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Abstract In his work, Ramanujan recorded a list of 40 beautiful modular relations for the Rogers—Ramanujan
functions (RRFs) G(g) and H(g) and noted, enigmatically, that “Each of these formulae is the simplest of a
large class.” Ramanujan did not shed light, and it appears to be a mystery about what precisely these classes are.
Mathematicians from Ramanujan’s contemporaries, G. N. Watson and L. J. Rogers, noted modern mathematicians
have sought to explore, prove, and find further relations for RRFs and analogues. Very recently, Bulkhali and
Ranganatha have proved 24 new relations involving sums or differences of products of quadruples of RRFs rather
than products of pairs of functions. In this article, we extend the list of modular relations involving RRFs by
providing twenty-six new modular relations. We also discuss their applications to the theory of partitions.
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1 Introduction

The Rogers- Ramanujan functions (RRFs) are defined by

o0 qnz it qn2+n
G(q) == oo and  H(q) ::Z( o (1.1)
n=0 9> 9)n n=0 9> 9)n
where
n—1
=10 =[]0 -xg"), n=1 i@ := lim (xiq)n. lgl <1.
k=0 n—oo
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114 Channabasavayya et al.

The series=g-product in the following are the celebrated Rogers-Ramanujan identities (RRIs), initially discovered
and proved by L. J. Rogers [17] and then rediscovered by S. Ramanujan [14, pp. 214-215]:

o an 1 S qn2+n 1

Glg) == . H(g) =

- = . (1.2)
@ (0:97)(q% 7)o =@ On (0% 97)0(q )0

In one of Ramanujan’s papers [15] entitled Arithmetic relation between certain infinite products, he states that
“I have now found an algebraic relation between G (¢) and H (¢), viz:

HOG@Y! — *G@IH @ =1+ 119{G (@) H(g))°, (1.3)

and another noteworthy formula

H(@)G(q") —¢*G@)H(¢") = 1. (1.4)

Each of these formulae is the simplest of large class”. In fact, Ramanujan recorded forty modular relations
involving RRFs, but he did not shed light on proof of any of these relations.

The proofs of these forty identities are given by many mathematicians in a series of papers. The first published
proof of (1.3) was given by H. B. C. Darling [12]. Around the same time, Rogers [17] proved the ten identities
[including (1.3)], where he mentioned that he had received the identity (1.3), together with others of the same type
through private communication from Ramanujan. In 1933, G. N. Watson [19] gave the proofs of eight identities,
including two relations of Rogers. In 1975, B. J. Birch [7] found Watson’s handwritten copy of Ramanujan’s list
of forty identities in the Oxford University library and brought them to the public. In 1977, D. Bressoud [10]
recorded the proofs of 15 identities by generalizing the Rogers method in his Ph. D. thesis. A. J. F. Biagioli [8]
proved eight identities using the theory of modular forms in 1989. Out of forty identities, thirty-nine have been
proved, one identity remains unproved, and in 2012, H. Yesilyurt [20] discovered the proof of one that had never
been proved by any means. The proofs of all forty identities can be found in Ramanujan’s Lost Notebook-Part
III, written by G. E. Andrews and B. C. Berndt [2]. For more history about Ramanujan’s forty identities, one can
refer to the monograph [6] written by Berndt et al.

One can observe that there is only one identity among the forty identities listed by Ramanujan, which involves
the powers of G(q) and H (g), namely (1.3). The remark made by Ramanujan suggests that there are many more
identities involving G (q) and H (g). Since then, finding new relations involving RRFs has drawn a lot of attention.
In this direction, S. Robins [16] utilized the theory of modular forms and proved four relations involving RRFs. In
[13], C. Gugg offered new relations involving squares and cubes of RRFs and also reproved the three relations of
Robins [16] by using known relations for RRFs, even-odd dissections of the RRFs, theory of modular equations,
and formula of R. Blecksmith, J. Brillhart, and I. Girst [9]. Berndt and Yesilyurt [4] proved new identities by
applying the Watson method [19]. In 2021, N. A. S. Bulkhali and D. Ranganatha [11] offered 24 new relations
involving sums or differences of products of quadruples of G(g) and H (q), rather than products of pairs of the
functions by invoking the Watson method and some theta function identities of Ramanujan. Very recently, using
(2.14), (2.15), and some theta function identities N. D. Baruah and H. Das [3] have proved four new relations
involving RRFs.

