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Abstract In this paper, we consider two sequences of polynomials (P, (g; a, b, c,d, k, s, t)),>0 and (Q,(q; a, b,
¢, d))n>=0, where P,(q;a,b,c,d, k,s,t) generalizes the cyclic Eulerian polynomials, the cyclic derangement
polynomials, the binomial Eulerian polynomials for the wreath product C, @ S,, and the binomial Eulerian poly-
nomials of type B; and Q,(q; a, b, c,d) generalizes the polynomials of involutions in C, : S,. Using two
different methods, we show the Jacobi continued fraction expressions of Y P,(q; a,b,c,d, k,s,)x" and
> 0n(g;a,b,c,d)x". Then we discuss the strong g-log-convexity and Hankel determinants of these two
sequences of polynomials.
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1 Introduction

Let S, denote the symmetric group on [n] := {1,2,...,n}. Let w1 = m7> ... 7, be a permutation in S,,. The
number of descents and the number of excedances are defined, respectively, by

des(m):=|{i e[n—1]: 7 > mip1}l,
exc(m):={i en—1]:m > i}

A statistic on S, is said to be Eulerian if it is equidistributed with the statistic of descent number. The statistic
of excedance number is Eulerian [20,33]. The enumerative polynomial of these two statistics

Anlg) = ) q* T =) g™ (D
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126 B. Cui et al.

is the Eulerian polynomial (cf. [33, Section 1.4]), which is first introduced by Euler [19]. The exponential
generating function of A, (¢) (also attributed to Euler) is

X" (1— q)EX(l—q)
ZAn(Q); = oD e =0
n>0 ’

(see [14] for instance). It is well known that the Eulerian polynomial A, (q) has only real zeros and therefore
is log-concave and unimodal [28]. Using weighted Motzkin paths, Flajolet [18] showed the Jacobi continued
fraction expansion

D Ang)x" = 5
n=0 1—x— ax

4qx2

1—CB+2¢)x —---
For two real polynomials f(g) and g(g), denote f(q) >4 g(q) if the difference f(g) — g(g) has only

nonnegative coefficients as a polynomial of g. We say that a real polynomial sequence (f,(g))n>0 is q-log-
convex if

1—24+qg)x —

Fae1@@) far1(@) =4 £2(q)

forn > 1, and it is strongly q-log-convex if

Sm—1(@) fur1(q) >y Sm(@) fu(q)

for alln > m > 1. Clearly, the strong g-log-convexity of polynomial sequences implies their g-log-convexity.
However, the converse does not follow. Many famous polynomial sequences have been proved to be g-log-convex
or strongly g-log-convex (see [7,9,10,27,29,30,48,50] for instance). For example, the sequence (A, (g))n>0 is
q-log-convex [29] as well as strongly ¢g-log-convex [30,48]. Some other properties of the Eulerian polynomials
have been well studied from a combinatorial point of view (see [14,15,19,22,33,47,49] for instance).

Denote by B, the hyperoctahedral group on [n]. An element 7 of B, is a signed permutation represented by
the signed word w73 . .. 7w, with || := |m(||m2] ... |7,| € S,. The number of type B descents and the number
of type B excedances are defined, respectively, by

desp(m) : = {i € [n — 1] : 7 > mwip1}l,
excg(m) :=|{i € [n — 1] :7m; = —i or ;| > 7;}|.
The Eulerian polynomial of type B is defined by
Bu(q)= ) q"r = ) g, 6)
TeB, TeB,

In fact, the Eulerian polynomial of type B has many similar properties with A, (g), such as the reality of zeros
[28], the g-log-convexity [30], the strong g-log-convexity [30], the exponential generating function

(=gt
ZB"(‘]); T g (o
n>0 ’

(see [6, Theorem 3.4] and [12, Corollary 3.9]), and the Jacobi continued fraction expression

