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Abstract In this article, we focus on a Caputo hybrid fractional differential equation of order 1 < q < 2 with
nonlocal boundary conditions, which is of the Volterra-Fredholm type. We investigate the existence of solutions
using Dhage’s fixed point theorem for Banach algebras. At the end we provide an example to illustrate the main
result.
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1 Introduction

Due to the applications to a variety of problems in control technology, communications, electrical engineering,
impact mechanics, medicine and other fields, the theory of fractional differential has grown in importance during
the past thirty years and so. The mathematical model of fractional calculus, and particularly the fractional
differential equations are useful for describing the characteristics of numerous processes and applications in
many different domains. Numerous studies discussing fractional differential equations under various conditions
have been published [1–3,10,15,18,22–25].

The study of the qualitative and quantitative characteristics of the solution of differential and integral equations
in fractional calculus heavily relies on the numerous integral inequalities. Many engineering and scientific areas
use Volterra-Fredholm integro-differential equations as an approximation to partial differential equations, which
capture most continuous phenomena. These equations can take on a variety of shapes. Unsteady aerodynamics
and aero elastic phenomena, viscoelasticity, fluid dynamics, electro dynamics of complex media, viscoelastic
panels in supersonic gas flow and numerous population growth models are some of the applications. Many
authors have concentrated on the creation of methods for discussing the solutions of integro-differential and
fractional differential equations in recent years [16,20,21].

Hybrid differential equation is a special class of differential equations. A flow of research effort in the area of
fractional differential equations has been restored as a result of the significance of hybrid fractional differential
equations in the field of nonlinear analysis. Sometimes it may not be relevant to analyse the nonlinearity of the
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68 D. Devi, J. Borah

function involved in the right-hand side of the equation in terms of the existence of a solution or some other
aspects of the solutions. As a result, a novel form of differential equations is created by perturbing the non-
linearity of the underlying function. Dhage [11] initiated the study of hybrid differential and integral equations
in 1988. Following that, many authors created various works on this. In 2010, Dhage and Lakshmikantham [12]
studied the following first order hybrid differential equation,

d

dt

[
x(t)

f (t, x(t))

]
= g(t, x(t)), t ∈ [t0, t0 + a) = J,

x(t0) = x0 ∈ R,

where f ∈ C(J × R, R \ {0}) and g ∈ C(J × R, R). They investigated some fundamental results of nonlinear
hybrid differential equation solutions under mixed Lipschitz and Carathéodory conditions. They also established
some basic differential inequalities to demonstrate the existence of extremum solutions and a comparison result.

Here after, Zhao et al. [25] extended Dhage and Lakshmikantham’s work by considering the following
Riemann-Liouville type fractional hybrid differential equations and proving the existence of solutions and
extremum solutions, as well as providing a comparison result.

0 Dq
t

[
x(t)

f (t, x(t))

]
= g(t, x(t)), t ∈ [0, T ) = J,

x(0) = 0,

where 0 < q < 1, f ∈ C(J × R, R \ {0}) and g ∈ C(J × R, R).

In 1991, Byszewski [8] started the study on nonlocal problems. He proved the existence and uniqueness of
mild, strong, and classical solutions to a semilinear nonlocal evolution problem. Following that, many authors
worked on it in various ways [3,7,9,14,19]. Using the hybrid fixed point theorem of Dhage, Ahmad et al. [3]
proved the existence of solutions for a Hadamard type nonlinear hybrid fractional differential equations with
nonlocal boundary conditions.

There is an another class of special delay differential equation known as the pantograph equation. The
pantograph equation appears in a wide variety of mathematical disciplines including number theory, dynami-
cal systems, probability, dynamical systems, electro dynamics and quantum physics. Many authors have done
different work on it [4–6,17].

Depending on the above literature, in this work we study the existence of solution for the following nonlinear
nonlocal hybrid Volterra-Fredholm pantograph type fractional differential equation

C
0 Dq

t

[
u(t) − g(t, u(t), u(λt))

f (t, u(t),
∫ t

0 k1(t, τ )h1(τ, u(τ ))dτ,
∫ T

0 k2(t, τ )h2(τ, u(τ ))dτ)

]
= w(t, u(t), u(λt)),

t ∈ [0, T ],
u(0) = φ(u), u(T ) = a.