Motivated by the remark of Ramanujan and the work mentioned above, in this paper, we extend the list of
modular relations involving RRFs by proving twenty-six new identities involving sums or differences of products
of quadruples of G(g) and H (g), rather than products of pairs of the functions by invoking the Watson method
and some theta function identities of Ramanujan recorded in Chapter 16 of Ramanujan’s notebook-Part III [1,5].

The structure of the paper is as follows. In Section 2, we recall some important results which we use in the
subsequent sections. In Section 3, we offer proofs of twenty-six new modular relations for RRFs. In Section 4,
we will give partition theoretic interpretations for some of our results proved in Section 3.

2 Definitions and preliminary results

In this section, we recall some fundamental definitions and preliminary results on Ramanujan’s theta functions.
The general theta function as defined by Ramanujan is [5, p. 34, Eq. 18.1]

o0
fla.by= Y a"¥D2pne=Di2 - gp < 1. 2.1)

n=—0oo
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The theta function f(a, b) satisfy the following simple properties [5, p. 34, Entry 18]:

fla,b) = f(b,a), (2.2)
f.a)=2f@.a), 2.3)
f(=1,a) =0, (2.4)
f(a, by = "t =D12 £ 4 (ab)", b(ab)™). (2.5)

These properties are used frequently in this paper without citing them. Settingn = 1,a = ¢, b = ¢* in (2.2),
we get

@ a)=q"f@" ,q7. (2.6)

This identity is often used whenever negative powers of argument occur in f(a, b). The Jacobi triple product
identity [5, p. 35, Entry 19] in Ramanujan’s notation takes the following form:

f(a,b) = (—a; ab)oso(—b; ab) oo (ab; ab)wo.

The three special cases of (2.1) as recorded by Ramanujan are [5, p. 36, Entry 22]

(=447 00(q% 4% oo

@) =fa.)= Y q"

— , 2.7
= (@ 4P oo (4% Mo
o0 2.2
(9°:97)
V(@) i=f(g.q%) = Y gtV = A4 e 2.8)
n=0 (q’ q Joo
and
o
f=q)=f(=q.—¢>) = > (=1)"q"" V" =(q: )o. (2.9)
n=—0oo
Ramanujan also defines another important function x(g) = (—gq; qz)oo. For sake of convenience, define
fn = f(=q") = (@q"; ¢")oo, forn > 1. Setting n = 2 in [5, p. 48, Entry 31], we get
f(a,b) = f(@b,ab’) +af (b/a,ab>). (2.10)
From (2.7) and (2.8), it is easy to obtain the following lemma:
Lemma 2.1 We have
f f3 It S1fa £
(@) =55, VY(@)="7, e(-q9)=—.¥(—q) = cand f(q) = .
T2 17 fi P P f1fa
The Rogers-Ramanujan functions in terms of f (a, b) can be expressed as
2 _3 4
G(g) = M and H(g) = M (2.11)
f il
It can be easily seen that G(¢)H (q) = % We need the following functional relations of G(q) and H(q):
Lemma 2.2 We have
Flagt) = Te LR -y gy SWela)f @12)
’ H(q) fi ' ’ G h ’
f(a.4°) =G6@H (¢*) £ f(a%a") =G (a*) H@ 12 (2.13)
Proof Two identities in (2.12) can be obtained by setting (a, b) := (¢, ¢*) and (¢%, ¢°) in f(a, b) f (—a, —b) =
f(—a?, —b*)¢(—ab). The proofs of (2.13) can be found in [18, Theorem 3.2]. O
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116 Channabasavayya et al.

