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Abstract In this paper, we consider two sequences of polynomials (Pn(q; a, b, c, d, k, s, t))n≥0 and (Qn(q; a, b,

c, d))n≥0, where Pn(q; a, b, c, d, k, s, t) generalizes the cyclic Eulerian polynomials, the cyclic derangement
polynomials, the binomial Eulerian polynomials for the wreath product Cr � Sn and the binomial Eulerian poly-
nomials of type B; and Qn(q; a, b, c, d) generalizes the polynomials of involutions in Cr � Sn . Using two
different methods, we show the Jacobi continued fraction expressions of

∑
Pn(q; a, b, c, d, k, s, t)xn and∑

Qn(q; a, b, c, d)xn . Then we discuss the strong q-log-convexity and Hankel determinants of these two
sequences of polynomials.
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1 Introduction

Let Sn denote the symmetric group on [n] := {1, 2, . . . , n}. Let π = π1π2 . . . πn be a permutation in Sn . The
number of descents and the number of excedances are defined, respectively, by

des(π) : = |{i ∈ [n − 1] : πi > πi+1}|,
exc(π) : = |{i ∈ [n − 1] : πi > i}|.

A statistic on Sn is said to be Eulerian if it is equidistributed with the statistic of descent number. The statistic
of excedance number is Eulerian [20,33]. The enumerative polynomial of these two statistics

An(q) =
∑

π∈Sn

qdes(π) =
∑

π∈Sn

qexc(π) (1)
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126 B. Cui et al.

is the Eulerian polynomial (cf. [33, Section 1.4]), which is first introduced by Euler [19]. The exponential
generating function of An(q) (also attributed to Euler) is

∑

n≥0

An(q)
xn

n! = (1 − q)ex(1−q)

1 − qex(1−q)

(see [14] for instance). It is well known that the Eulerian polynomial An(q) has only real zeros and therefore
is log-concave and unimodal [28]. Using weighted Motzkin paths, Flajolet [18] showed the Jacobi continued
fraction expansion

∑

n≥0

An(q)xn = 1

1 − x − qx2

1 − (2 + q)x − 4qx2

1 − (3 + 2q)x − · · ·

.

For two real polynomials f (q) and g(q), denote f (q) ≥q g(q) if the difference f (q) − g(q) has only
nonnegative coefficients as a polynomial of q. We say that a real polynomial sequence ( fn(q))n≥0 is q-log-
convex if

fn−1(q) fn+1(q) ≥q f 2
n (q)

for n ≥ 1, and it is strongly q-log-convex if

fm−1(q) fn+1(q) ≥q fm(q) fn(q)

for all n ≥ m ≥ 1. Clearly, the strong q-log-convexity of polynomial sequences implies their q-log-convexity.
However, the converse does not follow. Many famous polynomial sequences have been proved to be q-log-convex
or strongly q-log-convex (see [7,9,10,27,29,30,48,50] for instance). For example, the sequence (An(q))n≥0 is
q-log-convex [29] as well as strongly q-log-convex [30,48]. Some other properties of the Eulerian polynomials
have been well studied from a combinatorial point of view (see [14,15,19,22,33,47,49] for instance).

Denote by Bn the hyperoctahedral group on [n]. An element π of Bn is a signed permutation represented by
the signed word π1π2 . . . πn , with |π | := |π1||π2| . . . |πn| ∈ Sn . The number of type B descents and the number
of type B excedances are defined, respectively, by

desB(π) : = |{i ∈ [n − 1] : πi > πi+1}|,
excB(π) : = |{i ∈ [n − 1] : πi = −i or π|πi | > πi }|.

The Eulerian polynomial of type B is defined by

Bn(q) =
∑

π∈Bn

qdesB (π) =
∑

π∈Bn

qexcB (π). (2)

In fact, the Eulerian polynomial of type B has many similar properties with An(q), such as the reality of zeros
[28], the q-log-convexity [30], the strong q-log-convexity [30], the exponential generating function

∑

n≥0

Bn(q)
xn

n! = (1 − q)ex(1−q)

1 − qe2x(1−q)

(see [6, Theorem 3.4] and [12, Corollary 3.9]), and the Jacobi continued fraction expression

∑

n≥0

Bn(q)xn = 1

1 − (1 + q)x − 4qx2

1 − 3(1 + q)x − 16qx2

1 − 5(1 + q)x − · · ·

.