. 1
> Balg)x" = p
i 4qx
= 1= (1 +qx - .
1-3(1+q) 169
DY S50 — -
For positive integers n and r, let C, = Z/rZ be the cyclic group of order r, whose elements are represented
by {0, 1, ..., r — 1}. The wreath product C, : S, is the usual action of a cyclic group C, by a permutation of the

symmetric group S,. In particular, when r = 1, the wreath product C; : S, is the symmetric group S,; when
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Generalized Eulerian distributions... 127

r = 2, the wreath product C; @ S, is the hyperoctahedral group B,. Elements in C, : S, are called r-colored
permutations, and represented by

78 = (i, w2, ),

where 7 = mym...m, € Sy, and € = (&1, &, ...,&,) € C!. Following Steingrimsson [40], the number of
descents and the number of excedances of ¢ are defined by

des(r®) = [{i € [n] | & > &1 or & =& 41 and m; > w4},
and
exc(m®)=|{i €[n] |7 >i or ;j =i and & > 0},

with the convention that 7, | = n+1and §,41 = Orespectively. It is well known that the number of descents and
the number of excedances are equidistributed over S, [5]. Steingrimsson [40,41] generalized the equidistribution
of these two permutation statistics to the wreath product C, : S,,. He also defined the cyclic Eulerian polynomial
by

& §
Anr@ = D ¢ = 7 g 3)

w¢eCS, w¢eCS,

There are many interesting properties of the cyclic Eulerian polynomials. For example, the cyclic Eulerian
polynomial has only real zeros, a result originally due to Steingrimsson [40], and recently reobtained by Savage
and Visontai [36] as a special case of a more general result. The exponential generating function of the cyclic
Eulerian polynomials is

(1= g)ellT Y
D Anr@) o = T )
n>0

In this paper, we consider a generalized Eulerian polynomial P, (q) defined by the following exponential
generating function

X" (1 _ q)ea(t—sqk)x b
Y Pagiabed ks = |~ | )

— ged(1—q%)x
orer 1 —ge

for a,b,c,d,k,s,t € R. In Section 3, we show that the polynomial P,(q;a, b, c,d, k, s, t) generalizes not
only the Eulerian polynomial A, (g), the type B version B, (q) and the cyclic Eulerian polynomial A, ,(g), but
also the derangement polynomial [4], the cyclic derangement polynomial [40], the binomial Eulerian polynomial
[34,37], the binomial Eulerian polynomial for the wreath product C, 2 S, [2] and the binomial Eulerian polynomial
of type B [26].

The first main result is as follows.

Theorem 11 Let (P,(q; a,b,c,d, k,s, t))=0 be defined by (5) and denote by [c], = 11%‘5. Then the generating
Sunction of (Py(q; a, b, c,d,k,s,t))n>0 has the continued fraction expression

1

an(q;avbscvdvkssvt)xn: [( )xz ’ (6)
- F @ e
2
I—=s1(g)x — s —

where fori > 0 we have:

si(q) = ab(t — sq*) +d((b +i)g + D)lc],
tiv1(q) = d*(i + 1)(i +b)glcl;. ()

d.k,s,0)n=0 be defined by (5) and si(q).1i+1(q) be defined by (7). If

Corollary 12 Let (P,(q; c,
> 1,d > abs and sos1 >4 t1, then (Py(q;a,b,c,d, k,s,1))y>0 is strongly

a
a,c,d,k,s,t = 0,¢c =k,
q-log-convex.

7b7
b
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128 B. Cui et al.

Following Chow and Mansour [13], the r-colored permutation ¢ € C, 2 S, is an involution if and only if 7
and & satisfy the following conditions:

(i) m is an involution;
(i1) if m; =i, then either & = 0 or & = r/2 with r even;
(iii) if m; = j for some j € [n]\{i}, theneither§; =&; =00r0 <& =r —§; <.

For r,n > 1, let I, , denote the set of all involutions in C, ? S,, and define
, £
Ha= Y ¢,
i3 el ,
Chow and Mansour [13] gave the exponential generating function of i}, (g) as follows:

Looxn [extran?z if r is odd,
E in(q)— =
n!

