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Abstract Let p be a prime number, Inn(G) the group of inner automorphisms of G and CAutc(G)(Z(G)) be the
set of all central automorphisms of G fixing Z(G) elementwise. In this article, we characterize all finite p-groups
G for which [CAutc(G)(Z(G)) : Inn(G)] = p3 or p4.

Keywords Central automorphisms · Finite p-groups

Mathematics Subject Classification: 20D45 · 20D15

1 Introduction and results

An automorphism α of G is called a central automorphism if α commutes with every inner automorphism of
G, or equivalently x−1α(x) ∈ Z(G) for each x ∈ G. The central automorphisms of G, denoted by Autc(G), fix
G ′ elementwise and form a normal subgroup of the full automorphism group of Aut(G). By CAutc(G)(Z(G))

we denote the group of all central automorphisms of G which fix Z(G) element-wise. For a finite p-group
G of class 2, we have Inn(G) ≤ CAutc(G)(Z(G)) ≤ Autc(G). Relationship between these groups, have been
well studied. Curran and McCaughan [2], characterized finite p-groups G for which Autc(G) = Inn(G). They
proved that if G is a finite p-group, then Autc(G) = Inn(G) if and only if G ′ = Z(G) and Z(G) is cyclic.
In the other results, they generalized this theorem and considered the case when G is a finite p-group of class
2 and [Autc(G) : I nn(G)] ≤ p2. In [7] we proved CAutc(G)(Z(G)) = Inn(G) if and only if G is abelian or
G is of class 2 and Z(G) is cyclic. In [8] we first proved that there is no finite p-group of class 2 for which
[CAutc(G)(Z(G)) : Inn(G)] = p, and then we characterized the finite p-groups G satisfying [CAutc(G)(Z(G)) :
Inn(G)] = p2. In this article we characterize all finite p-groups G for which [CAutc(G)(Z(G)) : Inn(G)] = p3

or p4. In fact we prove the following theorems:

Theorem A Let G be a finite group of class 2. Then [CAutc(G)(Z(G)) : Inn(G)] = p3 if and only if either

(i) G/Z(G) � C pc × C pc × C pt and Z(G) � C pb1 × C p where pc = exp(G ′) and b1 ≥ c ≥ t ≥ 1 either else
(ii) G/Z(G) � C p × C p × C p and Z(G) � C pb1 × C pb2 where b1 ≥ b2 ≥ 1.

Theorem B Let G be a finite group of class 2. Then [CAutc(G)(Z(G)) : Inn(G)] = p4 if and only if one of the
following conditions holds:

(i) G/Z(G) � C pc × C pc , G ′ � C pc and Z(G) � C pb1 × C p2 where b1 ≥ c ≥ 2
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(ii) G/Z(G) � C p2 × C p2 , G ′ � C p2 and Z(G) � C pb1 × C pb2 where b1 ≥ b2 ≥ 2
(iii) G/Z(G) � C p × C p, G ′ � C p and Z(G) � C pb1 × C pb2 × C pb3 where b1 ≥ b2 ≥ b3 ≥ 1
(iv) G/Z(G) � C pc × C pc , G ′ � C pc and Z(G) � C pb1 × C p × C p where b1 ≥ c > 1
(v) G/Z(G) � C pc ×C pc ×C pt1 ×C pt2 and Z(G) � C pb1 ×C p where exp(G ′) = pc and b1 ≥ c ≥ t1 ≥ t2 ≥ 1

(vi) G/Z(G) � C p × C p × C p × C p and Z(G) � C pb1 × C pb2 where b1 ≥ b2 > 1.

2 Preliminary results

Throughout this paper p denotes a prime number. Let G be a group. We denote by G ′, Z(G), exp(G), Aut(G)

and Inn(G), respectively the commutator subgroup, the centre, the exponent, the automorphism group and the
inner automorphisms group of G. We use Cn to denote the cyclic group of order n. The rank of a group G is
the smallest cardinality of a generating set of G and is denoted by rank(G). All other unexplained notations are
standard. We begin by listing some standard facts that are needed for the main result.