For positive integers n and r , let Cr = Z/rZ be the cyclic group of order r , whose elements are represented
by {0, 1, . . . , r − 1}. The wreath product Cr � Sn is the usual action of a cyclic group Cr by a permutation of the
symmetric group Sn . In particular, when r = 1, the wreath product C1 � Sn is the symmetric group Sn ; when
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Generalized Eulerian distributions... 127

r = 2, the wreath product C2 � Sn is the hyperoctahedral group Bn . Elements in Cr � Sn are called r -colored
permutations, and represented by

πξ = (π1
ξ1 , π2

ξ2 , . . . , πn
ξn ),

where π = π1π2 . . . πn ∈ Sn and ξ = (ξ1, ξ2, . . . , ξn) ∈ Cn
r . Following Steingrímsson [40], the number of

descents and the number of excedances of πξ are defined by

des(πξ ) = |{i ∈ [n] | ξi > ξi+1 or ξi = ξi+1 and πi > πi+1}|,
and

exc(πξ ) = |{i ∈ [n] | πi > i or πi = i and ξi > 0}|,
with the convention that πn+1 = n+1 and ξn+1 = 0 respectively. It is well known that the number of descents and
the number of excedances are equidistributed over Sn [5]. Steingrímsson [40,41] generalized the equidistribution
of these two permutation statistics to the wreath product Cr � Sn . He also defined the cyclic Eulerian polynomial
by

An,r (q) =
∑

πξ ∈Cr �Sn

qdes(πξ ) =
∑

πξ ∈Cr �Sn

qexc(πξ ). (3)

There are many interesting properties of the cyclic Eulerian polynomials. For example, the cyclic Eulerian
polynomial has only real zeros, a result originally due to Steingrímsson [40], and recently reobtained by Savage
and Visontai [36] as a special case of a more general result. The exponential generating function of the cyclic
Eulerian polynomials is

∑

n≥0

An,r (q)
xn

n! = (1 − q)e(1−q)x

1 − qer(1−q)x
. (4)

In this paper, we consider a generalized Eulerian polynomial Pn(q) defined by the following exponential
generating function

∑

n≥0

Pn(q; a, b, c, d, k, s, t)
xn

n! =
(

(1 − q)ea(t−sqk )x

1 − qed(1−qc)x

)b

, (5)

for a, b, c, d, k, s, t ∈ R. In Section 3, we show that the polynomial Pn(q; a, b, c, d, k, s, t) generalizes not
only the Eulerian polynomial An(q), the type B version Bn(q) and the cyclic Eulerian polynomial An,r (q), but
also the derangement polynomial [4], the cyclic derangement polynomial [40], the binomial Eulerian polynomial
[34,37], the binomial Eulerian polynomial for the wreath product Cr �Sn [2] and the binomial Eulerian polynomial
of type B [26].

The first main result is as follows.

Theorem 11 Let (Pn(q; a, b, c, d, k, s, t))n≥0 be defined by (5) and denote by [c]q = 1−qc

1−q . Then the generating
function of (Pn(q; a, b, c, d, k, s, t))n≥0 has the continued fraction expression

∑

n≥0

Pn(q; a, b, c, d, k, s, t)xn = 1

1 − s0(q)x − t1(q)x2

1 − s1(q)x − t2(q)x2

1 − s2(q)x − · · ·

, (6)

where for i ≥ 0 we have:

si (q) = ab(t − sqk) + d((b + i)q + i)[c]q

ti+1(q) = d2(i + 1)(i + b)q[c]2
q . (7)

Corollary 12 Let (Pn(q; a, b, c, d, k, s, t))n≥0 be defined by (5) and si (q), ti+1(q) be defined by (7). If
a, c, d, k, s, t ≥ 0, c ≥ k, b ≥ 1, d ≥ abs and s0s1 ≥q t1, then (Pn(q; a, b, c, d, k, s, t))n≥0 is strongly
q-log-convex.
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Following Chow and Mansour [13], the r -colored permutation πξ ∈ Cr � Sn is an involution if and only if π

and ξ satisfy the following conditions:

(i) π is an involution;
(ii) if πi = i , then either ξi = 0 or ξi = r/2 with r even;

(iii) if πi = j for some j ∈ [n]\{i}, then either ξi = ξ j = 0 or 0 < ξi = r − ξ j < r .