2 o (8)
@t Dx+rax™/2 it 1 g even.
n>0

Our second main result is to consider the generalized polynomial Q,(q; a, b, ¢, d) defined by
n
Z 0,(q;a,b,c, d)x_' — e(aq+b)x+chx2’ ©)
= n!
fora, b, c,d € R.

Theorem 13 Let (Q,(q; a, b, ¢, d)),=0 be defined by (9). Then the generating function of (Q,(q; a, b, ¢, d))n>0
has the continued fraction expression

> 0ulgia,b,c,d)x" = 5 : (10)
= 1(q)x
- 1 - SO(‘])X - 2
r(q)x
1 —si(g)x — —————
T—s2(q)x — -+
where fori > 0 we have:
si(q) = aq + b and tiy1(q) = 2 + Deg?. (1)

Given a sequence (ap)y>0, define its Hankel matrix la;y;li j=0 and the nth Hankel determinant
det[a; jlo<i, j<n—1. Hankel determinants occur naturally in diverse areas of mathematics. In recent years, there
has been a considerable amount of work devoted to Hankel determinant evaluations of various combinatorial
sequences. We refer the reader to [23-25,31,32,39,46]. The Hankel determinants of sequences can be calculated
from the Jacobi continued fraction expression.

Lemma 14 ( [24]) If the generating function of a sequence («;)i>o has the Jacobi continued fraction expression

i 0
D eix' = p ’

: nx
iz0 1 —sox — 5
hx
1 —s51x —
1 —sox —
then the Hankel determinants
det (o) =t 0722
0§i,j§n—l( l+j) 0h 2 n—2t—1
and
det  (ojpit1) =t =22 b1,
Ofi,jfn—l( l+j+1) ol 2 n—2In—19n

where (qn)n>0 is the recurrence sequence defined by qn+1 = Snqn — thqn—1 with qo = 1, g1 = so.
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Generalized Eulerian distributions... 129

So we obtain the Hankel determinants of (P,(gq; a, b, c,d, k, s, t)) and (Q,(q; a, b, ¢, d)) as follows.
(1

. —1.n-2 2
det  (Pryj(gia,bcod ks, ) =07yttt

0=<i,j<n—
and
. _ .n—1,n-2 2
det (Pl+]+](q’aab5 C7d7kas7t)) _t] t2 "tn72tn—1q;1,
0<i,j<n—1

where s;, t; were defined in (7) and (g,)n>0 1S the recurrence sequence defined by g,+1 = $,qn — thqn—1
with gg = 1, g1 = 0.

@

—1,n-2
det  (Qitj(gsa,b,c.d) =1""1 R SRy A

0<i,j<n—
and

. _ n—1,n=2 2
Osigeftnil(QiﬂH(q, a,bye,d) =t 07ty sta_1qn,
where s;, t; were defined in (11) and (g,),>0 is the recurrence sequence defined by g,+1 = Spgn — thqn—1
with qo = 1, q1 = 50.

The structure of the paper is as follows. In Section 2, we first prove Theorem 11 and Corollary 12 based on
the result of Stieltjes—Rogers [35,42] and Zhu [48] respectively. Then we recall a few facts used in the proof of
Theorem 13. Finally, we prove Theorem 13 by using the theory of exponential Riordan arrays and orthogonal
polynomials. As applications, we show the continued fraction expression of the generating function of the cyclic
Eulerian polynomials, the cyclic derangement polynomials, the binomial Eulerian polynomials for the wreath
product C, @ S, and the binomial Eulerian polynomials of type B in a unified manner. On the other hand, we
obtain the continued fraction expression of the generating function of the polynomials of involutions in C, ¢ S,
and Hermite polynomials. We also obtain the strong g-log-convexity of the cyclic Eulerian polynomials, the
binomial Eulerian polynomials for the wreath product C, : S, and the binomial Eulerian polynomials of type B
in Section 3.

