D(Qy) o D(Q,), respectively. Also, we compute the
number of positive, negative and zero eigenvalues, that is, the inertia of matrix A(Q,,).(see Corollary 2.16)

2 The eigenvales of block circulant matrix of type (n, 2)

The first, we state preliminary properties of 2 x 2 block matrices. John Silvester in [8], has specified determinants
of these types of matrices , particular the following theorem:

A B

Theorem 2.1 If M = |:C D

] where A, B, C, D are matrices of order n and CD = DC, then

det M = det(AD — BC)

A B

Lemma 2.2 [fM = [B A

i| where A, B are matrices of order n, then

det M = det(A — B) det(A + B)

A B
Proof det M = det |:B LTAAL Bj|. By Theorem 2.1, we have: det M = det(A(A + B) — B(A + B)) =

det(A + B) det(A — B). O

Theorem 2.3 Let A and B be square matrices of order n, then the eigenvalues of block matrix |: 2 ﬁ ] are those
of A + B together with those of A — B.

Proof let M = [ g f; :| . The eigenvalues of M are roots of characteristic polynomial det(M — AI). On the other
hand by Lemma 2.2:
det(M — AI) = det [A ;“ A f“] = det((A — B) — AI)det((A + B) — AI).

Therefore proof is complete. O

Definition A circulant matrix is a square matrix of order n which has the form
€C1¢263 ... Cp
Cp C1 C2 ... Cph—1
C =

cC3C4... C|

In other words, in the circulant matrix C each row vector is rotated one element to the right relative to the

preceding row vector and it is denoted by C = Circ(cy, c2, ..., Cp).
Definition Let Ay, A», ..., Aj,, be square matrices of order n, a block circulant matrix beirc(Ay, Az, ..., Ap)
of type (m, n) is circulant matrix with the first row consists of blocks Ay, Aa, ..., A,.
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40 A. Doostabadi, M. Yaghoobian

Definition The matrix A is called of type C* if we can write it the form A = bcir(Aj, Az) where the blocks
Ay, Ay are block circulant matrix of type (2, n’) for some n’ and this process continues until the blocks are
circulant matrix of order 2. In other words, it is equivalent to say that the matrix A is C* if the blocks A| and A;
are C*.

Definition The Hadamard product A o B of matrices A, B of the same order m x n( not necessary square) is a
matrix C where an array C;; of the matrix C is A;; B;;.

Lemma 2.4 Assume that A and B are matrices of type C*, Then the order A (or B) is 2™ x 2™ for some positive
number m and the matrices A+ B, A — B and A o B are of type C*.

Proof By definition, it is clear. O

Definition For every positive integer m, we define

e T e
In the following, we will try to specify arrays of the matrix F,,, particularly
It is clear that the matrix Fj, is symmetric and of order 2" x 2. Put
Fpw1=1fijl . 0=ij<2""'—1L
Lemma 2.5 With previous symbols in the matrix Fy, 11, we have:

(1) fij = fji
(2) If0 <r < 2™, then

fir if i< 2™
fi,2m+r =
— fir if 1>2m,
Corollary 2.6 If0 <r,s < 2™, then
(]) f2m+r,2m+s = _frs
(2) f2m+r,s = fr,2”’+s = frs
Lemma 2.7 Foreach0 < i < 2™ there exist ordered m + 1-tuple (io, i1, ..., im) of numbers 0, 1 such that

i=io+i1 x 2 Hing x 22 iy x 2™
Proof It is enough to expresse the number i in the base-2 numeral system or binary numeral system. O
With notations of previous lemma, we define M; = {l/ | iy # 0,0 <! < m}
Theorem 2.8 If Fyyi1 = [ fij1 where O < i, j < 2™*! then
ij = (=DM

Proof By Mathematical Induction on m, if m = 0, then

_ | foo foi
= |:f10 fn}

11
i=i ]

Suppose that statment is hold for each number up to m, we show it is correct for m + 1. Let

and My = @, M| = {0}. Hence

l:(l()vllavlm) ’ j:(j()vjlv'-'vjm)

We consider three cases:
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(1) If i, =0, then i = r < 2™. Therfore, by Corollary 2.6, we have

fij = frj = frs = fr,s+2m

where s = j — j,;, x 2" and since s < 2™, then f;; is a array of the matrix F},. By induction hypothesis,
Jrs = (=DM,

(M; =M,)NM; S M; " M; € M; N(M;U{m}) =M, N M.
Hence
fij = frs = (= D)MOMs| — (1) IMinM;|
(2) If j,, = 0, it is similar to previous case.