Lemma 2.1 ( [5, Lemma 0.4]) Let G be finite nilpotent group of class 2. Then

(1) exp(G ′) = exp(G/Z(G))

(2) in the decomposition of G/Z(G) as a direct product of cyclic groups, at least two factors of maximal order
must occur. That is, if G is a finite p-group of class 2 and exp(G ′) = pc, then G/Z(G) � C pc × C pc × C
for some (possibly trivial) abelian p-group C.

Definition 2.2 If G and H are two groups, we denote by Hom(G, H) the set of all group homomorphisms from
G to H . Note that if H is abelian, then Hom(G, H) is an abelian group with the binary operation defined by
( f g)(x) = f (x)g(x) for all f, g ∈ Hom(G, H) and for all x ∈ G.

Lemma 2.3 Let A, B and C be finite abelian groups. Then:

(i) Hom(A × B, C) � Hom(A, C) × Hom(B, C).

(ii) Hom(A, B × C) � Hom(A, B) × Hom(A, C).

(iii) Hom(Cm, Cn) � Cd, where d = (m, n) is the greatest common divisor of m and n.

Lemma 2.4 ( [2, Lemma H]) Let G be a finite p-group of class 2. Let rank(G/Z(G)) = r and rank(Z(G)) = z.
Then |Hom(G/Z(G), Z(G))| ≥ |G/Z(G)|pr(z−1).

Remark 2.5 A group G is called purely non-abelian if it has no non-trivial abelian direct factor. Adney and Yen [1],
proved for a purely non-abelian finite group G there exists a bijection from Hom(G/G ′, Z(G)) onto Autc(G) that
associating to every homomorphism f : G/G ′ −→ Z(G) the central automorphism x �−→ x f (xG ′). Therefore
|Autc(G)| = |Hom(G/G ′, Z(G))|. We denote by CAutc(G)

(
Z(G)

)
the group of all central automorphisms of

G fixing Z(G) elementwise. For a finite p-group of class 2, we have CAutc(G)

(
Z(G)

) � Hom(G/Z(G), Z(G))

(see [7]).

Theorem 2.6 ( [7, Theorem]) If G is a finite p-group, then CAutc(G)

(
Z(G)

) = Inn(G) if and only if G is abelian or
G is nilpotent of class 2 and Z(G) is cyclic.

3 Proofs

Proof of Theorem A. Let exp(G/Z(G)) = exp(G ′) = pc, rank(G ′) = d, rank(G/Z(G)) = r and
rank(Z(G)) = z.Since [CAutc(G)(Z(G)) : Inn(G)] = p3,by Theorem 2.6, CAutc(G)

(
Z(G)

) � Hom(G/Z(G), Z(G))

and Z(G) is not cyclic. Therefore rank(G/Z(G)) = d(G/Z(G)) = r ≥ 2 and rank(Z(G)) = d(Z(G)) = z ≥
2. By Lemma 2.4, we have

p3|G/Z(G)| = |CAutc(G)(Z(G))| = |Hom(G/Z(G), Z(G))| ≥ |G/Z(G)|pr(z−1).

It follows that r(z − 1) ≤ 3. Since r ≥ 2 and z ≥ 2, we must have r = z = 2 or r = 3 and z = 2. If
r = z = 2, then d = 1 and so by Theorem 2.1, G ′ � C pc , G/Z(G) � C pc × C pc and Z(G) = C pb1 × C pb2

where b1 ≥ b2 ≥ 1 and b1 ≥ c. But
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p2c+3 = p3|G/Z(G)| = |CAutc(G)(Z(G))| = |Hom(G/Z(G), Z(G))|
= |Hom(C pc × C pc , C pb1 × C pb2 )|
= p2c+2 min{b2,c}.

So 2 min{b2, c} = 3 which is impossible. So r = 3 and z = 2. Thus G/Z(G) � C pc × C pc × C pt and
Z(G) = C pb1 × C pb2 where b1 ≥ b2 ≥ 1 and b1 ≥ c ≥ t. By assumption we have

p2c+t+3 = p3|G/Z(G)| = |CAutc(G)(Z(G))|
= |Hom(G/Z(G), Z(G))|
= |Hom(C pc × C pc × C pt , C pb1 × C pb2 )|
= p2c+t+2 min{b2,c}+min{b2,t}

and consequently 2 min{b2, c} + min{b2, t} = 3. It follows that b2 = 1 or c = t = 1.