2 Proof of Theorems 11 and 13
2.1 Proof of Theorem 11

In order to prove Theorem 11, we first recall the following lemma, which was shown by Stieltjes [42] and Rogers
[35] and has great significance for the calculation of Jacobi continued fractions.

Lemma 21 (Stieltjes—Rogers) For a sequence (oy)n>0, suppose that
xl’l
hx) = Z oy, o
n>0

If there exist sequences (ep)n>0 and (wp)n>0 such that the generating function

h(x+y) =Y o fix) fi(y),

i>0

where

i xi+1

fi0) = dep——— + 02
TR AN FIE Y ’
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130 B. Cui et al.

then we have

1
2 enx" = 3 : (12)

Hx
n=0 1 —sox —

hx
] —sjx — —M88—
1—S2_x—...

where s; = ej+1 — e; and tit+1 = wjy+1/w; fori > 0.
Proof of Theorem 11 Denote

b
x" 1 — e“(t*S‘Ik)x
g1(x) =Y Pu(gia.b.c.d. k.s. t)_ = (L)

_ d(1—q°)x
n>0 I —qe

by the exponential generating function of the generalized Eulerian polynomial P,(q;a,b,c,d, k,s,t), for
a,b,c,d, k,s,t € R. Then we have

¢ —b
1 — qed(l—q )x
x) = eab([—sqk)x S
g1(x) e

¢ —b
_ gbtmsg (4@ =D
1—g¢g ’

Thus

gilx+y) =e

- —b
d(1—g°
ab(t—sq")x+y) [ 1 _ g (ed1=a90+y) _ )
l—gq

_ eab(t_sqk)(x+y)(<1 B q(ed(l—qv)x _ 1)>(1 - w)
l—gq 1—gq
q(ed(l—q")x _ 1)(ed(1—q"')y — )b
- (1—q)? )
— pabli=sq")(x+y) ) (—.b)<_ g(ed1=49% _ 1) (ed1-a%y 1))
i>0 ! (1- fI)z

((1 _ q(edﬂlf)x - 1))(1 B q(ed(llj”)y - 1)))—1;—,

d d(l1— .
— ptbli=sq )(X+})Zb() (g(e?1=49% — 1)(ed(1=4)y _ 1))

= ( _ )21
q(ed(lfq”)x — D)\—b—i q(ed(lfq‘)y — 1)\ —b-i
(1 B 1— ) (1 B 1— )
= Zz'b<’> 5 (d(1 =g N fi(x) fi(y),

i>0
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where 5@ = bbb+ 1)---(b+i — 1) fori > 0 and

eab(t—sql" )x (ed(l—qc)x _

d(1—g°)x

) = D' qle
709 = =i =gy

- ! (1 bt — sq*

= — gy | PP

(d(1 — g)x)? i
SRLANES.

(1 +%d(1 —qC)(b+i)x+-~-)

2!

(a0 —gx +

ka2
+(ab(t 2’sq )X) 4.

i
+> (1+L
l—g¢q

1
= _—(1 +ab(t — sqk)x
i!

d(1 — ¢°)x?
(e 250
Coxb i+ DX

l—¢q
_ k 2
(ab(t — sq")x) L

qd(b+i)(1 —q°)

-~y
)

)

(=g b+ )x ++)

id(l —q°)

TE (ab(t — sqk) +

+0(x'?).

T 1—g

Therefore, by Lemma 21, we get

N qi 2 2;
;= bWil ~d* (1 — g™,
w; . (I'—4%)

and

q(b+id( —q°)

)

2

id(1 —q°)

el = (i + 1)(ab(t —sg) + .

Thus

Si = eit] — €
q(b+i)d(l —q°)

).

