Indian J Pure Appl Math (2025) 56:46-66
https://doi.org/10.1007/s13226-023-00460-9

ORIGINAL RESEARCH

Nonlinear degenerate p(x)-Laplacian equation with singular
gradient and lower order term

Hichem Khelifi® - Mohamed Amine Zouatini®

Received: 11 June 2022 / Accepted: 28 June 2023 / Published online: 5 July 2023
© The Indian National Science Academy 2023

Abstract The present paper aims to study the Dirichlet problem for a nonlinear degenerate elliptic equation
with singular gradient lower order term, we establish existence and regularity estimates for weak solutions of
p(x)—Laplacian type elliptic equations of the form

{ —div ('V“"’("')_zv”) + VY ™ ing,

A+lulyr® |uel?
u=~0 on 0€2,

©.1)
where Q is a bounded open subset in RV, 0 < 0 < 1,7 : Q@ — [1,400),p: Q@ — [2,4+00)and y : Q@ —

[0, +oo[ are continuous functions and f is a nonnegative function in LI(Q).

Keywords Nonlinear elliptic equations - Singular gradient lower order term - Degenerate coercivity - Existence
and regularity - Harnack inequality
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1 Introduction and main results
In this article, the problem to be studied are the following

—div (a(x, W)a(x, u, Vo)) + b)Y _ 3@ 4 ¢ in g,

Jue]?

(1.1)
u=>0 on 082,
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Nonlinear degenerate... 47

where €2 is an open bounded set of RN (N > 3), f is a positive function belonging to L'(22),0 < 6 < 1,
r:Q —[1,+00) and p : @ — [2, 400), are continuous functions, such that

2<p =minp) < p(x) < p":=max p(x) < N. (1.2)
xXeR xe
r(x) <rt =maxr(x) < p~ -0, (1.3)
xeR
0 < v <b(x) <. (1.4)

Here, we suppose that a : 2 x R — R, is carathéodory function such that for a.e. x € 2, for every s € R,
we have

o
W <a(x,s) < B, (1.5)

where «, f are strictly positive real numbers, d(x) is measurable function verifying for some real numbers p1, p2
the condition

1 <p1 <dx) < p2, (1.6)

and y : Q — [0, +00[ is continuous function.
We suppose that 7 : @ x R x RY — RV is carathéodory function and satisfying, for a.e. x € Q, Vs € R
and V&, &’ € RY, the following

alx, s, £).6 > [g]PY, (1.7)
f(px)—1)

[@(x,s, &) <cils| 7@ +cplgPD1 (1.8)

(@, s,86) —ax,s,8)) - (6 —&) = 3l —&'1P, (1.9)

where ¢y, ¢z, ¢3 are strictly positive real numbers.

Remark 1.1 The equation (0.1) give a model example from (1.1). Indeed, in the equation (1.1), if we put
a(x,u) = W,E(x, u, Vi) = |VulP®2Vu, b(x) = 1 and A = 1, then its not difficult to prove that a
and @ satisfies the conditions (1.5)-(1.9).

In the following, we give a brief description of some papers which mostly influenced us. When the singular
lower-order term does not appear in (1.1) (i.e., b(x) = 0), and the nonlinear right-hand term is not present (i.e.,
A = 0), the existence and regularity of solutions to problem (1.1) are proved in [5] when p(x) = p. The result is
obtained by means of approximation through suitable coercive problems. In particular, the authors show that if
f € L' () asolution exists if § < 1, for & = 1 a bounded and finite energy solution to (1.1) is proven to exist if
f e L"™(Q) withm > . When 6 > 1 nonexistence of solutions is shown for datum f with norm large enough.

The presence of lower order terms can have a regularizing effect on the solutions. In [6] and [8] three kinds of
lower order terms are considered for elliptic problems with degenerate coercivity. We cite some papers that have
dealt with the equation (1.1) or similar problems in the constant case p(x) = p, we refer the reader to [4,21].

In the literature we find several papers about elliptic coercive problems with lower order terms having a
quadratic growth with respect to the gradient (see [6,7,14,24] for example and the references therein), that is,
for problem

—div(M (x)Vu) + g(u)|Vu|2 =f inQ
u=0 on 02

where M : @ — RV is a bounded elliptic Carathéodory map. Various assumptions are made on g. In [1,2]
a singular version of the above problem was studied, considering a function g(u) = u% and 0 < 6 < 1. The
corresponding results in the case p(x) =2, A = 0 and y (x) = p are developed in [9]. In a previous article [23],
we deal with problem as in (1.1), where the lower order term in the right hand side is not appear(i.e, > = 0), we
establish the existence of distributional solution u € Wé ) (), with1 < n(x) < W, if f e LY(Q). Our
inspiration in this paper is taken from [22], where the author considered the same right-hand side, for elliptic
problems whose model is

2
~aiv () + S = b e
u=~0 on 092,
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48 H. Khelifi, M. A. Zouatini

where 0 <0 < 1,y > 0and 0 < r < 2 — 0. The author prove that, if f € L™ (2), with Wz\/—b <m< %,

there exists a solution u € HO1 (Q) N LD (Q), where m** = le";m. If f e L"™(Q), withm > %, then the
solution u belongs to HOl () N L°° (). In particular, the authors show that, if f € LY(Q), the solution u belongs
to W, ° (), with § = Y220

In the study of problem (1.1), there are two difficulties. Firstly, from hypothesis (1.8), the operator Au =
—div (a(x, u)a(x, u, Vu)) is well defined between Wol’p(')(Q) and its dual space (Wol’p(')(Q)>/. However, by

assumption (1.7), if we take for example

—~ px)—2
a(x,up)a(x, uy, Vu,) = lv(lillm |)V(Y)un
ot ) " where p+ is defined as in (1.2),

up(x) = |x| et — 1, |x] < 1

(Aup,un)
Nl lly1.p0) (o)
lack of coercivity, the classical theory for elliptic operators acting between spaces in duality (see [12]) can not

be applied even if the data f are sufficiently regular (see [11]).