If b2 = 1, then G/Z(G) � C pc × C pc × C pt and Z(G) = C pb1 × C p where b1 ≥ c ≥ t ≥ 1.

If c = t = 1, then G/Z(G) � C p × C p × C p and Z(G) � C pb1 × C pb2 where b1 ≥ b2 ≥ 1.

Conversely if G/Z(G) � C pc × C pc × C pt and Z(G) = C pb1 × C p where b1 ≥ c ≥ t ≥ 1, then

|CAutc(G)(Z(G))| = |Hom(G/Z(G), Z(G))| = p2c+t+3 = p3|G/Z(G)| and so [CAutc(G)(Z(G)) : Inn(G)] =
p3. Now assume that G/Z(G) � C p × C p × C p and Z(G) � C pb1 × C pb2 where b1 ≥ b2 ≥ 1. Thus

|CAutc(G)(Z(G))| = |Hom(G/Z(G), Z(G))| = p6 = p3|G/Z(G)|
whence we have [CAutc(G)(Z(G)) : Inn(G)] = p3. This completes the proof. 	

Proof of Theorem B. Suppose that [CAutc(G)(Z(G)) : Inn(G)] = p4. By Theorem 2.6, CAutc(G)

(
Z(G)

) �
Hom(G/Z(G), Z(G)) and Z(G) is not cyclic. By using notation of Theorem A and Lemma 2.4, we have

p4|G/Z(G)| = |CAutc(G)(Z(G))| = |Hom(G/Z(G), Z(G))| ≥ |G/Z(G)|pr(z−1).

Thus r(z −1) ≤ 4. Since r ≥ 2 and z ≥ 2, we must have r = z = 2, r = 3, z = 2, r = 2, z = 3 or r = 4, z = 2.

Case I. If r = z = 2, then d = 1. Let G ′ � C pc , G/Z(G) � C pc × C pc and Z(G) � C pb1 × C pb2 where
b1 ≥ c ≥ 1 and b1 ≥ b2 ≥ 1. By assumption

p2c+4 = p4|G/Z(G)| = |CAutc(G)(Z(G))| = |Hom(G/Z(G), Z(G))|
= |Hom(C pc × C pc , C pb1 × C pb2 )|
= p2c+2 min{b2,c}.

Thus min{b2, c} = 2. So b2 = 2 or c = 2.

If b2 = 2, then c ≥ b2 and consequently b1 ≥ c ≥ 2. Therefore G ′ � C pc , G/Z(G) � C pc × C pc and
Z(G) � C pb1 × C p2 where b1 ≥ c ≥ 2.

If c = 2, then b2 ≥ 2 and so we have G ′ � C p2 , G/Z(G) � C p2 × C p2 and Z(G) � C pb1 × C pb2 where
b1 ≥ b2 ≥ 2.

Case II. If r = 3, z = 2, then G/Z(G) � C pc × C pc × C pt , Z(G) � C pb1 × C pb2 where pc = exp(G ′),
b1 ≥ c ≥ t ≥ 1 and b1 ≥ b2 ≥ 1. It follows from [CAutc(G)(Z(G)) : Inn(G)] = p4 that

p4+2c+t = |CAutc(G)(Z(G))| = |Hom(G/Z(G), Z(G))| = p2 min{b2,c}+min{b2,t}

and so 2 min{b2, c} + min{b2, t} = 4 whence we gives b2 > 1 and c = t = 1 which is impossible.
Case III. If r = 2, z = 3, then d = 1. Let G ′ � C pc , G/Z(G) � C pc ×C pc and Z(G) � C pb1 ×C pb2 ×C pb3

where b1 ≥ b2 ≥ b3 ≥ 1 and b1 ≥ c ≥ 1. Since [CAutc(G)(Z(G)) : Inn(G)] = p4, we conclude that

p4+2c = |CAutc(G)(Z(G))| = |Hom(G/Z(G), Z(G))| = p2c+2 min{b2,c}+2 min{b3,c}.