2

id(1—q°)

(i + 1)(ab(t —sqh) +
l—g¢q
gb+i—1d(1 - ¢

n (i —Dd(d —q°)

)

2

—i(ab(t — sqk) + =4
qb+i)d(l —q°)

)

2
id(1—q°)

ab(t—sqk)+(i+1)( -

L = Dd(—g

)

)

_i<f1(b +i—1Dd( —q°)
2
d(l—q°)

)

q(b+d( —q°)

l—gq
k .4 . c
ab(t —sq") +i +id(1—¢g°) +

l—gq
ab(t — sq*) +d((b +i)g + i)[c]q,
ot _

Wi

=d*(b+i)(i + Dglcl;.

9
(1-9)?

— d*(1 =g+ + 1)

lit1

fori > 0. Thus we obtain the continued fraction expression (6), with s;,

I—g¢q

ti+1 given by (7), as desired.

The next lemma is used to obtain the strong g-log-convexity of polynomial sequences.
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132 B. Cui et al.

Lemma 22 ( [48, Proposition 3.13]) Given two sequences (si(q))i>0 and (ti+1(q))i>0 of polynomials with
nonnegative coefficients, let

1
Y Dul@x" = o
nz0 1 —so(g)x — @R
1 —s1(g)x — PR
1 —s52(q)x — T sa@r—

If si(q)si+1(q) >4 tiv+1(q) for alli > 0, then the sequence (D, (q))n>0 is strongly q-log-convex.
Proof of Corollary 12 1t suffices to prove s;(q)si+1(q) =4 ti+1(g) fori > 1. Note that
si(q)si+1(q) — ti+1(q)
- (ab(t —5¢") +d((b+i)g + i)[c]q)
(ab(t —s¢O+d(b+i+Dg+i+ 1)[c]q) —d*(i + 1)(i + b)glcl;
= (abt +dilcly +d(b+i — Dgqlcly +dqlcly — absqk)

(abt +d(i + Dcly +d(b + Dglcl, + dglcl, — absqk) — d%(i + D) + byglcl,
where [c], = 11%‘{; = qc’1 + qc’2 + .-+ 4 ¢ + 1. From the conditions a, b,d,t > 0,d > abs,c > k > 0, we
obtain

5i(q)si+1(q) — ti+1(q)
>4 d*i(b+i)glcl, +d*(i + Db +i — Dglcly —d*i + )b+ i)glcl;
=d’*q[cl;(i(b+ i)+ G+ Db +i—1)— G+ Db +i)
= d*qlcl;(i(b+i) — (i + 1)),

whose coefficients are nonnegative in ¢ under the conditions i, b > 1. Thus we prove (2).

2.2 Exponential Riordan arrays and orthogonal polynomials

An exponential Riordan array[3,16,17],denotedby L = [/; j1i, j>0 = [g(x), f(x)],isaninfinite lower triangular
matrix whose exponential generating function of the kth column is g(x)(x f (x)k/k! fork =0, 1,2, ..., where
g(0) # 0 # f'(0) and f(0) = 0. It can also be characterized by two sequences (iy,),>0 and (v,),>0 such that

. 1 .
loo=1, lit10= E Jujlij, livrj=— E k'ug—j + jue—j+oli
720 I =i

for i, j > 0 (see [16] for instance). Call (u,),>0 and (v,),>0 the u— and v— sequences of L respectively. Let
u(x) := ano u,x" and v(x) := ano v,x". Associated to each exponential Riordan array L = [g(x), f(x)],
there is a matrix P = [p; ;i j>0., called the production matrix, whose bivariate generating function is given by

e u(x) + v(x)yl,
where

_gJw)
g(f)

where f (x) is the compositional inverse of f(x). Deutsch et al. [16] obtained that elements of the production
matrix P = [p; j]i, j>0 are given by

u(x) v(x) = £ (f(x),

i! .
Dij = ﬁ(”i—j + JVi—j+1),
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Generalized Eulerian distributions... 133

i.e.,
uo Vo 0 0 0 0--
Ui uo + v Vo 0 0 0--
2luy 2(uy + vg) uy + 2vp ) 0 0--
P =133 3 x2us+uvs3) 3(up +2v2)  wuo+ 3v v 0-- (14)

Mug 4 x 3 x 2(u3 + vq) 4 x 3(up + 3v3) 4(uy + 3v2) ug +4vy vo - - -

Assume that u_; = 0. Note that

=LL7",

~i

P=L""L,

where L is obtained from L with the first row removed and I = (8i+1,;)i,j>0, Where §; ; is the usual Kronecker
symbol.