For r, n ≥ 1, let In,r denote the set of all involutions in Cr � Sn and define

ir
n(q) =

∑

πξ ∈In,r

qexc(πξ ).

Chow and Mansour [13] gave the exponential generating function of ir
n(q) as follows:

∑

n≥0

ir
n(q)

xn

n! =
{

ex+rqx2/2, if r is odd,

e(q+1)x+rqx2/2, if r is even.
(8)

Our second main result is to consider the generalized polynomial Qn(q; a, b, c, d) defined by

∑

n≥0

Qn(q; a, b, c, d)
xn

n! = e(aq+b)x+cqd x2
, (9)

for a, b, c, d ∈ R.

Theorem 13 Let (Qn(q; a, b, c, d))n≥0 be defined by (9). Then the generating function of (Qn(q; a, b, c, d))n≥0
has the continued fraction expression

∑

n≥0

Qn(q; a, b, c, d)xn = 1

1 − s0(q)x − t1(q)x2

1 − s1(q)x − t2(q)x2

1 − s2(q)x − · · ·

, (10)

where for i ≥ 0 we have:

si (q) = aq + b and ti+1(q) = 2(i + 1)cqd . (11)

Given a sequence (an)n≥0, define its Hankel matrix [ai+ j ]i, j≥0 and the nth Hankel determinant
det[ai+ j ]0≤i, j≤n−1. Hankel determinants occur naturally in diverse areas of mathematics. In recent years, there
has been a considerable amount of work devoted to Hankel determinant evaluations of various combinatorial
sequences. We refer the reader to [23–25,31,32,39,46]. The Hankel determinants of sequences can be calculated
from the Jacobi continued fraction expression.

Lemma 14 ( [24]) If the generating function of a sequence (αi )i≥0 has the Jacobi continued fraction expression

∑

i≥0

αi x i = α0

1 − s0x − t1x2

1 − s1x − t2x2

1 − s2x − · · ·

,

then the Hankel determinants

det
0≤i, j≤n−1

(αi+ j ) = αn
0 tn−1

1 tn−2
2 · · · t2

n−2tn−1

and

det
0≤i, j≤n−1

(αi+ j+1) = αn
0 tn−1

1 tn−2
2 · · · t2

n−2tn−1qn,

where (qn)n≥0 is the recurrence sequence defined by qn+1 = snqn − tnqn−1 with q0 = 1, q1 = s0.
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So we obtain the Hankel determinants of (Pn(q; a, b, c, d, k, s, t)) and (Qn(q; a, b, c, d)) as follows.

(1)

det
0≤i, j≤n−1

(Pi+ j (q; a, b, c, d, k, s, t)) = tn−1
1 tn−2

2 · · · t2
n−2tn−1

and

det
0≤i, j≤n−1

(Pi+ j+1(q; a, b, c, d, k, s, t)) = tn−1
1 tn−2

2 · · · t2
n−2tn−1qn,

where si , ti were defined in (7) and (qn)n≥0 is the recurrence sequence defined by qn+1 = snqn − tnqn−1
with q0 = 1, q1 = s0.

(2)

det
0≤i, j≤n−1

(Qi+ j (q; a, b, c, d)) = tn−1
1 tn−2

2 · · · t2
n−2tn−1

and

det
0≤i, j≤n−1

(Qi+ j+1(q; a, b, c, d)) = tn−1
1 tn−2

2 · · · t2
n−2tn−1qn,

where si , ti were defined in (11) and (qn)n≥0 is the recurrence sequence defined by qn+1 = snqn − tnqn−1
with q0 = 1, q1 = s0.

The structure of the paper is as follows. In Section 2, we first prove Theorem 11 and Corollary 12 based on
the result of Stieltjes–Rogers [35,42] and Zhu [48] respectively. Then we recall a few facts used in the proof of
Theorem 13. Finally, we prove Theorem 13 by using the theory of exponential Riordan arrays and orthogonal
polynomials. As applications, we show the continued fraction expression of the generating function of the cyclic
Eulerian polynomials, the cyclic derangement polynomials, the binomial Eulerian polynomials for the wreath
product Cr � Sn and the binomial Eulerian polynomials of type B in a unified manner. On the other hand, we
obtain the continued fraction expression of the generating function of the polynomials of involutions in Cr � Sn
and Hermite polynomials. We also obtain the strong q-log-convexity of the cyclic Eulerian polynomials, the
binomial Eulerian polynomials for the wreath product Cr � Sn , and the binomial Eulerian polynomials of type B
in Section 3.