(1.1)

Here, C
0 Dq

t denotes the Caputo fractional derivative of order 1 < q < 2 and 0 < λ < 1. Assume, f ∈
C([0, T ] × R × R × R, R \ {0}) ; g, w ∈ C([0, T ] × R × R, R) and for i = 1, 2, hi : [0, T ] × R → R, also
φ : C(J, R) → R be a continuous and bounded function.

In Section 2 we present some preliminary definitions and results that will be used to determine the main
result. Next, the existence of solution for the boundary value problem (1.1) by using a fixed point theorem in
Banach algebra due to Dhage under mixed Lipschitz and Carathéodory conditions is discussed in Section 3. In
Section 4 we give an example to illustrate the main result.

2 Preliminaries

Definition 2.1 [18] For a function y : (0,+∞) → R, the Riemann-Liouville fractional integral of order q > 0
is given by

0 I q
t y(t) = 1

�(q)

t∫
0

(t − s)q−1 y(s)ds,

123



On the solution of nonlinear nonlocal... 69

provided that the right side is pointwise defined on (0,+∞).

Definition 2.2 [18] If y(t) ∈ ACn[0,∞) then the Caputo fractional derivatives exist almost everywhere on
[0,∞)

C
0 Dq

t y(t) = 1

�(n − q)

t∫
0

yn(s)

(t − s)q−n+1 ds,

where n = [q] + 1 and [q] is the integer part of q, provided that the right side is pointwise defined on (0,+∞).

Lemma 2.3 [18] Let us consider q > 0 then the unique solution of the fractional differential equation
C
0 Dq

t y(t) = 0 is given by

y(t) = c1 + c2t + · · · + cntn−1,

ci ∈ R for i = 1, 2 · · · n are arbitrary constants and n = [q] + 1.

Lemma 2.4 [18] Let us consider q > 0 then

0 I q
t {0 Dq

t y(t)} = y(t) + c1 + c2t + · · · + cntn−1,

ci ∈ R for i = 1, 2 · · · n are arbitrary constants and n = [q] + 1.

Lemma 2.5 Let w ∈ C([0, T ], R) then for 1 < q < 2 the fractional hybrid differential equation

C
0 Dq

t

[
u(t) − g(t, u(t), u(λt))

f (t, u(t),
∫ t

0 k1(t, τ )h1(τ, u(τ ))dτ,
∫ T

0 k2(t, τ )h2(τ, u(τ ))dτ)

]
= w(t), t ∈ [0, T ],

u(0) = φ(u), u(T ) = a

(2.1)

has an integral solution

u(t) = f (t, u(t),
∫ t

0
k1(t, τ )h1(τ, u(τ ))dτ,

∫ T

0
k2(t, τ )h2(τ, u(τ ))dτ)

[
1

�(q)

t∫
0

(t − s)q−1w(s)ds + φ(u) − g(0, φ(u), φ(u))

f (0, φ(u), 0,
∫ T

0 k2(0, τ )h2(τ, u(τ ))dτ)

+ 1

T

{
a − g(T, a, u(λT ))

f (T, a,
∫ T

0 k1(T, τ )h1(τ, u(τ ))dτ,
∫ T

0 k2(T, τ )h2(τ, u(τ ))dτ)

− φ(u) − g(0, φ(u), φ(u))

f (0, φ(u), 0,
∫ T

0 k2(0, τ )h2(τ, u(τ ))dτ)
− 1

�(q)

T∫
0

(T − s)q−1w(s)ds

}
t

]

+ g(t, u(t), u(λt)), t ∈ [0, T ].

(2.2)

Proof The following equivalent integral form of (2.1) is derived using Lemma 2.4 and Definition 2.1

u(t) = f (t, u(t),
∫ t

0
k1(t, τ )h1(τ, u(τ ))dτ,

∫ T

0
k2(t, τ )h2(τ, u(τ ))dτ)

[
1

�(q)

t∫
0

(t − s)q−1w(s)ds + c1 + c2t

]
+ g(t, u(t), u(λt)),

(2.3)

where c1 and c2 ∈ R.
Using the conditions of (2.1) in (2.3) we get,

c1 = φ(u) − g(0, φ(u), φ(u))

f (0, φ(u), 0,
∫ T

0 k2(0, τ )h2(τ, u(τ ))dτ)
.
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And

c2 = 1

T

{
a − g(T, a, u(λT ))

f (T, a,
∫ T

0 k1(T, τ )h1(τ, u(τ ))dτ,
∫ T

0 k2(T, τ )h2(τ, u(τ ))dτ)

− φ(u) − g(0, φ(u), φ(u))

f (0, φ(u), 0,
∫ T

0 k2(0, τ )h2(τ, u(τ ))dτ)
− 1

�(q)

T∫
0

(T − s)q−1w(s)ds

}
.