Thus min{b2, c} + min{b3, c} = 2. It implies that min{b2, c} = 1 and min{b3, c} = 1.

If c = 1, then G ′ � C p, G/Z(G) � C p × C p and Z(G) � C pb1 × C pb2 × C pb3 where b1 ≥ b2 ≥ b3 ≥ 1.
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If c > 1, then b2 = b3 = 1 and consequently G ′ � C pc , G/Z(G) � C pc ×C pc and Z(G) � C pb1 ×C p ×C p
where b1 ≥ c > 1.

Case IV. Finally suppose that r = 4, z = 2. Let G/Z(G) � C pc ×C pc ×C pt1 ×C pt2 and Z(G) � C pb1 ×C pb2

where pc = exp(G ′), b1 ≥ c ≥ t1 ≥ t2 ≥ 1 and b1 ≥ b2 ≥ 1. Since [CAutc(G)(Z(G)) : Inn(G)] = p4, we have

p4+2c+t1+t2 = |CAutc(G)(Z(G))| = |Hom(G/Z(G), Z(G))|
= p2c+t1+t2+2 min{b2,c}+min{b2,t1}+min{b2,t2}.

Therefore 2 min{b2, c} + min{b2, t1} + min{b2, t2} = 4. So min{b2, c} = min{b2, t1} = min{b2, t2} = 1.

If b2 = 1, then G/Z(G) � C pc × C pc × C pt1 × C pt2 and Z(G) � C pb1 × C p where b1 ≥ c ≥ t1 ≥ t2 ≥ 1.

If b2 > 1, then t1 = t2 = c = 1 and so G/Z(G) � C p × C p × C p × C p and Z(G) � C pb1 × C pb2 where
b1 ≥ b2 > 1.

Conversely if (i) or (iv) hold, then |Inn(G)| = |G/Z(G)| = p2c and |CAutc(G)(Z(G))| = |Hom(G/Z(G),

Z(G))| = p2c+4 and so [CAutc(G)(Z(G)) : Inn(G)] = p4.

If (i i) or (vi) hold, then |Inn(G)| = |G/Z(G)| = p4 and |CAutc(G)(Z(G))| = |Hom(G/Z(G), Z(G))| = p8

and so [CAutc(G)(Z(G)) : Inn(G)] = p4.

If (i i i) holds, then |Inn(G)| = |G/Z(G)| = p2 and |CAutc(G)(Z(G))| = |Hom(G/Z(G), Z(G))| = p6 and
so [CAutc(G)(Z(G)) : Inn(G)] = p4.

If (v) holds, then |Inn(G)| = |G/Z(G)| = p2c+t1+t2 and |CAutc(G)(Z(G))| = |Hom(G/Z(G), Z(G))| =
p2c+t1+t2+4 and so [CAutc(G)(Z(G)) : Inn(G)] = p4.

As a consequence of this theorem, we classify all finite p-groups G of order p5 for which [CAutc(G)(Z(G)) :
Inn(G)] = p3 or p4. 	

Corollary 3.1 Let G be a finite p-group of class 2 such that [CAutc(G)(Z(G)) : Inn(G)] = p3 or p4. Then
|G| ≥ p5.

Proof By Theorem A and Theorem B, |G/Z(G)| ≥ p3 and |Z(G)| ≥ p2 whence we give |G| ≥ p5. 	

Remark 3.2 Hall [3] introduced the concept of isoclinism of groups to classify p-groups. It is well-known that
two isoclinic finite p-groups have the same nilpotency class. By using James classification of p-groups [4, 4.5]
we have 10 isoclinism family for groups of order p5 namely �1, �2, · · · ,�10. If G is a group of order p5 with
nilpotency class 2, then G ∈ {�2,�4,�5}.
Theorem 3.3 Let G be a p-group of order p5 with nilpotency class 2 (p an odd prime). Then [CAutc(G)(Z(G)) :
Inn(G)] = p3 if and only if G ∈ �4.

Proof By Remark 3.2, group G may belongs to the isoclinic families �2, �4 or �5. If G ∈ �2, then notice
that |Z(G)| = p3 and so G/Z(G) � C p × C p. Hence by Theorem A, [CAutc(G)(Z(G)) : Inn(G)] �= p3.