Lemma 2.3 [5, p. 45, Entry 29] If ab = cd, then we have

f(a,b)f(c,d) + f(—a, —b) f(—c, —d) =2 f(ac, bd) f (ad, bc), (2.14)
f(a,b)f(c,d) — f(—a,—b) f(—c, —d) = 2af (é c2ad) f (S, dzac> . (2.15)

Lemma 2.4 [5, p. 68, Eq. 36.3] We have

(@ ™)e@" ") + o(—g" T p(—g" V) =
n—1
) Z qzﬂme (q(2M+4m)(M271)2), q(zuf4m)(uzfuz)> ¥ <q2/j,+4vm’ q2u74vm> . (2.16)

m=0
Lemma 2.5 [5, p. 69, Eq. 36.9] If m is odd, then we have

m3—m
Y@@ = g T (@R ) F (g, g

m—3

n qu(kJrl)f(q(m+2k+l)(m27n2)’ q<m72k71><m27n2))f(qm+n+2kn’ gy (2.17)

=~

=0
Lemma 2.6 /5, p. 69, Eq. 36.8] If m is even, then we have
1

Y@ Y@ = 9@ NG + g I P g, g2

m_y

2
n Z glom=nk ¢ (g2 =n?) [ (m=20)(m*=n%)) ¢ dnk o om=2nky (2.18)
k=1

3 Main results

For simplicity, we use the following notations: H,(¢%) := H(g*)G(¢*¥), G+(q%) := G(g®)H (¢*%), H*(¢%) :=
H(g*)G(¢*) and G*(¢%) := G(¢*)H (¢*).

Theorem 3.1 We have

2 42 2 4o fifw
H(q)H(q")G(q") +qG(q@)G(qHH (") = ———-, (3.1)
flf4f10
H@H@@)G@? — ¢G@)G ) H (g = LI, (3.2)
2 fafio

Proof Setting (a, b, ¢, d) := (—q, —g* —¢%, —¢%)in (2.14) and (2.15), we get the following equations respec-
tively:

F=q, =g f(=q* =) + f(q.aD f(@* &) =2 . a) f(q*, ¢°), (3.3)

f=q,—gHf(=q* —¢>) — fq.qHF@* ¢*) = —2af@*. ¢*) f g, ¢°). (3.4)
Adding (3.3) and (3.4), we arrive at

f=q,—qH f(=q* —¢>) =21 aDH f@* ¢® —2qf(¢* ¢®) g, 4°).

Employing Lemma 2.3 in the above equation and noting f(—q, —¢*) f(—q*, —¢>) = f1 fs, we obtain (3.2).
Now, subtracting (3.4) from (3.3), we find that

F@.aHf@* ) = £, aNfq* ¢® +2qf@G% ¢®) fa, ¢°).

@ Springer



On further modular relations... 117

Applying Lemma 2.3 in the above and then using

(=4 fs

fa.¢hr@* % =
x(—q)

(from[5, p.258, Entry9]),

we arrive at
fsG@HH@@*e(—q")
fax (=q)p(—q'%)
which is equivalent to (3.1). |
Theorem 3.2 We have

H(@QH(@HG(gH +q9G@)GgHH (g =

2fafs \ [T fefn fiofTsTiol
1 115 fiofa
T T e R (f%f%féfé 12 130 o oo

Proof With the help of Lemma 2.1, we can rewrite the identity (3.6) in the following form:

2(@)9(q® — (" e@")

H@)H (GGG ("™ + GG gHH (Y H(G"™) = 2qf1fs

Applying Lemma 2.2 in the above, we obtain

0@e®) = 0@ @) +24f @ N @ a'" + 24" F (@ a*) Fa®,q"). 3.7
To prove (3.5), it is enough to prove (3.7). Consider,

oo

@ = > g, (3.8)

m,n=—00

Letm =3M +2N +aandn =M — N, where —2 <a <2 and M, N € Z. Since there is a bijective relation
between the sets A = {(m,n) | m,n € Z}and B = {(M,N,a) | M,N € Z,a = 0, &1, £2} from (3.8), we
find that

o0

iqaz i q15M2+6Ma Z q10N2+4Na

a=-2 M=—00 N=—00

2
2 _ _
Z qa f(q6a+15,q 6a+]5)f(q4a+10,q 4a+]0)

a=-2

=@, ¢ @ ¢") + 291 @°, *H @ a"H +24* £, *) F @ q"),

which is the same as (3.7). Hence, (3.5) is proved. The proof of (3.6) is of the same nature. So, we omit the proof
here. ]

