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Abstract The present paper aims to study the Dirichlet problem for a nonlinear degenerate elliptic equation
with singular gradient lower order term, we establish existence and regularity estimates for weak solutions of
p(x)−Laplacian type elliptic equations of the form{

−div
( |∇u|p(x)−2∇u

(1+|u|)γ (x)
)

+ |∇u|p(x)

|u|θ = f + ur(x) in �,

u = 0 on ∂�,
(0.1)

where � is a bounded open subset in R
N , 0 < θ < 1, r : � → [1,+∞), p : � → [2,+∞) and γ : � →

[0,+∞[ are continuous functions and f is a nonnegative function in L1(�).

Keywords Nonlinear elliptic equations · Singular gradient lower order term · Degenerate coercivity · Existence
and regularity · Harnack inequality

Mathematics Subject Classification 35J62 · 35J70 · 35J75

1 Introduction and main results

In this article, the problem to be studied are the following{
−div (a(x, u)̂a(x, u,∇u))+ b(x) |∇u|p(x)

|u|θ = λur(x) + f in �,
u = 0 on ∂�,

(1.1)

Communicated by K Sandeep.

H. Khelifi (B)
Laboratory of Mathematical Analysis and Applications, University of Algiers 1, Algiers, Algeria
E-mail: khelifi.hichemedp@gmail.com; h.khelifi@univ-alger.dz

H. Khelifi · M. A. Zouatini
Laboratory LEDPNL, ENS-Kouba, Algiers, Algeria

H. Khelifi · M. A. Zouatini
Department of Mathematics, University of Algiers, 2 Street Didouche Mourad Algiers, Algiers, Algeria
E-mail: aminezouatini@hotmail.com; m.zouatini@univ-alger.dz

123



Nonlinear degenerate... 47

where � is an open bounded set of R
N (N ≥ 3), f is a positive function belonging to L1(�), 0 < θ < 1,

r : � → [1,+∞) and p : � → [2,+∞), are continuous functions, such that

2 ≤ p− := min
x∈�

p(x) ≤ p(x) ≤ p+ := max
x∈�

p(x) < N . (1.2)

r(x) ≤ r+ = max
x∈�

r(x) < p− − θ, (1.3)

0 < ν1 ≤ b(x) ≤ ν2. (1.4)

Here, we suppose that a : �× R → R, is carathéodory function such that for a.e. x ∈ �, for every s ∈ R,
we have

α

(d(x)+ |s|)γ (x) ≤ a(x, s) ≤ β, (1.5)

where α, β are strictly positive real numbers, d(x) is measurable function verifying for some real numbers ρ1, ρ2
the condition

1 ≤ ρ1 ≤ d(x) ≤ ρ2, (1.6)

and γ : � → [0,+∞[ is continuous function.
We suppose that â : � × R × R

N → R
N , is carathéodory function and satisfying, for a.e. x ∈ �, ∀s ∈ R

and ∀ξ, ξ ′ ∈ R
N , the following

â(x, s, ξ).ξ ≥ |ξ |p(x), (1.7)

|̂a(x, s, ξ)| ≤ c1|s|
θ(p(x)−1)

p(x) + c2|ξ |p(x)−1, (1.8)(̂
a(x, s, ξ)− â(x, s, ξ ′)

) · (ξ − ξ ′) ≥ c3|ξ − ξ ′|p(x), (1.9)

where c1, c2, c3 are strictly positive real numbers.

Remark 1.1 The equation (0.1) give a model example from (1.1). Indeed, in the equation (1.1), if we put
a(x, u) = 1

(1+|u|)γ (x) , â(x, u,∇u) = |∇u|p(x)−2∇u, b(x) = 1 and λ = 1, then its not difficult to prove that a

and â satisfies the conditions (1.5)-(1.9).

In the following, we give a brief description of some papers which mostly influenced us. When the singular
lower-order term does not appear in (1.1) (i.e., b(x) ≡ 0), and the nonlinear right-hand term is not present (i.e.,
λ = 0), the existence and regularity of solutions to problem (1.1) are proved in [5] when p(x) = p. The result is
obtained by means of approximation through suitable coercive problems. In particular, the authors show that if
f ∈ L1(�) a solution exists if θ < 1, for θ = 1 a bounded and finite energy solution to (1.1) is proven to exist if
f ∈ Lm(�) with m > N

p . When θ > 1 nonexistence of solutions is shown for datum f with norm large enough.
The presence of lower order terms can have a regularizing effect on the solutions. In [6] and [8] three kinds of

lower order terms are considered for elliptic problems with degenerate coercivity. We cite some papers that have
dealt with the equation (1.1) or similar problems in the constant case p(x) = p, we refer the reader to [4,21].

In the literature we find several papers about elliptic coercive problems with lower order terms having a
quadratic growth with respect to the gradient (see [6,7,14,24] for example and the references therein), that is,
for problem {− div(M(x)∇u)+ g(u)|∇u|2 = f in �

u = 0 on ∂�

where M : � → R
N 2

is a bounded elliptic Carathéodory map. Various assumptions are made on g. In [1,2]
a singular version of the above problem was studied, considering a function g(u) = 1

uθ
and 0 < θ ≤ 1. The

corresponding results in the case p(x) = 2, λ = 0 and γ (x) = p are developed in [9]. In a previous article [23],
we deal with problem as in (1.1), where the lower order term in the right hand side is not appear(i.e, λ = 0), we
establish the existence of distributional solution u ∈ W 1,η(.)

0 (�), with 1 ≤ η(x) < N (p(x)−θ)
N−θ , if f ∈ L1(�).Our

inspiration in this paper is taken from [22], where the author considered the same right-hand side, for elliptic
problems whose model is {

− div
( ∇u
(1+|u|)γ

)
+ |∇u|2

uθ
= f + ur in �,

u = 0 on ∂�,
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48 H. Khelifi, M. A. Zouatini

where 0 < θ < 1, γ > 0 and 0 < r < 2 − θ . The author prove that, if f ∈ Lm(�), with 2N
2N−θ(N−2) ≤ m < N

2 ,

there exists a solution u ∈ H1
0 (�) ∩ L(2−θ)m∗∗

(�), where m∗∗ = Nm
N−2m . If f ∈ Lm(�), with m ≥ N

2 , then the
solution u belongs to H1

0 (�)∩ L∞(�). In particular, the authors show that, if f ∈ L1(�), the solution u belongs

to W 1,δ
0 (�), with δ = N (2−θ)

N−θ .
In the study of problem (1.1), there are two difficulties. Firstly, from hypothesis (1.8), the operator Au =

−div (a(x, u)̂a(x, u,∇u)) is well defined between W 1,p(.)
0 (�) and its dual space

(
W 1,p(.)

0 (�)
)′

. However, by

assumption (1.7), if we take for example⎧⎨
⎩

a(x, un )̂a(x, un,∇un) = |∇un |p(x)−2∇un
(1+|un |)γ (x)

un(x) = |x |
n(p+−N )
(n+1)p+ − 1, |x | ≤ 1

where p+ is defined as in (1.2),

the operator A is not coercive. Because, if ‖un‖W 1,p(.)(�) tends to infinity then 〈Aun ,un〉
‖un‖W 1,p(.)(�)

→ 0. Due to the

lack of coercivity, the classical theory for elliptic operators acting between spaces in duality (see [12]) can not
be applied even if the data f are sufficiently regular (see [11]).