(3) Leti, = j,u = 1. Wecanwritei =r 42", j = s + 2" for some 0 < r, s < 2". By Corollary 2.6, f;; =
— frs and induction hypothesis, f.s = (—1)!M-2Msl_On the other hand, M; = M, U {m}, M; = MgU{m}.

Hence
M;NM;=(M,NMs)U {m}
and
fi = —fos = (—1)MAOMSHT — (_p) MM
This completes the proof. o

For every matrix A, we use of notation A! for the first column of the matrix A. The following theorem describe
the eigenvalues of the matrices of type C*.

Theorem 2.9 Let A be a 2™ x 2™ matrix of type C*, then there exist a matrix F,, such that A = F,, A" where
A is column matrix which contains all the eigenvalues of A.

Proof By Mathematical Induction on m, the first, let m = 1, then A = Cir(a, b) and by Theorem 2.3, the
eigenvalues are a + b, a — b. On the other hand

1 _|a+b| _
FlA _I:a—b:|_A

Now, suppose that statment is hold for every m, we show it is correct for m + 1. Let A = bcirc(A1, Az) of type
C* of order 2! x 2*1 By Theorem 2.3, the eigenvalues of A are eigenvalues A; + A, together with the
eigenvalues A| — Ay. The matrices A, Aj are of type C* and with order 2" x 2™, then by induction hypothesis,
there exist matrix F,, such that A = F,,(A; + Az)1 and A’ = F,,(A] — A»)!, therefore:

A _[Fn Fn |, A A
AN |7 | F, =F, Ay Ay

and proof is complete. O

Definition For n > 1, the Hypercube graph Q) is a graph whose vertex set is all ordered n-tuple of numbers
0, 1 and two distinct vertices are adjacent if they are different only in one coordinate. For example Q1, Q> and
Q3 are edge, cycle and qube, respectively.

Remark The vertex set of the graph Q,, is given by:
() V(Q1) ={v] =0,v] =1}
(2) V(Q2) = {v} = (0, 1), v3 = (0, 1), v = (1,0), v = (1,0}

(3) V(Q3) = {v} = (0,0,1),v; = (0,0,1),v3 = (0,1,0),v] = (0,1,0),v3 = (1,1,0),0} =
3 =(1,0,1),v3 = (1,0, 1)}
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42 A. Doostabadi, M. Yaghoobian

where the every coordinate of vertices vg, vé, v%, vg is different with the coordinate vertices v13, v%, vg’, vi,

respectively.
In a similar way, the vertices of the graph Q, 1 are

n+1 n n+1 n n+1 n n+1 n
v] = (07 v’])vvz = (Os Uz),U3 = (Ov U3),...,U2n = (07 v2")
and the every coordinate of vertices v;,f +11’ v;’j‘ _&2, el v;’,j;ll is different with the coordinate vertices
n+1 _ n+l n+1 .
viT vy, ., v, respectively.

Definition Suppose that G is a simple graph with vertex set V(G) = {1, 2, ..., n}, The distance matrix of the
graph G is denoted by D(G) and is a square matrix of order n such that array D;; is d(i, j) where d(i, j) is
distance between vertices 7, j in the graph G. For example:

0121
01 1012
1210

Theorem 2.10 For n > 1, the distance matrix of hyperqube graph, D(Q2n) (briefly D, ) is of type C*.