Theorem 3.3 We have

o(@eq®

2,5 2 r2
B0 H (@) + 4G (@Gl — J20.f30 fife 5 3/0f% , 3.9
GHAa) +aGalgNGulg") = 28 T | o =207 4
542 2 r2
G. H, 6 Y oH, G, 6y _ f10f60 f2f6 -2 4f10f60 , 3.10
(@H(q7) +H(9) G ffshiafo \ fLf 17 s fo G0

5 2 r2
Ho (@) Ho(g") + qGo(@)Gulgh) = =004 (f“ 23f1°f40>, (3.11)

ffsfsfo \ fi fé s o
and
4 4
H*(q)H.(q?) + ¢G* G*2=Af—2—@. 3.12
(@ H(q7) +qG"(q)G«(q") Ffafio \ £2 qf52 (3.12)
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Proof Rewriting the identity (3.9) with the aid of Lemma 2.1, we obtain
H(g*)H(q")G(qHG(q®) + qG(gH)G (g H (g H (q%)
_ L/G@HH @G H @) (9@ @) —24° V@) @)

9(=q'p(—=q"3) fa fo
With the help of Lemma 2.2, the above equation takes the following form:

@V (@) = f@* 4@ ") +af@* a® f@ 4" + 287V @) v (g'Y). (3.13)
Setting (a, b) = (¢°, ¢°) and (¢°, ¢'?) in (2.10), we obtain
f@®q® =r@*. ¢ +4a°r@’ 4",

and

@ a®=ra e +a 1@ e,
respectively. Employing these two in (3.13), we arrive at
0@V (@) = f@”.a)fq" 4" +af @ q*) [P ¢*)
+°f@P. g™ g +a* f @ D @ a”) +a° fat a® f et a7 (3.14)
To prove (3.9), it suffices to prove (3.14). Consider

o0
2 2
@@ =@ ) fq.qgH= Y g (3.15)
m,n=—00
If wesetm+n = 5M + a and 3m — 2n = 5N + b, where a,b € {0, %1, £2}, then we find that m =
2M + 2?” + N+ lg’ andn =3 M + 3?“ — N — lg’. Since m and n are integers, It can be observed that the values
of a and b have the following relations:

a 0 +1 +2
b 0 F2 +1

For corresponding values of ¢ and b , the values of 3m? + 2n? — n in succession are
30M? 4+ 5N* —3M + N,
30M? +5N* +9M — 3N + 1,
30M% +5N? — 15M + 5N +3,
30M* +5N? +21M + 3N +4,
30M* +5N? —27M — N +6.

Since there is a bijective relation between all pairs of integers (m, n) and triplet (M, n, a), from (3.15), we find
that

o0 o0

2 2_ 2 2 _
(p(q3)w(q) — Z q30M +5N*-3M+N + Z q3OM +5N“+IM—-3N+1

M,N=—o0 M,N=—oc0

o o
2 2_ 2 2
+ Z q3OM +5N“—15M+5N+3 + Z q30M +5N“+21M+3N+4

M,N=—00 M,N=—00
o0

2 2_ _
+ Z qSOM +5N“—-2TM—N+6
M,N=—oc0

=f@. 1@ aH +af@”.a*H 1@ a® + 2470 @D
+q* f@ ) f@b aH +a°f @ a7 fat 4.
which is the same as (3.14). The proofs of (3.10)—(3.12) can be done similarly. O
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Theorem 3.4 We have