The second difficulty is the fact that, the lower order term has a growth with respect to the gradient and
could be singular in the following sense: the solution is required to be zero on the boundary of the domain but,
simultaneously, the lower order term could blow up.

As we will see, existence and summability of solutions to problem (1.1) depend on these features. We
overcome these difficulties by replacing operator A by another one defined by means of truncations, and approx-

imating the singular term b(x) |∇u|p(x)

|u|θ by nonsingular one in such a way that the corresponding approximated
problems have finite energy solutions.

2 Mathematical preliminaries

In this section we recall some definitions and basic properties of the generalized Lebesgue− Sobolev spaces
L p(.)(�), W 1,p(.)(�) and W 1,p(.)

0 (�) where � is an open subset of R
N , (N ≥ 2). For further details on the

Lebesgue−Sobolev spaces with variable exponents, we refer to [15–17] and references therein.
Let p : � → [1,+∞[ be a continuous, real-valued function (the variable exponent). We denote by L p(·)(�)

the space of measurable function f (x) on � such that

ρp(·)( f ) =
∫
�

| f (x)|p(x) < ∞.

The space L p(·)(�) is equipped with the norm (called Luxemburg norm),

‖u‖L p(.)(�) = inf

{
μ > 0;

∫
�

∣∣∣∣u(x)μ
∣∣∣∣

p(x)

≤ 1

}
,

becomes a Banach spaces. Moreover, If p− > 1, then L p(.)(�) is reflexive and the dual space of L p(.)(�) can
be identified with L p′(.)(�), where 1

p(x) + 1
p′(x) = 1. For any u ∈ L p(.)(�) and v ∈ L p′(.)(�) the Hölder type

inequality ∫
�

|uv| ≤
(

1

p− + 1

p′−

)
‖u‖L p(.)(�)‖v‖L p′(.)(�), (2.1)

holds true. We define also the variable Sobolev space

W 1,p(.)(�) =
{

u ∈ L p(.)(�); |∇u| ∈ L p(.)(�)

}
.

On W 1,p(.)(�) we may consider one of the following equivalent norms

‖u‖W 1,p(.)(�) = ‖u‖L p(.)(�) + ‖∇u‖L p(.)(�),
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or

‖u‖W 1,p(.)(�) = inf

{
μ > 0;

∫
�

(∣∣∣∣∇u(x)

μ

∣∣∣∣
p(x)

+
∣∣∣∣u(x)μ

∣∣∣∣
p(x)
)

≤ 1

}
.

Next, we define also W 1,p(.)
0 (�) the Sobolev space with zero boundary values by

W 1,p(.)
0 (�) =

{
u ∈ W 1,p(.)(�) : u = 0 on ∂�

}

endowed with the norm ‖u‖W 1,p(.)(�). The spaces W 1,p(.)
0 (�) is a separable and reflexive provided that 1 <

p− ≤ p+ < +∞. For u ∈ W 1,p(.)
0 (�) with p ∈ C(�) and p− > 1, the Poincaré inequality holds

‖u‖L p(.)(�) ≤ C‖∇u‖L p(.)(�), (2.2)

for some C > 0 which depends on � and p(·) see( [15]) .
An important role in manipulating the generalized Lebesgue and Sobolev spaces is played by the modular

ρp(·)(u) of the space L p(·)(�) ). We have the following result.

Lemma 2.1 ([16]) If un, u ∈ L p(·)(�) and p+ < +∞, then the following properties hold true:

• min
(
‖u‖p−

p(·), ‖u‖p+
p(·)
)

≤ ρp(·)(u) ≤ max
(
‖u‖p−

p(·), ‖u‖p+
p(·)
)
,

• min

(
ρp(·)(u)

1
p+ , ρp(·)(u)

1
p−
)

≤ ‖u‖p(·) ≤ max

(
ρp(·)(u)

1
p+ , ρp(·)(u)

1
p−
)
.

for p ∈ C(�) with 1 < p− ≤ p+ < N.

Definition 2.2 The variable exponent p : � → [1,+∞) is said to satisfy the log-continuity condition, if there
exists a positive constant C such that

∀x, y ∈ �, |x − y| ≤ 1/2; |p(x)− p(y)| < C

− log(|x − y|) . (2.3)

Log-continuity condition (2.3) is used to obtain several regularity results for Sobolev spaces with variable
exponents; in particular, C∞(�) is dense in W 1,p(.)(�) and W 1,p(.)

0 (�) = W 1,p(.)(�) ∩ W 1,1
0 (�). If r ∈ C(�)

and for all x ∈ �, r(x) < p∗(x). Then the Sobolev embedding holds (see. [17])

W 1,p(.)(�) ↪→↪→ Lr(.)(�). (2.4)

Moreover, if p satisfies the log-continuity (2.3) condition and 1 < p− ≤ p+ < N , then the Sobolev embedding
holds also for r(.) = p∗(.) = N p(·)

N−p(·) .

Remark 2.3 Note that the following inequality∫
�

|u|p(x) ≤ C
∫
�

|∇u|p(x),

in general does not hold (see. [15] for more details).

The rest of the paper is organized as follows: In Section 3 we state the main results and we fix the notations
used throughout the work. In Section 4 we will use a standard approximation procedure similar to [9,10,13,18].
First, we approximate the problem (1.1) by a sequence of non-degenerate and non-singular nonlinear elliptic
problems. Then, we prove both a priori estimates and convergence results on the sequence of approximating
solutions. Next, in Section 6 we prove that the weak limit of the approximate solutions is strictly positive in �,
applying the strong maximum principle and Harnack inequality. In the end, we pass to the limit in the approximate
problem.
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50 H. Khelifi, M. A. Zouatini

3 Statement of results

In order to state our main results, we give the definition of weak solutions to problem (1.1).

Definition 3.1 Let f ∈ L1(�). A measurable function u is said to be solution in the sense of distributions to

the problem (1.1), if u ∈ W 1,1
0 (�), â(x, u,∇u) ∈ (L1(�))N , |∇u|p(x)

uθ
∈ L1(�), u > 0 in �, and∫

�

a(x, u)̂a(x, u,∇u)∇ϕ +
∫
�

b(x)
|∇u|p(x)

uθ
ϕ =

∫
�

(λur(x) + f )ϕ, (3.1)

for every ϕ ∈ C1
0(�).

The first result deals with the case where the source f belongs to L1(�).

Theorem 3.2 Let f ∈ L1(�) be a positive function, p : � → [2,+∞), r : � → [1,+∞) are continuous
functions satisfying (1.2)-(1.3) and (2.3). Let a and â are Carathéodory functions satisfying (1.4)-(1.9). Then,
the problem (1.1) has at least one distributional solution u ∈ W 1,η(.)

0 (�), with

1 ≤ η(x) <
N (p(x)− θ)

N − θ
. (3.2)

Moreover ur(x) ∈ L1(�).

Remark 3.3 (i) The hypothesis (1.2) implies that η(x) < p(x) for all x ∈ �.
(ii) Since 1 ≤ η(x) < N (p(x)−θ)

N−θ , we can deduce that

p(x) > 1 + θ

(
N − 1

N

)
.

(iii) If λ = 0 and f ∈ L1(�). Then, the result of Theorem 3.2 improves Theorem 1, in [23].
(iv) To prove that, the solution u is a strictly positive in �, the condition (2.3) must be satisfied because (as far

as we know), the operator −div
(|∇v|p(x)−2∇v) checks the weak Harnack inequality only in the case where

p(·) satisfying the log-continuity condition (2.3) see eg [20]. Moreover, the hypothesis (1.2) be necessary to
prove this result as we will see in section 6.