2 Proof of Theorems 11 and 13

2.1 Proof of Theorem 11

In order to prove Theorem 11, we first recall the following lemma, which was shown by Stieltjes [42] and Rogers
[35] and has great significance for the calculation of Jacobi continued fractions.

Lemma 21 (Stieltjes–Rogers) For a sequence (αn)n≥0, suppose that

h(x) =
∑

n≥0

αn
xn

n! .

If there exist sequences (en)n≥0 and (ωn)n≥0 such that the generating function

h(x + y) =
∑

i≥0

ωi fi (x) fi (y),

where

fi (x) = xi

i ! + ei+1
xi+1

(i + 1)! + O(xi+2),
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130 B. Cui et al.

then we have

∑

n≥0

αn xn = 1

1 − s0x − t1x2

1 − s1x − t2x2

1 − s2x − · · ·

, (12)

where si = ei+1 − ei and ti+1 = ωi+1/ωi for i ≥ 0.

Proof of Theorem 11 Denote

g1(x) =
∑

n≥0

Pn(q; a, b, c, d, k, s, t)
xn

n! =
(

(1 − q)ea(t−sqk )x

1 − qed(1−qc)x

)b

by the exponential generating function of the generalized Eulerian polynomial Pn(q; a, b, c, d, k, s, t), for
a, b, c, d, k, s, t ∈ R. Then we have

g1(x) = eab(t−sqk )x

(
1 − qed(1−qc)x

1 − q

)−b

= eab(t−sqk )x

(

1 − q(ed(1−qc)x − 1)

1 − q

)−b

.

Thus

g1(x + y) = eab(t−sqk )(x+y)

(

1 − q(ed(1−qc)(x+y) − 1)

1 − q

)−b

= eab(t−sqk)(x+y)
((

1 − q(ed(1−qc)x − 1)

1 − q

)(
1 − q(ed(1−qc)y − 1)

1 − q

)

−q(ed(1−qc)x − 1)(ed(1−qc)y − 1)

(1 − q)2

)−b

= eab(t−sqk)(x+y)
∑

i≥0

(−b

i

)(
− q(ed(1−qc)x − 1)(ed(1−qc)y − 1)

(1 − q)2

)i

((
1 − q(ed(1−qc)x − 1)

1 − q

)(
1 − q(ed(1−qc)y − 1)

1 − q

))−b−i

= eab(t−sqk)(x+y)
∑

i≥0

b(i)

i !
(q(ed(1−qc)x − 1)(ed(1−qc)y − 1))i

(1 − q)2i

(
1 − q(ed(1−qc)x − 1)

1 − q

)−b−i(
1 − q(ed(1−qc)y − 1)

1 − q

)−b−i

=
∑

i≥0

i !b(i) qi

(1 − q)2i
(d(1 − qc))2i fi (x) fi (y),
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where b(i) = b(b + 1) · · · (b + i − 1) for i ≥ 0 and

fi (x) = eab(t−sqk)x (ed(1−qc)x − 1)i

i !(d(1 − qc))i

(
1 − q(ed(1−qc)x − 1)

1 − q

)−b−i

= 1

i !(d(1 − qc))i

(
1 + ab(t − sqk)x + (ab(t − sqk)x)2

2! + · · ·
)

(
d(1 − qc)x + (d(1 − qc)x)2

2
+ · · ·

)i

(
1 + q

1 − q
d(1 − qc)(b + i)x + · · ·

)

= 1

i !
(

1 + ab(t − sqk)x + (ab(t − sqk)x)2

2! + · · ·
)

(
x + d(1 − qc)x2

2
+ · · ·

)i(
1 + q

1 − q
d(1 − qc)(b + i)x + · · ·

)

= xi

i ! + (i + 1)xi+1

(i + 1)!
(

ab(t − sqk) + qd(b + i)(1 − qc)

1 − q
+ id(1 − qc)

2

)

+O(xi+2).

Therefore, by Lemma 21, we get

ωi = b(i)i ! qi

(1 − q)2i
d2i (1 − qc)2i ,

and

ei+1 = (i + 1)
(

ab(t − sqk) + q(b + i)d(1 − qc)

1 − q
+ id(1 − qc)

2

)
.