Now, putting the values of c1 and c2 in (2.3) we get,

u(t) = f (t, u(t),
∫ t

0
k1(t, τ )h1(τ, u(τ ))dτ,

∫ T

0
k2(t, τ )h2(τ, u(τ ))dτ)

[
1

�(q)

t∫
0

(t − s)q−1w(s)ds + φ(u) − g(0, φ(u), φ(u))

f (0, φ(u), 0,
∫ T

0 k2(0, τ )h2(τ, u(τ ))dτ)

+ 1

T

{
a − g(T, a, u(λT ))

f (T, a,
∫ T

0 k1(T, τ )h1(τ, u(τ ))dτ,
∫ T

0 k2(T, τ )h2(τ, u(τ ))dτ)

− φ(u) − g(0, φ(u), φ(u))

f (0, φ(u), 0,
∫ T

0 k2(0, τ )h2(τ, u(τ ))dτ)
− 1

�(q)

T∫
0

(T − s)q−1w(s)ds

}
t

]

+ g(t, u(t), u(λt)), t ∈ [0, T ].

��

3 Existence Result

For the space of continuous real-valued functions Y = C(J , R) on J = [0, T ] define a supremum norm ‖ · ‖
as

‖y‖ = sup
t∈J

|y(t)|

and a multiplication in Y is defined as

(xy)(t) = x(t)y(t), ∀t ∈ J .

It is clear that Y is a Banach algebra in terms of the above mentioned norm and multiplication in it.
In the proof of our main results, we use the following Dhage’s fixed point theorem in Banach algebra.

Theorem 3.1 [12] Assume S be a non-empty, closed convex and bounded subset of the Banach algebra Y . Let
the three operators A : Y → Y , B : S → Y and C : Y → Y be such that

(i) A and C are Lipschitzian with a Lipschitz constant α and β respectively,
(ii) B is compact and continuous,

(iii) u = Au Bv + Cu 	⇒ u ∈ S for all v ∈ S, and
(iv) αM + β < 1, where M = ‖B(S)‖ = sup{‖Bx‖ : x ∈ S}.
Then the operator equation u = Au Bu + Cu has a solution in S.
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3.1 Hypotheses

Now consider some hypotheses that will be used to prove the main result:

(H1) There exists a constant L f > 0 for all t ∈ J and x1, y1, z1, x2, y2, z2 ∈ R such that f : J ×R×R×R →
R \ {0} satisfies

| f (t, x1, y1, z1) − f (t, x2, y2, z2)| ≤ L f (|x1 − x2| + |y1 − y2| + |z1 − z2|).
(H2) There exists a constant Lhi > 0 for all t ∈ J and x, y ∈ R such that hi : J × R → R satisfies

|hi (t, x) − hi (t, y)| ≤ Lhi |x − y|, i = 1, 2.

(H3) There exists a constant K > 0 such that

max
t,τ∈J

{
|k1(t, τ )|, |k2(t, τ )|

}
≤ K.

(H4) There exists a constant Lg > 0 for all t ∈ J and x1, y1, x2, y2 ∈ R such that g : J ×R×R → R satisfies

|g(t, x1, y1) − g(t, x2, y2)| ≤ Lg(|x1 − x2| + |y1 − y2|).
(H5) There exists constants X0,X1 > 0 such that

∣∣∣∣ φ(u) − g(0, φ(u), φ(u))

f (0, φ(u), 0,
∫ T

0 k2(0, τ )h2(τ, u(τ ))dτ)

∣∣∣∣ ≤ X0,

∣∣∣∣ a − g(T, a, u(λT ))

f (T, a,
∫ T

0 k1(T, τ )h1(τ, u(τ ))dτ,
∫ T

0 k2(T, τ )h2(τ, u(τ ))dτ)

∣∣∣∣ ≤ X1.

(H6) For all t ∈ J and x ∈ R there exist a continuous function η : J → (0,+∞) and a non-decreasing
continuous function 	 : R

+ → R
+ such that

|w(t, x(t), x(λt))| ≤ η(t)	(‖x‖) and 0 I q
t η ∈ C(J, R

+).