3.1 Notations

For any q(x) > 1, q ′(x) = q(x)
q(x)−1 is the Hölder conjugate exponent of q(x) and γ+ = maxx∈� γ (x). For fixed

k > 0 we will use of the truncation Tk defined as Tk(s) = max(−k,min(k, s)) and Gk(s) = s − Tk(s). We
define, for s ≥ 0.

�ε(s) = e− ν2
α

Hε(s), �0(s) = e− ν2
α

H0(s), (3.3)

with

Hε(s) =
∫ s

0

t (ρ2 + T1
ε
(t))γ

+

(t + ε)θ+1 dt, H0(s) =
∫ s

0

(ρ2 + t)γ
+

tθ
dt, ∀ε > 0. (3.4)

Observe that H0 is well-defined, since θ < 1. We will also use the following functions, for σ > 0

ψσ (t) =

⎧⎪⎨
⎪⎩

1, if 0 ≤ t < 1,
− 1
σ
(t − 1 − σ), if 1 ≤ t < σ + 1,

0, if σ + 1 ≤ t,

(3.5)

and for k ∈ N

Rk(s) =

⎧⎪⎨
⎪⎩

1, if s ≤ k

k + 1 − s, if k ≤ s ≤ k + 1
0, if s > k + 1.

(3.6)
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For the sake of simplicity we will often use the simplified notation∫
�

f :=
∫
�

f (x),

when referring to integrals when no ambiguity on the variable of integration is possible. If not otherwise specified,
we will denote by C serval constants whose value may change from line to line and, sometimes, on the same
line. These values will only depend on the data (for instance C can depend on �, p, γ, θ, N , ...) but they will
never depend on the indexes of the sequences we will often introduce.

4 Approximating problems

In this section we prove the existence of a solution to the following non-degenerate and non-singular approxi-
mating problem:

Let us consider, for 0 < ε < 1, the sequence of approximating problems{
−div

(
a(x, T1

ε
(uε))̂a(x, uε,∇uε)

)
+ b(x) uε |∇uε |p(x)

(|uε |+ε)θ+1 = λ|uε |r(x)
1+ε|uε |r(x) + fε, in �,

uε = 0, on ∂�.
(4.1)

where fε = T1
ε
( f ) ( fε > 0) be a sequence of bounded functions defined in � which converges to f > 0 in

L1(�). From the results of [3,14], the problem (4.1) admits at least one solution uε ∈ W 1,p(.)
0 (�) ∩ L∞(�).

Proposition 4.1 We have uε ≥ 0 almost everywhere in �.

Proof Taking u−
ε = min{uε, 0} as a test function in (4.1), using (1.5)-(1.7) and dropping the nonnegative second

term, we have

α

(ρ2 + 1
ε
)γ

+

∫
�

|∇u−
ε |p(x) ≤

∫
�

(
fε + λ|uε|r(x)

1 + ε|uε|r(x)
)

u−
ε ≤ 0,

so that un ≥ 0 almost everywhere in �. ��
Therefore, Proposition 4.1 implies that un satisfies{

−div
(

a(x, T1
ε
(uε))̂a(x, uε,∇uε)

)
+ b(x) uε |∇uε |p(x)

(uε+ε)θ+1 = λur(x)
ε

1+εur(x)
ε

+ fε, in �,

uε = 0, on ∂�.
(4.2)

in the sense that uε satisfies the weak formulation of (4.2):∫
�

a(x, T1
ε
(uε))̂a(x, uε,∇uε) · ∇φ +

∫
�

b(x)
uε |∇uε|p(x)

(uε + ε)θ+1 φ

=
∫
�

λur(x)
ε

1 + εur(x)
ε

φ +
∫
�

fεφ, (4.3)

for every φ in W 1,p(.)
0 (�) ∩ L∞(�).

5 A priori estimates

In this section, we prove some a priori estimates for the approximate solutions uε and its partial derivatives.

Lemma 5.1 Let uε be any solutions to problem (4.2). Then it results∫
�

b(x)
uε|∇uε|p(x)

(uε + ε)θ+1 ≤ λ

∫
�

ur(x)
ε +

∫
�

f. (5.1)
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52 H. Khelifi, M. A. Zouatini

Proof Taking Th(uε)
h as test function in (4.2), and using the fact that ∇( Th(uε)

h ) = 1
h ∇uε on the set {0 ≤ uε ≤ h},

we have

1

h

∫
{uε≤h}

a(x, T1
ε
(uε))̂a(x, uε,∇uε) · ∇uε +

∫
�

b(x)
uε |∇uε|p(x)

(uε + ε)θ+1

Th(uε)

h

=
∫
�

λur(x)
ε

1 + εur(x)
ε

Th(uε)

h
+
∫
�

fε
Th(uε)

h
.

By (1.5)-(1.7) (since (ρ2 + uε)γ (x) ≥ (d(x)+ T1
ε
(uε))γ (x)), we obtain

α

h

∫
{uε≤h}

|∇uε|p(x)

(ρ2 + uε)γ (x)
+
∫
�

b(x)
uε |∇uε|p(x)

(uε + ε)θ+1

Th(uε)

h

≤
∫
�

λur(x)
ε

1 + εur(x)
ε

Th(uε)

h
+
∫
�

fε
Th(uε)

h
,

dropping the nonnegative first term, and using the inequality ur(x)
ε

1+εur(x)
ε

≤ ur(x)
ε (since uε ≥ 0 a.e. in�) on the first

term of the right-hand side, one gets∫
�

b(x)
uε|∇uε|p(x)

(uε + ε)θ+1

Th(uε)

h
≤ λ

∫
�

ur(x)
ε

Th(uε)

h
+
∫
�

fε
Th(uε)

h
.

Since fε ≤ f and Th(uε)
h ≤ 1, we get

∫
�

b(x)
uε|∇uε|p(x)

(uε + ε)θ+1

Th(uε)

h
≤ λ

∫
�

ur(x)
ε +

∫
�

f. (5.2)

Letting h tend to 0 in (5.2), we deduce (5.1) by Fatou’s Lemma. ��
Lemma 5.2 Let f ∈ L1(�) be a positive function. and let uε be a solution of (4.2). Then there exists a positive
constant C does not depend on ε, such that for all continuous function η on � as in (3.2); we have

‖ur(x)
ε ‖L1(�) ≤ C and ‖uε‖W 1,η(.)