The second difficulty is the fact that, the lower order term has a growth with respect to the gradient and
could be singular in the following sense: the solution is required to be zero on the boundary of the domain but,
simultaneously, the lower order term could blow up.

As we will see, existence and summability of solutions to problem (1.1) depend on these features. We

overcome these difficulties by replacing operator A by another one defined by means of truncations, and approx-

|Vu|P)
|ue]?

problems have finite energy solutions.

the operator A is not coercive. Because, if [|un [ly1.00) () tends to infinity then — 0. Due to the

imating the singular term b(x)

by nonsingular one in such a way that the corresponding approximated

2 Mathematical preliminaries

In this section we recall some definitions and basic properties of the generalized Lebesgue— Sobolev spaces

LPO(Q), WhPO(Q) and Wol’p(')(Q) where Q is an open subset of RY, (N > 2). For further details on the
Lebesgue—Sobolev spaces with variable exponents, we refer to [15-17] and references therein.

Let p : Q — [1, +00[ be a continuous, real-valued function (the variable exponent). We denote by L” O(Q)
the space of measurable function f(x) on € such that

Pp((f) = /Q | F(O)1PY < 0.

The space L”) () is equipped with the norm (called Luxemburg norm),

p(x)
<)

becomes a Banach spaces. Moreover, If p~ > 1, then LPO(Q) is reflexive and the dual space of LP)(Q) can
be identified with LP/(')(Q), where ﬁ + ﬁ = 1. Forany u € LPO(Q) and v € LP/(')(Q) the Holder type
inequality

u(x)

uw

il oy = inf {u - 0: f
Q

1 1
A|uv| =< <p__ + p,_) ”u”LP(-)(Q)||U||Lp/(<)(g2)’ (21)

holds true. We define also the variable Sobolev space
whrO(Q) = {u e LPY(Q); |Vul e Lp(‘)(Q)}.

On WP (Q) we may consider one of the following equivalent norms

||M||W1.p(<)(gz) = ||”||Lp(»)(gz) + ”Vu”LP(J(Q)a
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) Vu(x) px)
lullwr.po(q) = inf {,u > 0; / ' <1t.
W Q w

Next, we define also WO1 P (‘)(Q) the Sobolev space with zero boundary values by

or

px) u(x)

n

W(;,p()(Q) — {u c WLP(')(Q) cu=0 on 89}

endowed with the norm [[u[|y1.50) (). The spaces W(}’p (')(Q) is a separable and reflexive provided that 1 <
p— < pt < +oo.Foru e W(}’p(')(Q) with p € C(Q) and p~ > 1, the Poincaré inequality holds

lullro @) = ClIVUllLro (@) (2.2)

for some C > 0 which depends on 2 and p(-) see( [15]) .
An important role in manipulating the generalized Lebesgue and Sobolev spaces is played by the modular
Pp(-) (u) of the space LPO () ). We have the following result.

Lemma 2.1 ([16]) If u,, u € LPY(Q) and p* < +oo, then the following properties hold true:

. - + - +
o min (J1ull ). il ) = ppor o) < max (Il Nl )

L

e s e
e min (Pp(-)(M)P+ . pp(-)(u)”—> < llullp¢) = max (;Op(-)(u) ", pp(-)(u)"_> .

orpe C(Qwithl < p~ <pt <N.
for p P =p

Definition 2.2 The variable exponent p : Q — [1, 4-00) is said to satisfy the log-continuity condition, if there
exists a positive constant C such that

C

_. 23
—log(lx — yI) @

Va,y €Q, lx =yl = 1/2; [px) = p(y)| <

Log-continuity condition (2.3) is used to obtain several regularity results for Sobolev spaces with variable

exponents; in particular, C*(2) is dense in W17 (Q) and Wol’p(')(Q) =whrO@)n WOI’I(Q). Ifr € C(Q)
and forall x € Q, r(x) < p*(x). Then the Sobolev embedding holds (see. [17])

WhPO(Q) e s L7O(Q). 2.4)

Moreover, if p satisfies the log-continuity (2.3) condition and 1 < p~ < pT < N, then the Sobolev embedding

holds also for r(.) = p*(.) = NN—pzS.()-)'

Remark 2.3 Note that the following inequality

/ |u|P(x) < C/ |VM|P(X)’
Q Q

in general does not hold (see. [15] for more details).

The rest of the paper is organized as follows: In Section 3 we state the main results and we fix the notations
used throughout the work. In Section 4 we will use a standard approximation procedure similar to [9,10,13,18].
First, we approximate the problem (1.1) by a sequence of non-degenerate and non-singular nonlinear elliptic
problems. Then, we prove both a priori estimates and convergence results on the sequence of approximating
solutions. Next, in Section 6 we prove that the weak limit of the approximate solutions is strictly positive in €2,
applying the strong maximum principle and Harnack inequality. In the end, we pass to the limit in the approximate
problem.
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50 H. Khelifi, M. A. Zouatini

3 Statement of results

In order to state our main results, we give the definition of weak solutions to problem (1.1).
Definition 3.1 Let f € L'(Q2). A measurable function u is said to be solution in the sense of distributions to
tmeMMLmﬁuEMP@LRLWVMG@KQVCE%QeLKmm>0mQJm

. |V |PO) )
/ a(x,u)a(x,u,Vu)V(p+/ b(x)—5—¢ =/(ku”‘ + o, (3.1)
Q Q u Q

for every ¢ € C(l)(Q).
The first result deals with the case where the source f belongs to L' ().
Theorem 3.2 Let f € LI(Q) be a positive function, p : Q — [2,400), 7 : Q — [1, +00) are continuous
Sfunctions satisfying (1.2)-(1.3) and (2.3). Let a and @ are Carathéodory functions satisfying (1.4)-(1.9). Then,
the problem (1.1) has at least one distributional solution u € Wé’n(') (2), with
N(p(x) —6)

I <nx) < T N_0 3.2)

Moreover "™ e L1().

