Indian J Pure Appl Math (2025) 56:99-112
https://doi.org/10.1007/s13226-023-00459-2

ORIGINAL RESEARCH

Evaluation of the convolution sum Z o (l)osz(m)

al+bm=n
for (a,b)=(1,7),(7,1,1,8),@8,1),(1,9),(9,1) and
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Abstract For a positive integer n we evaluate the convolution sum Z o (l)oz(m) for (a,b) = (1,7), (7, 1),

al+bm=n
(1, 8),(8, 1),(1,9)and (9, 1). We then use these evaluations together with known evaluations of other convolution

sums to determine the numbers of representations of n by the forms x7 + x3 +x3 +x7 +2(x2 + x2 +x7 +x +
3 5%y 432 +x), X5} 423 43+ xE 43245 xE + 208 + 2% + 2k +ah). 6} Haxa+xd +
x% + x3x4 + xf + 3()c52 + x5x6 + xé + x72 + x7x8 + x§ + x92 + x9x10 + x120 + x121 +x11x12 + xlzz), x% +x1x0 +
X3 +x3 + X34 + X3 + 32 + X5x6 + X2 + X7 + x7x3 + x5 + 3(x3 + Xox10 + X7 + 37, +x11x12 +x7,). We use
a modular form approach.

Keywords Convolution sums - Sum of divisors function - Eisenstein series - Modular forms - Cusp forms -
Dedekind eta function - Quadratic forms - Representations
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1 Introduction

Let N, Z and C denote the sets of positive integers, integers and complex numbers, respectively. For k € N the
sum of divisors function o (n) is defined by
ox(n) =y d*,

d|n

where the sum is over the positive divisors of n. If n ¢ N we set ox(n) = 0. We write o (n) for o1(n). For
a,b,r,s € N we define the convolution sum W’} (n) by

W) = Y op(Doy(m). (1.1)

(l,m)EN2
al+bm=n
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100 S. Alaca, Y. Kesicioglu

The convolution sum W:sb(n) has been evaluated explicitly for many pairs (a, b) when (r, s) = (1, 1), see for
example [1,2,4,14,17,20,22]. However, the sum W;:Z(n) has been determined expilicitly for very few pairs

(a, b) when (r, s) # (1, 1). The reader can find the evaluation of the sum W;”g (n) in the literature for
(a,b) = (1,1),(1,2),(2,1),(1,3), 3, 1), (1,4), 4, 1), (1, 6), (6, 1), (1, 12), (12, 1),
(2,3),(3,2),(3,4), (4,3).

See, for example, [3,6,10,16,21]. In this paper we evaluate the sum WJ”I? (n) for
(a,b) =(1,7),(7,1),(1,8),(8,1),(1,9), (9, 1). (1.2)

We used a modular form approach for our evaluations. We used Theorem 2.2 (Ligozat) below to construct the
required cusp forms. However, Theorem 2.2 is not applicable to construct the required number of cusp forms to

evaluate the sum W;”;’ (n) for
(a,b) =(1,5), (5, 1), (1, 10), (10, 1), (2,5), (5,2), (1, 11), (11, 1). (1.3)

We plan to tackle these cases in a later date using different techniques.

Fori,j,n,k €e Nwithl <i < 12and2 < j < 12 we let N; x(n) and R (n) denote the number of
representations of n by the quadratic form xl2 + x% 4+ xl.2 + k(xl.zJrl 4+ x%z) and x% + x1x0 + x% + x32 +
X3X4 +x§ 4. +x]2.71 +xj1x; +x12. +k()c12.Jrl +Xj1Xj 42 +x]2<Jr2 +... +x121 + X11X12 +x122), respectively,
namely,

Nik(n) := card{(x1, ..., x12) € 712 |n= x% +x§ +- 4 xiz + k(x,%r1
+- A xp)h (1.4

Rj i(n) := card{(x1,...,x12) € 72 |n = x12 + x1x2 + x% +...+ xj2~_1
+Xj1Xj +x]2- + k(x]2~+1 +Xjr1xj42 +x]2-+2 +...+ x121 + x11x12 + x122)}. (1.5)

