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Abstract Let p be a prime number, Inn(G) the group of inner automorphisms of G and C ;. (6)(Z(G)) be the
set of all central automorphisms of G fixing Z(G) elementwise. In this article, we characterize all finite p-groups
G for which [Caus.(6)(Z(G)) : Inn(G)] = p? or p*.
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1 Introduction and results

An automorphism o« of G is called a central automorphism if & commutes with every inner automorphism of
G, or equivalently x 'a(x) € Z(G) for each x € G. The central automorphisms of G, denoted by Aut.(G), fix
G’ elementwise and form a normal subgroup of the full automorphism group of Aut(G). By Caur6)(Z(G))
we denote the group of all central automorphisms of G which fix Z(G) element-wise. For a finite p-group
G of class 2, we have Inn(G) < Cyuu(6)(Z(G)) < Aut.(G). Relationship between these groups, have been
well studied. Curran and McCaughan [2], characterized finite p-groups G for which Aut.(G) = Inn(G). They
proved that if G is a finite p-group, then Aut.(G) = Inn(G) if and only if G’ = Z(G) and Z(G) is cyclic.
In the other results, they generalized this theorem and considered the case when G is a finite p-group of class
2 and [Aut.(G) : Inn(G)] < p2. In [7] we proved Cayus,.(6)(Z(G)) = Inn(G) if and only if G is abelian or
G is of class 2 and Z(G) is cyclic. In [8] we first proved that there is no finite p-group of class 2 for which
[CAut.(6)(Z(G)) : Inn(G)] = p, and then we characterized the finite p-groups G satisfying [C 4, () (Z(G)) :
Inn(G)] = pz. In this article we characterize all finite p-groups G for which [Cays, (6)(Z(G)) : Inn(G)] = p3
or p*. In fact we prove the following theorems:

Theorem A Let G be a finite group of class 2. Then [Cau,6)(Z(G)) : Inn(G)] = p* if and only if either

(i) G/Z(G) = Cpe X Cpe X Cpr and Z(G) = Cpbl x Cp, where p¢ = exp(G') and by > ¢ > t > 1 either else
(ii)) G/Z(G) = Cp, x Cp x Cp and Z(G) =~ Cpbl X Cpbz where by > by > 1.

Theorem B Let G be a finite group of class 2. Then [Cau,6)(Z(G)) : Inn(G)] = p* if and only if one of the
following conditions holds:

(i) G/Z(G) = Cpe x Cpe, G' = Cpe and Z(G) =~ Cpbl x C 2 where by = ¢ = 2
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(i) G/Z(G) = C2 x Cp2, G ~ Cp2and Z(G) = Cpbl X Cph2 where by > by > 2

(iii) G/Z(G) =~ Cp x Cp, G' =~ Cp and Z(G) ~ Cph1 X Cph2 X Cpb3 where by > by > bz > 1

(iv) G/Z(G) = Cpe x Cpe, G' = Cpe and Z(G) ~ Cpb] x Cp x Cp, where by > ¢ > 1

(v) G/Z(G) = Cpe xCpe X Cpiy XCpy and Z(G) =~ Cpb| x Cpwhereexp(G') = pSandby > c>1 > 1 > 1
(vi) G/Z(G) = Cp x Cp x Cp x Cpand Z(G) ~ Cphl X Cpb2 where by > by > 1.

2 Preliminary results

Throughout this paper p denotes a prime number. Let G be a group. We denote by G', Z(G), exp(G), Aut(G)
and Inn(G), respectively the commutator subgroup, the centre, the exponent, the automorphism group and the
inner automorphisms group of G. We use C,, to denote the cyclic group of order n. The rank of a group G is
the smallest cardinality of a generating set of G and is denoted by rank(G). All other unexplained notations are
standard. We begin by listing some standard facts that are needed for the main result.

