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Abstract In this paper, we present a numerical approximation of fractional order viscoelastic wave equation in
the 2D case. These viscoelastic models are shown to be effective in modeling wave attenuation, in particular
the Q-factor approximation, when previously shown in our work [1]. The novelty of this study is the numerical
simulation of the propagation of viscoelastic waves with the fractional Zener model in the space-time domain,
moreover, we use real data. For the numerical resolution, we used a mixed finite element method. This method
combines the mass lumping with centered explicit scheme for time discretization. For the resulting scheme, we
prove a discrete energy decay result and provide a sufficient stability condition. Various numerical results are
presented for the model.

Keywords Fractional derivative · Mixed finite element · Energy dissipation · Stability analysis · Viscoelastic
wave propagation · Zener’s model

1 Introduction

Oil is a fossil fuel and a necessary component of our modern daily life. The underground geological database
is considered an essential element in the search for oil resources. Reservoir inversion using wave propagation
models is one of the ways. As a result, it’s critical to develop a physical model that can replicate the propagation
of seismic waves in subsurface porous media. Fractional calculus has recently gained popularity in a variety of
domains of mathematics and physics, most notably in the modeling of viscoelastic wave propagation [2–8]. Many
scholars have attempted to mimic real-world processes with the help of this sophisticated part of mathematics.
Furthermore, the fractional viscoelastic models can be used to approximate the dispersion and the attenuation
caused by other mechanisms, such as a constant-Q model that assumes the seismic quality factor is independent
of a frequency (see [1,9–13]; thus, fractional viscoelastic models are widely applicable.

In the present paper, we deal with the numerical simulation of the wave propagation phenomena in dissipative
media using the fractional Zener model. For the theoretical study, the existence and uniqueness of a solution
and energy decay are done in other work (see [14]). The modeling of these phenomena plays a key role in
understanding many geophysical and seismic problems, see [15–18].

Many researchers have looked into the numerical of these problems, including [9,19–22]. Bécache et al.
[19] used the finite difference approach to solve numerically the viscoelastic wave propagation in the one-
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dimensional case for the integer model. They employed a mixte finite element approach in the two-dimensional
case by expanding the one presented in [23]. Also, they created a viscoelastic model and offered a viscoelastic
model with a tradeoff between accuracy and efficiency in Fan et al. [24]. For the integer case, they used a 2D
viscoelastic model.

The results were confirmed using a finite difference in the viscoelastic model. [25] proposed a finite difference
approach for the spatio-temporal fractional wave equation, proving that it is unconditionally stable and convergent.

On the other hand, in the case of the fractional model, Konjik et al. simulated in [20] the fractional derivative
viscoelastic wave equation in the one-dimensional case. Xu and Stewart [9] simulated viscoelastic wave prop-
agations but they did not reveal the method used. In the frequency domain, the viscoelastic wave propagation
equation has been simulated by many authors ( [21,22]). However, to our knowledge, in order to simulate this
equation in both the spatial and temporal domains, most of the proposed methods, up until now, are mainly based
on rather simple finite difference methods. Chen et al. [26] presented two effective PSTD modeling schemes
for a fractional Laplacian viscoacoustic wave equation with constant Q. The first one is called the amplitude-
attenuated PSTD scheme and it is used to simulate seismic wave propagation in attenuating media. This scheme
proves to be more accurate for temporal extrapolation and allows a more flexible stability condition. The second
PSTD modeling scheme simulates an anti-attenuation phenomenon in waves. Recently, Yang et al. [27] applied
the fractional viscoelastic constitutive relationship to the rock skeleton and establish a new wave propagation
model for porous reservoir media based on the Biot theory.

Inspired by the work [19] , in which we develop a method based on a variational approach consisting of a
mixed finite element approximation in space compatible with the mass lumping technique and finite differences
in time. The main result of this study is the establishment of a CFL stability condition. Indeed, we show a discrete
energy decay result, which we use to show a sufficient stability condition.

In this article, we will cover the following points: The variational constraint shift formulation associated with
the reformulated an issue is introduced first. In a second phase, we discretize in space by selecting approximation
spaces that are consistent with the mass lumping approach, which allows for the creation of an explicit time
scheme. In a third phase, we use a finite difference scheme of order 2 to address the discretization in time. The
energy approaches will be employed to ensure the stability of this scheme. Finally, we provide numerical results
in both homogeneous and heterogeneous domains, as well as actual media, to demonstrate the correctness of our
technique.

2 Model problem

We are interested in the wave propagation in a medium modeled by a fractional Zener’s law in two-dimension:
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ρ(x)
∂2u

∂t2 (x, t)− div σ(x, t) = f (x, t), in R
2×]0, T ],

σ (x, t)+ τ0(x)
∂ασ

∂tα
(x, t) = Cε(u(x, t))+ τ0(x)Dε

(
∂αu

∂tα
(x, t)

)

, in R
2×]0, T ],

u(x, 0) = u0 ; ∂u

∂t
(x, 0) = u1 σ(x, 0) = Cε(u0), in R

2,

(1)

with

(divσ)i =
n∑

j=1

∂σi j

∂x j
∀i = 1, ..., n.

Where u is the displacement, σ is the stress tensor, ε is the strain tensor, the function f is the source density,

ρ is the mass density, τ0 is the relaxation time. For all 0 < α < 1,
∂α

∂tα
is the Caputo derivative of orde α (see

[2]) defined by:

dαg

dtα
(t) = 1

�(1 − α)

∫ t

0

1

(t − τ)α

∂g

∂τ
(τ ) dτ,

where � is the classical gamma function.
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C and D are two tensors 4 × 4 satisfying the properties:

Ci jkl = C jilk = Ci jkl , Di jkl = D jilk = Dkli j ,

and there exist B−, B+ two positive constants, such that:

0 ≤ B−|σ |2 ≤ Cσ : σ ≤ B+|σ |2, ∀σ ∈ Lsym(R2), p.p. x ∈ R
2. (2)

0 ≤ B−|σ |2 ≤ Dσ : σ ≤ B+|σ |2, ∀σ ∈ Lsym(R2), p.p. x ∈ R
2. (3)

We consider the functional spaces:

Lsym(R2) = {σ ∈ L1(R2), σi j = σ j i , ∀i, j = 1, 2}.
Moreover we consider the following assumptions:

– ρ(x), τ0(x), C and D are measurable.
– 0 ≤ ρ− ≤ ρ(x) ≤ ρ+ ≤ +∞, a.e. x ∈ R

2.

– 0 ≤ τ− ≤ τ(x) ≤ τ+ ≤ +∞, a.e. x ∈ R
2.