The following well-known results establish the relationship among the orthogonal polynomials, the three-
term recurrences and the continued fraction of the generating function of moments sequence. The first result is
the well-known “Favard’s Theorem”.

Theorem 23 ( [44, Théoréme 9 on p. I-4], or [45, Theorem 50.1]) Let (pn(x))n>0 be a sequence of monic
polynomials with degrees n = 0, 1, 2, ... respectively. Then the sequence (pn(x))n>0 is (formally) orthogonal
if and only if there exist sequences (o) >0 and (By)n>1 with B, # 0 such that

Pn+1(x) = (X — ap) pp(x) — Bppn—1(x)
holds, for n > 1, with initial conditions po(x) = 1 and p1(x) = x — ag.
Theorem 24 ( [44, Proposition 1 (7) on p. V-5], or [45, Theorem 51.1]) Let (p,(x))n>0 be a sequence of monic
polynomials, which is orthogonal with respect to some linear functional L. For n > 1, let

Pu+1(X) = (X — o) pu(x) — Bupn—1(x)

be the corresponding three-term recurrence which is guaranted by Favard’s theorem. Then the generating
function

oo
hx) =
k=0

for the moments . = L(x*) satisfies
0
Bix?
pox?
B3x?

l —a3x —---

h(x) =

1 —agx —

1l —apx —

1 —aox —

2.3 Proof of Theorem 13

We divide the proof of Theorem 13 into three lemmas. Using the theory of exponential Riordan arrays, the first
lemma shows that the production matrix P of the exponential Riordan array L = [g2(x), f2(x)], where g2 (x) is
the exponential generating function of (Q,(q; a, b, ¢, d)),>0 given by (9), is tri-diagonal.

Lemma 25 The production matrix P of the exponential Riordan array

L =[gx), f(x)]= I:e(aq-&-b)x-i-chxz’ X:I ’

fora,b,c,d R, is tri-diagonal.
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134 B. Cui et al.

Proof In order to get the production matrix P, it suffices to calculate u(x) and v(x). Recall that

_ &(h)

vr v(x) = fH(fax)),

u(x)

where f_2 (x) is the compositional inverse of f>(x). .
By direct calculation we obtain f;(x) = 1. Note that the compositional inverse of f>(x) satisfies fo(f2(x)) =
x. Then we have f,(x) = x. Therefore,

v(x) = f5(fax) = 1.
On the other hand,

_ 8(hW)

& =2¢cq%x + (ag + b).
oy xtlaath)

u(x)

Thus following (13), the production matrix P of L is tri-diagonal, where

solg) 10 0 0
ti(g) si(q) 1 0 0
0 1n(g) s2(g) 1 0

[N eleNe)

p=| O 0 (g sg 1 . (15)
0 0 0 (g salg) 1--
0 0 0 0 1(q) ss5(q)---
with s;(¢) and t;+1(g) given by (11). ]

The second lemma shows that if the production matrix of [g, f] is tri-diagonal, then there is a family of
orthogonal polynomials, whose coefficient array is the inverse of [g, f]. More details can be found in [21,30].

Lemma 26 ([30]) Suppose that the production matrix P of an exponential Riordan array [g2, f>]is tri-diagonal
as above (14). Then we can construct a family of orthogonal polynomials p,(x) defined by

Pn(x) = (x —5y-1(g) pn—1(x) — th—1(q@) pn—2(x), (16)

with po(x) = 1 and p1(x) = x — so(q), where the coefficients s,_1(q) and t,—1(q) are given by the expres-
sion (11) forn > 1.