Lemma 2.1 ( [5, Lemma 0.4]) Let G be finite nilpotent group of class 2. Then

(1) exp(G") = exp(G/Z(G))

(2) in the decomposition of G/Z(G) as a direct product of cyclic groups, at least two factors of maximal order
must occur. That is, if G is a finite p-group of class 2 and exp(G') = p€, then G/Z(G) =~ Cpe x Cpe x C
for some (possibly trivial) abelian p-group C.

Definition 2.2 If G and H are two groups, we denote by Hom(G, H) the set of all group homomorphisms from
G to H. Note that if H is abelian, then Hom(G, H) is an abelian group with the binary operation defined by
(fe)(x) = f(x)g(x) forall f, g € Hom(G, H) and for all x € G.

Lemma 2.3 Let A, B and C be finite abelian groups. Then:

(i) Hom(A x B, C) ~ Hom(A, C) x Hom(B, C).
(ii) Hom(A, B x C) ~ Hom(A, B) x Hom(A, C).
(iii) Hom(C,,, Cy,) =~ Cq4, where d = (m, n) is the greatest common divisor of m and n.

Lemma 2.4 ( [2, Lemma H]) Let G be a finite p-group of class 2. Let rank(G/Z(G)) = r and rank(Z(G)) = z.
Then [Hom(G/Z(G), Z(G))| > |G/ Z(G)|p" &,

Remark 2.5 A group G is called purely non-abelian if it has no non-trivial abelian direct factor. Adney and Yen [1],
proved for a purely non-abelian finite group G there exists a bijection from Hom(G/G’, Z(G)) onto Aut.(G) that
associating to every homomorphism f : G/G’" — Z(G) the central automorphism x — xf (xG"). Therefore
|Aut.(G)| = [Hom(G/G’, Z(G))|. We denote by CAutC(G)(Z(G)) the group of all central automorphisms of
G fixing Z(G) elementwise. For a finite p-group of class 2, we have CAutC«;)(Z(G)) ~ Hom(G/Z(G), Z(G))
(see [7]).

Theorem 2.6 ( [7, Theorem]) If G is a finite p-group, then Cau.(c)(Z(G)) = Inn(G) if and only if G is abelian or
G is nilpotent of class 2 and Z(G) is cyclic.

3 Proofs

Proof of Theorem A. Let exp(G/Z(G)) = exp(G') = p°, rank(G') = d, rank(G/Z(G)) = r and
rank (Z(G)) = z.Since [Cau, () (Z(G)) : In(G)] = p*, by Theorem 2.6, Cau,(6)(Z(G)) ~ Hom(G/Z(G), Z(G))
and Z(G) is not cyclic. Therefore rank(G/Z(G)) = d(G/Z(G)) =r > 2 and rank(Z(G)) = d(Z(G)) =z >
2. By Lemma 2.4, we have

P’1G/Z(G)| = ICaur6)(Z(G))| = [Hom(G/Z(G), Z(G))| > |G/ Z(G)|p" V.
It follows that r(z — 1) < 3. Since r > 2 and z > 2, we must have r = z = 2orr = 3 and z = 2. If

r =z =2, thend = 1 and so by Theorem 2.1, G’ >~ Cpc, G/Z(G) = Cpc x Cpec and Z(G) = Cpon X Cpy
where b1 > by > 1 and b; > c. But
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p* T = p*|G/Z(G)| = |Caur.6)(Z(G))| = [Hom(G/Z(G), Z(G))|
= |[Hom(Cpe x Cpe, Cphl X Cpb2)|
— p2c+2min{b2,c}.