– The absorption condition: Z = D − C is positive definite (with the Z > 1 which guarantees the dissipation
condition see [14]).

3 Numerical analysis

Our objective is to develop an efficient numerical method for solving the model problem (1). We extend the
mixed finite element with mass lumping presented in [19]. The basis of this method is a mixed formulation
of the problem in which the stress tensor σ is searched in the space of symmetric H(div) tensors, namely
H sym (div), and the velocity (or displacement) is searched in L2.

3.1 Reformulation of the model problem

To apply this method in the viscoelasticity case, we reformulate the problem, i.e. instead of considering a
constitutive law stress-strain, we will rewrite it in the form of a strain-stress form. This is possible by introducing
the unknown s = σ − Cε, as the difference between the viscoelastic and the purely elastic stress, and deriving

the second equation from
∂β

∂tβ
with β = 1 − α, then we have:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρ(x)
∂2u

∂t2 (x, t)− div σ(x, t) = f (x, t), in R
2×]0, T ],

∂βs

∂tβ
(x, t)+ τ0

∂s

∂t
(x, t)− τ0 Zε(

∂u

∂t
(x, t)) = 0, in R

2×]0, T ],
σ (x, t) = s(x, t)+ Cε(u(x, t)), in R

2×]0, T ],
u(x, 0) = u0 ; ∂u

∂t
(x, 0) = u1 ; σ(x, 0) = Cε(u0), in R

2,

u = 0; σ.n = 0, in � = ∂R2,

(4)

with Z = D − C .
We showed the existence and uniqueness of strong solution, we used the Hille-Yosida theorem [28]. To use this
theorem, we must transformed the model problem (1) in the form of a first order evolution system, for this reason
we introduce the following auxiliary differential equation [14]:

{
∂tϕ(x, t, ξ) = −ξϕ(x, t, ξ)+ s(x, t), in R

2×]0, T ],×]0,+∞[
ϕ(x, 0, ξ) = 0.

(5)

In addition, for the approach
∂βs

∂tβ
we use this auxiliary differential equation (5) [29]:

∂βs

∂tβ
=

∫ +∞

0

∂ϕ

∂t
d Mα(ξ), (6)
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with d Mα(ξ) = sin(απ)

π
ξ−α dξ.

By using the equations (5), we rewrite the model problem in the form:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρ(x)∂2
t t u(x, t)− div σ(x, t) = f (x, t), in R

2×]0, T ],
∂t s(x, t)+ τ0(x)−1

∫ +∞

0
∂tϕ(x, t, ξ) d Mα(ξ)− Zε (∂t u(x, t)) = 0, in R

2×]0, T ],
∂tϕ(x, t, ξ) = −ξϕ(x, t, ξ)+ s(x, t), in R

2×]0, T ] × [0,+∞[,
σ (x, t) = s(x, t)+ Cε(u(x, t)), in R

2 × [0, T ],
u(x, 0) = u0 ; ∂u

∂t
(x, 0) = u1 ; s(x, 0) = 0; ϕ(x, 0, ξ) = 0, in R

2 × [0,+∞[,
u = 0; σ.n = 0, in �,

(7)

we write the system (7) in a more adaptable form:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρ∂2
t t u − div σ = f, in R

2×]0, T ],
M∂t s + Mτ

∫ +∞

0
∂tϕ d Mα(ξ)− ε (∂t u) = 0, in R

2×]0, T ],
Mτ ∂tϕ + Mτ ξϕ − s = 0, in R

2×]0, T ] × [0,+∞[,
Aσ − As = Aε(u), in R

2 × [0, T ],
u(x, 0) = u0 ; ∂u

∂t
(x, 0) = u1 ; s(x, 0) = 0; ϕ(x, 0, ξ) = 0, in R

2 × [0,+∞[,
u = 0; σ.n = 0, in �,

(8)

With

M = Z−1, Mτ = (Zτ0)
−1M, A = C−1.

3.2 Mixed formulation ( displacement-stress )

We consider the functional spaces:

M = [L2(0, T ; R
2)]d , H = [L2(0, T ;L(R2)]d , Y = [Hsym

α (0, T ; R
2)]2,

we define the tensor space

X = {σ ∈ H , divσ ∈ M}, (9)

and also the symmetric tensor space

Xsym = {σ ∈ X , σ ∈ Lsym(R2)}. (10)

With ∣
∣
∣
∣
Lsym(R2) = {

σ ∈ L(R2), σi j = σ j i , ∀ i, j = 1, 2
}
,

H
sym
α = {ϕ ∈ L2(R+, d Mα(ξ)), ϕi j = ϕ j i , ∀i, j = 1, 2}, (11)

and d Mα(ξ) = sin(απ)

π
ξ−α dξ.

Remark 1 We chose the space Y because ϕ ∈ L2(R+, d Mα(ξ)) and symmetric.

We obtain the mixed formulation, by multiplying the first equation of (8) by ũ ∈ M , the second by s̃ ∈ X sym,

the third by ϕ̃ ∈ Y , the fourth by σ̃ ∈ X sym and then integrating on 
, and by integrating on [0,+∞[ for the
third equation.
After an integration by part of the right-hand side of both last equations (the terms in which ε appears) we will
have the following mixed formulation:

Find (u(t), s(t), ϕ(t), σ (t)) : [0, T ] �→ M × Xsym × Y × Xsym, (12)
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such as ⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

d2

dt2 mu(u(t), ũ)− b(ũ, σ (t)) = ( f, ũ), ∀ũ ∈ M,

d

dt
ms(s(t), s̃)+ d

dt
cτ (ϕ(t), s̃)+ d

dt
b(u(t), s̃) = 0, ∀s̃ ∈ Xsym,

d

dt
mϕ(ϕ(t), ϕ̃)+ mϕξ (ϕ(t), ϕ̃)− cτ (s(t), ϕ̃) = 0, ∀ϕ̃ ∈ Y ,

mσ (σ (t), σ̃ )− mσ (s(t), σ̃ )+ b(u(t), σ̃ ) = 0, ∀σ̃ ∈ Xsym,

(13)

with ⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

mu(u(t), ũ) =
∫




ρu.ũ dx, ∀(u, ũ) ∈ M × M,

ms(s, s̃) =
∫




Ms : s̃ dx, ∀(s, s̃) ∈ H × H ,

cτ (ϕ, s̃) =
∫




∫ +∞

0
Mτ ϕ : s̃ d Mα dx, ∀(ϕ, s̃) ∈ Y × Xsym,

mϕ(ϕ, ϕ̃) =
∫




∫ +∞

0
Mτ ϕ : ϕ̃ d Mα dx, ∀(ϕ, ϕ̃) ∈ Y × Y ,

mϕξ (ϕ, ϕ̃) =
∫




∫ +∞

0
Mτ ξϕ : ϕ̃ d Mα dx, ∀(ϕ, ϕ̃) ∈ Y × Y ,

mσ (σ, σ̃ ) =
∫




Aσ : σ̃ dx, ∀σ̃ ∈ Xsym,

( f, ũ) =
∫




f.ũ dx, ∀( f, ũ) ∈ M × M,

(14)

and

b(u, σ ) =
∫




div σ.u dx, ∀(u, σ ) ∈ M × H . (15)