0 (�)
≤ C, (5.3)

and for every k > 0

‖Tk(uε)‖W 1,p(.)
0 (�)

≤ C. (5.4)

Proof In a first step let η+ be a constant satisfying

1 ≤ η+ < N (p− − θ)

N − θ
< p−. (5.5)

The estimate (5.1), the condition (1.4) and that

2θ+1uεu
θ
ε ≥ (uε + ε)θ+1 in {uε ≥ 1},

give

ν1

2θ+1

∫
{uε≥1}

|∇uε|p(x)

uθε
≤
∫

{uε≥1}
b(x)

uε|∇uε|p(x)

(uε + ε)θ+1

≤ λ‖ur(x)
ε ‖L1(�) + ‖ f ‖L1(�). (5.6)

Setting

M(ε) = λ‖ur(x)
ε ‖L1(�) + ‖ f ‖L1(�). (5.7)
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By Yong’s inequality ( with the exponents p(x)
p− and p(x)

p(x)−p− ), (5.6)-(5.7) and the fact that 1
uθε

≤ 1 on the set

{uε ≥ 1}, we get ∫
{uε≥1}

|∇uε|p−

uθε
≤
∫

{uε≥1}
1

uθε

(
p−

p(x)
|∇uε|p(x) + p(x)− p−

p(x)

)

≤
∫

{uε≥1}
|∇uε|p(x)

uθε
+ p+ − p−

p−

∫
{uε≥1}

1

uθε

≤ C
(
λ‖ur(x)

ε ‖L1(�) + ‖ f ‖L1(�)

)
+ C |�|

≤ C (M(ε)+ |�|). (5.8)

Let now s be a positive real number such that 1 < s < p−. Using Hölder’s inequality, we easily obtain that∫
�

|∇G1(uε)|s =
∫

{uε≥1}
|∇G1(uε)|s

u
θs
p−
ε

u
θs
p−
ε

≤
(∫

{uε≥1}
|∇G1(uε)|p−

uθε

) s
p− (∫

{uε≥1}
u

θs
p−−s
ε

) p−−s
p−

. (5.9)

In the case of s = p− − θ, we have 1 < s < p−. Therefore, using (5.8)-(5.9) and the fact that ∇G1(uε) = ∇uε
in the set {uε ≥ 1}, we get

∫
�

|∇G1(uε)|s ≤ (C M(ε)+ |�|)
s

p−
(∫

{uε≥1}
us
ε

) θ

p−

≤ C (M(ε)+ |�|)
s

p−
(∫

{uε≥1}
G1(uε)

s
) θ

p−

+ C (M(ε)+ |�|)
s

p− . (5.10)

Thus, by Poincaré’s inequality on the left-hand side of (5.10) and Young’s inequality with � > 0 on the right-hand

side ( with the exponents p−
s = p−

p−−θ and p−
θ

), it leads to∫
�

G1(uε)
s ≤ C

∫
�

|∇G1(uε)|s

≤ C(�)C (M(ε)+ |�|)+ �C
∫

{uε≥1}
G1(uε)

s + C (M(ε)+ |�|)
s

p−

≤ �C
∫

{uε≥1}
G1(uε)

s + C M(ε)
s

p− + C(�)M(ε)+ C(�, |�|).

Choosing � = 1
2C in the previous inequality, we get∫

�

G1(uε)
s ≤ C

(
1 + M(ε)+ M(ε)

s
p−
)
. (5.11)

We get by applying Minkowski’s inequality, the fact that |T1(uε)| ≤ 1, and the convexity of the real function
t �→ t s (since s > 1) ∫

�

us
ε ≤ C

(
1 +

∫
�

G1(uε)
s
)
. (5.12)

Observe that, From (5.11) and (5.12), it follows that∫
�

us
ε ≤ C

(
1 + M(ε)+ M(ε)

s
p−
)
. (5.13)
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By the fact that r(x) ≤ r+ < p− − θ we get r(x) < s, using Hölder’s inequality ( with the exponents s
r(x) and

s
s−r(x) ) and Lemma 2.1, we have

∫
�

ur(x)
ε ≤ C‖ur(x)

ε ‖
L

s
r(.) (�)

‖1‖
L

s
s−r(x)

(�)

≤ C max

[(∫
�

us
ε

) r+
s

,

(∫
�

us
ε

) r−
s
]

max
[
|�| s−r−

s , |�| s−r+
s

]

≤ C

(∫
�

us
ε

) τ
s

, (5.14)

where

τ =
{

r+, if
∫
�

us
ε ≥ 1,

r−, if
∫
�

us
ε ≤ 1.

Combining (5.7), (5.13), and (5.14), we obtain

M(ε)− ‖ f ‖L1(�) = λ

∫
�

ur(x)
ε

≤ C
(

M(ε)
s

p− + M(ε)+ 1
) τ

s

≤ C
(

M(ε)
τ

p− + M(ε)
τ
s + 1

)
.

Since τ < s < p−, then we deduce from the last inequality that

M(ε) ≤ C. (5.15)

Then, from (5.7) and (5.15), the sequence ur(x)
ε is bounded in L1(�).

Now, taking s = η+ in (5.9), using (5.10) and the boundedness of sequence ur(x)
ε in L1(�), we obtain

∫
�

|∇G1(uε)|η+ ≤
(∫

{uε≥1}
|∇G1(uε)|p−

uθε

) η+
p− (∫

{uε≥1}
u

θη+
p−−η+
ε

) p−−η+
p−

≤ C (M(ε)+ |�|)
η+
p−
(∫

{uε≥1}
(G1(uε))

θη+
p−−η+

) p−−η+
p−

+ C (M(ε)+ |�|)
η+
p− .

By (5.15), we can write

∫
�

|∇G1(uε)|η+ ≤ C

(∫
{uε≥1}

(G1(uε))
θη+

p−−η+
) p−−η+

p−
+ C. (5.16)

By Sobolev’s inequality, combining with (5.16), we get

(∫
{uε≥1}

(G1(uε))
η+∗) η+

η+∗
≤ C

∫
{uε≥1}

|∇G1(uε)|η+

≤ C

(∫
�

(G1(uε))
θη+

p−−η+
) p−
η+−p−

+ C.
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Apply Hölder’s inequality (remark that η+θ
p−−η+ ≤ η+∗

), gives

(∫
{uε≥1}

(G1(uε))
η+∗) η+

η+∗
≤ C

(∫
{uε≥1}

(G1(uε))
η+∗) η+θ

η+∗ p−
+ C.

Since θ < p−, this yield η+θ
η+∗ p− <

η+
η+∗ , we obtain

∫
{uε≥1}

(G1(uε))
η+∗ ≤ C. (5.17)

By inequality (5.16) and (5.17), we deduce that∫
{uε≥1}

|∇G1(uε)|η+ ≤ C. (5.18)

Now, considering Tk(uε) as test function in (4.2), we obtain∫
�

a(x, T1
ε
(uε))̂a(x, uε,∇uε) · ∇Tk(uε)+

∫
�

b(x)
uε |∇uε|p(x)

(uε + ε)θ+1

=
∫
�

λur(x)
ε

1 + εur(x)
ε

Tk(uε)+
∫
�

fεTk(uε).

Using (1.5), (1.7) and dropping the nonegative second term on the left hand-side, we have

α

∫
{uε≤k}

|∇Tk(uε)|p(x)

(ρ2 + T1
ε
(uε))γ (x)

≤ kλ
∫
�

ur(x)
ε + k

∫
�

f.

By the boundedness of the sequence ur(x)
ε in L1(�) and that (k + ρ2)

γ+ ≥ (T1
ε
(uε)+ ρ2)

γ (x), for all k ≥ 1, we
get ∫

{uε≤k}
|∇Tk(uε)|p(x) ≤ Ck(k + ρ2)

γ+
, (5.19)

taking k = 1 in (5.19), we deduce that T1(uε) is bounded in W 1,p(.)
0 (�) hence in W 1,η(.)

0 (�). Using (5.18) and
the fact that uε = T1(uε)+ G1(uε), we deduce that (5.3). Moreover (5.19) implies that (5.4).

Now let us consider a continuous variable exponent η on � satisfying the pointwise estimate (3.2) and

η+ ≥ N (p− − θ)

N − θ
.