3.2 Main result

Theorem 3.2 Assume that the considered problem (1.1) satisfies the hypotheses (H1)-(H6). Further if,

F0

[
2X0 + X1 + 2‖η‖	(r)

�(q+1)
T q

]
+ G0

1 − L f (1 + KLh1 T + KLh2 T )
[
2X0 + X1 + 2‖η‖	(r)

�(q+1)
T q

]
− 2Lg

≤ r, (3.1)

where,

L f (1 + KLh1 T + KLh2 T )
[
2X0 + X1 + 2‖η‖	(r)

�(q + 1)
T q

]
+ 2Lg < 1 (3.2)

also r > 0 and F0 = sup
t∈J

| f (t, 0,

∫ t

0
k1(t, τ )h1(τ, 0)dτ,

∫ T

0
k2(t, τ )h2(τ, 0)dτ)|, G0 = sup

t∈J
|g(t, 0, 0)| then

(1.1) has a solution defined on J .

Proof Let, Y = C(J , R) and consider a subset S of Y defined as

S = {x ∈ Y| ‖x‖ ≤ r}
also r satisfies (3.1). So it is clear that S is a closed, convex and bounded subset of the Banach algebra Y .
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72 D. Devi, J. Borah

From Lemma 2.5 we will get the following equivalent integral equation of (1.1)

u(t) = f (t, u(t),
∫ t

0
k1(t, τ )h1(τ, u(τ ))dτ,

∫ T

0
k2(t, τ )h2(τ, u(τ ))dτ)

[ 1

�(q)

t∫
0

(t − s)q−1w(s, u(s), u(λs))ds + φ(u) − g(0, φ(u), φ(u))

f (0, φ(u), 0,
∫ T

0 k2(0, τ )h2(τ, u(τ ))dτ)

+ 1

T

{ a − g(T, a, u(λT ))

f (T, a,
∫ T

0 k1(T, τ )h1(τ, u(τ ))dτ,
∫ T

0 k2(T, τ )h2(τ, u(τ ))dτ)

− φ(u) − g(0, φ(u), φ(u))

f (0, φ(u), 0,
∫ T

0 k2(0, τ )h2(τ, u(τ ))dτ)
− 1

�(q)

T∫
0

(T − s)q−1w(s, u(s), u(λs))ds
}

t
]

+ g(t, u(t), u(λt)), t ∈ [0, T ].

(3.3)

Now we consider three operators A : Y → Y , B : S → Y and C : Y → Y such that,

Au(t) = f (t, u(t),
∫ t

0
k1(t, τ )h1(τ, u(τ ))dτ,

∫ T

0
k2(t, τ )h2(τ, u(τ ))dτ), t ∈ J , (3.4)

Bu(t) = 1

�(q)

t∫
0

(t − s)q−1w(s, u(s), u(λs))ds + φ(u) − g(0, φ(u), φ(u))

f (0, φ(u), 0,
∫ T

0 k2(0, τ )h2(τ, u(τ ))dτ)

+ 1

T

{ a − g(T, a, u(λT ))

f (T, a,
∫ T

0 k1(T, τ )h1(τ, u(τ ))dτ,
∫ T

0 k2(T, τ )h2(τ, u(τ ))dτ)

− φ(u) − g(0, φ(u), φ(u))

f (0, φ(u), 0,
∫ T

0 k2(0, τ )h2(τ, u(τ ))dτ)
− 1

�(q)

T∫
0

(T − s)q−1w(s, u(s), u(λs))ds
}

t,

t ∈ J ,

(3.5)

and

Cu(t) = g(t, u(t), u(λt)), t ∈ J . (3.6)

Therefore, (3.3) can be written as,

u(t) = Au(t)Bu(t) + Cu(t), t ∈ J .

Our next step is to prove that all the three operators A, B and C satisfy the conditions of the Theorem 3.1.
Step 1: First we will show that the operators A and C are Lipschitzian on Y with a Lipschitz constant.

Consider u, v ∈ Y , for all t ∈ J from (3.4) and (H1)-(H3) we get,

|Au(t) − Av(t)| =
∣∣∣∣ f (t, u(t),

∫ t

0
k1(t, τ )h1(τ, u(τ ))dτ,

∫ T

0
k2(t, τ )h2(τ, u(τ ))dτ)

− f (t, v(t),
∫ t

0
k1(t, τ )h1(τ, v(τ ))dτ,

∫ T

0
k2(t, τ )h2(τ, v(τ ))dτ)

∣∣∣∣
≤ L f {‖u − v‖ + KLh1‖u − v‖T + KLh2‖u − v‖T }
= L f (1 + KLh1 T + KLh2 T )‖u − v‖.