By using our evaluations of Wll’g3 (n), W81 ]3 (n), Wll’g3 (n), W; 13 (n) together with known evaluations of
1,3 1,3 1,3 1,3 1,3 1,3 1,3 .
Wi (), Wi (), Wi (), Wi g(n), Wy p (n), Wy'p(n), Wy'y(n), we determine formulas for

N4p(n), Ng2(n), Re3(n), Rgs(n).
Our formulas for N4 >(n) and Ng o (n) agree with those in [11, Theorem 7.2.1, p. 135]. Our method is different

as we use a modular form approach.

2 Preliminary results

For g € C with | ¢ |< 1 we define

F) =[] ~q". .1

n=1
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Evaluation of the convolution sum... 101

We define the sequences ay (n), bi(n) and cx(n) (1 < k < 3) by

Ai(g) = ial(n)q" =qF (@ F*(¢)), 2.2)
n=1

Ax(q) = iazm)q” =q*F*(9)F°(g)), (2.3)
n=1

As(q) = iaa(mq" = ¢ FA(@F" () (2.4)
n=1

Bi(q) == ibl(m” =qF"(" 2.5)
n=1

By(q) = ibz(n)qn =q’FP(g", (2.6)
n=1

B3(g) := i by(mq" = qF* (@) F*(g") 2.7)
n=1

Ci(g) = icl(n)q" = qF°(@)F°(¢") (2.8)
n=1

Ca(q) = i%(ﬂ)qn =g’ F (@) F°(q)F ("), (2.9)
n=1

Ci(g) = icz(n)q" = ¢’ FOqHF°(q"). (2.10)

n=1

We note that the sequences by(n), b>(n) and cy(n) are given in [11] and [21] as 72(n), t2(n/2) and a(n),
respectively. Also, by (n) is given in [3] as a(n). For ¢ € C with | ¢ |< 1 Ramanujan’s theta function ¢(gq) is
defined by

o0
2
@)=Y q". @.11)
n=—0o0
We have

o
S N ....aimng" = o) - 9. (2.12)
n=0

The infinite product representation of ¢(q) is due to Jacobi [7], namely

@ = D) 2.13)
PO = gy '
For ¢ € C with | ¢ |< 1 the Eisenstein series L(g), M (g) and N(q) are defined by
o0
L(q) = Ea(q) =1—24) o (n)q", (2.14)
n=1
oo
M(q) := E4(q) = 1+240 ) o3(n)q", (2.15)
n=1
o0
N(q) = Ee(q) = 1 =504 ) _05(n)q", (2.16)
n=1
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102 S. Alaca, Y. Kesicioglu

see for example [8, p. 20,21], [16, eqn. (25)].
-3
By taking k = 6 and x (n) = ¥ (n) = (—) in the definition of E¢ , y (¢) preceding Theorem 5.8 in [18,
n
p- 88], we have

e ¢]

M@ = Eo gy @ =3 (2 )osrg”, (2.17)

n=1

-3
where (—) is Jacobi-Kronecker symbol.
n

Let N € Nand k € Z. We write My (I'o(N)) to denote the space of modular forms of weight k£ with trivial
multiplier system for the modular subgroup I'g(N) defined by

FMN):{(iZ) |a,b,c,d € Z, ad —bc =1, c=0 (mod N)}.

It is known (see for example [18, p. 83]) that
M(To(N)) = Ex(To(N)) @ Sk(T'o(N)), (2.18)

where E(I'o(N)) and Si (I'o(V)) are the corresponding subspaces of Eisenstein series and cusp forms of weight
k with trivial multiplier system for the modular subgroup I'o(N).