Thus

si = ei+1 − ei

= (i + 1)
(

ab(t − sqk) + q(b + i)d(1 − qc)

1 − q
+ id(1 − qc)

2

)

−i
(

ab(t − sqk) + q(b + i − 1)d(1 − qc)

1 − q
+ (i − 1)d(1 − qc)

2

)

= ab(t − sqk) + (i + 1)
(q(b + i)d(1 − qc)

1 − q
+ id(1 − qc)

2

)

−i
(q(b + i − 1)d(1 − qc)

1 − q
+ (i − 1)d(1 − qc)

2

)

= ab(t − sqk) + i
qd(1 − qc)

1 − q
+ id(1 − qc) + q(b + i)d(1 − qc)

1 − q

= ab(t − sqk) + d
(
(b + i)q + i

)
[c]q ,

ti+1 = ωi+1

ωi
= d2(1 − qc)

2
(b + i)(i + 1)

q

(1 − q)2

= d2(b + i)(i + 1)q[c]2
q ,

for i ≥ 0. Thus we obtain the continued fraction expression (6), with si , ti+1 given by (7), as desired.

The next lemma is used to obtain the strong q-log-convexity of polynomial sequences.
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Lemma 22 ( [48, Proposition 3.13]) Given two sequences (si (q))i≥0 and (ti+1(q))i≥0 of polynomials with
nonnegative coefficients, let

∑

n≥0

Dn(q)xn = 1

1 − s0(q)x − t1(q)x2

1 − s1(q)x − t2(q)x2

1 − s2(q)x − t3(q)x2

1 − s3(q)x − · · ·

.

If si (q)si+1(q) ≥q ti+1(q) for all i ≥ 0, then the sequence (Dn(q))n≥0 is strongly q-log-convex.

Proof of Corollary 12 It suffices to prove si (q)si+1(q) ≥q ti+1(q) for i ≥ 1. Note that

si (q)si+1(q) − ti+1(q)

=
(

ab(t − sqk) + d((b + i)q + i)[c]q

)

(
ab(t − sqk) + d((b + i + 1)q + i + 1)[c]q

)
− d2(i + 1)(i + b)q[c]2

q

=
(

abt + di[c]q + d(b + i − 1)q[c]q + dq[c]q − absqk
)

(
abt + d(i + 1)[c]q + d(b + i)q[c]q + dq[c]q − absqk

)
− d2(i + 1)(i + b)q[c]2

q ,

where [c]q = 1−qc

1−q = qc−1 + qc−2 + · · · + q + 1. From the conditions a, b, d, t ≥ 0, d ≥ abs, c ≥ k ≥ 0, we
obtain

si (q)si+1(q) − ti+1(q)

≥q d2i(b + i)q[c]2
q + d2(i + 1)(b + i − 1)q[c]2

q − d2(i + 1)(b + i)q[c]2
q

= d2q[c]2
q(i(b + i) + (i + 1)(b + i − 1) − (i + 1)(b + i))

= d2q[c]2
q(i(b + i) − (i + 1)),

whose coefficients are nonnegative in q under the conditions i, b ≥ 1. Thus we prove (2).

2.2 Exponential Riordan arrays and orthogonal polynomials

An exponential Riordan array [3,16,17], denoted by L = [li, j ]i, j≥0 = [g(x), f (x)], is an infinite lower triangular
matrix whose exponential generating function of the kth column is g(x)(x f (x))k/k! for k = 0, 1, 2, . . ., where
g(0) �= 0 �= f ′(0) and f (0) = 0. It can also be characterized by two sequences (un)n≥0 and (vn)n≥0 such that

l0,0 = 1, li+1,0 =
∑

j≥0

j !u j li, j , li+1, j = 1

j !
∑

k≥ j−1

k!(uk− j + jvk− j+1)li, j ,

for i, j ≥ 0 (see [16] for instance). Call (un)n≥0 and (vn)n≥0 the u− and v− sequences of L respectively. Let
u(x) := ∑

n≥0 un xn and v(x) := ∑
n≥0 vn xn . Associated to each exponential Riordan array L = [g(x), f (x)],

there is a matrix P = [pi, j ]i, j≥0, called the production matrix, whose bivariate generating function is given by

exy[u(x) + v(x)y],
where

u(x) = g′( f̄ (x))

g( f̄ (x))
, v(x) = f ′( f̄ (x)),

where f̄ (x) is the compositional inverse of f (x). Deutsch et al. [16] obtained that elements of the production
matrix P = [pi, j ]i, j≥0 are given by

pi, j = i !
j ! (ui− j + jvi− j+1), (13)
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i.e.,

P =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

u0 v0 0 0 0 0 · · ·
u1 u0 + v1 v0 0 0 0 · · ·

2!u2 2(u1 + v0) u0 + 2v1 v0 0 0 · · ·
3!u3 3 × 2(u2 + v3) 3(u1 + 2v2) u0 + 3v1 v0 0 · · ·
4!u4 4 × 3 × 2(u3 + v4) 4 × 3(u2 + 3v3) 4(u1 + 3v2) u0 + 4v1 v0 · · ·

...
...