After taking supremum over J for all u, v ∈ Y we get,

‖Au − Av‖ ≤ L f (1 + KLh1 T + KLh2 T )‖u − v‖.
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On the solution of nonlinear nonlocal... 73

Hence, A is Lipschitzian on Y with a Lipschitz constant L f (1 +KLh1 T +KLh2 T ). Similarly for any u, v ∈ Y ,
t ∈ J from (3.6) and (H4) we get

|Cu(t) − Cv(t)| = |g(t, u(t), u(λt)) − g(t, v(t), v(λt))|
≤ Lg{|u(t) − v(t)| + |u(λt) − v(λt)|}.

After taking supremum over J for all u, v ∈ Y we get,

‖Cu − Cv‖ ≤ 2Lg‖u − v‖.
Therefore, C is Lipschitzian on Y with a Lipschitz constant 2Lg .

Step 2: Next we shall show that B is completely continuous on S. For that we first prove that the operator B
is continuous on S. Consider a sequence {un} ∈ S converging to a point u ∈ S. Then for all t ∈ J by using the
Lebesgue Dominated Convergence theorem we get,

lim
n→∞ Bun(t)

= lim
n→∞

[
1

�(q)

t∫
0

(t − s)q−1w(s, un(s), un(λs))ds + φ(un) − g(0, φ(un), φ(un))

f (0, φ(un), 0,
∫ T

0 k2(0, τ )h2(τ, un(τ ))dτ)

+ 1

T

{
a − g(T, a, un(λT ))

f (T, a,
∫ T

0 k1(T, τ )h1(τ, un(τ ))dτ,
∫ T

0 k2(T, τ )h2(τ, un(τ ))dτ)

− φ(un) − g(0, φ(un), φ(un))

f (0, φ(un), 0,
∫ T

0 k2(0, τ )h2(τ, un(τ ))dτ)
− 1

�(q)

T∫
0

(T − s)q−1w(s, un(s), un(λs))ds

}
t

]

= 1

�(q)

t∫
0

(t − s)q−1 lim
n→∞ w(s, un(s), un(λs))ds + φ(u) − g(0, φ(u), φ(u))

f (0, φ(u), 0,
∫ T

0 k2(0, τ ) lim
n→∞ h2(τ, un(τ ))dτ)

+ 1

T

{
a − g(T, a, u(λT ))

f (T, a,
∫ T

0 k1(T, τ ) lim
n→∞ h1(τ, un(τ ))dτ,

∫ T

0
k2(T, τ ) lim

n→∞ h2(τ, un(τ ))dτ)

− φ(u) − g(0, φ(u), φ(u))

f (0, φ(u), 0,
∫ T

0 k2(0, τ ) lim
n→∞ h2(τ, un(τ ))dτ)

− 1

�(q)

T∫
0

(T − s)q−1 lim
n→∞ w(s, un(s), un(λs))ds

}
t

= 1

�(q)

t∫
0

(t − s)q−1w(s, u(s), u(λs))ds + φ(u) − g(0, φ(u), φ(u))

f (0, φ(u), 0,
∫ T

0 k2(0, τ )h2(τ, u(τ ))dτ)

+ 1

T

{
a − g(T, a, u(λT ))

f (T, a,
∫ T

0 k1(T, τ )h1(τ, u(τ ))dτ,
∫ T

0 k2(T, τ )h2(τ, u(τ ))dτ)

− φ(u) − g(0, φ(u), φ(u))

f (0, φ(u), 0,
∫ T

0 k2(0, τ )h2(τ, u(τ ))dτ)
− 1

�(q)

T∫
0

(T − s)q−1w(s, u(s), u(λs))ds

}
t

= Bu(t).

Thus, this proves that the operator B is pointwise continuous on J . Also, it can be shown that Bun → Bu
uniformly on J by using the justification provided below. Hence the operator B is continuous on S.