3.3 Space discretization

We suppose that 
 ⊂ R
2 is a union of parallelepiped and we consider a regular grid (Th) of 
 composed of

cubes K with edges h > 0. We introduce some finite-dimensional approximation spaces:

Mh ⊂ M, Yh ⊂ Y , Xh ⊂ X , Xh
sym = X

h
∩ Xsym (16)

The approximation problem of the formulation (13) consists in finding

(uh(t), sh(t), ϕh(t), σh(t)) : [0, T ] �→ Mh × Xh
sym × Yh × Xh

sym (17)

such that: ⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

d2

dt2 mu(uh(t), ũh)− b(ũh, σh(t)) = ( f, ũh), ∀ũh ∈ Mh,

d

dt
ms(sh(t), s̃h)+ d

dt
cτ (ϕh(t), s̃h)+ d

dt
b(uh(t), s̃h) = 0, ∀s̃h ∈ Xh

sym,

d

dt
mϕ(ϕh(t), ϕ̃h)+ mϕξ (ϕh(t), ϕ̃h)− cτ (sh(t), ϕ̃h) = 0, ∀ϕ̃h ∈ Yh,

mσ (σh(t), σ̃h)− mσ (sh(t), σ̃h)+ b(uh(t), σ̃h) = 0, ∀σ̃h ∈ Xh
sym .

(18)

Since there are no continuity conditions required in M([L2(R2)]2) and Y ([L2(R2)]2), it will be approximated
with discontinuous functions. Therefore the mass matrix associated to mu , mϕ and mϕξ are diagonal by construc-

tion (i.e. mu(uI , ũ J ) =
∫




ρuI .ũ J dx = 0, ∀I 
= J ). In order to achieve mass lumping on the mass matrices

associated to the bilinear forms cτ , ms and a (σh, σ̃h), we use the approximation space Xh
sym described in [30].

This result in the following choice:
∣
∣
∣
∣
∣
∣
∣
∣
∣

Mh = {uh ∈ M, ∀K ∈ Th, (uh)i |K ∈ Q0},
Yh = {ϕh ∈ Y , ∀K ∈ Th, (ϕh)i j |K ∈ Q0},
Xh = {σh ∈ X , ∀K ∈ Th, (σh)i j |K ∈ Q1},
Xh

sym = {σh ∈ Xh, ∀σh ∈ L(R2)},
(19)
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Fig. 1 The degrees of freedom for Xh
sym, Mh and Yh

Fig. 2 Example of mesh for the finite element Q1 − Q0

where Q0 and Q1 are two polynomial spaces defined for l = 0 or 1 by

Ql = {p, p(x, y) =
∑

i, j≤l

ai j xi y j , ai j ∈ R}.

With this choice, the displacement uh and the auxiliary variable ϕh are constant per element and the stress tensor
σh (resp. sh) is a bilinear function in H(div)which imposes the continuity of its normal components: this means
that σi i is continuous through xi nd the symmetry of the tensor implies the continuity σi j = σ j i , (i 
= j) in the
two directions xi and x j . In conclusion, there are five degrees of freedom for σh (resp. sh) per vertex and one
degree of freedom for uh per element (see Figure 1 for 2D).

In this mesh, the square points in the middle and the mesh cell nodes which will be respectively indexed by(

i + 1

2
; j + 1

2

)

and (i; j).

The mass matrices are then calculated using the Gauss-Lobatto formula :

ms(s, s̃) ≈ msh(sh, s̃h) =
∑

K∈Th

∮

K
Ms : s̃,

mσ (σ, σ̃ ) ≈ mσh(σh, σ̃h) =
∑

K∈Th

∮

K
Aσh : σ̃h,

cτ (ϕ, s̃) ≈ cτh(ϕh, s̃h) =
∑

K∈Th

∮

K

∫ +∞

0
Mτ ϕh : s̃h d Mα,

mϕ(ϕ, ϕ̃) ≈ mϕh(ϕh, ϕ̃h) =
∑

K∈Th

∮

K

∫ +∞

0
Mτ ϕh : ϕ̃h d Mα,
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with
∮

K
f = h2/4

∑

x∈Ks

f (x), ∀ f ∈ C0(K ),

Ks = {x ∈ R
2, x top de K },

and we approximate the integral of a fractional approach (6), we use the Trapezoidal rule. We introduce a
geometric grid of the ξ axis defined by the lower limit ξm , the upper limit ξM and the number of discretization
points Nξ . We note that

�ξ = ξM − ξm

Nξ − 1
,

∫ +∞

0

∂ϕ

∂t
(x, t, ξ) d Mα(ξ) �

∫ ξM

0

∂ϕ

∂t
(x, t, ξ) d Mα(ξ) �

Nξ∑

k=1

wk
∂ϕ

∂t
(x, t, ξk),

with

w1 = sin(απ)

2π
ξ−α

m �ξ,wNξ = sin(απ)

2π
ξ−α

M �ξ and wk = sin(απ)

π
ξ−α

k �ξ, ∀k = 2, ..., Nξ − 1.

We introduce

BN1 = {ωi , i = 1, ..., N1}, BN2 = {φi , i = 1, ..., N2} et BN3 = {ψi , i = 1, ..., N3}
the basic functions of Mh , Yh and Xh

sym respectively.