The Dedekind eta function 7n(z) is defined on the upper half plane H = {z € C | Im(z) > 0} by the product
formula

(0.¢]
n(z) — eﬂiZ/]z l_[(l _ ezﬂiHZ). (219)
n=1
Throughout the remainder of the paper we take
g =q(z) :=e*™"* withz € H (2.20)
sothat | ¢ |< 1. By (2.1) and (2.20) we have
o
n@) =g [0 -q" =q"*F(g. Q.21)
n=1

An eta quotient is defined to be a finite product of the form

f@=]]n" 6. (2.22)
8

where § runs through a finite set of positive integers and the exponents rs are nonzero integers. By taking N to
be the least common multiple of the §’s we can write the eta quotient (2.22) as

f@=]]n" 6. (2.23)

SIN

where some of the exponents rs may be 0. When all of the exponents rs are nonnegative, f(z) is said to be an
eta product.
In view of (2.13) and (2.19)-(2.21) we can write Ramanujan’s theta function ¢(g) as an eta-quotient

n°(22)
n2(2)n*(4z)

(2.24)

p(q) =
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Evaluation of the convolution sum... 103

Similarly we can express A;(g), Bi(q), Ci(q), 1 <k < 3 given in (2.2-2.10) as eta-products

A(q) = " @n*(72), (2.25)
Ax(q) = n°(@n°(72), (2.26)
As(q) = n* (@' (72), (2.27)
Bi(q) == n'*(22), (2.28)
By(q) := n'*(42), (2.29)
B3(q) == n*()n*(42), (2.30)
Ci(q) = n°(2)n°(32). 2.31)
C2(q) = n*@n°B2)n’ (92), (2.32)
C3(q) == n°(32)n°(92). (2.33)

We use the Sturm bound given in Theorem 2.1 below to show the equality of two modular forms in the same
modular space, see [8, Section 3.3] for a proof of this result.

Theorem 2.1 Let N € N. If

f =) anq" € M(To(N), x)

n=0
and
o
g=Y bug" € My(To(N), )
n=0
and
n=bpforn=0,1,2,..., iN (l—i—l)
“ 12 »
PIN
then f = g.

We use the following theorem to determine if a given eta quotient f(z) is in a certain modular space, see [8,
Theorem 5.7] and [9, Corollary 2.3].

Theorem 2.2 (Ligozat) Let N be a positive integer and let f(z) = l_[ 7% (8z) be an eta quotient which
1<S|N
satisfies the following conditions:

(i) Y 8 rs=0(mod 24);
1<5|N
i) > N o= 0 (mod 24);
6 5 - s
1<5|N
(iii) 1_[ 8" is the square of a rational number;
1<8|N

2 .
(iv) Z gcd(d,;) rs

> 0 for each positive divisor d of N;
1<5|N

. 1 . .
(v) the weight k = — Z rs Is an even integer.
1<8|N
Then f(z) is in M (To(N)).
In addition to the above conditions if f(z) also satisfies the condition

d(d, 8)* -
@) Z M > 0 for each positive divisor d of N,

1<8|N
then f(z) isin Sx(T'o(N)).
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104 S. Alaca, Y. Kesicioglu

We note that the cusp forms Ax(g), Bix(q) and Ci(q) (1 < k < 3) in (2.2)-(2.10) are constructed by using
MAPLE in a way that they satisfy the conditions of Theorem 2.2.
In Theorems 2.3-2.5 below we present bases for certain modular spaces that we need to prove our results.

Theorem 2.3 (a) {Ar(q) | 1 <k < 3}is a basis for S¢(I'o(7)).
(b) N(q")(t = 1,7) constitute a basis for E¢(I'o(7)).
(¢c) N(g")( =1,7) and Ax(q) (1 < k < 3) constitute a basis for Me(T'o(7)).
Proof (a) Itfollows from (2.13), (2.21) and Theorem 2.2 that A (¢) (1 < k < 3)arein S¢(I'0(7)). By [8, Theorem
3.8, p. 50], the dimension of S¢(I'g(7)) is 3. Note that there is no linear relationship among Ax(¢)(1 < k < 3).
Thus, Ax(q) (1 <k < 3) constitute a basis for S¢(I'g(7)).