Remark 3.3 (i) The hypothesis (1.2) implies that 7(x) < p(x) forall x € Q.
(i) Since 1 < n(x) < %, we can deduce that

- N —1
P > 14 (T)

(iii) If A =0 and f € L'(Q). Then, the result of Theorem 3.2 improves Theorem 1, in [23].

(iv) To prove that, the solution u is a strictly positive in €2, the condition (2.3) must be satisfied because (as far
as we know), the operator —div (|Vv |P (")’ZVU) checks the weak Harnack inequality only in the case where
p(-) satisfying the log-continuity condition (2.3) see eg [20]. Moreover, the hypothesis (1.2) be necessary to
prove this result as we will see in section 6.

3.1 Notations

Forany ¢(x) > 1, ¢'(x) = q?;)xll is the Holder conjugate exponent of ¢ (x) and y © = max g ¥ (x). For fixed
k > 0 we will use of the truncation T defined as Ty (s) = max(—k, min(k, s)) and Gy (s) = s — Tr(s). We

define, for s > 0.

De(s) = e @ B Py(s) = e o), (3.3)
with
st(o2+Ti ()" S (py+ 1)
H, = —°——dt, H = ————dt, V. 0. 34
£(s) /0 T 1 o)PH 0(s) /O 0 &> (3.4)

Observe that Hy is well-defined, since & < 1. We will also use the following functions, for o > 0

1, if0<r<l1,
Vo) =1Lt —-1-0), ifl<t<o+]l, (3.5)
0, ifo+1<r1,
and for k e N
1, ifs <k
Ri(s)=3k+1—s, ifk<s<k+1 (3.6)
0, ifs >k+1.
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For the sake of simplicity we will often use the simplified notation

=] seo.

when referring to integrals when no ambiguity on the variable of integration is possible. If not otherwise specified,
we will denote by C serval constants whose value may change from line to line and, sometimes, on the same
line. These values will only depend on the data (for instance C can depend on €2, p, v, 6, N, ...) but they will
never depend on the indexes of the sequences we will often introduce.

4 Approximating problems
In this section we prove the existence of a solution to the following non-degenerate and non-singular approxi-

mating problem:
Let us consider, for 0 < ¢ < 1, the sequence of approximating problems

ug |+€)?H1 T4¢lug |

4.1
ug =0, on 0L2.

{—div(a(x,Tl(us»a(x,us,ws))+b<x>”f'v”f'”” = 2™ r ingQ,

where f = T1(f) (fs > 0) be a sequence of bounded functions defined in & which converges to f > 0 in

L(). From the results of [3,14], the problem (4.1) admits at least one solution u, € Wol’p(') ()N L*®(Q).
Proposition 4.1 We have u, > 0 almost everywhere in <.

Proof Taking u; = min{u,, 0} as a test function in (4.1), using (1.5)-(1.7) and dropping the nonnegative second

term, we have
o _ Mue"™ |
— |Vu£ |P(x) < fo+ ERIRPTTeY u, < 0,
(02 + L™ Jo o 1+ elu]

so that u,, > 0 almost everywhere in 2. O

Therefore, Proposition 4.1 implies that u,, satisfies

_di = ue | Vug [P0 g™ ~
div (a(x, Ti(ue)ya(x, ue, Vua)> b T = T T fer N2, 4.2
us =0, on 0€2.
in the sense that u. satisfies the weak formulation of (4.2):
~ Ug |Vus|p(x)
[a(x,TL(us))a(x,ua,Vus)-V¢+/ b(x )—91¢
Q e Q (ue + &)t
r(X)

for every ¢ in Wol’p(')(Q) N L®(Q).

5 A priori estimates

In this section, we prove some a priori estimates for the approximate solutions u, and its partial derivatives.

Lemma 5.1 Let u, be any solutions to problem (4.2). Then it results
uslvuslp(X) / r(x) /
< + 5.1
./ b (ue + 8)0+1 / e-b
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52 H. Khelifi, M. A. Zouatini

Proof Taking % as test function in (4.2), and using the fact that V(%) = %Vug on the set {0 < u, < h},
we have

1 - e |Vue|P™ Ty (ue)
— a(x, Ti(ug))a(x, ugs, Vug) - Vu +fbx
B R R e
_ / g™ T (ug) N / 7 Tntwe)
a1+ edl™ ch )t R
By (1.5)-(1.7) (since (p2 4+ ue)? ™ > (d(x) + T1 (u,))” ™), we obtain
o / | Ve [P / ()usmgw(” T (ue)
h Jiu,<ny (02 + ue)? @) +e)f*l h

e Ty (ue) T (i)
< | /= + [ fe ,
Ql+4 eur(x) h Q h

@)
dropping the nonnegative first term, and using the inequality 1—:; ug(x) (since uz > 0 a.e. in 2) on the first
&€

u;(X) —

term of the right-hand side, one gets

Ue | Vg |PY Ty (ug) / Ty (ue) Ty (ue)
b <y [ o0 Inlue) / _
/Q ()C) (Ms + 8)9+1 h = o Ug A + o fs h

Since f, < f and % <1, we get

us|wg|1’<x> Th(ue) _ / o) /
b . 5.2
/sz( (e +e)"* h Tl 62

Letting & tend to 0 in (5.2), we deduce (5.1) by Fatou’s Lemma. O

Lemma 5.2 Let f € LY Q) bea positive function. and let us be a solution of (4.2). Then there exists a positive
constant C does not depend on &, such that for all continuous function n on Q as in (3.2); we have

le Ny < € and luelyi0q, < C, (5.3)
and for every k > 0
1Tkl 100 gy < € (5.4)
Proof In a first step let n* be a constant satisfying
N(p~—-0) _
l<pt < ———— . 5.5
<t < < (5.5)