Again to show that the operator B is compact on S, we need to prove that B(S) is a uniformly bounded and
equi-continuous set in Y . Applying (H5) and (H6) for all t ∈ J we get,

|Bu(t)| =
∣∣∣∣ 1

�(q)

t∫
0

(t − s)q−1w(s, u(s), u(λs))ds + φ(u) − g(0, φ(u), φ(u))

f (0, φ(u), 0,
∫ T

0 k2(0, τ )h2(τ, u(τ ))dτ)
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+ 1

T

{
a − g(T, a, u(λT ))

f (T, a,
∫ T

0 k1(T, τ )h1(τ, u(τ ))dτ,
∫ T

0 k2(T, τ )h2(τ, u(τ ))dτ)

− φ(u) − g(0, φ(u), φ(u))

f (0, φ(u), 0,
∫ T

0 k2(0, τ )h2(τ, u(τ ))dτ)
− 1

�(q)

T∫
0

(T − s)q−1w(s, u(s), u(λs))ds

}
t

∣∣∣∣

≤ 2X0 + X1 + ‖η‖	(r)

�(q)

∣∣∣∣
t∫

0

(t − s)q−1ds

∣∣∣∣ + ‖η‖	(r)

�(q)

∣∣∣∣
T∫

0

(T − s)q−1ds

∣∣∣∣

≤ 2X0 + X1 + 2‖η‖	(r)

�(q + 1)
T q .

For all u ∈ S taking supremum over J we get,

‖Bu‖ ≤ 2X0 + X1 + 2‖η‖	(r)

�(q + 1)
T q .

So, B is uniformly bounded on S.
Next, for any u ∈ S and t1, t2 ∈ J such that t1 < t2 we get,

|Bu(t2) − Bu(t1)| =
∣∣∣∣ 1

�(q)

t2∫
0

(t2 − s)q−1w(s, u(s), u(λs))ds − 1

�(q)

t1∫
0

(t1 − s)q−1w(s, u(s), u(λs))ds

+ 1

T

{
a − g(T, a, u(λT ))

f (T, a,
∫ T

0 k1(T, τ )h1(τ, u(τ ))dτ,
∫ T

0 k2(T, τ )h2(τ, u(τ ))dτ)

− φ(u) − g(0, φ(u), φ(u))

f (0, φ(u), 0,
∫ T

0 k2(0, τ )h2(τ, u(τ ))dτ)
− 1

�(q)

T∫
0

(T − s)q−1w(s, u(s), u(λs))ds

}

(t2 − t1)

∣∣∣∣

≤‖η‖	(r)

�(q)

∣∣∣∣
t1∫

0

[(t2 − s)q−1 − (t1 − s)q−1]ds

∣∣∣∣ + ‖η‖	(r)

�(q)

∣∣∣∣
t2∫

t1

(t2 − s)q−1ds

∣∣∣∣

+
∣∣∣∣ 1

T

{
a − g(T, a, u(λT ))

f (T, a,
∫ T

0 k1(T, τ )h1(τ, u(τ ))dτ,
∫ T

0 k2(T, τ )h2(τ, u(τ ))dτ)

− φ(u) − g(0, φ(u), φ(u))

f (0, φ(u), 0,
∫ T

0 k2(0, τ )h2(τ, u(τ ))dτ)
− 1

�(q)

T∫
0

(T − s)q−1w(s, u(s), u(λs))ds

}

(t2 − t1)

∣∣∣∣.
The RHS of the above inequality tends to 0 whenever t2 − t1 → 0 without depending on u ∈ S. Thus, B(S) is
an equi-continuous set in Y .
Since B is uniformly bounded and equi-continuous so, from Arzelá-Ascoli theorem we can say that it is compact
operator on S.

Step 3: Now we will show the condition (iii) of Theorem 3.1. Consider two arbitrary elements u ∈ Y and
v ∈ S such that u = Au Bv + Cu. Then by applying the considered hypotheses we get,

|u(t)| =|Au(t)||Bv(t)| + |Cu(t)|

=| f (t, u(t),
∫ t

0
k1(t, τ )h1(τ, u(τ ))dτ,

∫ T

0
k2(t, τ )h2(τ, u(τ ))dτ)|
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∣∣∣∣ 1

�(q)

t∫
0

(t − s)q−1w(s, v(s), v(λs))ds + φ(v) − g(0, φ(v), φ(v))

f (0, φ(v), 0,
∫ T

0 k2(0, τ )h2(τ, v(τ ))dτ)

+ 1

T

{
a − g(T, a, v(λT ))

f (T, a,
∫ T

0 k1(T, τ )h1(τ, u(τ ))dτ,
∫ T

0 k2(T, τ )h2(τ, v(τ ))dτ)

− 1

�(q)