(b) By [8, Theorem 3.8, p. 50], the dimension of E¢(I'g(7)) is 2. Thus, it follows from [18, Theorem 5.9]
that N(¢")(t = 1, 7) constitute a basis for E¢(I¢(7)).

(¢) It follows from (a), (b) and (2.18) that the dimension of Mg(I'o(7)) is 5, and therefore N(g")(t = 1,7)
and Ai(q) (1 <k < 3) constitute a basis for Me(I'g(7)). O

Theorems 2.4 and 2.5 can be proven similarly.

Theorem 2.4 (a) {Br(q) | | < k < 3} is a basis for S¢(I'g(8)).

(b) N(¢")(t = 1,2,4,8) constitute a basis for E¢(I'o(8)).

(¢) N(g")(t =1,2,4,8) and Bi(q) (1 < k < 3) constitute a basis for Mg(To(8)).

Theorem 2.5 (a) {Cr(q) | 1 < k < 3} is a basis for S¢(I'9(9)).

(b) N(¢")(t =1,3,9) together with Ny (q) constitute a basis for E¢(I'(9)).

(¢) N(g"(t=1,3,9) and Ny (q) together with C(q) (1 < k < 3) constitute a basis for Mg(I'o(9)).

We use Theorems 2.6-2.8 below to prove Theorems 2.9-2.11, respectively, which we need to prove our main
results.
Theorem 2.6 (a) (L(q) —7L(q7))M(q) is in Me(T'o(7)).
®) (L(q) = TL(@")M(q) is in Me(To(7)).
Proof (a) By [18, Theorem 5.8], L(q) —7L(q7) € M>(T'o(7)) and M (q) € M4(T'o(1)). It follows from I'y(7) C
To(1) that M4(To(1)) C M4(To(7)). Therefore M (q) € M4(I'o(7)). Thenby [5,p.27], (L(g) — 7L(q7))M(q) €

Mes(To(7)).
(b) By [18, Theorem 5.8], L(q) — 7L(g7) € M»(T'o(7)) and M(¢7) € M4(To(7)). Then by [5, p.27],

(L(g) —7L(g"))M(q") € Mg(T'o(7)). O
Theorems 2.7 and 2.8 can be proven similarly.

Theorem 2.7 (a) (L(q) — 8L(q8))M(q) is in Mg(I'o(8)).

() (L(q) —8L(q®))M(g®) is in Me(I'o(8)).

Theorem 2.8 (a) (L(q) —9L(q°))M(q) is in Me(T'9(9)).

(b) (L(g) —9L(q”))M(q°) is in Me(To(9)).

As mentioned earlier, we use Theorems 2.9-2.11 below to prove our main results.

Theorem 2.9
oo
168 2470776 n
L(g) —7L(g"))M(g") = —6 - r
@ (L@ =TLE@H)M(G) +§( = 0s(n) + —=—os ()
19440 5760 843120 n
— () = () — ——as))q",
oo
352968 2823576 n
b) (L(q) —TL(g))M(q) = —6 - ———os(>
®) (L) —TL@gH)M(g) +§( o5 + ———05 (5)
843120 ( 282240 46675440 ( )) n
gi7 YT g Y gi7 V)T

where ar(n) (1 < k < 3) are defined in (2.2)-(2.4).
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Evaluation of the convolution sum... 105

Proof By Theorem 2.6(b), (L(q) — 7L(q7))M(q7) is in Me(I'9(7)). Appealing to Theorem 2.3(c), we can
express (L(q) — 7L(q7))M(q7) as

3
(L(@) = TL@gD)M(q") = Y xaN(g")+ ) yiAi(q) (2.34)

1=d|7 i=1

for some scalars x; and y; in C. The Sturm bound given in Theorem 2.1 for Mg(I'g(7)) is
6.7 1 7 8
1 _)] — [_ . _] —4. 2.35
[ 12 l[;!( + p 2 7 ( )