The estimate (5.1), the condition (1.4) and that

29+]ua’42 > (ug +8)0+1 in {u, > 1},

give
Vi | Vit [P te| Vg |P)
i s [ et
2 {ue>1} Ug {us>1} (g + )
< Ml gy + 111 )- (5.6)
Setting

M(e) = Mu™ N gy + 1 f 1o
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By Yong’s inequality ( with the exponents 29 and n (f )(f)p, ), (5.6)-(5.7) and the fact that ulg < 1 on the set

P - -
/ el < / i@(—p Vg P 4 PO~ P~ )
fus=1)  Ug fue=1y ug \ p(x) p(x)

</ Ve [P +p+—p‘/ 1
" Jue=y ol P~ Sy ul

= € (MU lipie) + 1 lL1@) + €1
< C (M) +12). (538)

{u, > 1}, we get

Let now s be a positive real number such that 1 < s < p~. Using Holder’s inequality, we easily obtain that

: VG s
/ |VG1(M8)|A — / | 15?8)' Mgp
Q {ug>1} IS

ué

S -

p_—s
VG p- P fs I—
S / | l(lg&‘)l (/ Mé’ —s) P . (59)
{us>1} Ug {ue>1}

Inthe case of s = p~ — 60, we have | < s < p~. Therefore, using (5.8)-(5.9) and the fact that VG (1) = Vu,
in the set {u, > 1}, we get

0

/|VGl<us>|Ss(CM<s>+|sz|>p% (f u)
Q {ug=>1}

0

<C(M(e) + QD7 (f G1(ug)s> ’
{ue=1}
+C (M) + Q)7 . (5.10)
Thus, by Poincaré’s inequality on the left-hand side of (5.10) and Young’s inequality with 0 > 0 on the right-hand
side ( with the exponents % = pf_—e and ’77_ ), it leads to

f Grue)' < C/ VG (o)
Q Q

< CQIC (M@ +12D +oC [ Gilu)’ +C M)+ )T
{ue=1}
SQC/ G1(ue)’ + CM(e)?~ + C(@)M(e) + Clo, |2).
{ue>1}
Choosing o = % in the previous inequality, we get

/ Gi(us)’ <C (1 + M) + M(e)ﬁ%) . (5.11)
Q

We get by applying Minkowski’s inequality, the fact that |7 (u¢)| < 1, and the convexity of the real function

t+— 15 (since s > 1)
/ u, <C (1 —i—/ Gl(ug)“). (5.12)
Q Q

Observe that, From (5.11) and (5.12), it follows that

/ug §C<1+M(e)+M(e)1’%). (5.13)
Q

@ Springer



54 H. Khelifi, M. A. Zouatini

By the fact that r(x) < r+ < p~ — 6 we get r(x) < s, using Holder’s inequality ( with the exponents % and
s+(x) ) and Lemma 2.1, we have

r(x)<C r(x) B 1 B Q
fgug < CIEDN ;o I, i ()

Ls—rx)
% s—=r— s—rt
< Cmax|:</ ué) , (/ ué) :|max[|52|s, Q> ]
Q Q
<C </ ui) .
Q

[
s

(5.14)
where
L {r+, if foul > 1,
ro, if fQ uj < 1.
Combining (5.7), (5.13), and (5.14), we obtain
M) — I fllLg = Afgu;“‘)
<c(ME" + M@ +1)"
<C(MEP + M@ +1).
Since T < s < p~, then we deduce from the last inequality that
M(e) <C. (5.15)

Then, from (5.7) and (5.15), the sequence u;“) is bounded in L1(Q).
Now, taking s = 5™ in (5.9), using (5.10) and the boundedness of sequence ug(x) in L1(), we obtain

_7”+

P e\ 2
N ) =
/ |VG1(146)|77+ - / IVGi(ug)? \7 / uspf,,ﬁ r
Q " \Vwezn uf ue=1)

+

P_—n

nt _ont I
<CM(e)+ 2P (/{ (Gl(ue))l’_”+>

e=1}

+

(M) + Q)7 .

By (5.15), we can write

']+ p7p
/ IVGiue)|™ < C </ (Gl(ue))”f_'7+> +C. (5.16)
Q {ue>1}

By Sobolev’s inequality, combining with (5.16), we get

77+

* 4+
(/ (leg))’“)” sc/ VG ()"
{us>1} {us>1}

ont oy
<C ( (Gl(ue))p_”+) +C.
Q
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Apply Holder’s inequality (remark that pﬁt(ﬁ <), gives

at nte
* +¥ * *p—
(f (G (e ) <c (/ (Grlu)" ) e
{ue>1} {ue>1}
Since 0 < p~, e n?’ we obtain
/ (Gi1(ue)" < C. (5.17)
{ue>1}
By inequality (5.16) and (5.17), we deduce that
/ IVGiun)|" < C. (5.18)
{ue>1}
Now, considering Ty (u.) as test function in (4.2), we obtain
—~ Ug |Vus|p(x)
a(x, Ty (ue))a(x, ue, Vie) - VI (e) + | b(x)———-
Q Q (ug +¢)

Au;(x)
Z/ I+ DTS k(u5)+/ SeTi(ug).
Q EUg

Using (1.5), (1.7) and dropping the nonegative second term on the left hand-side, we have

p(x)
(s <ky (02 + T1 (us))”(x)

By the boundedness of the sequence ug(x) in L'(€2) and that (k + ,02)”Jr > (T1 (ug) + p2)? @, forall k > 1, we
get