T∫
0

(T − s)q−1w(s, v(s), v(λs))ds − φ(v) − g(0, φ(v), φ(v))

f (0, φ(v), 0,
∫ T

0 k2(0, τ )h2(τ, v(τ ))dτ)

}
t

∣∣∣∣
+ |g(t, u(t), u(λt))|

≤
[
| f (t, u(t),

∫ t

0
k1(t, τ )h1(τ, u(τ ))dτ,

∫ T

0
k2(t, τ )h2(τ, u(τ ))dτ)

− f (t, 0,

∫ t

0
k1(t, τ )h1(τ, 0)dτ,

∫ T

0
k2(t, τ )h2(τ, 0)dτ)|

+ | f (t, 0,

∫ t

0
k1(t, τ )h1(τ, 0)dτ,

∫ T

0
k2(t, τ )h2(τ, 0)dτ)|

]

[
2X0 + X1 + ‖η‖	(r)

�(q)

∣∣∣∣
t∫

0

(t − s)q−1ds

∣∣∣∣ + ‖η‖	(r)

�(q)

∣∣∣∣
T∫

0

(T − s)q−1ds

∣∣∣∣
]

+ [|g(t, u(t), u(λt)) − g(t, 0, 0) + g(t, 0, 0)|]
≤ [L f (1 + KLh1 T + KLh2 T )‖u‖ + F0]

[
2X0 + X1 + 2‖η‖	(r)

�(q + 1)
T q

]
+ 2Lg‖u‖ + G0.

So taking supremum over t we get,

‖u‖
{

1 − L f (1 + KLh1 T + KLh2 T )

[
2X0 + X1 + 2‖η‖	(r)

�(q + 1)
T q

]
− 2Lg

}

≤ F0

[
2X0 + X1 + 2‖η‖	(r)

�(q + 1)
T q

]
+ G0.

Therefore,

‖u‖ ≤
F0

[
2X0 + X1 + 2‖η‖	(r)

�(q+1)
T q

]
+ G0

1 − L f (1 + KLh1 T + KLh2 T )
[
2X0 + X1 + 2‖η‖	(r)

�(q+1)
T q

]
− 2Lg

≤ r.

Hence, u ∈ S. This completes the proof.
Step 4: To prove the last condition of the Theorem 3.1 we have,

M = ‖B(S)‖ = sup{‖Bx‖ : x ∈ S} ≤ 2X0 + X1 + 2‖η‖	(r)

�(q + 1)
T q .

By (3.2) we have, αM + β < 1 where, α = L f (1 + KLh1 T + KLh2 T ) and β = 2Lg . This satisfies the last
condition of the Theorem 3.1.

Thus, all of the conditions of Theorem 3.1 are satisfied. As a result, we can conclude that the operator equation
u = Au Bu + Cu has a solution in S. Thus, (1.1) has a solution defined on J . This completes the proof. ��
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4 Application

In this section, we will provide an example to illustrate the main result

C
0 D3/2

t

[ u(t) − 1

104 {sin u(t) + sin u(λt)}

2t + u(t)

102 +
∫ t

0

et+τ

102(2 + | sin u(τ )|)dτ +
∫ 1

0

et−τ

102(2 + | cos u(τ )|)dτ

]

= 1

103 (cos u(t) + cos u(λt)), t ∈ [0, 1],

u(0) = 1

104 (1 + cos u(γ )), γ ∈ (0, 1),

u(1) = 1

103 .

(4.1)

Assume q = 3
2 ∈ (1, 2) and λ ∈ (0, 1).

Here,

f (t, u(t),
∫ t

0
k1(t, τ )h1(τ, u(τ ))dτ,

∫ 1

0
k2(t, τ )h2(τ, u(τ ))dτ)

= 2t + u(t)

102 +
∫ t

0

et+τ

102(2 + | sin u(τ )|)dτ +
∫ 1

0

et−τ

102(2 + | cos u(τ )|)dτ.

And from hypothesis (H3)

max
t,τ∈[0,1]{|k1(t, τ )|, |k2(t, τ )|} = max

t,τ∈[0,1]

{∣∣∣et+τ

102

∣∣∣, ∣∣∣et−τ

102

∣∣∣} ≤ e2

102 = K.