If we consider Uh = (U1, ...,UN1) , �h = (�1, ..., �N2), Sh = (S1, ..., SN3) and �h = (
�1, ..., �N1

)
the

coordinates of functions uh , ϕh , sh and σh on these bases, then we can rewrite the problem (18) in the following
matrix form: ⎧

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Mu
d2Uh

dt2 − B�h = F,

Ms
d Sh

dt
+ Cτ

Nξ∑

k=1

ωk
d�h,k

dt
+ B∗ dUh

dt
= 0,

Mϕ

d�h,k

dt
+ Mϕξk�h,k − C∗

τ Sh = 0, k = 1, ..., Nξ ,

A�h − ASh + B∗Uh = 0,

(20a)

(20b)

(20c)

(20d)

with

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

(Mu)i, j = muh(ωi , ω j ), 1 ≤ i, j ≤ N1,

(Ms)i, j = msh(ψi , ψ j ), 1 ≤ i, j ≤ N3,

(A)i, j = mσh(ψi , ψ j ), 1 ≤ i, j ≤ N3,

(B)i, j = bh(ωi , ψ j ), 1 ≤ i ≤ N1, 1 ≤ j ≤ N3,

(Cτ )i, j = cτh(φi , ψ j ), 1 ≤ i ≤ N2, 1 ≤ j ≤ N3,

(Mϕ)i, j = mϕh(φi , φ j ), 1 ≤ i, j ≤ N2
(Mξϕ)i, j = mϕξh(φi , φ j ), 1 ≤ i, j ≤ N2,

(F)i = ( f, ωi ), 1 ≤ i ≤ N1,

(21)

By using the equation (20c), we have

Nξ∑

k=1

ωk
d�h,k

dt
= M−1

ϕ

⎛

⎝C∗
τ λSh − Mϕ

Nξ∑

k=1

ω̃k�h,k

⎞

⎠ ,
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86 M. A. Ichou, A. Ezziani

with

ω̃k = ωkξk, λ =
Nξ∑

k=1

ωk,

after injecting this last equality into (20b), we obtain:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Mu
d2Uh

dt2 − B�h = F,

Ms
d Sh

dt
+ Cτ M−1

ϕ

⎛

⎝C∗
τ λSh − Mϕ

Nξ∑

k=1

ω̃k�h,k

⎞

⎠ + B∗ dUh

dt
= 0,

Mϕ

d�h,k

dt
+ Mϕξk�h,k − C∗

τ Sh = 0, k = 1, ..., Nξ ,

A�h − ASh + B∗Uh = 0,

(22a)

(22b)

(22c)

(22d)

The matrix Mu is diagonal, Mτ ,Ms, Mϕ, C and A are block diagonals, the dimension of each block is the
number degrees of freedom per vertex (5 in 2D).

3.4 Time discretization

We consider a regular grid in time with a step �t and we set

tn = n�t, tn+1/2 = tn + �t

2
, ∀ n.

For the time discretization we construct a totally explicit centered finite difference scheme, by approximating
the equations (22a) and (22d) at tn , the equations (22b) and (22c) at tn+1/2, and we get the following centered
scheme:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Mu
U n+1

h − 2U n
h + U n−1

h

�t2 − B�n
h = Fn,

Ms
Sn+1

h − Sn
h

�t
+ Cτ M−1

ϕ C∗
τ

Sn+1
h + Sn

h

2
− Cτ

Nξ∑

k=1

ω̃k
�n+1

h,k +�n
h,k

2
+ B∗ U n+1

h − U n
h

�t
= 0,

Mϕ

�n+1
h,k −�n

h,k

�t
= −Mϕξk

�n+1
h,k +�n

h,k

2
+ C∗

τ

Sn+1
h + Sn

h

2
, k = 1, ..., Nξ ,

A�n
h − ASn

h + B∗U n
h = 0,

U 0
h = U0(x), U 1

h = U 0
h +�t U1(xh)+�t2 M−1

u

(
F0 + B�0

h

)
, S0

h = 0, �0
h,k = 0.

(23)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Mu
U n+1

h − 2U n
h + U n−1

h

�t2 − B�n
h = F,

Ms
Sn+1

h − Sn
h

�t
+ Cτ M−1

ϕ C∗
τ

Sn+1
h + Sn

h

2
− Cτ

Nξ∑

k=1

ω̃k
�n+1

h,k +�n
h,k

2
+ B∗ U n+1

h − U n
h

�t
= 0,

�n+1
h,k = 2 − ξk�t

2 + ξk�t
�n

h,k + �t

2 + ξk�t
M−1
ϕ C∗

τ (S
n+1
h + Sn

h ), k = 1, ..., Nξ ,

A�n
h − ASn

h + B∗U n
h = 0,

U 0
h = U0(x), U 1

h = U 0
h +�t U1(xh)+�t2 M−1

u

(
F0 + B�0

h

)
, S0

h = 0, �0
h,k = 0.

(24a)

(24b)

(24c)

(24d)

(24e)
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By using the equation (24c), we have

Nξ∑

k=1

ω̃k
�n+1

h,k +�n
h,k

2
=

Nξ∑

k=1

2ωkξk

2 + ξk�t
�n

h,k +
Nξ∑

k=1

ωkξk�t

2(2 + ξk�t)
M−1
ϕ C∗

τ (S
n+1
h + Sn

h ),

after injecting this last equality into (24b), we obtain:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

M−1
u U n+1

h = 2U n
h − U n−1

h +�t B�n
h +�t Fn,

Ms
Sn+1

h − Sn
h

�t
+ MτC−1 M∗

τ

Sn+1
h + Sn

h

2

−Cτ

⎛

⎝

Nξ∑

k=1

2ωkξk

2 + ξk�t
�n

h,k +
Nξ∑

k=1

ωkξk�t

2(2 + ξk�t)
M−1
ϕ C∗

τ (S
n+1
h + Sn

h )

⎞

⎠ + B∗ U n+1
h − U n

h

�t
= 0,

�n+1
h,k = 2 − ξkdt

2 + ξk�t
�n

h,k + �t

2 + ξk�t
M−1
ϕ C∗

τ (S
n+1
h + Sn

h ), k = 1, ..., Nξ ,

A�n
h − ASn

h + B∗U n
h = 0,

U 0
h = U0(x), U 1

h = U 0
h +�t U1(xh)+�t2 M−1

u

(
F0 + B�0

h

)
, S0

h = 0, �0
h,k = 0.