So 2min{by, ¢} = 3 which is impossible. So r = 3 and z = 2. Thus G/Z(G) =~ Cpe x Cpe x Cpr and
Z(G) = Cpbl X Cpbz where b1 > by > 1 and b1 > ¢ > t. By assumption we have

P>t = pY1G/Z(G)| = ICau(6)(Z(G))]
= |[Hom(G/Z(G), Z(G))|
= [Hom(Cpe x Cpe X Cpt, C oy X C )|
— p20+t+2min{bg,c}-‘,—min{bg,t}
and consequently 2 min{b;, ¢} + min{b;, t} = 3. It follows that by = lorc =1t = 1.
If by =1, then G/Z(G) =~ Cpe X Cpe X Cpr and Z(G) = Cpbl x Cp where by > ¢ >1> 1.
Ifc=t=1,then G/Z(G) 2 C)p x Cp x Cpand Z(G) =~ Cpb1 X Cpb2 where b1 > by > 1.
Conversely if G/Z(G) = Cpe x Cpe x Cp and Z(G) = Cpb] x Cp, where by > ¢ >t > 1, then
ICaut(6)(Z(G))| = [Hom(G/Z(G), Z(G))| = p**'*3 = p’|G/Z(G)| and 50 [Caur,(6)(Z(G)) = Inn(G)] =
p>. Now assume that G/Z(G) ~ CpxCpxCpand Z(G) ~ Cpb| X sz,2 where by > by > 1. Thus

ICaur(6)(Z(G))| = [Hom(G/Z(G), Z(G))| = p® = p’|G/Z(G)|

whence we have [Ca,y,.(6)(Z(G)) : Inn(G)] = p>. This completes the proof. |

Proof of Theorem B. Suppose that [Ca,y.(6)(Z(G)) : Inn(G)] = p4. By Theorem 2.6, CAutC(G)(Z(G)) ~
Hom(G/Z(G), Z(G)) and Z(G) is not cyclic. By using notation of Theorem A and Lemma 2.4, we have

P*1G/Z(G)| = ICaur6)(Z(G))| = [Hom(G/Z(G), Z(G))| = |G/ Z(G)|p" V.

Thusr(z—1) <4.Sincer >2andz > 2, wemusthaver =z =2, r=3,z=2,r=2,z=30rr =4,z = 2.
CaseLIfr =z=2,thend = 1. Let G' =~ Cpec, G/Z(G) = Cpe x Cpe and Z(G) =~ C o x Cp; Where
by > c¢ > 1and by > by > 1. By assumption

P = pY1G/Z(G)| = |Caur(6)(Z(G))| = |Hom(G/Z(G), Z(G))]
= |[Hom(Cpe x Cpe, Cpbl X Cph2)|
= pret2miniba.c)

Thus min{by, c} =2.So b, =2 orc =2.

If by = 2, then ¢ > by and consequently b; > ¢ > 2. Therefore G’ ~ Cpe, G/Z(G) = Cpe x Cpe and
Z(G) ~ Cpbl X sz where by > ¢ > 2.

If c = 2, then b, > 2 and so we have G’ >~ Cp2, G/Z(G) = Cpp x Cpp and Z(G) ~ Cpbl X Cph2 where
by > by > 2.

Case IL If r =3,z =2, then G/Z(G) = Cpe X Cpe x Cpr, Z(G) = Cph1 X Cpbz where p¢ = exp(G),
by >c>t>1and by > by > 1. It follows from [Cays,(G)(Z(G)) : Inn(G)] = p4 that

P = 1Cpur(6)(Z(G))| = [Hom(G/Z(G), Z(G))| = p*mintbz.cl+miniba.1}

and so 2 min{b,, c} + min{b,, t} = 4 whence we gives b, > 1 and ¢ = ¢t = 1 which is impossible.
CasellL.Ifr =2,z =3,thend = 1.Let G’ =~ Cpe, G/Z(G) = Cpe x Cpe and Z(G) =~ Cpl;l xCph2 xCph3
where by > by > b3 > 1 and by > ¢ > 1. Since [Cays.(6)(Z(G)) : Inn(G)] = p4, we conclude that

P = |Caun(6)(Z(G))| = [Hom(G/ Z(G), Z(G))| = pet2minbzcltzminiba.c],

Thus min{b;, ¢} + min{bs, ¢} = 2. It implies that min{b,, ¢} = 1 and min{b3, c} = 1.
Ifc =1, then G’ ~ Cp, G/Z(G) = Cp x Cpand Z(G) ~ Cphl X sz;z X Cpb3 where by > by > by > 1.