Now, ∣∣∣∣ f (t, u(t),
∫ t

0
k1(t, τ )h1(τ, u(τ ))dτ,

∫ 1

0
k2(t, τ )h2(τ, u(τ ))dτ)

− f (t, v(t),
∫ t

0
k1(t, τ )h1(τ, v(τ ))dτ,

∫ 1

0
k2(t, τ )h2(τ, v(τ ))dτ)

∣∣∣∣
≤

∣∣∣u(t) − v(t)

102 + e2

102

∫ t

0

{ 1

(2 + | sin u(τ )|) − 1

(2 + | sin v(τ)|)
}

dτ

+ e2

102

∫ 1

0

{ 1

(2 + | cos u(τ )|) − 1

(2 + | cos v(τ)|)
}

dτ

∣∣∣
≤ 1

102 ‖u − v‖ + e2

102

∫ t

0

∣∣∣ | sin v(τ)| − | sin u(τ )|
(2 + | sin u(τ )|)(2 + | sin v(τ)|)

∣∣∣dτ

+ e2

102

∫ 1

0

∣∣∣ | cos v(τ)| − | cos u(τ )|
(2 + | cos u(τ )|)(2 + | cos v(τ)|)

∣∣∣dτ

≤ 1

102 ‖u − v‖ + e2

102 × 2
‖u − v‖

=
( 1

102 + e2

102 × 2

)
‖u − v‖ = 0.0469‖u − v‖.

Hence the hypotheses (H1) and (H2) are satisfied.

Next, in (4.1), g(t, u(t), u(λt)) = 1

104 {sin u(t) + sin u(λt)}. This implies,

|g(t, u(t), u(λt)) − g(t, v(t), v(λt))|
=

∣∣∣ 1

104 {sin u(t) + sin u(λt) − sin v(t) − sin v(λt)}
∣∣∣ ≤ 2

104 ‖u − v‖ = 0.0002‖u − v‖.
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Thus, the hypothesis (H4) is satisfied. Next we have to do the following steps to show that the hypothesis (H5)
holds.

|u(0) − g(0, u(0), u(0))| ≤ 2

104 + 2

104 = 4

104 = 0.0004,

| f (0, u(0), 0,

∫ 1

0
k2(0, τ )h2(τ, u(τ ))dτ |

=
∣∣∣u(0)

102 +
∫ 1

0

e−τ

102(2 + | cos u(τ )|)dτ

∣∣∣
≥

∣∣∣ 1

106 (1 + cos u(α)) +
∫ 1

0

1

3 × 102 e−τ dτ

∣∣∣ ≥ 1

3 × 102

(
1 − 1

e

)
= 0.0021.

This implies,

1

| f (0, u(0), 0,
∫ 1

0 k2(0, τ )h2(τ, u(τ ))dτ | ≤ 1

0.0021
.

Hence,

∣∣∣ u(0) − g(0, u(0), u(0))

f (0, u(0), 0,
∫ 1

0 k2(0, τ )h2(τ, u(τ ))dτ

∣∣∣ ≤ 0.0004

0.0021
= 0.1905 = X0.

Similarly,

|u(1) − g(1, u(1), u(λ))| ≤ 1

103 + 2

104 = 0.0012,

| f (1, u(1),

∫ 1

0
k1(1, τ )h1(τ, u(τ ))dτ,

∫ 1

0
k2(1, τ )h2(τ, u(τ ))dτ |

≥ 1 + 1

105
+ 1

102 × 3

∣∣∣
∫ 1

0
e1+τ dτ +

∫ 1

0
e1−τ dτ

∣∣∣ = 2.0213.

Hence,

∣∣∣ u(1) − g(1, u(1), u(λ))

f (1, u(1),
∫ 1

0 k1(1, τ )h1(τ, u(τ ))dτ,
∫ 1

0 k2(1, τ )h2(τ, u(τ ))dτ

∣∣∣ ≤ 0.0012

2.0213
= 0.0006 = X1.

So, hypothesis (H5) is satisfied.

Again in (4.1), w(t, u(t), u(λt)) = 1

103 (cos u(t) + cos u(λt)).

So, |w(t, u(t), u(λt))| ≤ 2

103 = 0.002 = ‖η‖	(r).

Thus, hypothesis (H6 ) is satisfied.
So from the above calculations we get,

L f (1 + KLh1 T + KLh2 T )
[
2X0 + X1 + 2‖η‖	(r)

�(q + 1)
T q

]
+ 2Lg = 0.0184 < 1.

As (4.1) satisfies all the hypotheses, we can conclude that the boundary value problem (4.1) has a solution.
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