Equating the coefficients of ¢” for 0 < n < 4 on both sides of (2.34), we find a system of equations with
unknowns x4 (1 <d | 7)and y; (1 <i < 3). Using MAPLE we solve the system and find that

(L(g) —TL(g"H)M(g")
1 14707

Ny — 19440 5760 843120
= oas51

A1(q) — To Ax(g) — 517

N(g") -

As(q).
2451 817 3@

Appealing to (2.2)-(2.4) and (2.16), we obtain the assertion of part (a). Now let us prove part (b). By
Theorem 2.6(a), (L(q) — 7L(q7))M(q) is in Mg(I'9(7)). Appealing to Theorem 2.3(c), we can express

(L(g) = TL(g")M(q) as
(Li@) = TL@H)M (@) = ) de<qd>+ZylA @) (2.36)
1<d|7 i=1

Appealing to (2.35) and equating the coefficients of ¢” for 0 < n < 4 on both sides of (2.36), we find a system
of equations with unknowns x4 (1 < d | 7)and y; (1 <i < 3). Using MAPLE we solve the system and find that

(L(g) — TL(g"))M(q)

_ 2101 N ) 16807 N 7 843120A @ 282240A @ 4667544OA @
= 2451 2451 g17 1M 19 2 g17 o
Appealing to (2.2)-(2.4) and (2.16), we obtain the assertion of part (b). ]

Theorem 2.10 and Theorem 2.11 can be proven similarly by using Theorem 2.7 and Theorem 2.8, respectively.

Theorem 2.10

@ (Lt@) ~8LG") M) = —7+§<——05(n) o5 (5) - Zos (4)

ny 405 315
1355207 (g) — S5 b = Zha(n) — —b3(n))q :

®) (L@) —8L(g")M(q) = =T+ Y (—444o5(n) + 18005 (5 ) + 72005 ()
n=1

1307205 (g) — 540b1 (1) — 12240b2(n) — 720bs (n))q"

where bi(n) (1 < k < 3) are defined in (2.5)-(2.7).
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106 S. Alaca, Y. Kesicioglu

Theorem 2.11

> 640
@ (L@)—9L@)M@") = —8+Z(—m os(m) — 7505 (5)
=1
52488 (n) 3800 640 6480 ))
os\g) = gz 1) — el = HFan
> 5832 5760
®) (L@)~9L@))M(@) = —8+Z(——05( )+ 205 (3)
n=1
52488 19440 680400
a3 5(%)— B c1(n) — 17280cr(n) — B C3(n))q"

where c;(n) (1 < k < 3) are defined in (2.8)-(2.10).

3 Statements of main results

We prove the following main results in the next section.
Theorem 3.1 Let n € N. Then

(@ W37 n) = 1967080 os(m) + 119761058 ”» ($> - % o+ (214 g>a3 (%)

7 1 1171
ay(n) + az(n) + —za3(n),

+6536 6536
35 16807 n 1 n 1 n
b) W3 (n) = ) TN . Y
(B) W3 = 1550575 + 196080”5<7> 240° (7)+(24 56)"3(")
7L T 928
T 45752 T 19 T 6536

where ar(n) (1 <k < 3) are defined in (2.2)-(2.4).
Theorem 3.2 Letn € N. Then

6141140 o500+ 1006” (%) +%"5 (E) + 112 5(’;)

1 n n 9
—% o(n) + (ﬁ - g) ( ) + Jo0cb 0 + ﬁbz(n) + mbﬂn)

(b) Wsl,'13(n) 7—2805(71) + ;6 (g) + 6i405 (%) + %gs <’§l>
_ﬁa (%) + (21—4 - 6,1_4)63(’1) 756 bl(n) b2(n) bg(n)

where by (n) (1 < k < 3) are defined in (2.5)-(2.7).