/ VT3 (ue)|P®) < Ch(k + p2)" ", (5.19)
{ue <k}

taking k = 1 in (5.19), we deduce that T (u,) is bounded in W(}’p(')(Q) hence in W()l’n(')(Q). Using (5.18) and
the fact that u, = Ti(us) + G1(u.), we deduce that (5.3). Moreover (5.19) implies that (5.4).
Now let us consider a continuous variable exponent 1 on €2 satisfying the pointwise estimate (3.2) and

e N0
N—¢6
By the continuity of 7 and p on  there exists a constant § > 0 (here § does not depend on x ), such that

N(p(t) —9)>

N (5.20)

max (n(t)) < min <

1e0(x,0)N% 1€0(x,0)N%

where Q(x, 8) is a cube with center x and diameter 8. Note that € is compact and, therefore, we can cover it
with a finite number of cubes (Q ;) j=1,...x with edges parallel to the coordinate axes. Moreover, there exists a
constant v > 0 such that

5> Qi >v, Q=0,NQ, forallj=1,...,K. (5.21)

Wehdel?ote by 171.+ (respectively p;) the maximum of 1(.) on j (respectively the minimum of p(.) on Q i)
such that

N(p; —0) ,
n}<N’—_9, forall j=1,...,k.
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Using now the same arguments as before locally, we see that the inequality (5.16) holds on 2}, so

p;fn;r
9']7 p;
N =
/ IVGi(ue)|" <C / (G1(ue))'s i +C. (5.22)
Q; {xeQjue>1}
Denote by ’le(ug) the average of G1(u,) over Q;
Gi(ue) : / Gi(ue)
Ug) = ——— Ug).
1t meas(2;) Q; 1t
By Poincaré-Wirtinger inequality, we obtain forall j =1, ...,k
1G1(ue) = Gl 4+ < CIVGI@wl (5.23)
L' (Qj L7 (2))

Using (5.17) and (5.23), we get

1G 1l v+ < NG1ue) = Groll v+ + 1G4
L L L

i

i i)
+ C, forall j=1,...,k. (5.24)
)

j
<CIVGiu)ll -+
L@

J

We deduce from (5.22) and (5.24)

/ VG| <C, forall j=1,... k. (5.25)
{xeQjiues(x)>1}

nowing that n(x) < n; forallx € Q;,andalli =1,...,k, by (5. an . we conclude that

Knowing that n(x) < 0} forall x € Q;, and all i =1 k, by (5.19) and (5.25) lude th

/ |Vue|"™dx < C, forall j=1,...,k,

J

that is,

k
/ |V "®dx < Zf |Vue|"™dx < C.
Q =1 Q;

This finishes the proof of the Lemma 5.2. O

6 Proof of the Theorem 3.2

By Lemma 5.2, the sequence {u.}. is bounded in Wol’"(')(Q). Therefore, there exists a function u € Wol’"(')(Q)
such that (up to a subsequence)

6.1)

we —u in W"(Q),
us — u a.e.in Q.

Now, we will prove that

Vus — Vu ae.in Q.
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Leth, k > 0. We use T),(us — Tr(u)) as a test function in (4.2), by hypothesis (1.5) and (1.6), we get

a -~
| ot e Vi Vi, = Ti)
Q e

ug|V u8|p(x)
/b( )Wﬁh(% T (ue))|

r(x)

Mg

< W + fe | 1 Th(ue — Ti(ue))|
cu

Using (14). (5.0). |7 (ue — Tic(we))| < h and the fact that 2505 + f, < s + f, we have

o
————a(x, ue, Vu)VT(ue — T (ug)) < 2h Al )+ £).
/;2(p2+u8)y(x) ( e s) h( & k( s)) = /S;( e f)

Using the boundedness of sequence x5 in L!(Q) and f € L'(Q), we obtain

a _~
/5.2 ma(x, g, Vu)VTy(ug — Ty (ug)) < 2hC. (6.3)
&

This gives, by (1.9) and (6.3),

/ |V (ue — Ti(u))|P™)
Ai’h (p2 + ue)y(x)
@(x,ug, Vug) —a(x, ug, VI () VTy(ue — Ty (1))
[«
A (02 + ug)7™

ki
<0, ¢, / At e, VI)VTitte = 1)
o AL (p2 +ug)r™
_ Cp% B Cp/ a(x, Tpk (ue), VI () VT (ue — u) (6.4)
o AL, (P2 + ue)?®
where Ai’h = {lug — Tx(w)| < h, |u| < k}. Combining (1.9),(5.4) and (6.1), we obtain
VT (ue —u) — 0 in LPO(Q), ©5)
ax, Tegn(ue), VTi(w)) — @Cx, u, Vi) in LPO(Q). ’
According (6.4) and (6.5), we have
V(u. — T px)
limsup/ V(e — Ti(u))l < Ch.
=0 JAY, 1+ ug)y(x)
This, imply
lim sup/ V(e — Te(u)|P™ < Ch(1 +k + h)VJr. (6.6)
e—0 Ai,h
Let now 7 (x) be a continuous function, such that 1 < 7(x) < n(x) < p(x). Itis clear that
/ V(e —w)[*Y < f IV (e — u)|" +/ IV (e — )"
Q BL ) Cin
+ / IV (ue — )|, (6.7)

Dj,
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where

Bi = {lue —ul < h, |u| <k},
Ci,h ={lus —u| < h,|ul >k}, and
Dj, = {lug —u| > h}.