1 FLf 131 Iiofs
H (—a H* (") + 026G ()G (—q'®) = iJis S5 5 Jiodoo ) 546
CaIH(~q7) +4 (467 (=¢™) 4q* f1 f36 <f2f92f326 fLfEfs f20 f1s0 (3.16)
1 f3f5 fLfE fiofa
H —aO H (=) + 012G (=) GH (—a'4) = shu | Jida o, Jelio ) 57
(=¢")H"(—=q") +q (=¢")G™(=q™™) 4q4f12f28<f12f42f42 I Teofrao (3.17)
1 13 i Fofs
H* (— g™ H* (— 16 2G* (g GH(—g16) — 2 Ji6 iJie 5 Ja0/s0 | 318
(ZaHH (=4 ") +4q (=46 (=q ) 49* f3 f3 <f12f42f32+ f2f3 J0 f160 G189
1 1515 fLfs Fiofa
H*_SH*_IZ 12G*_8G*_12= 2/24 124_2 40760 , 3.19
(CaOH (=g ") +q (=46 (=4 ™) 4q* f16 24 <f12f42f48+ J2 /a8 f30f120 G-19)
1 151 TEf5 b
H*(—g'"2 + ¢'2G* (=g = < 2/3s  Jidso 5 Js0 ) (3.20)
! ! ! 4q4f220 f12f42f50 f2f225f1200 flzoo
5 2 2
H* (—g) Ho(—a®) + * G (—aMGo(—0®) = fuwheo ([ fsf | Jifsf2 5 at/i60 ’
(g g GG 2fsfiefo \ ST fifis  fafie 1 /30
(3.21)
and
Ho(—gYH* (—q"%) + ¢*Gu(—g" ) H* (—¢"%)
_ fofso [ fafis fEfinfas f20.f¢ fso
— e ~2g . (3.22)
2qfs f2afio \ ST [i foa 2124 fa0 f120

Proof Using Lemma 2.1 and Lemma 2.2, the identity (3.16) can be rewritten as follow:
H(=¢)G (g H(=¢"")G(q") + 4G (=4 ) H(¢"G(~¢" ) H(¢")
_ 90)e@”) +¢@e(=q") =2 (=4, —¢") f(=4"°. =¢"*)
49" faf36

)

which is equivalent to
o(—)9e@”) + 0@e(—q°) =2f(=¢", —¢*") f(=¢"%, —=¢'") + +4¢* f (—=¢*, —¢'*®)
x f(—q% =" + 44" £ (=q"%, —=¢") f (—¢*, —¢"®). (3.23)

To prove (3.16), it is enough to prove (3.23). Consider

o0
2 2
o(—9q”) = f(=q, - (¢’ ¢ = Y (=D)"g" " (3.24)
mn=—oo
Letm =9M + N +aandn = —N + M, where —4 < a < 5. Since there is a one-to-one relation between the

sets A ={(m,n) | m,n € Zyand B ={(M,N,a) | M,N € Z,a = 0, %1, £2, 3, +4, 5} from (3.24), we
find that

4 00 0o
(P(_C])(P(q9) — Z (_l)aqaz Z (_1)Mq9OM2+18Ma Z (—I)Nq10N2+2Na
a=-5 M=—00 N=—00
! 2
= Z (_l)aqa f(_q18u+90’ _q718a+90)f(_q2a+10’ _q72u+10)
a=-5

=1 (=4, =4 £ (=", —=¢'*) = 2qf (=¢"*, =¢'"®) f(=¢®, —¢"®)
+26* F(=¢**, ") F (—4%, =" — 2¢° F (—=¢®, —¢'*) F (—¢*, —¢"®)
+2¢"0 f (=", —¢") (g% —¢"®) — ¢® f(=¢"0, 1) f(=¢*°, - 1). (3.25)
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Changing g by —¢q in (3.25), and then adding the resulting identity with (3.25), we obtain
o(—=)9(@”) + p(@e(—q") =21 (=¢”, =" f(=q"°, =4"") + 44" F (—=¢**, —¢"*°)
X F(=q% —q"™) +4¢" f(—q'3, —¢'?) fF(—q% —q'®),

which is equivalent to (3.23). This completes the proof of (3.16). The proofs of (3.17)—(3.22) are similar. So, we
omit the proofs. O

Theorem 3.5 We have

HY @) H*(¢*") + ¢ G*(9)G*(¢*") =

445 f2 fas (f22 BRI fafs f3 faofiofio

5r5 2 r2 5 r5
G*(QZ)H*(Q42) +q24H*(q2)G*(q42) — 1 ( f6 f14 + f3 f7 _2 f20f420 )7 (327)

fife BB, fivfw ) (3.26)