(25)

Finally, we obtain the fully explicit scheme:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

U n+1
h = 2M−1

u U n
h − M−1

u U n−1
h +�t M−1

u B�n
h +�t M−1

u Fn,⎛

⎝
Ms

�t
+ 1

2
Cτ M−1

ϕ C∗
τ −

Nξ∑

k=1

ωkξk�t

2(2 + ξk�t)
Mτ M−1

ϕ C∗
τ

⎞

⎠ Sn+1
h = Cτ

Nξ∑

k=1

2ωkξk

2 + ξk�t
�n

h,k − B∗ U n+1
h − U n

h

�t

+
⎛

⎝
Ms

�t
− 1

2
Cτ M−1

ϕ C∗
τ +

Nξ∑

k=1

ωkξk�t

2(2 + ξk�t)
Cτ M−1

ϕ C∗
τ

⎞

⎠ Sn
h ,

�n+1
h,k = 2 − ξk�t

2 + ξk�t
�n

h,k + �t

2 + ξk�t
M−1
ϕ C∗

τ (S
n+1
h + Sn

h ), k = 1, ..., Nξ ,

�n
h = Sn

h − A−1 B∗U n
h ,

U 0
h = U0(x), U 1

h = U 0
h +�t U1(xh)+�t2 M−1

u

(
F0 + B�0

h

)
, S0

h = 0, �0
h,k = 0.

(26)

3.5 Discrete energy and stability analysis

For the study of energy in the continuous case, we have published a work ( [14]), we have presented a result of
energy decay that guarantees the dissipation of the model problem (4). Moreover, we receive a prior estimate of
the model solution that shows the weak solution of the model problem (4).
To prove the stability of the scheme (24) we will use an energy technique.

Definition 1 We introduce the discrete energy as follows:

En+ 1
2 = 1

2

∥
∥
∥
∥
∥

U n+1
h − U n

h

�t

∥
∥
∥
∥
∥

2

Mu

+ 1

2

(
A−1 B∗U n+1

h , B∗U n
h

)
+ 1

4

(∥
∥
∥Sn+1

h

∥
∥
∥

2

Ms
+ ∥

∥Sn
h

∥
∥2

Ms

)

+�t2

4

(

B∗ U n+1
h − U n

h

�t
,

Sn+1
h − Sn

h

�t

)

+ 1

4

Nξ∑

k=1

ωkξk

(∥
∥
∥�

n+1
h

∥
∥
∥

2

Mϕ

+ ∥
∥�n

h

∥
∥2

Mϕ

)

.

(27)

where

(U, V )M = (MU, V ), ‖U‖2
M = (U,U )M , ∀U, V ∈ R

2.

where we recall that (., .) is the Euclidean scalar product in R
2.
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Theorem 1 The discrete energy verifies:

En+ 1
2 − En− 1

2

�t
= −1

2

Nξ∑

k=1

ωk

⎡

⎣

∥
∥
∥
∥
∥

�n+1
h,k −�n

h,k

�t

∥
∥
∥
∥
∥

2

Mϕ

+
∥
∥
∥
∥
∥

�n
h,k −�n−1

h,k

�t

∥
∥
∥
∥
∥

2

Mϕ

⎤

⎦ . (28)

Proof 1 The scheme (23) is equivalent to:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Mu
U n+1

h − 2U n
h + U n−1

h

�t2 − B�n
h = 0,

Ms
Sn+1

h − Sn
h

�t
+ Cτ

Nξ∑

k=1

ωk
�n+1

h,k −�n
h,k

�t
+ B∗ U n+1

h − U n
h

�t
= 0,

Mϕ

�n+1
h,k −�n

h,k

�t
= −Mϕξk

�n+1
h,k +�n

h,k

2
+ C∗

τ

Sn+1
h + Sn

h

2
, k = 1, ..., Nξ ,

A�n
h − ASn

h + B∗U n
h = 0.

(29)

We multiple the first equation by
U n+1

h − U n−1
h

2�t
and the second equation by

Sn+1
h + Sn

h

2
, we get:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(

Mu
U n+1

h − 2U n
h + U n−1

h

�t2 ,
U n+1

h − U n−1
h

2�t

)

−
(

B�n
h ,

U n+1
h − U n−1

h

2�t

)

= 0,

(

Ms
Sn+1

h − Sn
h

�t
,

Sn+1
h + Sn

h

2

)

+
⎛

⎝Cτ

Nξ∑

k=1

ωk
�n+1

h,k −�n
h,k

�t
,

Sn+1
h + Sn

h

2

⎞

⎠

+
(

B∗ U n+1
h − U n

h

�t
,

Sn+1
h + Sn

h

2

)

= 0,

Mϕ

�n+1
h,k −�n

h,k

�t
= −Mϕξk

�n+1
h,k +�n

h,k

2
+ C∗

τ

Sn+1
h + Sn

h

2
, k = 1, ..., Nξ ,

A�n
h − ASn

h + B∗U n
h = 0,

(30)

which is equivalent to

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(

Mu
U n+1

h − 2U n
h + U n−1

h

�t2 ,
U n+1

h − U n−1
h

2�t

)

−
(

B�n
h ,

U n+1
h − U n−1

h

2�t

)

= 0,

(

Ms
Sn+1

h − Sn
h

�t
,

Sn+1
h + Sn

h

2

)

+
⎛

⎝

Nξ∑

k=1

ωk
�n+1

h,k −�n
h,k

�t
,C∗

τ

Sn+1
h + Sn

h

2

⎞

⎠

+
(

B∗ U n+1
h − U n

h

�t
,

Sn+1
h + Sn

h

2

)

= 0,

Mϕ

�n+1
h,k −�n

h,k

�t
= −Mϕξk

�n+1
h,k +�n

h,k

2
+ C∗

τ

Sn+1
h + Sn

h

2
, k = 1, ..., Nξ ,

A�n
h − ASn

h + B∗U n
h = 0.

(31)

We obtain
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(

Mu
U n+1

h − 2U n
h + U n−1

h

�t2 ,
U n+1

h − U n−1
h

2�t

)

−
(

B�n
h ,

U n+1
h − U n−1

h

2�t

)

= 0,

(

Ms
Sn+1

h − Sn
h

�t
,

Sn+1
h + Sn

h

2

)

+
⎛

⎝

Nξ∑

k=1

ωk
�n+1

h,k −�n
h,k

�t
,Mϕ

�n+1
h,k −�n

h,k

�t
+ Mϕξk

�n+1
h,k +�n

h,k

2

⎞

⎠

+
(

B∗ U n+1
h − U n

h

�t
,

Sn+1
h + Sn

h

2

)

= 0,

(32)
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and again

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(

Mu
U n+1

h − 2U n
h + U n−1

h

�t2 ,
U n+1

h − U n−1
h

2�t

)

−
(

B�n
h ,

U n+1
h − U n−1

h

2�t

)

= 0, (i)

(

Ms
Sn+1

h − Sn
h

�t
,

Sn+1
h + Sn

h

2

)

+
⎛

⎝

Nξ∑

k=1

ωk
�n+1

h,k −�n
h,k

�t
,Mϕ

�n+1
h,k −�n

h,k

�t

⎞

⎠ (i i)

+
⎛

⎝

Nξ∑

k=1

ωk
�n+1

h,k −�n
h,k

�t
,Mϕξk

�n+1
h,k +�n

h,k

2

⎞

⎠ +
(

B∗ U n+1
h − U n

h

�t
,

Sn+1
h + Sn

h

2

)

= 0.