By (6.7), Holder’s inequality, Lemma 2.1 and that u, is uniformly bounded in W(} 10) (£2). We deduce that

/ IV (s — u)|*™

Q
1
P

1
&)F [
< C max / IV (g — u) [P , / IV (e — u)|P™
Bli,h Blf,h

1 L
+ C max (M { et w({lul > k})(n"fr) )

L 1
4 Cmax (u({lus —ul > iy ) (e — ul > by ) ) 6.8)

Thus, we deduce from (6.6) and (6.8), that

lim sup lim sup/ IV (e — u)|*™
h—0 e—0 JQ

< C max (M({Iul = i) Tl > k}>(~1f)_) .

At the limit as k — 400, u({|u| > k}) converges to 0. Therefore (up to subsequences), Vu, — Vu a.e. in Q.
Now, we are going to prove the strict positivity of the weak limit u of the sequence of approximated solutions
Ug.

Lemma 6.1 Let0 < 6 < 1. Let ug and u be as in (6.2). Then u > 0.
Proof Let ¢ € WyP" (2) N L®(Q) is a positive function. We choose @ (us )¢ ( . and g given by (3.3)) as

a test function in (4.2) (which is admissible since it belongs to Wol’p(')(Q) N L*°(£2)), using the fact that

vy e(pr+ Ti(ue))””
VO () = ——Vu, e

De(ue)p + Qe (u:) Vo,

we get

ue(pr + T e)?”

o (up + 8)94—1

D (ue)

—V2/ a(x, Ty (ug))a(x, ug, Vug) Vg
Q £

/ a(x, T1 (ug))a(x, ug, Vg )P () Ve

e | Vg |P) Jap™
/ b(x ) )9+1 D (ug)p = / I ur(x) + fo | Pe(ue)g.
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Using hypothesis (1.4), (1.5) and (1.7), we have

N
/ a|Vug [P te(p2 4+ T1(ue))”
o (02 + T1(u)’™ o (uy + g)ft!
e Vieg|P™)
(ua +€)9+1

D (ue)g

+ :3/ a(x,ug, Vug) P (ug) Ve + V2/ D, (ue)gp
Q Q

}\.ug(X)
= —r(x)‘i‘fa D (ue).
Q\1+cu,

VuelPOue (o + Tewe)”™ g, P
— v V
202+ T (g + )01 (g + )01

Note that (since py > 1)

"
Vi (e D))
(e + 5)9+1 (p2 + T% (Me))y(x) -

’

we get

7(x)
:3/ /a\(xs g, Vilg) VoD, (ug) > / L + fo ]| Pe(ue)g.
Q Q\1+ sug(x)

Dropping the nonnegative second term and using the fact that f, > T(f), Ve < 1, we obtain
B /;Za(x’ ug, Vig) VoD, (ue) > /Q Ti ()P (ue)d. (6.9)

Let ¢ in W(}’p(')(Q) N L*°(2), with ¢ > 0. Let us take ¢ = ¥, (us)p as a test function in (6.9), where ¥, is
given by (3.5). By (1.7) and that v/ (t) < 0, we obtain

/Q Ty ()W (1) e (102) X (02, <041)
<8 /Q B the, Vite)- Voo ()P (1) X{02, <0 +1)- (6.10)

Then, letting 0 — 0, Lebesgue’s Theorem yield

Vo (Ue) X(0<ue <o +1) = Xi0=ue<1) in L'(Q). (6.11)
Equation (6.10), (6.11) and since 71 (T1(ue)) = T1(us) (since € < 1), imply that

B f a(x, Ti(ug), VI (). Vo @, (ue)
{0<u.<1}
= / T1(feoPe(ue). (6.12)
{0<u.<1}
By Holder’s inequality, (1.8) and Lemma 2.1 we can easily prove that
f j@Cx, T ue), VT )P < C. (6.13)
Q

According to (6.1), (6.2) and (6.13) , we deduce that

a(x, Ty (ue), VT (p)) — aCx, Ty (w), VTi(w)) in LV (). (6.14)
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Now we pass to the limit as ¢ — 0 in (6.12), we deduce from (6.14), that

/Qﬁ(x, Ty (u), VT1(u)).Vo@o(T1 (1))

1
> 1 /{0 | TiDp (T ) 6.15)

for all ¢ in Wol’p(')(Q) N L*°(2), with ¢ > 0. Then, by density, for every nonnegative ¢ € Wé’p(')(Q). Let us
consider the function ¢ : [0, +00) — [0, +00) defined by

t
(1) = / Do (s)ds,
0

we have that v = 9 (T (u)) € W(}‘p (')(SZ); furthermore, since

2

o (T () = Do(1) = e« 0D 5 0,

the inequality (6.15) is equivalent to that

/ B(x,v,Vv).Vp > l/ gx)p,
Q B Ja

where

—1
B(x.s. &) = do(T,(u)d (x, SsTi(u) [jOT‘(” <I>0(s)ds] : m> :
g(x) = Ti(f)Po(D) x(o<u(x)<1}-

The comparison principle in Wol’p (')(Q) says that v(x) > z(x) (see [19]), where z is the bounded weak solution
of

ze Wy (@),
—div(B(x, z, Vz)) = g(x).

Indeed, by using (1.7)-(1.9), M satisfies, for almost every x € 2, for every &, &' in RN

B(x,s, £).6 > |£|PW9,
IB(x, s, )] < Cils|P@ 4 CylE)PD1 4 ¢,
(B(x,s,&) — B(x, s, g’))(s _ 5/) > 0.