4" fafea \ [ f7 1t foha  fR R oS

H*(@HH*@") +¢G6* (¢ G* (") = ( 13 fi + IS5 fali ) (3.28)
Ag*fafss \ [1 1715 f36  fahis fioFio oo Faso
and

5¢5 202 5 5

G @H @) +a"H" @G ™) = 4q* fo f2 (fgjc;j% " ]Jilz;: B 2f52]]:21221];12§(}3220>' 629
Proof In view of Lemma 2.1 and Lemma 2.2, the identity (3.26) takes the following form:

r@an 1@ a" +4" 1,4 1@, ¢
= # lo@e@ +e(-a)e(=a* - 200" | (3.30)

Now, we will prove (3.30). Set (m, n) = (5, 1) in (2.16), we obtain

9@ +o(=a0(=a" =2f . ¢**) f¢"°. 4" + 24" F (7. 4" F ™. )
+240 £ @2 q™ f 6" a7 +207 F @ a7 F @2 a7
+24'C 1@ a7 f @470,
Applying (2.2) in the above and then replacing g by g 2 in the resulting identity, we obtain (3.30). This completes

the proof of (3.26). The proofs of (3.27)—(3.29) can be obtained in a similar fashion by setting (m,n) =
(5,2), (5,3), (5,4) in (2.16), respectively. O

Theorem 3.6 We have

2
H. () H. (% 5G.(@)Gu(g?) = S10/240 fifE _ 15f10f240 331
(@Hq7) +47C(@)0xq7) S2fsfag f120 \ 213 S5 f120 631
22
H* @)V Ho (0% + °G* ()G (¢™) = Ja20 Jofia s fiofho 332
@HGT) + @G ™) ffsafa0 \ f3/7 2t 32
202
H,(q)H,(q'® 3G (q)G1(q'®) = f10./160 s 1of10f160 333
@Hg7) +47Cx(@)0x(g ) f2f5f32f80 \ fifa f5fs0 639

and

G*(9)G(q"®) + ¢ H* (@) Hi(q"*) =

fiso [ fis? o _ 410 fiofiko
foofafze \ fo fi 215 fo0 ]

\/
~~
W
W
=
N—
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On further modular relations... 121

Proof With the aid of Lemma 2.1 and Lemma 2.2, the identity (3.31) can be written in the following form:

H(@)G(@)H (GG G™) + 4 G@)H (g G g H (g™)
_ fiG@H@G@HH @™ (v eV @) =249 @)Y (@)
f2fasp(—=q"*0)p(—q°)

’

which is equivalent to
V@ ® = @ a® @ )+ £ N fa.qh) + 24w @) @) (3.35)

To prove (3.31), it is enough to prove (3.35). Setting (m, n) = (5, 1) in (2.17) and then replacing g by q% in the
resulting identity, we obtain (3.35). This completes the proof of proves (3.31). The proofs of (3.32)—(3.34) can
be obtained in a similar way. O

Theorem 3.7 We have

G.(gHH*(¢®) + ¢PH. (¢MHG* (%) =

245 f3 f20 f16 \ f1f19 f2 /38 20 fooo foo
fa0 (f62f324+f3f12f17f68 5 Fiofivao )

fio <f22f328 L fifafiofis fiof3so ) . (3.36)

Ho(gHH*(q'") + ¢% G (¢HG* (") =

2q'8 f3 f20 f204 \ f3S17 fofu 120210 Foao

(3.37)
Sa0 (f123f222+f9f11f36f44 _s fio foso )