...
...

...
...
. . .

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (14)

Assume that u−1 = 0. Note that

P = L−1 L̄ , Ī = L̄ L−1,

where L̄ is obtained from L with the first row removed and Ī = (δi+1, j )i, j≥0, where δi, j is the usual Kronecker
symbol.

The following well-known results establish the relationship among the orthogonal polynomials, the three-
term recurrences and the continued fraction of the generating function of moments sequence. The first result is
the well-known “Favard’s Theorem”.

Theorem 23 ( [44, Théoréme 9 on p. I-4], or [45, Theorem 50.1]) Let (pn(x))n≥0 be a sequence of monic
polynomials with degrees n = 0, 1, 2, . . . respectively. Then the sequence (pn(x))n≥0 is (formally) orthogonal
if and only if there exist sequences (αn)n≥0 and (βn)n≥1 with βn �= 0 such that

pn+1(x) = (x − αn)pn(x) − βn pn−1(x)

holds, for n ≥ 1, with initial conditions p0(x) = 1 and p1(x) = x − α0.

Theorem 24 ( [44, Proposition 1 (7) on p. V-5], or [45, Theorem 51.1]) Let (pn(x))n≥0 be a sequence of monic
polynomials, which is orthogonal with respect to some linear functional L. For n ≥ 1, let

pn+1(x) = (x − αn)pn(x) − βn pn−1(x)

be the corresponding three-term recurrence which is guaranted by Favard’s theorem. Then the generating
function

h(x) =
∞∑

k=0

μk xk

for the moments μk = L(xk) satisfies

h(x) = μ0

1 − α0x − β1x2

1 − α1x − β2x2

1 − α2x − β3x2

1 − α3x − · · ·

.

2.3 Proof of Theorem 13

We divide the proof of Theorem 13 into three lemmas. Using the theory of exponential Riordan arrays, the first
lemma shows that the production matrix P of the exponential Riordan array L = [g2(x), f2(x)], where g2(x) is
the exponential generating function of (Qn(q; a, b, c, d))n≥0 given by (9), is tri-diagonal.

Lemma 25 The production matrix P of the exponential Riordan array

L = [g2(x), f2(x)] =
[
e(aq+b)x+cqd x2

, x
]
,

for a, b, c, d ∈ R, is tri-diagonal.
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Proof In order to get the production matrix P , it suffices to calculate u(x) and v(x). Recall that

u(x) = g′
2( f̄2(x))

g2( f̄2(x))
, v(x) = f ′

2( f̄2(x)),

where f̄2(x) is the compositional inverse of f2(x).
By direct calculation we obtain f ′

2(x) = 1. Note that the compositional inverse of f2(x) satisfies f2( f̄2(x)) =
x . Then we have f̄2(x) = x . Therefore,

v(x) = f ′
2( f̄2(x)) = 1.

On the other hand,

u(x) = g′
2( f̄2(x))

g2( f̄2(x))
= 2cqd x + (aq + b).

Thus following (13), the production matrix P of L is tri-diagonal, where

P =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

s0(q) 1 0 0 0 0 · · ·
t1(q) s1(q) 1 0 0 0 · · ·

0 t2(q) s2(q) 1 0 0 · · ·
0 0 t3(q) s3(q) 1 0 · · ·
0 0 0 t4(q) s4(q) 1 · · ·
0 0 0 0 t5(q) s5(q) · · ·
...

...
...

...
...

...
. . .

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, (15)

with si (q) and ti+1(q) given by (11). 	

The second lemma shows that if the production matrix of [g, f ] is tri-diagonal, then there is a family of

orthogonal polynomials, whose coefficient array is the inverse of [g, f ]. More details can be found in [21,30].