If G ∈ �5, then notice that G ′ = Z(G) � C p and so by Theorem A, [CAutc(G)(Z(G)) : Inn(G)] �= p3. If
G ∈ �4, then notice that Z(G) = G ′ � C p × C p and G/Z(G) � C p × C p × C p. It follows from Theorem A
that [CAutc(G)(Z(G)) : Inn(G)] = p3. 	

Theorem 3.4 Let G be a p-group of order p5 with nilpotency class 2 (p an odd prime). Then [CAutc(G)(Z(G)) :
Inn(G)] = p4 if and only if G isomorphic to one of the following groups:

(i) �2(2111)a = 〈α, α1, α2| [α1, α] = α2 = α p, α
p
1 = α

p
2 = 1〉 × C p × C p

(ii) �2(2111)c = 〈α, α1, α2| [α1, α] = α2, α p2 = α
p
1 = α

p
2 = 1〉 × C p

(iii) �2(15) = 〈α, α1, α2| [α1, α] = α2, α p = α
p
1 = α

p
2 = 1〉 × C p × C p

(iv) �2(221)d = 〈α, α1, α2| [α1, α] = α2, α p2 = α
p2

1 = α
p
2 = 1〉.

Proof By Theorem B, for a group of order p5 with nilpotency class 2, [CAutc(G)(Z(G)) : Inn(G)] = p4 if and
only if G/Z(G) � C p × C p, G ′ � C p and Z(G) � C p × C p × C p.

Suppose that G has order p5 and class 2. Notice that all such groups lie in the isoclinic families �5, �4 or �2
(see [4, 4.5]). We are going to prove that there are some groups in the isoclinic family �2, namely, �2(2111)a,

�2(2111)c, �2(15) and �2(221)d are satisfying [CAutc(G)(Z(G)) : Inn(G)] = p4 but the remaining groups are
nor.
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Let G denote one of the groups in the isoclinic �5. Then notice that Z(G) � C p, and so [CAutc(G)(Z(G)) :
Inn(G)] �= p4.

Now suppose that G denote one of the groups in the isoclinic family �4. Then notice that Z(G) = G ′ �
C p × C p. Thus [CAutc(G)(Z(G)) : Inn(G)] �= p4.

Finally let G denote one of the groups �2(311)a, �2(221)a, �2(221)b, �2(2111)a, �2(2111)b, �2(2111)c,
�2(2111)d, �2(15), �2(41), �2(32)a1, �2(32)a2, �2(311)b, �2(311)c, �2(221)c or �2(221)d in the isoclinic
family �2 (see [4, 4.5]). Then notice that G/Z(G) � C p × C p and hence |G ′| = p. If G is one of the groups
�2(311)a, �2(221)a, �2(221)b, �2(2111)b, �2(2111)d, �2(32)a1, �2(32)a2, �2(311)c and �2(221)c, then
notice that G/Z(G) � C p ×C p, G ′ � C p and Z(G) � C p2 ×C p. Hence [CAutc(G)(Z(G)) : Inn(G)] �= p4. If G
is one of the groups �2(41) or �2(311)b, then notice that Z(G) � C p3 and so [CAutc(G)(Z(G)) : Inn(G)] �= p4.

If G is one of the groups �2(2111)a, �2(2111)c, �2(15) or �2(221)d, then notice that Z(G) � C p ×C p ×C p.

Hence we have [CAutc(G)(Z(G)) : Inn(G)] = p4. 	