G.(gHH* (@) + ¢ H(¢HG* (@' =

2438 fs f20 f396 \ fofin f18 /22 120 £300.f3960
(3.38)
Proof The identity (3.36) can be rewritten with the help of Lemma 2.1 and Lemma 2.2 as follow:
V@I @) + (=4 (=) =20 @*) +24° £ ¢ 47 f(g". 4"
+20° @ 7)1 q"). (3.39)
Setting (m, n) = (10, 9) in (2.18) we obtain
V@@ =@ @™) + 9% @) +4°F @ a7 f gt 4")
+4* 1@ ¥ @ q") (3.40)
Replacing ¢ by —¢g in (3.40) and then adding the resulting identity with (3.40), we obtain (3.39). This completes
the proof of (3.36). The proofs of (3.37)—(3.38) follow in a similar way. |

4 Applications to theory of partitions

In this section, we extract the partition theoretic interpretations for some of the modular relations proved in
section 3. We use the standard notation of g-products

n

(i, a2, ans Qoo = [ [ @3 O)c -
i=1

and define
(q:tr; qs)oo = (qr’q
where r and s are positive integers (r < s).

Definition 4.1 A positive integer # is said to have k colors if there are k copies of n available and all of them
are viewed as distinct objects.
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For example, if 2 is allowed to have three colors (say, red (r), green (g), blue (b)), then 2,, 2, 2, are treated
as distinct parts. Partitions of a positive integer with parts in colors are called colored partitions. It can be seen
that, m is a generating function for number of partitions of n with parts congruent to a (mod b) having k
colors.

Since G(q) and H (g) (as defined in (1.2)) are closely connected to the partitions where each part satisfies an
appropriate congruence condition modulo 5, all twenty-six modular relations involving G(g) and H(q) proved
in this paper can be read in terms of partition identities, where each part satisfies certain conditions modulo
integer. For example, identities (3.10) and (3.11) can be read as Theorem 4.1 and 4.2, respectively stated below
and the proofs of these theorems are left to the readers. Two examples illustrating the two theorems are also
given below.

Theorem 4.1 Let P)(n) denotes the number of partitions of n into parts congruent to =3, £7, £13, £17, £20
(mod 40), parts congruent to £2, =18 (mod 40) in two colors, parts congruent to =4 (mod 40) in three
colors, parts congruent to £8 (mod 40) in four colors and parts congruent to =12 (mod 40) in six colors. Let
P>(n) denotes the number of partitions of n into parts congruent to £1, 9, 11, £19, £20 (mod 40), parts
congruent to £6, =14 (mod 40) in two colors, parts congruent to 212 (mod 40) in three colors and parts
congruent to £4 (mod 40) in six colors. Let P3(n) denotes the number of partitions of n into parts congruent
to £1,+3, £7,£9 + 11, £13, £17, £19 (mod 40), parts congruent to +£2, 5, £6, £10, +14, £15, £18
(mod 40) in two colors. Let Pi(n) denotes the number of partitions of n into parts congruent to £2, 6,
+14, £18 (mod 40), parts congruent to 5, £8, £15, £16, 220 (mod 40) in two colors and parts congruent
to 4, +12 (mod 40) in four colors. Then, for any positive integer n > 3, we have

Pi(n) + Py(n — 1) — P3(n) +2Ps(n — 3) = 0. “.1)

Example 4.1 Let red (r), green (g), blue (b), and pink (p) be the available colors. The following table gives an
illustration of Theorem 4.1 for the case n = 8.

Pi(8) =26 8,.84.80. 8.3+ 3423 +3+ 2.2 +2 +2r + 2. 20 + 2 +2r + 2.
22+ 2 2, 2 + 2 + 20 + 20 2 + 20 + 20 + 24,
A + 4, 4, + 40, Ay + 4y, dg + 4. 4 + 4y 4y + 4,
Ay 20 2 Ay 2+ D by 2 20 2, + 2, A 420 12,
Qg +2g + 208 + 20 + 20 4y + 20 + 200 4y + 2¢ + 25
6, +1,6+1,4, +1+1+1,4,+1+1+1,4p+1+1+1,
Py =9 4y+ 141414, +1+1+14+1+1+1,
I+14+1+14+14+14+1.
T4 1,6y + 27, 6, + 2. 64 + 2165 + 24,6, + 1+ 1,6, + 1+ 1,5, +3.5, +3,
Sp At 11+ 1S+ 1+ 141,542+ 1,5 +2+ 1,5 +2,+ 1,5 +2, +1,
34342343420 3+3+ 1+ 134242 + 1,342 +2+1,3+2 +2, +1,
342 A 14141342+ 1+ 1+ 03 41414141412 +2,+2, +2,.
P3(8):39 2r+2r+2r+2g’2r+2r+2g+2g32r+2g+2g+2g,2g+2g+2g+2g,
242+ 2 I L2+ 2+ 2+ 1+ 1,2, + 2+ 2, + 1+ 1,2 +2 + 2, + 141,
242 Ll I+ L2+ 2+ 1+ 1+ 1+ 1,242+ 1+ 1+1+1,
2+ 1+ 1 +14+14+14+1L2,+1+1+1+1+1+1L,1+1+1+1+1+1+1+1
Pi5)=2 5.5,