@ Springer



A note on central automorphisms... 153

Ifc > 1, then by = b3 = 1 and consequently G’ ~ Cpe, G/Z(G) = Cpe x Cpe and Z(G) =~ Cpbl xCpxC,
where by > ¢ > 1.

CaseIV.Finally suppose thatr =4,z = 2.Let G/ Z(G) =~ Cpe X Cpe X C iy X C iy and Z(G) =~ Cpbl chbz
where p¢ = exp(G’), b1 > ¢ >t > 1, > land by > by > 1. Since [Caur,(6)(Z(G)) : Inn(G)] = p*, we have

prEETTE = |Cpr(6)(Z(G))| = [Hom(G/Z(G), Z(G))|
_ p2c+11+tz+2min{bz,c}—i-min{bz,tl}+min{b2,lz}.

Therefore 2 min{b;, ¢} + min{b,, t;} + min{by, tor} = 4. So min{by, ¢} = min{b,, t;} = min{by, 1} = 1.

Ifby =1, then G/Z(G) >~ Cpe x Cpe x Cprl X Cprz and Z(G) ~ Cpbl xCpwhereby >c>t >0 > 1.

Ifby > 1,thent)j = =c=1andso G/Z(G) =~ Cp x Cp, x Cp x Cp and Z(G) =~ Cpb1 X Cpb2 where
by > by > 1.

Conversely if (i) or (iv) hold, then |Inn(G)| = |G/Z(G)| = p* and ICaur.(6)(Z(G))| = [Hom(G/Z(G),
Z(G))| = p*** and 50 [Caur,(6)(Z(G)) : Inn(G)] = p*.

If (i) or (vi) hold, then |Inn(G)| = |G/Z(G)| = p* and |Cau;,.(6)(Z(G))| = [Hom(G/Z(G), Z(G))| = pb
and so [Caus.(6)(Z(G)) : Inn(G)] = p4.

If (iii) holds, then |Inn(G)| = |G/Z(G)| = p? and ICAut. () (Z(G))| = [Hom(G/Z(G), Z(G))| = P and
50 [Caur,(6)(Z(G)) : In(G)] = p*.

If (v) holds, then [Inn(G)| = |G/Z(G)| = p**t!1*2 and [Caut.(6)(Z(G))| = [Hom(G/Z(G), Z(G))| =
pX It and 50 [Caur,(6)(Z(G)) = Tnn(G)] = p*.

As a consequence of this theorem, we classify all finite p-groups G of order p5 for which [Cpys.(6)(Z(G)) :
Inn(G)] = p3 or p4. |

Corollary 3.1 Let G be a finite p-group of class 2 such that [Cau,.(c)(Z(G)) : Inn(G)] = p3 or p*. Then
Gl = p’.

Proof By Theorem A and Theorem B, |G/Z(G)| > p3 and | Z(G)| = p* whence we give |G| > . |

Remark 3.2 Hall [3] introduced the concept of isoclinism of groups to classify p-groups. It is well-known that
two isoclinic finite p-groups have the same nilpotency class. By using James classification of p-groups [4, 4.5]
we have 10 isoclinism family for groups of order p° namely ®;, ®,, - - - , ®1¢. If G is a group of order p° with
nilpotency class 2, then G € {D,, P4, ds5}.

Theorem 3.3 Let G be a p-group of order p5 withnilpotency class2 (p an odd prime). Then[Caui,.(6)(Z(G)) :
Inn(G)] = p3 ifand only if G € ®g.