To check this, from (1.7), p(x) > 2, u > 0 a.e. in © and that [P (T} (x))]>"P®) > 1, we have

B(x,s,&).t
-1

§ §
" Do(T1(w) | Po(Ti ()

Ty ()
= [®o(T1 ())?@ | x, sT1 (u) [ fo @o(s)ds]

> [Do(Ty (u)]>P@ g |P®)
> &P,
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In view of (1.8) and 6 < p(x), we get

|B(x,s, &)l

—0(p(x)—1)

0(p()—1) Ti (u) pe) 0(p()—1)
< @o(T1()|Ty(w)| »® / Do (s)ds ls| P
0

+ e ®o(Ty (u)) >~ P D) g P~

f(p(x)—1)

[Ty (u)| 7™
ey S

<f0T| () Cbo(s)ds> P

+ e ®0(Ty (u)) >~ PO g PO=1 (6.16)

< c1Po(T1(u)) |p(x)71 1

Since ®( decreasing, we obtain

A(px)—1) 0(p(x)=1)
T (u)| »® |71 (u)| ™
O(p)=1) — O(px)—1)

(" @owrds) ™ (g @o(miands) "
1

<
O(px)=1) ’

[ @o(Ti(w))] P

by this inequality and (6.16), we obtain
1-22E= (-1 2 p(x) g p(0)—1
|B(x,s,8)| < c1[®o(Ti(m)] 7@ (|s|? + 1) + o[ Po(T1 ()]~ P |EP
< Cyls|PO71 4+ Colg 1P 4 s,

where

v (60D 1\ goa v
Ci=C3=cie” ( P- ) o) and Cp = cze?z(P+_2)H°(1).

Finally, thanks to (1.9), we can write

[B(x,s.§) — B(x,s,§)].(6 — &)

Ti(u) B &
— 2 a DT (1))
= [Po(T1@)]” | a | x,sTi(u) |:/é <I>0(s)ds:| T @0 (Th(u))
R Ti(u) - g’
—a | x,sTi(u) /0 Do (s)ds J m
B
DQo(T1(w))  Do(T1(u))
é s/ p(x)

> [®0(Ti ()]

®o(Ty () Po(T1(u))
> [®0(T1 (u)]*PD|g — g'|P™

Since g is nonnegative and not identically zero, and p(x) verifies (1.2), (2.3) the weak Harnack inequality (see
[20]) yields z > 0 in €2 and so v > 0 in Q. Since T1(#) > v, we conclude that 77(#) > 0 in €2, which then
implies that u > 0 in Q. O

Corollary 6.2 Let 0 < 6 < 1 and u be the weak limit of the sequence u,. We have W'L#:m e LY(Q).
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Proof From (5.1), and (1.4), we obtain

e | Vg [P
o (ue +¢) Q Q

Taking limit as ¢ — 0, by Fatou Lemma, as well as the weak convergence of u, to « in Wol’"(') (€2), and the strict

positivity of u, we deduce that
Yu|P&)
v1/ %Skfur(x)—i—/ f
Q u Q Q

This completes the proof. O
Now we prove that u is a weak solution of the problem (1.1). This is the aim of the following lemma.

Lemma 6.3 Ler u be the weak limit of the sequence u.. Then u satisfies

R b(x)|Vu|P® )
fa(x,u)a(x,u,Vu).V¢+/ u—9<p=/(ku + e, (6.17)
Q Q

Q
forall g € Wy'P (@) n L2 (Q).
Proof Lete > 0, j € N* and k € N, we define

2 H | (Tjw))
Ve, jk = Pe(ue)e 4 Ry (ug)o,

where ®., H1 and Ry given by (3.3),(3.4) and (3.6), ¢ is a positive Cé (€2) function. Note that Ry (u.) = 0 when
J
ue >k +1, then Ty 1 (ug) = u. Let us take v, j ¢ a test function in (4.2), and using the fact that

ZH ) (Tj(w)) vy Tj(u)(p2 + T; ()Y
Ve jk = Pelug)e ™ Re(ue)Vep + — 2 !
o« (Tj(u)+ )7

Ug’j’vaj (M)

vy e (P2 + T ()"

T (g + )01

vs,j,kvus + ws,j,kvus,

THTjw)
where we jx = Pe(ug)e  J R (ug)p, we have

2 H i (Tj(u)

/Qa(x, T% (ue))a(x, Tes1 (e), VTir1 (e) e (upe Ri(ue) - Vo

Tj(w)(p2 + Tj(w)”"
(T () + )7

V2 —~
+ ;f a(x, Tr(ue)a(x, Tet1(ue), VIip1(ue)).VTj(u) Vs, j k
Q &

YA e |Vitg [P
(P v,»,k—/bm—v,:k
/sz (1 e e T I

1
Is.j,k

ue(p2 + T ()

(ug + 8)0-1—1

V2 ~
+ g/ a(x, Ty (ug))a(x, Tiy1(ue), VI (ue)).Vug Ve, j .k
Q -4

2
Is.j,k

—/ a(x, Ti(ug))a(x, ug, Vue). Vugwe, j i (6.18)
{k<ug<k+1} e

3
Is,j,k
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Using (1.5)-(1.7) and that R,’{(s) < 0, we have
73 > f ot|Vu€|P(X) S 6.19
> e.ik > 0. .
o {k<ue<k+1} (P2 + I (ue))y ™
On the other hand by (1.5), (1.6) and (1.7) we get
vy R ue(pr + To (ue))”"
Ea(x, Ty (ue))a(x, Ti1 (ue), Vi1 (ue))- Ve . +;)9+1
e | Vg P
—bh(x) el
2 (ue + &)0+1
.
N 2| Vate | "Pute (p2 + Ty (we))”™ N e |Vitg |P®
T (o2 + T (ue))” ™ (ue + )01 (ue + &)+
\J2u£|Vu5|p(x) (02 + Tl(“s))}ﬂr
> £ —-1({=0,
(e + 8)9+1 (o2 +T1 (ug))y(x) N
thus
ik —T k20 (6.20)
Letting ¢ — 0, it’s not difficult to prove that
- 2 Hy(Tjw)
Ve, jk —> V0,jk = e a How, i Ri(u)g strongly in L'(€).
By using (5.4),(6.19),(6.20), and Fatou’s Lemma, we have
S 3 2 1
llgll)l(l)’lf Lot Lo —ZLejx
> 111811_361f Is,j’k - I&j’k
va(x, wya(x, u, Vu).Vu | V| PO
- [ [ ! YOI o o 6.21)
Q au®(py +u)=v u
Hence, we can pass to limit as ¢ tends to 0 in (6.18) to get
v 2 H (Tj(u)
T+ T = /Q“(x,u)ﬁ(x,u, Vuye @ 0@ 1 R (u) - Ve
T, T: ()"
+ b / a(x,u)a(x,u, Vu).VT;(u) ;P2 + 1} (u)l) o, j k
o Jo (T ) + 1ot
> [ 0+ fruo
Q
voa(x, u)a(x,u, Vu).Vu [V |PO)
+ / [ 7 — — b(xX)——5— |vo,j.k
Q au’(py +u)=" u
3 4
=T+ Tk (6.22)
Since H1 (Tj(u)) < Hi(u) < Ho(u), we have
J J
v ZH(Tjw)
e @ Mo T Re(u) < Rew) € L), (6.23)
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v ZH L (Tjw)
by the fact that e~ aHowe®