Theorem 4.2 Let Py(n) denotes the number of partitions of n into parts congruent to £1,+9, 11, 18,
+19, £21, £29, £30 (mod 60), parts congruent to £2, =4, £10, =12, £16, £22, £24 (mod 60) in two col-
ors, parts congruent to =18 (mod 60) in three colors , parts congruent to =14, £26 (mod 60) in four col-
ors and parts congruent to £6 in five colors. Let P>(n) denotes the number of partitions of n into parts
congruent to £3,£7, +13, £17, £23, £27, £30 (mod 60), parts congruent to £8, £10, £12, 14, +24,
+26, £28, (mod 60) in two colors, parts congruent to £2,+£6 £ 22 (mod 60) in four colors and parts
congruent to £18 (mod 60) in five colors. Let P3(n) denotes the number of partitions of n into parts con-
gruent to £1, 7, £11, £13, £17, £19, £23, £29 (mod 60) in two colors, parts congruent to £3, £5, +9,
+21, £25, £27 (mod 60) in three colors and parts congruent to £15 (mod 60) in four colors. Let Ps(n)
denotes the number of partitions of n into parts congruent to £4, £8, 16, £28, £30 (mod 60), parts con-
gruent to £5, +10, £12, +15, £24, £25, (mod 60) in two colors, parts congruent to +2, £14, 422, +26
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(mod 60) in three colors and parts congruent to £6, £18 (mod 60) in four colors. Then, for any positive
integer n > 4, we have

Pi(n) + Po(n — 1) — P3(n) + 2P4(n — 4) = 0. 4.2)

Example 4.2 Let the colors available be red (1), green (g), blue (b), pink (p), and yellow (y). The following table

ill

ustrates Theorem 4.2 for the case n = 6.

Pi(6) =21 61, 6g, 60, 6, 6y, 4y + 25,4y + 20, dg + 20,4 + 2,4, + 14+ 1,4, + 1+ 1,
242+ 202 4 2+ 202 + 2+ 20, 20 + 2+ 24,2+ 2+ 1+ 1,
2 42+ 1+ 1,2+ 2+ 14+ 1,2, + T+ 1+ 1T+ 1,2 + 1+ 14+1+1,
I+1+1+1+1+1.
P(5) =4 34+2,,3+24,34+2,3+2,.
5r+1r, 5r+1g,5g+1ra 5g+1g, 5h+1r»5h+1g,
S+ L+ 1L+ 13+ L+ L+ 1,3+ 1+ 1+ 1,3 + 1 + 1 + 1,
B+ L+ L+ 1,3+ L+ L+ 1 3+ 1o 4 Tg 4 1g, 3 + 1p + 1 + 1,
Bt Lt Lk 1 3+ L+ L4 L 3 b L L+ 1, 3+ g + L + L,
P3(6) = 31 3, 43,, 3¢ + 3¢, 3b + 35> 3 + 3¢, 3¢ + 365 35 + 31,
L+L+L+L+L+1L, L+ +1L+1+1 + 1,
LA L+ L4 4l 4l L+ 1+ 1, 4 L+ 1+ 1,
Ll +lg g+ lg+ g I+ 1+ 1 + 1 + 1 + 1,
]g+lg+1g+lg+lg+lg.
Pi(2) =3 2, 24, 2b.
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