Theorem 3.5 Let G be a group of order 32 with nilpotency class 2. Then [CAutc(G)(Z(G)) : Inn(G)] = 8 if and
only if G is isomorphic to one of the following groups:

(i) (C2 × C2 × C2) � (C2 × C2) = 〈a, b, c, d, x | a2 = b2 = c2 = d2 = x2 = 1, [a, b] = [a, c] = [a, d] =
[b, c] = [b, d] = [c, d] = [b, x] = [d, x] = 1, [a, x] = b, [c, x] = d〉,

(ii) C2 � (C4 × C2 × C2) = 〈a, b, c, x | a4 = b2 = c2 = x2 = 1, [a, b] = [a, c] = [b, c] = [c, x] =
1, [a, x] = a2, [b, x] = c〉,

(iii) C2 � (Q8 × C2) = 〈x, y, z| x4 = y4 = z4 = [x, y] = 1, x2 = y2, zxz−1 = x−1, yzy−1 = z−1〉,
(iv) C2 � (C4 × C2 × C2) = 〈a, b, c, x | a4 = b2 = c2 = x2 = 1, [a, b] = [c, a] = [c, b] = [c, x] =

1, [a, x] = c, [b, x] = a2〉,
(v) C2 � (C4 × C4) = 〈x, y, z| x4 = y4 = z2 = [x, y] = 1, [x, z] = y2, [y, z] = x2〉,

(vi) 〈x, y, z| x4 = y4 = z4 = [y, z] = 1, x2 = z2, yxy−1 = x−1, zxz−1 = y2x〉,
(vii) C2 � (C4 × C4) = 〈x, y, z| x4 = y4 = z2 = [x, y] = 1, [x, z] = y2, [y, z] = x2 y2〉,

(viii) C2 � (C4 × C4) = 〈x, y, z| x4 = y4 = z2 = [x, y] = 1, [x, z] = x2, [y, z] = y2〉,
(ix) Q8 � C4 = 〈x, y, z| x4 = y4 = z4 = [x, y] = 1, x2 = z2, zxz−1 = x−1, zyz−1 = y−1〉.

Proof Suppose that G is a group of order 32 such that [CAutc(G)(Z(G)) : Inn(G)] = 8. Hence by Theorem A,
we must have G/Z(G) � C2 × C2 × C2 and Z(G) � C2 × C2. Using Gap [6] there are exactly twenty six
groups G of order 32 of class 2, namely

(1) C4 � (C4 × C2) = 〈x, y, z| x4 = y4 = z2 = [x, z] = [y, z] = 1, [x, y] = z〉,
(2) C8 � C4 = 〈x, y| x8 = y4 = 1, [x, y] = x4〉,
(3) C2 � (C8 × C2) = 〈x, y, z| x8 = y2 = z2 = 1, [x, y] = [y, z] = 1, [x, z] = y〉,
(4) 〈x, y| x4 = y8 = 1, [x, y] = x2〉,
(5) M32 = 〈x, y| x16 = y2 = 1, yxy−1 = x9〉,
(6) (C2 � (C4 × C2)) × C2 = 〈x, y, z| x4 = y2 = z2 = [x, y] = [x, z] = 1, [y, z] = x2〉 × C2,
(7) (C4 � C4) × C2 = 〈x, y| x4 = y4 = 1, [x, y] = x2〉 × C2,
(8) C2 � (C4 × C4) = 〈x, y, z| x4 = y4 = z2 = [x, y] = [x, z] = 1, [y, z] = x2〉,
(9) D8 × C4,

(10) Q8 × C4,
(11) (C2 × C2 × C2) � (C2 × C2) = 〈a, b, c, d, x | a2 = b2 = c2 = d2 = x2 = 1, [a, b] = [a, c] = [a, d] =

[b, c] = [b, d] = [c, d] = [b, x] = [d, x] = 1, [a, x] = b, [c, x] = d〉,
(12) C2 � (C4 × C2 × C2) = 〈a, b, c, x | a4 = b2 = c2 = x2 = 1, [a, b] = [a, c] = [b, c] = [c, x] =

1, [a, x] = a2, [b, x] = c〉,
(13) C2 � (Q8 × C2) = 〈x, y, z| x4 = y4 = z4 = [x, y] = 1, x2 = y2, zxz−1 = x−1, yzy−1 = z−1〉,
(14) C2 � (C4 × C2 × C2) = 〈a, b, c, x | a4 = b2 = c2 = x2 = 1, [a, b] = [c, a] = [c, b] = [c, x] =