Lemma 26 ( [30]) Suppose that the production matrix P of an exponential Riordan array [g2, f2] is tri-diagonal
as above (14). Then we can construct a family of orthogonal polynomials pn(x) defined by

pn(x) = (x − sn−1(q))pn−1(x) − tn−1(q)pn−2(x), (16)

with p0(x) = 1 and p1(x) = x − s0(q), where the coefficients sn−1(q) and tn−1(q) are given by the expres-
sion (11) for n ≥ 1.

For the last lemma, Barry [3] established a link between the moment sequence of orthogonal polynomials
and the production matrix.

Lemma 27 ( [3]) Let [g2, f2], Qn(q) and pn(x) be as above. If the production matrix of [g2, f2] is tri-diagonal,
then the first column (Qn(q))n≥0 of [g2, f2] is the moment sequence of the associated family of orthogonal
polynomials pn(x).

Now we obtain that the ordinary generating function of (Qn(q))n≥0 is given by the continued fraction (10)
from Theorem 24, which proves Theorem 13.

3 Applications

In this section, we apply Theorems 11, 13 and Corollary 12 to show the continued fraction expression and the
strong q-log-convexity of some interesting combinatorial sequences of polynomials.
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3.1 Cyclic Eulerian polynomials

It is well known that the exponential generating function of the cyclic Eulerian polynomial is

∑

n≥0

An,r (q)
xn

n! = (1 − q)e(1−q)x

1 − qer(1−q)x
.

In particular, if r = 1, then An,1(q) = An(q) is the Eulerian polynomial. If r = 2, then An,2(q) = Bn(q) is the
Eulerian polynomial of type B. So when a = b = c = k = s = t = 1, d = r , from Theorem 11, the ordinary
generating function of An,r (q) can be given by

∑

n≥0

An,r (q)xn = 1

1 − ((r − 1)q + 1)x − r2qx2

1 − ((2r − 1)q + r + 1)x − − · · ·
.

This shows

Proposition 31 The cyclic Eulerian polynomials An,r (q) form a strongly q-log-convex sequence.

3.2 Cyclic derangement polynomials

A fixed point of πξ ∈ Cr � Sn is an integer i ∈ [n] such that πi = i and ξi = 0. An r -colored permutation
πξ ∈ Cr � Sn is called a cyclic derangement if it has no fixed points. Let Dn,r denote the set of all cyclic
derangements of Cr � Sn . The cyclic derangement polynomial is defined by

dn,r (q) =
∑

πξ ∈Dn,r

qexc(πξ ) (17)

for n ≥ 1; it has been introduced by Chow [11], and studied by Assaf [1], Chow and Mansour [13]. In particular,
when r = 1, dn,1(q) = dn(q) are the derangement polynomials [4]. When r = 2, dn,2(q) = d B

n (q) are the
derangement polynomials of type B [8]. Chow and Mansor [13] showed that the polynomial dn,r (q) has only
real zeros for each n ≥ 2, and therefore is unimodal. Furthermore, the polynomial dn,r (q) has the spiral property
[38]. There is a relation between the cyclic Eulerian polynomials and the cyclic derangement polynomials:

An,r (q) =
n∑

k=0

(
n

k

)

dn,r (q). (18)

Then using (4) and the relation (18), it is easy to obtain the exponential generating function of the cyclic
derangement polynomials

∑

n≥0

dn,r (q)
xn

n! = (1 − q)e−qx

1 − qer(1−q)x
, (19)

(see Chow and Mansour [13]).
So when a = b = c = k = s = 1, t = 0, d = r , from Theorem 11, the ordinary generating function of

dn,r (q) can be given by

∑

n≥0

dn,r (q)xn = 1

1 − (r − 1)qx − r2qx2

1 − ((2r − 1)q + r)x − · · ·
.
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3.3 Binomial Eulerian polynomials for Cr � Sn

The binomial Eulerian polynomial

Ãn(q) = 1 + q
n∑

k=1

(
n

k

)

Ak(q), (20)

introduced by Postnikov, Reiner and Williams [34] in an enumerative-geometric context, and further studied in
[37]. Shareshian and Wachs [37] showed that the binomial Eulerian polynomial Ãn(q) shares some properties
with the Eulerian polynomial An(q), such as the γ -positivity. Recently, Athanasiadis [2] generalized Ãn(q) to
the wreath product Cr � Sn . The binomial Eulerian polynomial for the wreath product Cr � Sn is defined by