(@) W3 (n) =

Theorem 3.3 Letn € N. Then

| | 9 /n
Wh3n) — 2 -
@ W50 = 53067 T 1053 5(3>+ 104 5(9) 2407 ™

_}_(i _ E)g3 <E> 83;4(’1(71) + = Cz(n) + iC3(n)

A VASAN 104
1 n 81 n 1 n
(B) Wy (m) = Gagostn) + 77 5<3>+ om0 5(9) " 2407 (5)
+(i )3 = 1) — e — 1)
24 o3(n Cl n 3C2 n 104C3 n),

where ci(n) (1 < k < 3) are defined in (2.8)-(2.10).
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Theorem 3.4 Letn € N. Then
1 1
(@) Nyp(n)= Eos(n) - 505(11/2) + 8os5(n/4) — 51205(n/8)

+%b1 (n) +56b2(n) 4 4b3(n),
(b) Ngo(n) =205(n) —205(n/2) + 8os(n/4) — 51205(n/8)
+6b1(n) + 120b2(n) + 8b3(n),
where by(n) (1 < k < 3) are defined in (2.5)-(2.7).
Theorem 3.5 Letn € N. Then

4 724 5832 152
(@) Ry3(n) = EGS(H) T3 5(n/3) — ?US(”/% + Fcl(n)

2592
+96¢> (n) + 3

) Restr = Zosom s 20y ST 288
8.3(0) = 1305(0) + —3=os(n/ 3 s/ 13

12312
+288cor(n) +

c3(n),

c3(n),

where cx(n) (1 <k < 3) are defined in (2.8)-(2.10).

4 Proofs of main results

Proof of Theorem 3.1: (a) We begin by recalling that

Lig)=1-24) o(n)yq",

n=1
o0
M(q) =1+240) o3(n)q".
n=1

Mapping ¢ — ¢’ in (4.1) and (4.2), we obtain

Lgh=1-24) o(mq™,

n=1
o0
M(q") =1+240)  o3(m)q™".
n=l1

Thus, from (4.1),(4.3) and (4.4), we obtain

(L(g) — TL(g"))M(g") = —6 + i (352805 (;) — 144003 (;)

n=1

l n n 1,3 n
—240 (1) + 40320 <ﬁ - %) o3 (7) — 5760W,3 (n))q .

By equating the coefficients of ¢” on the right hand sides of Theorem 2.9(a) and (4.5), we obtain

168 2470776 (n ) 19440 5760 843120
o5 —

5177 T 517 7)™ g7 @) gt = =

— 352805 (’%) — 144003 (%) — 240 (n) + 40320 (i - 5”—6> o3 (%)

az(n)

—5760W,3 (n).

“.1)

4.2)

4.3)

(4.4)

4.5)

(4.6)
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108 S. Alaca, Y. Kesicioglu

Solving (4.6) for Wl1 73 (n) we obtain the asserted formula.
(b) Using to (4.1),(4.2) and (4.3), we obtain

(@)~ TL@N)M(g) =6+ ( — 50405(n) — 144003 (n) + 1680 (;)

n=1

1 n 1,3
—5760 (ﬁ - g) o3(n) + 40320W,; (n)>q".

By equating the coefficients of ¢” on the right hand sides of Theorem 2.9(b) and (4.7), we obtain

352968 2823576 n 843120 282240 46675440
o5 + — 05 (5) - ar(n) - ax(n) — ———a3

817 19 817
n n
— —50405(n) — 144003 (n) + 1680 (7) — 5760 (24 - §> o3 (n)

(n)
1

+40320W,7 (n).

Solving (4.8) for W7113 (n) we obtain the asserted formula.

A4.7)

4.8)

O

Theorem 3.2 and Theorem 3.3 can be proven similarly by using Theorem 2.10 and Theorem 2.11, respectively.