By the continuity of η and p on � there exists a constant δ > 0 (here δ does not depend on x ), such that

max
t∈Q(x,δ)∩�

(η(t)) < min
t∈Q(x,δ)∩�

(
N (p(t)− θ)

N − θ

)
, (5.20)

where Q(x, δ) is a cube with center x and diameter δ. Note that � is compact and, therefore, we can cover it
with a finite number of cubes (Q j ) j=1,...,k with edges parallel to the coordinate axes. Moreover, there exists a
constant ν > 0 such that

δ > |� j | > ν, � j = Q j ∩�, for all j = 1, . . . , K . (5.21)

We denote by η+
j (respectively p−

j ) the maximum of η(.) on � j ( respectively the minimum of p(.) on � j ),
such that

η+
j <

N (p−
j − θ)

N − θ
, for all j = 1, . . . , k.
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Using now the same arguments as before locally, we see that the inequality (5.16) holds on � j , so

∫
� j

|∇G1(uε)|η
+
j ≤ C

⎛
⎜⎝∫

{x∈� j :uε≥1}
(G1(uε))

θη
+
j

p−
j −η+j

⎞
⎟⎠

p−
j −η+j
p−

j

+ C. (5.22)

Denote by G̃1(uε) the average of G1(uε) over � j

G̃1(uε) = 1

meas(� j )

∫
� j

G1(uε).

By Poincaré-Wirtinger inequality, we obtain for all j = 1, . . . , k

‖G1(uε)− G̃1(uε)‖
L
η
+∗
j (� j )

≤ C‖∇G1(uε)‖
L
η
+
j (� j )

, (5.23)

Using (5.17) and (5.23), we get

‖G1uε)‖
L
η
+∗
j (� j )

≤ ‖G1(uε)− G̃1(uε)‖
L
η
+∗
j (� j )

+ ‖G̃1(uε)‖
L
η
+∗
j (� j )

≤ C‖∇G1(uε)‖
L
η
+
j (� j )

+ C, for all j = 1, . . . , k. (5.24)

We deduce from (5.22) and (5.24)∫
{x∈� j :uε(x)≥1}

|∇G1(uε)|η
+
j ≤ C, for all j = 1, . . . , k. (5.25)

Knowing that η(x) ≤ η+
j for all x ∈ � j , and all i = 1, . . . , k, by (5.19) and (5.25) we conclude that

∫
� j

|∇uε|η(x)dx ≤ C, for all j = 1, . . . , k,

that is,

∫
�

|∇uε|η(x)dx ≤
k∑

j=1

∫
� j

|∇uε|η(x)dx ≤ C.

This finishes the proof of the Lemma 5.2. ��

6 Proof of the Theorem 3.2

By Lemma 5.2, the sequence {uε}ε is bounded in W 1,η(.)
0 (�). Therefore, there exists a function u ∈ W 1,η(.)

0 (�)

such that (up to a subsequence)

{
uε ⇀ u in W 1,η(.)

0 (�),

uε → u a.e. in �.
(6.1)

Now, we will prove that

∇uε → ∇u a.e. in �. (6.2)
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Let h, k > 0. We use Th(uε − Tk(u)) as a test function in (4.2), by hypothesis (1.5) and (1.6), we get∫
�

α

(ρ2 + uε)γ (x)
â(x, uε,∇uε)∇Th(uε − Tk(uε))

+
∫
�

b(x)
uε|∇uε|p(x)

(uε + ε)θ+1 |Th(uε − Tk(uε))|

≤
∫
�

(
λur(x)

ε

1 + εur(x)
ε

+ fε

)
|Th(uε − Tk(uε))|

Using (1.4), (5.1), |Th(uε − Tk(uε))| ≤ h and the fact that λur(x)
ε

1+εur(x)
ε

+ fε ≤ λur(x)
ε + f , we have

∫
�

α

(ρ2 + uε)γ (x)
â(x, uε,∇uε)∇Th(uε − Tk(uε)) ≤ 2h

∫
�

(λur(x)
ε + f ).

Using the boundedness of sequence ur(x)
ε in L1(�) and f ∈ L1(�), we obtain∫

�

α

(ρ2 + uε)γ (x)
â(x, uε,∇uε)∇Th(uε − Tk(uε)) ≤ 2hC. (6.3)

This gives, by (1.9) and (6.3),

∫
Aεk,h

|∇(uε − Tk(u))|p(x)

(ρ2 + uε)γ (x)

≤
∫

Aεk,h

C p
(̂a(x, uε,∇uε)− â(x, uε,∇Tk(u)))∇Th(uε − Tk(u))

(ρ2 + uε)γ (x)

≤ C p
Ch

α
− C p

∫
Aεk,h

â(x, uε,∇Tk(u))∇Th(uε − u)

(ρ2 + uε)γ (x)

= C p
Ch

α
− C p

∫
Aεk,h

â(x, Th+k(uε),∇Tk(u))∇Th(uε − u)

(ρ2 + uε)γ (x)
. (6.4)

where Aεk,h = {|uε − Tk(u)| ≤ h, |u| ≤ k}. Combining (1.9),(5.4) and (6.1), we obtain

{∇Th(uε − u) ⇀ 0 in L p(.)(�),

â(x, Tk+h(uε),∇Tk(u)) → â(x, u,∇Tk(u)) in L p′(.)(�).
(6.5)

According (6.4) and (6.5), we have

lim sup
ε→0

∫
Aεk,h

|∇(uε − Tk(u))|p(x)

(1 + uε)γ (x)
≤ Ch.

This, imply

lim sup
ε→0

∫
Aεk,h

|∇(uε − Tk(u))|p(x) ≤ Ch(1 + k + h)γ
+
. (6.6)

Let now τ(x) be a continuous function, such that 1 < τ(x) < η(x) < p(x). It is clear that∫
�

|∇(uε − u)|τ(x) ≤
∫

Bεk,h

|∇(uε − u)|τ(x) +
∫

Cεk,h

|∇(uε − u)|τ(x)

+
∫

Dε
h

|∇(uε − u)|τ(x), (6.7)
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where

Bεk,h = {|uε − u| ≤ h, |u| ≤ k},
Cε

k,h = {|uε − u| ≤ h, |u| > k}, and

Dε
h = {|uε − u| > h}.

By (6.7), Hölder’s inequality, Lemma 2.1 and that uε is uniformly bounded in W 1,η(.)
0 (�). We deduce that

∫
�

|∇(uε − u)|τ(x)

≤ C max

⎛
⎝
(∫

Bεk,h

|∇(uε − u)|p(x)

) 1
(

p
τ )

+
,

(∫
Bεk,h

|∇(uε − u)|p(x)

) 1
(

p
τ )

−
⎞
⎠

+ C max

(
μ ({|u| > k})

1
(
η
η−τ )+ , μ({|u| > k})

1(
η
η−τ

)− )

+ C max

(
μ({|uε − u| > h})

1(
η
η−τ

)+
, μ({|uε − u| > h})

1(
η
η−τ

)− )
. (6.8)

Thus, we deduce from (6.6) and (6.8), that

lim sup
h→0

lim sup
ε→0

∫
�

|∇(uε − u)|τ(x)

≤ C max

(
μ({|u| > k})

1(
η
η−τ

)+
, μ({|u| > k})

1(
η
η−τ

)− )
.

At the limit as k → +∞, μ({|u| > k}) converges to 0. Therefore (up to subsequences), ∇uε → ∇u a.e. in �.
Now, we are going to prove the strict positivity of the weak limit u of the sequence of approximated solutions

uε.

Lemma 6.1 Let 0 < θ < 1. Let uε and u be as in (6.2). Then u > 0.