(33)

The first equation becomes:

1

2�t

⎡

⎣

∥
∥
∥
∥
∥

U n+1
h − U n

h

�t

∥
∥
∥
∥
∥

2

Mu

+
∥
∥
∥
∥
∥

U n
h − U n−1

h

�t

∥
∥
∥
∥
∥

2

Mu

⎤

⎦ −
(

B∗ U n+1
h − U n−1

h

2�t
, �n

h

)

= 0, (34)

for the second equation we have:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1

2�t

[∥
∥
∥Sn+1

h

∥
∥
∥

2

Ms
− ∥

∥Sn
h

∥
∥2

Ms

]

+
Nξ∑

k=1

ωk

∥
∥
∥
∥
∥

�n+1
h,k −�n

h,k

�t

∥
∥
∥
∥
∥

2

Mϕ

+ 1

2�t

Nξ∑

k=1

ωkξk

[∥
∥
∥�

n+1
h,k

∥
∥
∥

2

Mϕ

− ∥
∥�n

h,k

∥
∥2

Mϕ

]

+
(

B∗ U n+1
h − U n

h

�t
,

Sn+1
h + Sn

h

2

)

= 0,

(35)
If we average the equation (35) between the two instants tn+ 1

2 and tn− 1
2 , we obtain:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

4�t

[
‖Sn+1

h ‖2
Ms

− ‖Sn
h ‖2

M

]
+ 1

4�t

[
‖Sn

h ‖2
Ms

− ‖Sn−1
h ‖2

M

]

+1

2

Nξ∑

k=1

ωk

∥
∥
∥
∥
∥

�n+1
h,k −�n

h,k

�t

∥
∥
∥
∥
∥

2

Mϕ

+ 1

2

Nξ∑

k=1

ωk

∥
∥
∥
∥
∥

�n
h,k −�n−1

h,k

�t

∥
∥
∥
∥
∥

2

Mϕ

+ 1

4�t

Nξ∑

k=1

ωkξk

[∥
∥
∥�

n+1
h,k

∥
∥
∥

2

Mϕ

− ∥
∥�n

h,k

∥
∥2

Mϕ

]

+ 1

4�t

Nξ∑

k=1

ωk

[
∥
∥�n

h,k

∥
∥2

Mϕ
−

∥
∥
∥�

n−1
h,k

∥
∥
∥

2

Mϕ

]

+1

2

(

B∗ U n+1
h − U n

h

�t
,

Sn+1
h + Sn

h

2

)

+ 1

2

(

B∗ U n
h − U n−1

h

�t
,

Sn
h + Sn−1

h

2

)

= 0,

(36)

the equation becomes:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

4�t

[
‖Sn+1

h ‖2
M + ‖Sn

h ‖2
Ms

]
− 1

4�t

[
‖Sn

h ‖2
M + ‖Sn−1

h ‖2
Ms

]

+1

2

Nξ∑

k=1

ωk

∥
∥
∥
∥
∥

�n+1
h,k −�n

h,k

�t

∥
∥
∥
∥
∥

2

Mϕ

+ 1

2

Nξ∑

k=1

ωk

∥
∥
∥
∥
∥

�n
h,k −�n−1

h,k

�t

∥
∥
∥
∥
∥

2

Mϕ

+ 1

4�t

Nξ∑

k=1

ωkξk

[∥
∥
∥�

n+1
h,k

∥
∥
∥

2

Mϕ

+ ∥
∥�n

h,k

∥
∥2

Mϕ

]

− 1

4�t

Nξ∑

k=1

ωkξk

[
∥
∥�n

h,k

∥
∥2

Mϕ
+

∥
∥
∥�

n−1
h,k

∥
∥
∥

2

Mϕ

]

+1

2

(

B∗ U n+1
h − U n

h

�t
,

Sn+1
h + Sn

h

2

)

+ 1

2

(

B∗ U n
h − U n−1

h

�t
,

Sn
h + Sn−1

h

2

)

= 0,

(37)
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we decompose the two last terms of this formula in the form:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1

2

(

B∗ U n+1
h − U n

h

�t
,

Sn+1
h + Sn

h

2

)

= 1

2

(

B∗ U n+1
h − U n

h

�t
,

Sn+1
h − Sn

h

2

)

+ 1

2

(

B∗ U n+1
h − U n

h

�t
, Sn

h

)

,

1

2

(

B∗ U n
h − U n−1

h

�t
,

Sn
h + Sn−1

h

2

)

= −1

2

(

B∗ U n
h − U n−1

h

�t
,

Sn
h − Sn−1

h

2

)

+ 1

2

(

B∗ U n
h − U n−1

h

�t
, Sn

h

)

.

(38)
intodans (37), we get:

⎧
⎪⎨

⎪⎩

−(B∗ U n+1
h − U n−1

h

2�t
, Sn

h ) = 1

2�t
(T n+1/2

1 − T n−1/2
1 )+ 1

2�t
(T n+1/2

2 − T n−1/2
2 )

+ 1

4�t
(T n+1/2

3 − T n−1/2
3 )+ T n .

(39)

With

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

T n+1/2
1 = 1

2

[
‖Sn+1

h ‖2
Ms

+ ‖Sn
h ‖2

Ms

]
,

T n+1/2
2 = 1

2
(B∗U n+1

h − U n
h , Sn+1

h − Sn
h ).

T n+1/2
3 = 1

2

Nξ∑

k=1

ωkξk

[∥
∥
∥�

n+1
h,k

∥
∥
∥

2

Mϕ

+ ∥
∥�n

h,k

∥
∥2

Mϕ

]

,

T n = 1

2

Nξ∑

k=1

ωk

∥
∥
∥
∥
∥

�n+1
h,k −�n

h,k

�t

∥
∥
∥
∥
∥

2

Mϕ

+ 1

2

∥
∥
∥
∥
∥

�n
h,k −�n−1

h,k

�t

∥
∥
∥
∥
∥

2

Mϕ

≥ 0.

After substitution of the quantity (39) in (34), we will find (28)

En+1/2 − En−1/2

�t
= −T n ≤ 0.

which is the desired identity.