Proof of Theorem 3.4: We just prove part (a) as part (b) can be proven similarly. For [, m € Ny let r1 (/) and
r2(m) denote the number of representations of / and m as sum of four and eight squares, respectively, namely,

ri(l) = card{(x1, x2, x3, x4) € Z* | I = x] + x5 + x3 + x5}

and
_ 8 _ .2 2 2
ra(m) = card{(xs, x¢, ..., X12) € Z° | m = x5 + x5 + ...+ x7,}
so that 71 (0) = r»(0) = 1. It is known that
)
ri(l) = 8a(l) — 320 (4_1) , leN,

and

ra(m) = 1603(m) — 3203 (%) + 25607 (%) . meN,

see for example [13,19]. It is clear that

Nao)y= > rihra(m)

(,m)eNg
[+2m=n
n
= RO +nOrn (3)+ Y nOnm
(t.m) e N?
I+2m=n

(80(;1) — 320 (%) + 1603 (%) — 3203 (%) + 25603 (%) )

+128 )" oWosm =256 Y oo ()

(l,m) e N2 (l,m) e N2
[+2m=n [+2m=n
+2048 Y oo (T)—su Y oo 2N o3(m)
3 1 2 3
(I, m) e N2 (.m) e N2
I+2m=n [+2m=n
l m l m
+1024 Y U<Z>O’3<E)—8192 3 0<Z>63<Z).
(1,m) e N2 (I,m) e N2
l4+2m=n [+2m=n
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(4.10)

.11

4.12)
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By [6, Theorem 6] the first sum in (4.13) is

Z o()oz(m) = ! os(n) + la <n>+<l n)a (n)
T 0407 127°\2 24 8/

(I,m) e N2

l+2m=n

——o(n). (4.14)

By [3, Theorem 4.2] the second sum in (4.13) is

Y. oo (3) = Y oWosm

(I,m) e N2 (l,m) e N2
[+2m=n I+4m=n
1 ) + 1 (n)+ 1 (n>+(1 n) (n)
= ——o05(n —o0s5 (= —o5 | — — — =)oz | —
3840 ° 256 °\2) T 1277 \4 24 8/ \4
1 1

where a(n) equal to by (n) defined in (2.5). By Theorem 3.2(a) the third sum in (4.13) is

Y. oo () = X oWosm)

(I, m) e N? (l,m) € N?
[4+2m=n [+8m=n

- 614114005(") + ﬁ" (g) + 2;_605 (%) + %05 (%)

o+ (57— 2)os (5) 4 goacbin) + 51cban) + < b(n)
——o(n — ——)o3 (= ——b1(n) + —ba(n) + —=b3(n).
240 24 8)73\8) T 4096 ! 256 ° 51272

(4.16)

By [6, Theorem 6] the fourth sum in (4.13) is

Z 0(2) o3(m) = Z o (o3 (m)

(,m) e N? (I, m) e N?
[+2m=n 2l+m=n/2

=7 (5) 5o () G~ ) () - zigresr w0

By [16] the fifth sum in (4.13) is

)3 0(903@) = Y oWosm)

(l,m) e N2 (I, m) e N2
[+2m=n l+m=n/4
=07 () + G 50)s () ~ 27 (5): @19

By (4.14) with n replaced by n /4, the sixth sum in (4.13) is

)3 o(g)ag(g) = Y oWosm)

(I,m) e N2 (I,m) e N2
[+2m=n [ +2m=n/4
=50 () + 77 () + (- 527 (5) ~ 5o (5) @9
T2407\3) T2\ \8) T \2s T 32/ \8) T 2407 \g) -
Using (4.14), (4.15), (4.16), (4.17), (4.18) and (4.19) in (4.13) we obtain the asserted result. m|