For the last lemma, Barry [3] established a link between the moment sequence of orthogonal polynomials
and the production matrix.

Lemma 27 ([3]) Let (g2, f2], On(q) and p, (x) be as above. If the production matrix of [g2, f2] is tri-diagonal,
then the first column (Q,(q))n>0 of [82, f2] is the moment sequence of the associated family of orthogonal
polynomials p,(x).

Now we obtain that the ordinary generating function of (Q,(g)),>0 is given by the continued fraction (10)
from Theorem 24, which proves Theorem 13.

3 Applications

In this section, we apply Theorems 11, 13 and Corollary 12 to show the continued fraction expression and the
strong g-log-convexity of some interesting combinatorial sequences of polynomials.
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Generalized Eulerian distributions... 135

3.1 Cyclic Eulerian polynomials

It is well known that the exponential generating function of the cyclic Eulerian polynomial is

I O )
E Apr(Q)— = —"—"——.
» ! —ger0-a)
=0 n! 1 —ge'i=9)x

In particular, if » = 1, then A, 1(¢) = A,(q) is the Eulerian polynomial. If r = 2, then A, 2(q) = B, (q) is the
Eulerian polynomial of type B. Sowhena =b=c=k =s =t =1,d = r, from Theorem 11, the ordinary
generating function of A, ,(g) can be given by

> Anr(@)x" =

n=0 1 —((r—1g+ Dx —

rquz
1—(2r —Dg+r+Dx——--

This shows

Proposition 31 The cyclic Eulerian polynomials A, »(q) form a strongly q-log-convex sequence.

3.2 Cyclic derangement polynomials

A fixed point of 75 e C 1S, is an integer i € [n] such that 7; = i and §& = 0. An r-colored permutation
75 € C 1 S, is called a cyclic derangement if it has no fixed points. Let D, , denote the set of all cyclic
derangements of C, @ S,,. The cyclic derangement polynomial is defined by

dor(@ = Y ¢ (17

nsGDn.r

for n > 1; it has been introduced by Chow [11], and studied by Assaf [1], Chow and Mansour [13]. In particular,
when r = 1, dy.1(q) = d,(q) are the derangement polynomials [4]. When r = 2, d,, 2(q) = df (g) are the
derangement polynomials of type B [8]. Chow and Mansor [13] showed that the polynomial d, ,(q) has only
real zeros for each n > 2, and therefore is unimodal. Furthermore, the polynomial d,, , (¢) has the spiral property
[38]. There is a relation between the cyclic Eulerian polynomials and the cyclic derangement polynomials:

Anr@) =Y (Z)dn,r(q). (18)

k=0

Then using (4) and the relation (18), it is easy to obtain the exponential generating function of the cyclic
derangement polynomials

n 1— —qx
> @) = dzae? (19)

—ger(l=q)x’
orer 1—ge

(see Chow and Mansour [13]).
Sowhena =b=c=k=s =1,t =0,d = r, from Theorem 11, the ordinary generating function of
dy r(g) can be given by

Z dn,r(Q)xn =

n>0

rquz
I—(2r — g +rx—--

11— —Dgx —
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3.3 Binomial Eulerian polynomials for C, @ S,

The binomial Eulerian polynomial

Ag)=1+q)_ (Z)Akw), (20)
k=1

introduced by Postnikov, Reiner and Williams [34] in an enumerative-geometric context, and further studied in
[37]. Shareshian and Wachs [37] showed that the binomial Eulerian polynomial A,(q) shares some properties
with the Eulerian polynomial A,(gq), such as the y-positivity. Recently, Athanasiadis [2] generalized A, (¢) to
the wreath product C, @ S,,. The binomial Eulerian polynomial for the wreath product C, @ S, is defined by