1, [a, x] = c, [b, x] = a2〉,
(15) C2 � (C4 × C4) = 〈x, y, z| x4 = y4 = z2 = [x, y] = 1, [x, z] = y2, [y, z] = x2〉,
(16) 〈x, y, z| x4 = y4 = z4 = [y, z] = 1, x2 = z2, yxy−1 = x−1, zxz−1 = y2x〉,
(17) C2 � (C4 × C4) = 〈x, y, z| x4 = y4 = z2 = [x, y] = 1, [x, z] = y2, [y, z] = x2 y2〉,
(18) C2 � (C4 × C4) = 〈x, y, z| x4 = y4 = z2 = [x, y] = 1, [x, z] = x2, [y, z] = y2〉,
(19) Q8 � C4 = 〈x, y, z| x4 = y4 = z4 = [x, y] = 1, x2 = z2, zxz−1 = x−1, zyz−1 = y−1〉,
(20) M16 × C2,
(21) D8 ∗ C8 = 〈x, y, z| x8 = y2 = z2 = [x, y] = 1, zxz−1 = x5, zyz−1 = yx4〉,
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(22) D8 × C2 × C2,
(23) Q8 × C2 × C2,
(24) (D8 ∗ C4) × C2 = 〈x, y, z| x4 = z4 = y2 = [x, z] = [y, z] = 1, x2 = z2, yxy = x−1〉 × C2,
(25) D8 ∗ D8,
(26) D8 ∗ Q8.

If G is one of the groups (1), (7), (22) or (23), then notice that G ′ � C2, Z(G) � C2 × C2 × C2 and
G/Z(G) � C2 × C2. Hence by Theorem A, we have [CAutc(G)(Z(G)) : Inn(G)] �= 8.

If G is one of the groups (2), (3), (4), (6), (8), (9), (10), (20) or (24), then notice that G ′ � C2, Z(G) �
C4 × C2 and G/Z(G) � C2 × C2. Therefore by Theorem A, [CAutc(G)(Z(G)) : Inn(G)] �= 8.

If G is the group (5), then Z(G) = 〈x2〉 � C8 and so by Theorem A, [CAutc(G)(Z(G)) : Inn(G)] �= 8.

If G is one of the groups (11), (12), (13), (14), (15), (16), (17), (18) or (19), then notice that Z(G) = G ′ �
C2 × C2 and G/Z(G) � C2 × C2 × C2. Thus by Theorem A, [CAutc(G)(Z(G)) : Inn(G)] = 8.

If G is the group (21), then Z(G) = 〈x2〉 � C4 and so by Theorem A, [CAutc(G)(Z(G)) : Inn(G)] �= 8.

Finally let G denote one of the groups (25) or (26). Then G is an extra-special group of order 32 and so
G ′ = Z(G) � C2. Since Z(G) is cyclic, by Theorem A, [CAutc(G)(Z(G)) : Inn(G)] �= 8. 	

Theorem 3.6 Let G be a group of order 32 with nilpotency class 2. Then [CAutc(G)(Z(G)) : Inn(G)] = 16 if
and only if G is isomorphic to one of the following groups:

(i) C4 � (C4 × C2) = 〈x, y, z| x4 = y4 = z2 = [x, z] = [y, z] = 1, [x, y] = z〉,
(ii) (C4 � C4) × C2 = 〈x, y| x4 = y4 = 1, [x, y] = x2〉 × C2,

(iii) D8 × C2 × C2,
(iv) Q8 × C2 × C2.

Proof Suppose that G is a group of order 32 such that [CAutc(G)(Z(G)) : Inn(G)] = 16. Hence by Theorem B,
we must have G/Z(G) � C2 ×C2, G ′ � C2 and Z(G) � C2 ×C2 ×C2. There are exactly twenty six groups G
of order 32 of class 2. By Theorem 3.5, the only groups of order 32 with properties G/Z(G) � C2 ×C2, G ′ � C2
and Z(G) � C2 × C2 × C2 are C4 � (C4 × C2) = 〈x, y, z| x4 = y4 = z2 = [x, z] = [y, z] = 1, [x, y] = z〉,
(C4 � C4) × C2 = 〈x, y| x4 = y4 = 1, [x, y] = x2〉 × C2, D8 × C2 × C2 or Q8 × C2 × C2. 	
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