@ Springer



110 S. Alaca, Y. Kesicioglu

Proof of Theorem 3.5: We just prove part (a) as part (b) can be proven similarly. For [, m € Ny let r3(/) and
r4(m) denote the number of representations of / and m by xlz + x1x2 + x% + x% + x3x4 + xf and x52 + x5x6 +

xé + x% + x7x8 + xé + xg + x9x10 + x120 + x121 + x11x12 + x122, respectively, namely,

r3(l) = card{(x1, x2, X3, x4) € YA = x% + x1x2 +x§ +x§ + x3x4 +x§} (4.20)
and
r4(m) = card{(xs, x¢, ..., X12) € 78 | m = x52 + x5x6 + xé + x% + x7x3
+x§ + xé + x9x10 + x120 + x121 + x11x12 + x122} 4.21)

so that r3(0) = r4(0) = 1. It is known that
[
r3(l) = 120 (1) — 360 (5) ,leN, (4.22)

and

ra(m) = 2403(m) + 21603 (%) . meN, (4.23)
see for example [6,12]. It is clear that

Rism = 3 rs(ratm) = rsmra0) +rsOrs (3)

(,m)eNg
[+3m=n

+ Y raDram)

(I, m) e N2
l4+3m=n

(IZG(n) — 360 ( ) 1 240, (g) 121603 (g))

1288 Y o(Dozm) +2592 > oo (%)

(l,m) e N2 (I, m) e N2
[4+3m=n [+3m=n
864 Y o B\ o30m) — 7776 Y oo B o (m) (4.24)
3)% 3)7P\3) '
(I,m) e N2 (1,m) e N2
l+3m=n l4+3m=n

By [21, Theorem 1.1] the first sum in (4.24) is

1 9 n
Z o(oz(m) = Toao° os(n Vrﬁ 5(3)

(l,m) e N2
[+3m=n

R MORE RO

where a(n) equal to ¢ (n) defined in (2.8). By Theorem 3.3(a) the second sum in (4.24) is

Z a(l)@(%) = Z o (l)os(m)

(1, m) e N? (1, m) e N?
I +3m=n I +9m =n
1 1 9 n
= 52207 T 1033 5(3) 104 5(9)_% o)
1 n n 35 9
+(ﬂ_§>03 (5) g4 C1 W T 57 e+ 10253
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By [16] the third sum in (4.24) is

> o <§) o3(m)

> oosm)

(I, m) € N2 (I.m) e N2
I4+3m=n l4+m=n/3
7 n 1 n n 1 n
= — = — = —)—=—0l=Z). 4.27
807 (3)+(24 24)”3(3) 2400<3> “.27)

By (4.25) with n replaced by n/3, the sixth sum in (4.13) is

> a(5)n(%)

> ohozm)

(I,m) € N2 (I,m) e N2
[+3m=n [ +3m=n/3
= 10107 (5) 1037 (5)+ g = 3307 (5)
10407 \3) T 1047 \9) T34 7 24)7 G
1 (n) + 1 (n) 4.28)
240°\3) T 3123/ '
where a(%) equal to c3(n) defined in (2.10). Using (4.25), (4.26), (4.27) and (4.28) in (4.24) we obtain the
asserted result. O

Remark 4.1 In Theorems 3.4 and 3.5 we determined formulas for N4 2(n), Ng2(n), Ra3(n) and Rg3(n) by
using our formulas for Wl1 ’g (n), W81 ]3 (n), Wlly’g (n) and W91"13 (n) (together with known formulas for Wll,‘f (n),

Wlly’z3 (n), Wll,’33 (n), Wll”j (n), W2113 (n), W3113 (n) and W41”13 (n)). Alternatively, we could obtain the formulas for
Nyo(n), Ng2(n), R43(n) and Rg3(n) directly by using the bases for Mg(I'0(8)) and Me(I'9(9)) given in
Theorems 2.4 and 2.5, and then using Ny 2(n), Ng2(n), Rs3(n) and Rg 3(n) (together with known formulas

for W (), W\5 (n), W5 (), W'} (n), Wy (), W37 (n), Wy} (n)) we would obtain the same formulas for

Wll”s (n), ng”f (n), Wlly‘g3 (n), W;f (n). See [15] for some evaluations in this alternative direction.
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