Proof Let φ ∈ W 1,p(.)
0 (�) ∩ L∞(�) is a positive function. We choose �ε(uε)φ ( �ε and �0 given by (3.3)) as

a test function in (4.2) (which is admissible since it belongs to W 1,p(.)
0 (�) ∩ L∞(�)), using the fact that

∇�ε(uε)φ = −ν2

α
∇uε

uε(ρ2 + T1
ε
(uε))γ

+

(uε + ε)θ+1 �ε(uε)φ +�ε(uε)∇φ,

we get

− ν2

∫
�

a(x, T1
ε
(uε))̂a(x, uε,∇uε)∇uε

uε(ρ2 + T1
ε
(uε))γ

+

α (uε + ε)θ+1 �ε(uε)φ

+
∫
�

a(x, T1
ε
(uε))̂a(x, uε,∇uε)�ε(uε)∇φ

+
∫
�

b(x)
uε|∇uε|p(x)

(uε + ε)θ+1�ε(uε)φ =
∫
�

(
λur(x)

ε

1 + εur(x)
ε

+ fε

)
�ε(uε)φ.
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Using hypothesis (1.4), (1.5) and (1.7), we have

− ν2

∫
�

α|∇uε|p(x)

(ρ2 + T1
ε
(uε))γ (x)

uε(ρ2 + T1
ε
(uε))γ

+

α (uε + ε)θ+1 �ε(uε)φ

+ β

∫
�

â(x, uε,∇uε)�ε(uε)∇φ + ν2

∫
�

uε|∇uε|p(x)

(uε + ε)θ+1�ε(uε)φ

≥
∫
�

(
λur(x)

ε

1 + εur(x)
ε

+ fε

)
�ε(uε)φ.

Note that (since ρ2 ≥ 1)

− ν2

|∇uε|p(x)uε(ρ2 + T1
ε
(uε))γ

+

(ρ2 + T1
ε
(uε))γ (x)(uε + ε)θ+1

+ ν2
uε|∇uε|p(x)

(uε + ε)θ+1

= ν2
uε|∇uε|p(x)

(uε + ε)θ+1

⎛
⎝1 −

(ρ2 + T1
ε
(uε))γ

+

(ρ2 + T1
ε
(uε))γ (x)

⎞
⎠ ≤ 0,

we get

β

∫
�

â(x, uε,∇uε).∇φ�ε(uε) ≥
∫
�

(
λur(x)

ε

1 + εur(x)
ε

+ fε

)
�ε(uε)φ.

Dropping the nonnegative second term and using the fact that fε ≥ T1( f ), ∀ε < 1, we obtain

β

∫
�

â(x, uε,∇uε).∇φ�ε(uε) ≥
∫
�

T1( f )�ε(uε)φ. (6.9)

Let ϕ in W 1,p(.)
0 (�) ∩ L∞(�), with ϕ ≥ 0. Let us take φ = ψσ (uε)ϕ as a test function in (6.9), where ψσ is

given by (3.5). By (1.7) and that ψ ′
σ (t) ≤ 0, we obtain∫

�

T1( f )ϕψσ (uε)�ε(uε)χ{0≤uε≤σ+1}

≤ β

∫
�

â(x, uε,∇uε).∇ϕψσ (uε)�ε(uε)χ{0≤uε≤σ+1}. (6.10)

Then, letting σ → 0, Lebesgue’s Theorem yield

ψσ (uε)χ{0≤uε≤σ+1} → χ{0≤uε≤1} in L1(�). (6.11)

Equation (6.10), (6.11) and since T1
ε
(T1(uε)) = T1(uε) (since ε < 1), imply that

β

∫
{0≤uε≤1}

â(x, T1(uε),∇T1(uε)).∇ϕ�ε(uε)

≥
∫

{0≤uε≤1}
T1( f )ϕ�ε(uε). (6.12)

By Holder’s inequality, (1.8) and Lemma 2.1 we can easily prove that∫
�

|̂a(x, T1(uε),∇T1(uε))|p′(x) ≤ C. (6.13)

According to (6.1), (6.2) and (6.13) , we deduce that

â(x, T1(uε),∇T1(uε)) ⇀ â(x, T1(u),∇T1(u)) in L p′(·)(�). (6.14)
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Now we pass to the limit as ε → 0 in (6.12), we deduce from (6.14), that

∫
�

â(x, T1(u),∇T1(u)).∇ϕ�0(T1(u))

≥ 1

β

∫
{0≤u≤1}

T1( f )ϕ�0(T1(u)), (6.15)

for all ϕ in W 1,p(.)
0 (�) ∩ L∞(�), with ϕ ≥ 0. Then, by density, for every nonnegative ϕ ∈ W 1,p(.)

0 (�). Let us
consider the function ϑ : [0,+∞) → [0,+∞) defined by

ϑ(t) =
∫ t

0
�0(s)ds,

we have that v = ϑ(T1(u)) ∈ W 1,p(.)
0 (�); furthermore, since

�0(T1(u)) ≥ �0(1) = e− ν2
α

H0(1) > 0,

the inequality (6.15) is equivalent to that

∫
�

B(x, v,∇v).∇ϕ ≥ 1

β

∫
�

g(x)ϕ,

where

⎧⎨
⎩B(x, s, ξ) = �0(T1(u))̂a

(
x, sT1(u)

[∫ T1(u)
0 �0(s)ds

]−1
,

ξ
�0(T1(u))

)
,

g(x) = T1( f )�0(1)χ{0≤u(x)≤1}.

The comparison principle in W 1,p(.)
0 (�) says that v(x) ≥ z(x) (see [19]), where z is the bounded weak solution

of

{
z ∈ W 1,p(.)

0 (�),

−div(B(x, z,∇z)) = g(x).
.

Indeed, by using (1.7)-(1.9), M satisfies, for almost every x ∈ �, for every ξ, ξ ′ in R
N

B(x, s, ξ).ξ ≥ |ξ |p(x),

|B(x, s, ξ)| ≤ C1|s|p(x)−1 + C2|ξ |p(x)−1 + C3,

(B(x, s, ξ)− B(x, s, ξ ′))(ξ − ξ ′) ≥ 0.

To check this, from (1.7), p(x) ≥ 2, u ≥ 0 a.e. in � and that [�0(T1(u))]2−p(x) > 1, we have

B(x, s, ξ).ξ

= [�0(T1(u))]2â

⎛
⎝x, sT1(u)

[∫ T1(u)

0
�0(s)ds

]−1

,
ξ

�0(T1(u))

⎞
⎠ . ξ

�0(T1(u))

≥ [�0(T1(u))]2−p(x)|ξ |p(x)

≥ |ξ |p(x).
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In view of (1.8) and θ < p(x), we get

|B(x, s, ξ)|

≤ c1�0(T1(u))|T1(u)|
θ(p(x)−1)

p(x)

[∫ T1(u)

0
�0(s)ds

]−θ(p(x)−1)
p(x)

|s| θ(p(x)−1)
p(x)

+ c2�0(T1(u))
2−p(x)|ξ |p(x)−1

≤ c1�0(T1(u))
|T1(u)|

θ(p(x)−1)
p(x)(∫ T1(u)

0 �0(s)ds
) θ(p(x)−1)

p(x)

(|s|p(x)−1 + 1)

+ c2�0(T1(u))
2−p(x)|ξ |p(x)−1. (6.16)

Since �0 decreasing, we obtain

|T1(u)|
θ(p(x)−1)

p(x)(∫ T1(u)
0 �0(s)ds

) θ(p(x)−1)
p(x)

≤ |T1(u)|
θ(p(x)−1)

p(x)(∫ T1(u)
0 �0(T1(u))ds

) θ(p(x)−1)
p(x)

≤ 1

[�0(T1(u))]
θ(p(x)−1)

p(x)

,

by this inequality and (6.16), we obtain

|B(x, s, ξ)| ≤ c1[�0(T1(u))]1− θ(p(x)−1)
p(x) (|s|p(x)−1 + 1)+ c2[�0(T1(u))]2−p(x)|ξ |p(x)−1

≤ C1|s|p(x)−1 + C2|ξ |p(x)−1 + C3,

where

C1 = C3 = c1e
ν2
α

(
θ(p+−1)

p− −1
)

H0(1) and C2 = c2e
ν2
α
(p+−2)H0(1).