In order to establish a sufficient stability condition, thanks to theorem 1, it suffices to show that the energy
En+1/2 is a positive quadratic form (see [31]). We find the same condition as in the integer derivative model
treated in [19]

Theorem 2 A sufficient stability condition in L2 of the numerical scheme (24) is given by

(
�t2

4

)

‖L‖ ≤ 1,

where, by definition,

L = B(A−1 + M−1)B∗ and ‖L‖ = SupU 
=0
(LU,U )

(Mu,U )
. (40)

Proof 2 As the following quantities verify:

⎧
⎪⎨

⎪⎩

‖Sn+1
h ‖2

Ms
+ ‖Sn

h ‖2
Ms

= 1

2

(
‖Sn+1

h + Sn
h ‖2

Ms
+ ‖Sn+1

h − Sn
h ‖2

Ms

)

1

2
(A−1 B∗U n+1

h , B∗U n
h ) = 1

4
‖B∗

(
U n+1

h + U n
h

)
‖2

A−1 − 1

4
‖B∗

(
U n+1

h − U n
h

)
‖2

A−1 .
(41)
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we can rewrite En+ 1
2 in form: En+ 1

2 = E
n+ 1

2
1 + E

n+ 1
2

2 where:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

E
n+ 1

2
1 = 1

4

∥
∥
∥
∥
∥

B∗ U n+1
h + U n

h

2

∥
∥
∥
∥
∥

2

A−1

+ 1

2

∥
∥
∥
∥
∥

Sn+1
h + Sn

h

2

∥
∥
∥
∥
∥

2

Ms

+ 1

4

Nξ∑

k=1

ωkξk

(∥
∥
∥�

n+1
h

∥
∥
∥

2

Mϕ

+ ∥
∥�n

h

∥
∥2

Mϕ

)

≥ 0.

E
n+ 1

2
2 = 1

2

∥
∥
∥
∥
∥

U n+1
h − U n

h

�t

∥
∥
∥
∥
∥

2

Mu

− 1

4

∥
∥
∥
∥
∥

B∗ U n+1
h − U n

h

�t

∥
∥
∥
∥
∥

2

A−1

+ �t2

8

∥
∥
∥
∥
∥

Sn+1
h − Sn

h

�t

∥
∥
∥
∥
∥

2

M

+�t2

4

(

B∗ U n+1
h − U n

h

�t
,

Sn+1
h − Sn

h

�t

)

.

(42)

Moreover, the quantity En+1/2
2 satisfies

E
n+ 1

2
2 ≥ 1

2

∥
∥
∥
∥
∥

U n+1
h − U n

h

�t

∥
∥
∥
∥
∥

2

Mu

− 1

4

∥
∥
∥
∥
∥

B∗ U n+1
h − U n

h

�t

∥
∥
∥
∥
∥

2

A−1

+ �t2

8

∥
∥
∥
∥
∥

Sn+1
h − Sn

h

�t

∥
∥
∥
∥
∥

2

Ms

−�t2

8

(

B M−1
s B∗ U n+1

h − U n
h

�t
,

U n+1
h − U n

h

�t

)

− �t2

8

∥
∥
∥
∥
∥

Sn+1
h − Sn

h

�t

∥
∥
∥
∥
∥

2

Ms

,

= 1

2

(

Mu
U n+1

h − U n
h

�t
,

U n+1
h − U n

h

�t

)

−�t2

8

(

B(A−1 + M−1
s )B∗ U n+1

h − U n
h

�t
,

U n+1
h − U n

h

�t

)

.

The positivity of En+1/2 is ensured under the inequality
�t2

4

(
B(A−1 + M−1

s )B∗Uh,Uh
) ≤ (MuUh,Uh) ∀Uh ∈ Xsym, (43)

which is equivalent to:
(
�t2

4

)

‖L‖ ≤ 1,

where:

L = B(A−1 + M−1)B∗ et ‖L‖ = SupU 
=0
(LU,U )

(Mu,U )
. (44)

Remark 2 We notice that the stability condition of viscoelastic model with integer derivative does not change in
spite of we adding another parameter (see [30]).

4 Numerical results

In order to show the properties of wave propagation in viscoelastic media, we present in the following simulations
the wave propagation in a viscoelastic isotropic homogeneous medium. In the case of an isotropic viscoelastic
medium of 2D, these media are characterized by two quality factors Q p and Qs associated respectively to the
compression waves (P waves) and shear waves (S waves) (see [30]). The law of viscoelastic behavior is given by:

σ + τ0∂
α
t σ = λTr(ε(u))I + 2με(u)+ τ0

[
λγλTr

(
ε
(
∂αt u

))
I + 2μγμ ε

(
∂αt u

)]
.

The isotropic viscoelastic waves is divided into two types of waves:

1. The P waves for which the relaxation times coefficients are: τ0 and τp = τ0
λγλ+2μγμ
λ+2μ , and the compression

velocity: vp =
√
λ+2μ
ρ
.

2. The S waves for which the relaxation coefficients are: τ0 and τs = τ0γμ, and the shear velocity: vs =
√
μ
ρ

.
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Fig. 3 Seismogram in a bounded medium

In these experiments we consider a domain 
 = [0, 10] × [0, 10] and we take a regular grid com-
posed of squares of edges h = 0.1, a time step �t satisfying the stability condition: �t ≤ h ∗ C F L ,

where C F L = (
vp

√
τp/τ0

)−1
in the viscoelastic medium and we consider a compact supported source f

located around the point source S (xs, ys) and verifies:

f (x, z, t) = F(t)g(r), r =
[
(x − xs)

2 + (y − ys)
2
] 1

2
. (45)

with

F(t) =
{

−2π2 f 2
0 (t − t0) e−π2 f 2

0 (t−t0)2 if t ≤ 2t0,
0 else.

t0 = 1

f0
, f0 = vp

hNL
the center frequency . (46)

g(r) =
(

1 − r2

a2

)

1Ba e, e =
(

x − xs

r
,

z − zs

r

)

.

where 1Ba the indicatrice function associated to the disk Ba, of center S and radius a = 5h and NL is the number
of points per S wave-length
The isotropic viscoelastic medium is characterized by

τ0 = 0.7, τp = 1.0133, τs = 1.01470 α = 0.7 (47)

Despite the damping of viscoelastic waves, the reflection of the wave is clearly visible when we put a Dirichlet
condition on the outer edge of the domain.

Remark : In another published work [1], we proved the influence of fractional order α on the model, i.e. each
timeα smaller the quality factor Q more constant implies that the model will be efficient to model the wave attenua-
tion phenomenon, and we compared with the whole case. So this work, we will just present the results forα = 0.7.