Proof By using Mathematical Induction, if n = 1, 2, then D; = Circ(0, 1), D> = Circ(D1,2J — D) where
J is matrix with all arrays 1 and 2J — Dy = Circ(2, 1) and it is hold. Suppose the statment is hold for n, we
will show that it true for n + 1. The first, we label the vertices (0, az, .. ., a,, ay+1), (1, a2, ..., an, ay+1) of the
graph Q, 1 with 1,2,...,2" and 2" + 1,2" + 2, ..., on+l respectively. It is clear that the distance between
two vertises is the number different coordinates. Now, we index rows and columns of distance matrix Q,+1 with
1,2,...,2",2" +1,...,2"! Therefore

_ D, m+DJ—-D,| .
Dy = [(n +1)J — D, D, = bcirc(D,,,(n+ 1)J — Dy)
By induction hypothesis and lemma 2.4, D, 11 is C* and proof is complete. O

Definition Suppose A is a square matrix of order n. The eigenvalues matrix of A is an n x 1 matrix which arrays
are eigenvalues.

Let D,, be distance matrix Q,, we define A, = D, o D, and I';,, A,, for eigenvalues matrix of D, and A,
respectively.

Corollary 2.11 Let Q,, be Hypercube graph, then ', = F, D,ll, A, =F, A,ll.
Proof 1t is clear by Theorems 2.4, 2.10 and 2.9. O
Example Letbe Ay = D4 o Dy, then the eigenvalues matrix Ay is:

(Fyx As)T =[808888088 3200032032 —32]

Lemma 2.12 Let D,ll be the first column of D,,, then

1 1
1 D, 1 Ay
Pr1 = [(n +1)J' - D} } nd Buv1 = [<n + D'+ Ay =2+ 1)D) }
Proof It is clear by definition Hadamard product. O

Theorem 2.13 Let D, be distance matrix Q. Then, the arrays of eigenvalues matrix I'y, = [I',(i)] where
1 <i < 2" are as follows:

n2"lif i=1;
@) =4 —2""1if i=2"—2% 4+ 1 where 0<k<n-1;
0 otherwise.
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Proof We use of Mathematical Induction on r, the first suppose that n = 1, then

oo [0l 1=
Fl_FlDll_[l—l}X[l}_[—lel(Z)]

Now, suppose that the statment is true for n, we prove it for n 4+ 1. By Lemma 2.12

n+ DHF,J! }

1
Pnir = Fn1 Dy yy = [2rn —(n+ 1)F,J!

(n+ D(F,JY(0) if 1<i<2m
Fn+l(i) =
2,3 —2") — (n+ D(F,JHG =27 if 2" +1 <i <271,

We discuss on the index i:

(1) Ifi = 1, then Ty (1) = (n + D(F, JH(1) = (n + 1)2".
(2 If2<i<2" thenT,y1(i) = (n+ D(F,JY() =+ 1)0=0.
(3) If2" +1 < i < 2" then:
() Ifi =2" + 1, then 2T, (1) — (n + D(F,JH (1) = 22" " — (n + 1)2" = 2",

(ii) Forevery0 <k <n —1,letiy =2"T1 — 2Kk 4 1.
It is clear that iy > 2" 4 1, hence by induction hypothesis:

Dot (i) = 200 (ig — 2") — (n 4+ D(FpJ ) (i — 2") = 2T, (2" =28 + 1) =0 =2(-2""1) = —2".
Therefor for each 0 < k < n, we have '), (ix) = —2"
(iii) Otherwise by induction hypothesis:
Cop1(i) =20, —2") — (n+ D(FJ )i =21 =0-0=0
Therefore, the proof is complete. O
Theorem 2.14 Let A, = [A,(i)], where 1 < i <2". Then
2" Zp(n+ 1) if i=1;

2A,_1() +n2"Vif i=2""1 -2k 41 where 0 <k <n—2;

Ap(i) =4 2A,-1() if 1<i<2"! and i#2"'—2541 for 0<k<n-—2;
—n2n-1 if i=2"—2K4+1 where 0 <k<n-—1;
0 if 214+ 1<i<2" and i#2"—24+1 for 0<k<n-—1.

Proof 1Tt is seen clearly for n = 1. We compute for n = 2.

1111 0 6= Ax(1)

T R I 1] | 2210
M=Bl=1 1 0| X4 -4=m0)
=111 1 _4 = Ay(d)

Now, we show for n 4+ 1. By Lemma 2.12, we conclude

2An+ (n+ D2F,J —2(n + DT,
_ 1 _
Arz+l = n+1An+1 =
—(n+ D2F,J 4 2(n+ DT,
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44 A. Doostabadi, M. Yaghoobian

(1) If i = 1, then by induction hypothesis

App1(1) =2A,(1) + (2 + 122" =2(n + DI, (1) = 2A,(1) +2"(n + 1)

=2(2A—1(D) + 2" ') +2"(n + 1)

=2A(D)+2"n+14+n+n—14---+2)=2""1n+ Dn+2).