Finally, thanks to (1.9), we can write

[B(x, s, ξ)− B(x, s, ξ ′)].(ξ − ξ ′)

= [�0(T1(u))]2

⎡
⎣â

⎛
⎝x, sT1(u)

[∫ T1(u)

0
�0(s)ds

]−1

,
ξ

�0(T1(u))

⎞
⎠

− â

⎛
⎝x, sT1(u)

[∫ T1(u)

0
�0(s)ds

]−1

,
ξ ′

�0(T1(u))

⎞
⎠
⎤
⎦

×
∣∣∣∣ ξ

�0(T1(u))
− ξ ′

�0(T1(u))

∣∣∣∣
≥ [�0(T1(u))]2

∣∣∣∣ ξ

�0(T1(u))
− ξ ′

�0(T1(u))

∣∣∣∣
p(x)

≥ [�0(T1(u))]2−p(x)|ξ − ξ ′|p(x)

Since g is nonnegative and not identically zero, and p(x) verifies (1.2), (2.3) the weak Harnack inequality (see
[20]) yields z > 0 in � and so v > 0 in �. Since T1(u) > v, we conclude that T1(u) > 0 in �, which then
implies that u > 0 in �. ��
Corollary 6.2 Let 0 < θ < 1 and u be the weak limit of the sequence uε. We have |∇u|p(x)

uθ
∈ L1(�).
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Proof From (5.1), and (1.4), we obtain

ν1

∫
�

uε|∇uε|p(x)

(uε + ε)θ+1 ≤ λ

∫
�

ur(x)
ε +

∫
�

f.

Taking limit as ε → 0, by Fatou Lemma, as well as the weak convergence of uε to u in W 1,η(.)
0 (�), and the strict

positivity of u, we deduce that

ν1

∫
�

|∇u|p(x)

uθ
≤ λ

∫
�

ur(x) +
∫
�

f.

This completes the proof. ��
Now we prove that u is a weak solution of the problem (1.1). This is the aim of the following lemma.

Lemma 6.3 Let u be the weak limit of the sequence uε. Then u satisfies∫
�

a(x, u)̂a(x, u,∇u).∇ϕ +
∫
�

b(x)|∇u|p(x)

uθ
ϕ =

∫
�

(λur(x) + f )ϕ, (6.17)

for all ϕ ∈ W 1,p(.)
0 (�) ∩ L∞(�).

Proof Let ε > 0, j ∈ N
∗ and k ∈ N, we define

vε, j,k = �ε(uε)e
ν2
α

H 1
j
(Tj (u))

Rk(uε)ϕ,

where�ε, H 1
j

and Rk given by (3.3),(3.4) and (3.6), ϕ is a positive C1
0(�) function. Note that Rk(uε) = 0 when

uε > k + 1, then Tk+1(uε) = uε. Let us take vε, j,k a test function in (4.2), and using the fact that

∇vε, j,k = �ε(uε)e
ν2
α

H 1
j
(Tj (u))

Rk(uε)∇ϕ + ν2

α

Tj (u)(ρ2 + Tj (u))γ
+

(Tj (u)+ 1
j )
θ+1

vε, j,k∇Tj (u)

− ν2

α

uε(ρ2 + T1
ε
(uε))γ

+

(uε + ε)θ+1 vε, j,k∇uε + wε, j,k∇uε,

where wε, j,k = �ε(uε)e
ν2
α

H 1
j
(Tj (u))

R′
k(uε)ϕ, we have

∫
�

a(x, T1
ε
(uε))̂a(x, Tk+1(uε),∇Tk+1(uε))�ε(uε)e

ν2
α

H 1
j
(Tj (u))

Rk(uε) · ∇ϕ

+ ν2

α

∫
�

a(x, T1
ε
(uε))̂a(x, Tk+1(uε),∇Tk+1(uε)).∇Tj (u)

Tj (u)(ρ2 + Tj (u))γ
+

(Tj (u)+ 1
j )
θ+1

vε, j,k

=
∫
�

(
λur(x)

ε

1 + εur(x)
ε

+ fε

)
vε, j,k −

∫
�

b(x)
uε|∇uε|p(x)

(uε + ε)θ+1 vε, j,k︸ ︷︷ ︸
I1
ε, j,k

+ ν2

α

∫
�

a(x, T1
ε
(uε))̂a(x, Tk+1(uε),∇Tk+1(uε)).∇uε

uε(ρ2 + T1
ε
(uε))γ

+

(uε + ε)θ+1 vε, j,k︸ ︷︷ ︸
I2
ε, j,k

−
∫

{k<uε<k+1}
a(x, T1

ε
(uε))̂a(x, uε,∇uε).∇uεwε, j,k︸ ︷︷ ︸

I3
ε, j,k

(6.18)
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Using (1.5)-(1.7) and that R′
k(s) ≤ 0, we have

I3
ε, j,k ≥

∫
{k<uε<k+1}

α|∇uε|p(x)

(ρ2 + T1
ε
(uε))γ (x)

wε, j,k ≥ 0. (6.19)

On the other hand by (1.5), (1.6) and (1.7) we get

ν2

α
a(x, T1

ε
(uε))̂a(x, Tk+1(uε),∇Tk+1(uε)).∇uε

uε(ρ2 + T1
ε
(uε))γ

+

(uε + ε)θ+1

− b(x)
uε|∇uε|p(x)

(uε + ε)θ+1

≥
ν2|∇uε|p(x)uε(ρ2 + T1

ε
(uε))γ

+

(ρ2 + T1
ε
(uε))γ (x)(uε + ε)θ+1

− ν2
uε|∇uε|p(x)

(uε + ε)θ+1

≥ ν2uε|∇uε|p(x)

(uε + ε)θ+1

⎡
⎣ (ρ2 + T1

ε
(uε))γ

+

(ρ2 + T1
ε
(uε))γ (x)

− 1

⎤
⎦ ≥ 0,

thus

I2
ε, j,k − I1

ε, j,k ≥ 0. (6.20)

Letting ε → 0, it’s not difficult to prove that

vε, j,k −→ v0, j,k = e
−ν2
α

H0(u)e
ν2
α

H 1
j
(Tj (u))

Rk(u)ϕ strongly in L1(�).