Ãn,r (q) =
n∑

k=0

(
n

k

)

qn−k Ak,r (q), (21)

for n ≥ 1, where An,r (q) is the cyclic Eulerian polynomial. These generalized polynomials are alternating
increasing and their exponential generating function is

∑

n≥0

Ãn,r (q)
xn

n! = (1 − q)ex

1 − qer(1−q)x
(22)

(see [2]).
From Theorem 11, let a = b = c = k = t = 1, s = 0, d = r, we get that the ordinary generating function

of the binomial Eulerian polynomials Ãn,r (q) is given by

∑

n≥0

Ãn,r (q)xn = 1

1 − (rq + 1)x − r2qx2

1 − (2rq + r + 1)x − · · ·
.

This implies:

Proposition 32 The polynomials Ãn,r (q) form a strongly q-log-convex sequence.

3.4 Binomial Eulerian polynomials of type B

Lin, Wang and Zeng [26] introduced the binomial Eulerian polynomial of type B by

B̃n(q) = 1 + q
k∑

k=1

(
n

k

)

(1 + q)k Ak(q), (23)

for k ≥ 1, where An(q) is the Eulerian polynomial. The authors obtained the unimodality of B̃n(q) and the
exponential generating function

∑

n≥0

B̃n(q)
xn

n! = (q − 1)eq2x

q − e(q2−1)x
, (24)

(see [26]). So let a = b = d = k = t = 1, c = 2, s = 0; by Theorem 11, the ordinary generating function of
B̃n(q) is

∑

n≥0

B̃n(q)xn = 1

1 − (1 + q + q2)x − (1 + q)2qx2

1 − ((1 + q)2 + 1 + q + q2)x − · · ·
.

This implies the following result, which has been obtained in [26].

Proposition 33 The polynomials B̃n(q) form a strongly q-log-convex sequence.
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3.5 The polynomials of involutions in Cr � Sn

For r, n ≥ 1, let In,r denote the set of all involutions in Cr � Sn, Chow and Mansour [13] defined

ir
n(q) =

∑

πξ ∈In,r

qexc(πξ ),

and they gave the exponential generating function of ir
n(q) as follows:

∑

n≥0

ir
n(q)

xn

n! =
{

ex+rqx2/2, if r is odd,

e(q+1)x+rqx2/2, if r is even.

Then by Theorem 13, let a = 0, b = d = 1, c = r/2 when r is odd, we obtain the ordinary generating
function of ir

n(q)

∑

n≥0

ir
n(q)xn = 1

1 − x − rqx2

1 − x − 2rqx2

1 − x − · · ·

.

From Theorem 13, let a = b = d = 1, c = r/2 when r is even, the ordinary generating function of ir
n(q) is

∑

n≥0

ir
n(q)xn = 1

1 − (q + 1)x − rqx2

1 − (q + 1)x − 2rqx2

1 − (q + 1)x − · · ·

.

3.6 Hermite polynomials

The Hermite polynomials Hn(q) are defined by

∫ +∞

−∞
e−q2

Hn(q)Hm(q)dq = π1/22nn!δnm, n, m = 0, 1, 2, . . . ,

(see [43] for instance). The exponential generating function of Hermite polynomials of Hn(q) is

∑

n≥0

Hn(q)
xn

n! = e2qx−x2
,

(see [14] and [43] for instance). It is well known that the Hermite polynomials have only real zeros (see [29] for
instance).

So by Theorem 13, let a = 2, b = d = 0, c = −1, we get that the ordinary generating function of Hermite
polynomials Hn(q) is

∑

n≥0

Hn(q)xn = 1

1 − 2qx − − 2x2

1 − 2qx − − 4x2

1 − 2qx − · · ·

.
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4 Concluding remarks

In this paper, we show the continued fraction expressions of polynomial sequences based on two different
methods, the Stieltjes–Rogers theorem, and the theory of exponential Riordan arrays and orthogonal polynomials.
In fact, these continued fraction expressions (6) and (10) can be proven by both of these two methods. We only
show one proof of each continued fraction expression, since the other one is similar. Beside these two methods,
there are some other approaches to obtain the continued fraction expressions, such as the combinatorial method,
the recurrence relation, the preserving operator and so on. Based on the strong background of combinatorial
sequences of polynomials in Section 3, it would be interesting to look for combinatorial interpretations for the
continued fraction expressions (6) and (10).
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