gives

Ry(u) — Ri(u) ae.in Q2 as j — +oo and (6.23), Lebesgue’s theorem

v L H (T
—%Ho(u)e‘” %(j(u))

e Ri(u) — Rp(u) strongly in L'(S). (6.24)

Using the boundedness of a(x, u)a(x, u, Vu) in Lp/(')(Q) (see (1.5) and (1.8)), we obtain

lim jjl’k = / a(x,u)a(x,u, Vu)Ri(u) - V. (6.25)
Q

Jj——+oo

Let j > k + 1, since Ry (u) = 0 on {u > k + 1} that gives Tj(u) = u on {u < k + 1}. Using (1.5), (1.8), and
the fact that vo j x < Ri(u)e (since H1 (T;(u)) < Hi(u) < Ho(u)), we get
J J

T (u)(p2 + T ()"
(T() + )7

a(x,wya(x,u, Vu)VT;(u) Vo, j k

0(p()=1) _ Ti(w)(p2 +T;j (u))VJr
<Blcu 7 +coVuP™ 1) VT (u)| Ry (u)
’ ( T @ + Y
8(p0—1) A
u
Vu Vu|PX)
<A (cl | . . ML ) (02 +k+ 1) Re(w)g. (6.26)
u rx)

Applying Young’s inequality in the last estimate and by Corollary 6.2 we obtain

Tju)(p2 + Tj(u))? "

a(x,uya(x,u, Vu)VT;(u) T+ %)9_’_1

0, j.k

|Vu|1’(x) N |
=B|c3 5 T (o2 +k+ 1" Ry € L' (Q).

So by Lebesgue’s convergence theorem, we can pass to the limit in jjz & s j tends to infinity to obtain

v / a(x,u)a(x,u, Vu).Vu
Q

lim J2%, =
Tik=7 (P2 +u) 7" ul

Jj—>+oo

Ri(u)e. 6.27)

We argue similarly as in (6.27), we have

_ vo a(x, u)a(x, u, Vu).Vu |V | P
lim 7%+ T, = / 2 _p Y g
j%lrfoojj’k ik aoloe  (+w 7 ul ») u? Ky
+ [ ™™ + )R (). (6.28)
Q

Now, we pass to the limit as j — +o0 in (6.22), according to (6.25), (6.27) and (6.28), we conclude that,

/ a(x,u)a(x,u, Vu).VoRy (1)
Q

v [ a(x,u)a(x,u, Vu).Vu
+ = —7 5 R
aJo (p+u)Vu

> / "™ + ) Re(u)g
Q

+/ |:v2 a(x,u)a(x,u, Vu).Vu b )|Vu|p(x) Reu)
—= — b(x u)Q.
el (mrw 7 N R
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After a trivial computation, we get

_ |Vue P
/ a(x,u)a(x,u, Vu).VoRy(u) +/ b(x)u—eRk(u)w
Q Q

> / ™™ + £)Ri(u)p.
Q

Letting k tend to infinity

. |Vu|p(x) o)
/ a(x,uya(x,u, Vu).Vo + / b(x)—9¢ > / (Au + e. (6.29)
Q Q u Q

To prove the opposite inequality, we choose ¢ € Cé (2) with ¢ > 0, as test function in (4.2), to obtain

u€|Vu€|'"(x)
(ug + 8)9+1

< /Q (Aug<x>+ fs) 0. (6.30)

/ a (e, Tr (ue)a(x, s, Vite) Vo + / b(x)
Q e Q

From (1.8), (6.1), (6.2), Lemma 5.2, we have

ax, g, Vug) — a(x,u, Vu) in L19(Q), Vq(x) € (1, %) . (6.31)

Therefore (6.30),(6.31) and Fatou’s lemma imply

|Vu|”(x)
/a(x,u)a(x,u,Vu)V¢+f b(x)—5—¢ 5/(ku’(x)+f)(p. (6.32)
Q Q u Q
Combining (6.29) and (6.32), we deduce that
|V |PO)
f a(x, wa(x, u, Vi)Ve + / bx)—G—¢ = / " + e, (6.33)
Q Q u Q

for every ¢ in Cé(Q), with ¢ > 0.
Now, let ¢ any Cé () function and ¢ > 0. We define ¢5 = p® * ¢+ as the convolution of a mollifier p* with
@+. Then ¢f is a positive Cé (€2) function, for ¢ sufficiently small. By (6.33), we have

S & & |Vu|p(X) £ £
/Qa(x,u)a(x,u, Vu)V(pZ —¢}) +/Qb(x)u—9(<p, —¢)

= /Q O + £)(@F — ¢).

Since ¢f — ¢ — ¢ uniformly in Q and in WO1 ‘"(X)(Q) for every ¢ — 0, the results follows. O
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