Aur@) = (”)q”"‘Ak,rm), @)

k=0 k

for n > 1, where A, ,(g) is the cyclic Eulerian polynomial. These generalized polynomials are alternating
increasing and their exponential generating function is

AP A Gk 2
2 Anr @) = T e @2)
n>0

(see [2]).
From Theorem 11, leta = b = ¢ = k=1t=1,5s =0,d = r, we get that the ordinary generating function
of the binomial Eulerian polynomials A, ,(q) is given by

~ 1
ZAn,r(q)xn =
n20 1—(rqg+ Dx —

rlgx?
1-Qrqg+r+Dx—---

This implies:

Proposition 32 The polynomials A n.r(q) form a strongly q-log-convex sequence.

3.4 Binomial Eulerian polynomials of type B

Lin, Wang and Zeng [26] introduced the binomial Eulerian polynomial of type B by
K n
Bu(g) =1 +qZ<k><1 + ) Ac(q). (23)
k=1
for k > 1, where A, (q) is the Eulerian polynomial. The authors obtained the unimodality of E,, (¢) and the
exponential generating function
g — Det’™

Y Big =
nd I’l' - q—e(qz—l)x’

n>0

(24)

(see [26]). Soleta =b=d =k =1t =1,c =2,s = 0; by Theorem 11, the ordinary generating function of
By (q) is

S By = 1

1+ ¢)%gx?
n=0 I—(1+q+qHx— U tar

I—((1+¢)?+1+g+gHx—--

This implies the following result, which has been obtained in [26].

Proposition 33 The polynomials §n (q) form a strongly q-log-convex sequence.
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3.5 The polynomials of involutions in C, S,

Forr,n > 1, let I, , denote the set of all involutions in C, ¢ S,,, Chow and Mansour [13] defined

. &
in(q)=Y_ ¢,

wéel,,

and they gave the exponential generating function of i} (¢) as follows:

2 . .
Z ( )x” eXtraxt/2 if r is odd,
l _— =
. ) e@+Dx+rax*/2 if 1 i even,
n> ’

Then by Theorem 13,leta = 0,b = d = 1,c = r/2 when r is odd, we obtain the ordinary generating
function of i} (¢)

D in(g)x" = 5

1=0 l—x— rgx

2rgx?
l—x— ——
l—x—---

From Theorem 13,leta = b =d =1, ¢ = r/2 when r is even, the ordinary generating function of i}, (¢) is
1

Y in(g)x" = 5

rqgx
nz0 1— (g + Dx — 1

2rgx?
I—(@+Dx—---

I1—(+ Dx—

3.6 Hermite polynomials

The Hermite polynomials H,(q) are defined by
+o00 )
| e @ g =7 P2 nm=0.1.2
—0o0

(see [43] for instance). The exponential generating function of Hermite polynomials of H,(g) is

n
Y Hilg) o = 5,
n!

n>0

(see [14] and [43] for instance). It is well known that the Hermite polynomials have only real zeros (see [29] for
instance).

So by Theorem 13, leta =2,b =d = 0,c = —1, we get that the ordinary generating function of Hermite
polynomials H,(q) is

Z Hn(Q)xn = 0.2

n=0 1 —2gx — ™
— 4x

1—2gx —---

1—2gx —
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4 Concluding remarks

In this paper, we show the continued fraction expressions of polynomial sequences based on two different
methods, the Stieltjes—Rogers theorem, and the theory of exponential Riordan arrays and orthogonal polynomials.
In fact, these continued fraction expressions (6) and (10) can be proven by both of these two methods. We only
show one proof of each continued fraction expression, since the other one is similar. Beside these two methods,
there are some other approaches to obtain the continued fraction expressions, such as the combinatorial method,
the recurrence relation, the preserving operator and so on. Based on the strong background of combinatorial
sequences of polynomials in Section 3, it would be interesting to look for combinatorial interpretations for the
continued fraction expressions (6) and (10).
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