For 1 < i < 2" and by Theorem 2.13
1) Ifi:2"—2k+1where0§k§n—1,then

Apy1() =2A,() +0 = 2(n + DI ()

=2A,G) + (n + 1)2".

(ii) Otherwise, Ay4+1 =2A,(@) +0+0=2A,(1).
3) Ifi =2" + 1, then

Apy1(i) = =2"(n + 1% 4+2(n + DI, (1)

=-2"n+ D2+ nn+ D2" = =2"(n+ 1).

For2" +1 <i <2"*!
1) Ifi:2"'“—2k+lwhereO§k§n—1,then

A1) =0+2(m+ DG —2" =-2"(n+ 1).
(i1) Otherwise, A,+1(i) = 0.
In view of these observations the proof is complete. O
Example

Al =[24444-120-12-12]

By Theorem 2.14, we can we can directly list the eigenvalues of A,,.
Corollary 2.15
nin+D2"2if i=1;
2n-l if i=2"—2K+1 where I <r<n—1 and 0<k<r—1[;
An(i) =

_pon-1 if i=2"—2541 where 0 <k<n-—1;

0 otherwise

Proof Suppose that i = 2" — 2% 4+ 1, wherel <r <n—1and0 <k <r—1.Then, 27! <i <?2r and by
Theorem 2.14, A, (i) = —r2"~1. Moreover

App1 (i) =20, @)+ (r + 1)2" =2"
Also, for every t > 1, we can conclude A,;(i) = 2A,4+:;—1(i). Hence
Apgr (D) = 28,1213 = 22 Apgsa(i) = - = 2 Aoy () = 2 A () = 270

Therefore, A, (i) = Ary(—r) (i) = 2"~1 Now, assume that i # 2" —2K 41 for 0 < k < r — 1. Then there exist
a least positive integer s such that 25=1 < <25 then A;(i) = 0. Also, for every ¢t > 1, we have

Agie (D) = 2Ag -1 (D) = -+~ = 2' Ay (i) = 0.
Hence forn > 5, Ap(i) = Ay1(n—5)({) = 0. O
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Definition Let A be a symmetric n x n real matrix; the inertia of A is defined to be the triple (p, 1, 0) where p, 1,

and

6 are respectively the numbers of positive, negative, and zero eigenvalues of the matrix A with multiplicities

counted.
Corollary 2.16 The inertia of the matrix A(Qy) is (opt2 p, on — 124042y

Let L*(Q,) = L(Q,)—nlI where L(Q,) and I are the Laplacian matrix of the graph Q,, and identity matrix,

respectively.
Lemma 2.17

L*(Quin) = [L @ L{én)}

Proof First, it is necessary to change the label of vertices of graph Q,, as following:

ey
2
3)

V(Q1) ={v} =0,v] =1}

V(Q2) = {v] = (0,0),v3 = (1,0), v3 = (0, 1), v3 = (1, D}

V(0Q3) = {vi = (0,0,0),v3 = (1,0,0), v = (0, 1,0), v = (1,1,0), v3 = (0,0, 1), v = (1,0, 1), v3 =
O, 1,1, v3 = (1,1, 1)}

Simillary, for labelling of Q)4 1:

V(Qui1) = (ot = @}, 0), 031, = @, 1) where 1<i<2").

24
Hence,
* 10 -1
L*(Q) = [_1 0 }
and
0 —-1-10
. =10 0 —1|_ [r*Q1) -I
LOa=1_19 017 =1 rron
0 —-1-10
Hence, by Induction Mathematical, the result is obtained. m]

Theorem 2.18 Let 2, Q' be eigenvalues matrices of the matrix L*(Q,) and L(Q,), respectively. Then

Qf = F,L*(Q,)" and Q, = Q" +nJ'

Proof 1tis clear by Theorem 2.9. O
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