Proof By Remark 3.2, group G may belongs to the isoclinic families ®,, ®4 or ®s. If G € P,, then notice
that |Z(G)| = p3 and so G/Z(G) =~ Cp x Cp. Hence by Theorem A, [Caur.(6)(Z(G)) : Inn(G)] # 3.
If G € ®s5, then notice that G’ = Z(G) =~ Cp and so by Theorem A, [Cauy (6)(Z(G)) : Inn(G)] # p3. If
G € ®4, then notice that Z(G) = G’ >~ CpxCpand G/Z(G) = Cp x Cp x Cp. It follows from Theorem A
that [Caur.(6)(Z(G)) : Inn(G)] = p. O

Theorem 3.4 Let G be a p-group of order p5 withnilpotency class2 (p an odd prime). Then[Cayi,.(6)(Z(G)) :
Inn(G)| = p* if and only if G isomorphic to one of the following groups:

(i) ®2211D)a = (@, a1, 00| (@1, el = =a”, o) =al =1) x C, x C)

(i) ©2Q2111)c = (@, a1, | [a1, a] =@y, a” =a =af =1) x C,,

(iii) ®2(1°) = (o, a1, 2| [, 0] =02, @P =l =af =1) x C), x C,y

(iv) ®2221)d = (o o1, o [e1. @] = @, @’ =af =af =1).

Proof By Theorem B, for a group of order p> with nilpotency class 2, [Cayur, (6)(Z(G)) : Inn(G)] = p* if and
only if G/Z(G) ~Cp x Cp, G' = Cpand Z(G) =~ Cp x Cp x Cp.

Suppose that G has order p> and class 2. Notice that all such groups lie in the isoclinic families ®s, ®4 or &,
(see [4, 4.5]). We are going to prove that there are some groups in the isoclinic family ®;, namely, ®,(2111)a,
®y(2111)e, ®2(1°) and P, (221)d are satisfying [Caus.(6)(Z(G)) : Inn(G)] = p4 but the remaining groups are

nor.
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Let G denote one of the groups in the isoclinic ®5. Then notice that Z(G) >~ C, and 50 [Caus.(6)(Z(G)) :
Inn(G)] # p*.

Now suppose that G denote one of the groups in the isoclinic family ®4. Then notice that Z(G) = G’ ~
Cp x Cp. Thus [Caur,(6)(Z(G)) : Inn(G)] # p4.

Finally let G denote one of the groups ®,(311)a, ®2(221)a, ©>(221)b, ©>(2111)a, P2 (2111)b, D> (2111)c,
Dy (2111)d, ®2(17), P2(41), D2(32)ar, P2(32)as, P2(311)b, P2 (311)c, P2(221)c or P, (221)d in the isoclinic
family ®; (see [4, 4.5]). Then notice that G/Z(G) ~ C, x C, and hence |G'| = p. If G is one of the groups
Or(311)a, ®,(221)a, ©(221)b, r(2111)b, ©(2111)d, ®2(32)a;, ®2(32)az, P»(311)c and P,(221)c, then
notice that G/ Z(G) >~ C, x C), G ~ Cpand Z(G) ~ sz x Cp.Hence [Caur,(6)(Z(G)) : Inn(G)] # p4. IfG
is one of the groups ®;(41) or ®,(311)b, then notice that Z(G) =~ Cp3 and so [Caus.(6)(Z(G)) : Inn(G)] # p4.
If G is one of the groups ®>(2111)a, ®2(2111)c, ®2(17) or ®,(221)d, then notice that Z(G) ~ CpxCpxCp.
Hence we have [C ., (6)(Z(G)) : Inn(G)] = p*. o

Theorem 3.5 Let G be a group of order 32 with nilpotency class 2. Then [C au,(6)(Z(G)) : Inn(G)] = 8 if and
only if G is isomorphic to one of the following groups:

(i) (C2 x Ca x Cy) X (Cy x C2) =({a,b,c,d,x|a>=b>*=c?=d*=x>=1,[a,b] =[a,c]=[a,d] =
[b,c]=1[b,d]=[c,d]=1[b,x]=1[d,x]=1,[a,x] =b,[c,x] =d),

(ii) Co X (C4 x C2 x C3) = (a,b,c,x| a* = b* =2 =x% = 1,[a,b] = [a,c] = [b,c] = [c,x] =
1, [a, x] =a2,[b,x] =c),

(iii) Cy X (Qg X C2) = (x,V, Z| xt = y4 =z*= [x,y] = 1,x2 = yz,zxz_l = x‘l, yzy_l = z_l),

(iv) Ca X (Cs X C2 x C2) = {a,b,c,x|a* =b* =% =x% = 1,[a,b] = [c,a] = [¢,b] = [c,x] =
1,[a, x] =c, [b, x]:az),

(v) Cax (Cyx Cy) = (x,y, 2zl x* =y* =22 =[x, y] = 1, [x, 2] = y%, [y, 2] = x%),

i) (x,y,zlx* =yt =4 =y, =1 2= yxy b =xl axzm l=y23€>

(vii) C2 % (C4 x Cs4) = <xyz|x =2 = x 3l = 1, [x, 2] = ¥2 [y, 2 = 2292,
(viii) Cy x (C4 x C4) = <xyz|x =yt=7=I 1=1Ix, Z]—x [y 2] = y%),

(ix) Qs x Ca= (x,y,zlx* =y =zt =[x, y] = 1,x? = 2%, z2xz -l Lzyz7t=y7h.

Proof Suppose that G is a group of order 32 such that [C4,s,(6)(Z(G)) : Inn(G)] = 8. Hence by Theorem A,
we must have G/Z(G) >~ C, x C; x Cy and Z(G) ~ C, x C,. Using Gap [6] there are exactly twenty six
groups G of order 32 of class 2, namely

() Cax (CaxCr)=(x,y,zlx*=y* =2 =[xzl =y, 2l = I, [x, y] = 2),
(2) Cyx Cqy = (x,y[x¥ = y* =1, [x, y] = x%),
(B) Cax (Csx Co)=(x,y,z| ¥ =y? =22 =1,[x,y] =[y,z] = L, [x, 2] = y),
@ (x,y|x* =y =1,[x, y] = x%),
(5) My = (x,y|x'0=y2 =1, yxy~! =x7),
6) (C2x (CaxC))xCr=(x,y,zlx* =y =22 =[x,y] =[x,2] =1, [y, 2l = x%) x C2,
(7) (C4x Cq) x Co = (x,y| x* =y =1,[x, y] = x%) x C2,
(8) Cax (C4x Cy) = (x,y,zlx* =yt =22 =[x,y =[x, 2] = 1, [y, 2] = x?),
(9) Dg x Cqg,
(10) Qg x Cy,
(11) (C2 x Ca x C2) X (C2 x C2) = {a,b,c,d,x|a*>=b>=c*=d*>=x2>=1,[a,b]l =[a,c] =[a,d] =
[b,c]=1b,d]=[c,d]=1[b,x]=1[d,x]=1,la,x]=b,[c,x] =d),
(12) C2 X (Cs4 x C2 x C2) = {a,b,c,x|a* = b2 =2 =x2 = 1,[a,b] = [a,c] = [b,c] = [c,x] =
1, [a,x] =a?, [b,x] =c),
(13) Cax (Qsx Co) = (x,y.zlx* =yt =zt =[x, y] = Lal =y2 zxz  =x "L yzy~t =270,
(14) C2 X (Cs x C2 x C3) = {a,b,c, x| a* = b% =2 =x2 = 1,[a,b] = [c,a] = [c,b] = [c,x] =
1,[a,x] =c, [b, x] = d?),
(15) Co % (C4 x C4) = (x,y, 2| x* = y* = 2° Lol =1Ix, 21 =y [y, 2l = x%),
(16) (x,y,zlx* =yt =74 = [y 2d=1x =z cyxy Tl =x7 zxz 7 = y2x),
(17) Ca % (Cq x Cq) = (x,y, 7| x* =[x,yl=1,[x,2] —y2 [y, z] = x2y%),
(18) Ca % (Cq x Cq) = (x,y, 7| x* =[x vI=1[x, 2l =x% [y, 21 = y*),
(19) Qg x Ca = (x,y,zlx* =y* =7 = [x,y] — L= = x yr = Yy,
(20) M6 x Ca,
(21) Dg*Cs = (x,y, 2| ¥ =y? =22 =[x, y] = Lzxz 7! = 5%, zyz7! = yat)