4.1 Discrete energy dissipation

We make a first experiment in the domain
 with free boundary conditions at the outer boundaries and the point
source located in the center of the domain. We show in figure (4) the evolution of discrete energy for viscoelastic.
Figure (4) shows that after extinction of the source f the viscoelastic energy is exponentially decreasing, which
confirms our predictions.

4.2 Wave propagation in homogeneous, isotropic media

In this simulation, we propagate waves in viscoelastic media with fractional derivative characterized by (47). We
present in the figure (5) the snapshots of the displacement norm u on a frequency band [20, 200] Hz.

123



A mixed finite element... 93

Fig. 4 Discrete Energy Variation

Fig. 5 Viscoelastic waves with fractional derivative for α = 0.7

4.3 Wave propagation in heterogeneous, isotropic media

In this simulation, we perform wave propagation in viscoelastic heterogeneous media with fractional derivative
characterized by (47).

We present in the figure (5) the snapshots of the displacement norm u on a frequency band [20, 200] Hz
It is observed that the viscoelastic waves propagate in the first domain until when the second domain arrives

it is reflected. Also the reflection of the wave is clearly visible on the external edge of the domain.

4.4 Influence of the frequency on the propagation of waves

Here we present numerical results and show the influence of the source frequency on the attenuation and propaga-
tion speed of the waves
 = [0, 2]×[0, 2]. We consider a regular mesh composed of squares of side h = 4.10−3,

with the time step�t verifying the stability condition�t = C F L ∗h = 1.2110−3. The medium is characterized
by the physical data (47).
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Fig. 6 Viscoelastic waves with fractional derivative for α = 0.7

Fig. 7 The norm of displacement for α = 0.7

We consider a system at rest at t = 0 fed by a source f = F(t)g(r) located at the center of 
 ; g is radial
in space and F is the derivative of a Gaussian :

F(t) =
{

−2π2 f 2
0 (t − t0) e−π2 f 2

0 (t−t0)2 if t ≤ 2t0,
0 else.

t0 = 1

f0
, f0 the center frequency,

g(r) =
(

1 − r2

a2

)

1Ba e, e =
(

x − xs

r
,

z − zs

r

)

.

(48)

We present several simulations where we change the frequency f0 of the time signal, In figure 7 we represent
the norm of the displacement normalized by the norm L∞ of F for different frequencies f0 at time t = 0.242.
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Fig. 8 Seismograms for different frequencies for α = 0.7

Table 1 The physical data

Prof ondeur vp(m/s) vs(m/s) Q p Qs ρ
(
kg/m3

)

800.00 5924.884 2928.865 67.06922 20.00 2280.533900
810.00 5773.175 2738.594 35.43660 20.00 2242.557601
820.00 5313.743 3004.746 21.44790 20.00 2295.163535
830.00 5311.784 2564.933 17.41970 20.00 2206.127967
840.00 5986.338 2993.962 31.28279 20.00 2293.101428
850.00 6176.533 3050.588 40.08961 20.00 2303.867950
860.00 5619.798 3065.524 34.76888 20.00 2306.682782
870.00 5163.070 2940.252 53.11094 20.00 2282.747271
880.00 5191.213 2473.413 36.02421 20.00 2186.179681
890.00 5613.954 2583.599 24.61245 20.00 2210.130769
900.00 5579.241 2644.431 31.45738 20.00 2223.027083
910.00 5712.608 2905.288 57.79010 20.00 2275.930476
920.00 6219.111 2876.129 47.12633 20.00 2270.198248
930.00 6386.336 3111.822 27.59576 20.00 2315.343230
940.00 6489.850 2866.232 133.56708 20.00 2268.242737
950.00 6517.794 2866.232 24.26944 20.00 2268.242737
960.00 6111.120 2866.232 63.14770 20.00 2268.242737

20 40 60 80 100 120 140 160 180 200 220

Fréquence(Hz)

10

20

30

40

50

60

70

Q
(f

)

Q= 57.97
Q=20
Q  57.97
Q  20

Fig. 9 Example of approximation of Qs = 20 and Q p = 57.7901 for α = 0.7
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Table 2 Optimised relaxation times for Qs = 20 and Qp = 57.7901 for α = 0.7

Elementary model τ0(ms) τ1(ms)

1 3.3928 3.6217
2 1.5155 1.4352
3 0.6769 0.7246

Fig. 10 The displacement norm for α = 0.7, for realistic data

We observe on the figures 7 that the quality of the dissipation and the speed of propagation of the waves are
related to the frequency, i.e. for a large value of f0 the wave is more damped and propagates faster.

4.5 Realistic simulations

Now, we are considering a realistic experiment modeling an oil reservoir located in a domain 
 = [0, 270] ×
[800, 960] (Mc Elroy in Texas) with a strong productive zone between 880 m and 900 m. The heterogeneous
medium is characterized by the physical data:

To approach the quality factors, we have used the Q optimization algorithm presented in [19] in a range
frequencies [ fa, fb] = [20, 200] and the generalized Zener?s model with 3 elementary laws (see Figure 9 and
the table 1 for Qs = 20 and Q p = 57.7901).
We consider a regular grid composed of squares of edges h = 1 m, the time step�t = 8.272 · 10−5 satisfies the
stability condition. The source f is defined by (48) with f0 = 100 Hz. We present in figures 10 the snapshots of uz .

We can observe the phenomena of transmission-reflection, also the reflection of the wave on the outer bound-
ary of the domain.

5 Conclusion

We are interested in the numerical modeling of wave propagation phenomena in a dissipative media, solids in
general. The understanding and modeling of these phenomena play a fundamental role in many fields of appli-
cation such as geophysics, seismic, non-destructive testing. In geophysics, seismic waves are used to model the
subsoil and determine the nature of the media that constitute it. The goal is to calculate the reflections due to
the interfaces between the different layers of the subsoil. Ultrasonic waves are used in non-destructive testing to
detect the presence of defects in a structure. It is this type of application that first motivated this work. We have
presented a model of wave propagation in viscoelastic media with fractional derivative, as well as a differential
model generalizing the Zener model 2D case for heterogeneous media. We have adapted a family of quadran-
gular mixed finite elements (2D) developed for the integer model (see [19]), based on mixed finite element
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approximations in space and a finite difference scheme in time. This adopted method has the advantage of being
totally explicit thanks to the mass lumping technique. The stability of the proposed schemes in heterogeneous
media is demonstrated by discrete energy decay techniques inspired by those used in the continuous case when
already proven in the article [14]. The method proposed in this work has been validated by performing several
numerical tests in different media (isotropic and realistic).
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