By using (5.4),(6.19),(6.20), and Fatou’s Lemma, we have

lim inf
ε→0

I3
ε, j,k + I2

ε, j,k − I1
ε, j,k

≥ lim inf
ε→0

I2
ε, j,k − I1

ε, j,k

≥
∫
�

[
ν2a(x, u)̂a(x, u,∇u).∇u

αuθ (ρ2 + u)−γ+ − b(x)
|∇u|p(x)

uθ

]
v0, j,k, (6.21)

Hence, we can pass to limit as ε tends to 0 in (6.18) to get

J 1
j,k + J 2

j,k =
∫
�

a(x, u)̂a(x, u,∇u)e− ν2
α

H0(u)e
ν2
α

H 1
j
(Tj (u))

Rk(u) · ∇ϕ

+ ν2

α

∫
�

a(x, u)̂a(x, u,∇u).∇Tj (u)
Tj (u)(ρ2 + Tj (u))γ

+

(Tj (u)+ 1
j )
θ+1

v0, j,k

≥
∫
�

(λur(x) + f )v0, j,k

+
∫
�

[
ν2a(x, u)̂a(x, u,∇u).∇u

αuθ (ρ2 + u)−γ+ − b(x)
|∇u|p(x)

uθ

]
v0, j,k

= J 3
j,k + J 4

j,k . (6.22)

Since H 1
j
(Tj (u)) ≤ H 1

j
(u) ≤ H0(u), we have

e− ν2
α

H0(u)e
ν2
α

H 1
j
(Tj (u))

Rk(u) ≤ Rk(u) ∈ L1(�), (6.23)
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by the fact that e− ν2
α

H0(u)e
ν2
α

H 1
j
(Tj (u))

Rk(u) → Rk(u) a.e. in � as j → +∞ and (6.23), Lebesgue’s theorem
gives

e− ν2
α

H0(u)e
ν2
α

H 1
j
(Tj (u))

Rk(u) → Rk(u) strongly in L1(�). (6.24)

Using the boundedness of a(x, u)̂a(x, u,∇u) in L p′(.)(�) (see (1.5) and (1.8)), we obtain

lim
j→+∞ J 1

j,k =
∫
�

a(x, u)̂a(x, u,∇u)Rk(u) · ∇ϕ. (6.25)

Let j > k + 1, since Rk(u) = 0 on {u > k + 1} that gives Tj (u) = u on {u ≤ k + 1}. Using (1.5), (1.8), and
the fact that v0, j,k ≤ Rk(u)ϕ (since H 1

j
(Tj (u)) ≤ H 1

j
(u) ≤ H0(u)), we get

∣∣∣∣a(x, u)̂a(x, u,∇u)∇Tj (u)
Tj (u)(ρ2 + Tj (u))γ

+

(Tj (u)+ 1
j )
θ+1

v0, j,k

∣∣∣∣
≤ β

(
c1u

θ(p(x)−1)
p(x) + c2|∇u|p(x)−1

)
|∇Tj (u)|Tj (u)(ρ2 + Tj (u))γ

+

(Tj (u)+ 1
j )
θ+1

Rk(u)ϕ

= β

(
c1u

θ(p(x)−1)
p(x) + c2|∇u|p(x)−1

)
|∇u| (ρ2 + u)γ

+

uθ
Rk(u)ϕ

≤ β

(
c1

|∇u|
u

θ
p(x)

+ c2
|∇u|p(x)

uθ

)
(ρ2 + k + 1)γ

+
Rk(u)ϕ. (6.26)

Applying Young’s inequality in the last estimate and by Corollary 6.2 we obtain∣∣∣∣a(x, u)̂a(x, u,∇u)∇Tj (u)
Tj (u)(ρ2 + Tj (u))γ

+

(Tj (u)+ 1
j )
θ+1

v0, j,k

∣∣∣∣
≤ β

(
c3

|∇u|p(x)

uθ
+ c4

)
(ρ2 + k + 1)γ

+
Rk(u)ϕ ∈ L1(�).

So by Lebesgue’s convergence theorem, we can pass to the limit in J 2
j,k as j tends to infinity to obtain

lim
j→+∞ J 2

j,k = ν2

α

∫
�

a(x, u)̂a(x, u,∇u).∇u

(ρ2 + u)−γ+uθ
Rk(u)ϕ. (6.27)

We argue similarly as in (6.27), we have

lim
j→+∞ J 4

j,k + J 3
j,k =

∫
�

[
ν2

α

a(x, u)̂a(x, u,∇u).∇u

(ρ2 + u)−γ+uθ
− b(x)

|∇u|p(x)

uθ

]
Rk(u)ϕ

+
∫
�

(λur(x) + f )Rk(u)ϕ. (6.28)

Now, we pass to the limit as j → +∞ in (6.22), according to (6.25), (6.27) and (6.28), we conclude that,∫
�

a(x, u)̂a(x, u,∇u).∇ϕRk(u)

+ ν2

α

∫
�

a(x, u)̂a(x, u,∇u).∇u

(ρ2 + u)−γ+uθ
Rk(u)ϕ

≥
∫
�

(λur(x) + f )Rk(u)ϕ

+
∫
�

[
ν2

α

a(x, u)̂a(x, u,∇u).∇u

(ρ2 + u)−γ+uθ
− b(x)

|∇u|p(x)

uθ

]
Rk(u)ϕ.
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After a trivial computation, we get∫
�

a(x, u)̂a(x, u,∇u).∇ϕRk(u)+
∫
�

b(x)
|∇u|p(x)

uθ
Rk(u)ϕ

≥
∫
�

(λur(x) + f )Rk(u)ϕ.

Letting k tend to infinity∫
�

a(x, u)̂a(x, u,∇u).∇ϕ +
∫
�

b(x)
|∇u|p(x)

uθ
ϕ ≥

∫
�

(λur(x) + f )ϕ. (6.29)

To prove the opposite inequality, we choose ϕ ∈ C1
0(�) with ϕ ≥ 0, as test function in (4.2), to obtain∫

�

a(x, T1
ε
(uε))̂a(x, uε,∇uε)∇ϕ +

∫
�

b(x)
uε|∇uε|p(x)

(uε + ε)θ+1 ϕ

≤
∫
�

(
λur(x)

ε + fε
)
ϕ. (6.30)

From (1.8), (6.1), (6.2), Lemma 5.2, we have

â(x, uε,∇uε) → â(x, u,∇u) in Lq(.)(�), ∀q(x) ∈
(

1,
η(x)

p(x)− 1

)
. (6.31)

Therefore (6.30),(6.31) and Fatou’s lemma imply∫
�

a(x, u)̂a(x, u,∇u)∇ϕ +
∫
�

b(x)
|∇u|p(x)

uθ
ϕ ≤

∫
�

(λur(x) + f )ϕ. (6.32)

Combining (6.29) and (6.32), we deduce that∫
�

a(x, u)̂a(x, u,∇u)∇ϕ +
∫
�

b(x)
|∇u|p(x)

uθ
ϕ =

∫
�

(λur(x) + f )ϕ, (6.33)

for every ϕ in C1
0(�), with ϕ ≥ 0.

Now, let ϕ any C1
0(�) function and ε > 0. We define ϕε± = ρε ∗ ϕ± as the convolution of a mollifier ρε with

ϕ±. Then ϕε± is a positive C1
0(�) function, for ε sufficiently small. By (6.33), we have∫

�

a(x, u)̂a(x, u,∇u)∇(ϕε− − ϕε+)+
∫
�

b(x)
|∇u|p(x)

uθ
(ϕε− − ϕε+)

=
∫
�

(λur(x) + f )(ϕε− − ϕε+).

Since ϕε− − ϕε+ → ϕ uniformly in � and in W 1,η(x)
0 (�) for every ε → 0, the results follows. ��
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