s
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(22) Dg x Cy x Ca,

(23) Qg x C2 x (3,

(24) (Dg*Cy) x Cr=(x,y, zlx* =t =y =[x, 2l =y 2l =1L x* =22 yxy =x"1) x (3,
(25) Dg * Dg,

(26) Dg * Qsg.

If G is one of the groups (1), (7), (22) or (23), then notice that G’ =~ C;, Z(G) ~ C; x Cy x C; and
G/Z(G) = C2 x C;. Hence by Theorem A, we have [Cau;.(6)(Z(G)) : Inn(G)] # 8.

If G is one of the groups (2), (3), (4), (6), (8), (9), (10), (20) or (24), then notice that G’ ~ C;, Z(G) =~
C4 x Crand G/Z(G) >~ C2 x C,. Therefore by Theorem A, [Caur,(6)(Z(G)) : Inn(G)] # 8.

If G is the group (5), then Z(G) = (xz) 2 Cg and so by Theorem A, [Cpy;.(6)(Z(G)) : Inn(G)] # 8.

If G is one of the groups (11), (12), (13), (14), (15), (16), (17), (18) or (19), then notice that Z(G) = G’ ~
Cy x Crand G/Z(G) ~ Cy x Cy x Ca. Thus by Theorem A, [Cays,(6)(Z(G)) : Inn(G)] = 8.

If G is the group (21), then Z(G) = (xz) 2 C4 and so by Theorem A, [C 1. (6)(Z(G)) : Inn(G)] # 8.

Finally let G denote one of the groups (25) or (26). Then G is an extra-special group of order 32 and so
G’ = Z(G) ~ C3. Since Z(G) is cyclic, by Theorem A, [Caur,.(6)(Z(G)) : Inn(G)] # 8. |

Theorem 3.6 Let G be a group of order 32 with nilpotency class 2. Then [Cgu1,.(6)(Z(G)) : Inn(G)] = 16 if
and only if G is isomorphic to one of the following groups:

(i) Cax (Cax Cr)=(x,y,zlx*=y* =22 =[x, 2zl =y, 2l = L, [x, y] = 2),
(ii) (Csx C4) x Co = (x,y|x* = y* = 1,[x,y] = x?) x C,
(iii) Dg x Cy x Ca,

(iv) Qg x Cr x C3.

Proof Suppose that G is a group of order 32 such that [C4u.(6)(Z(G)) : Inn(G)] = 16. Hence by Theorem B,
we must have G/Z(G) >~ C, x Cp, G' ~ Cp and Z(G) =~ C3 x Cy x C,. There are exactly twenty six groups G
of order 32 of class 2. By Theorem 3.5, the only groups of order 32 with properties G/ Z(G) ~ Ca; x C2, G' ~ C»
and Z(G) ~ Cy x Cy x Corare C4 X (C4 x Co) = (x, v, z|x* =y =22 =[x,z = [y, 2zl = 1, [x, y] = 2),
(Cax Cq) x Cr = (x, ylx* = y* =1, [x, y] = x2) x C2, Dg x C2 x C 0or Qg x Cs x Cs. O
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