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Abstract Let R be a commutative ring with unity 1. A set of m different non-zero elements in R such that
the product of any two distinct elements decreased by 1 is a perfect square in R is called a D(—1)-m-tuple in
R. In the ring Z[/—k], with an integer k > 2, we consider the D(—1)-pairs {a, Zipj}, where i € {0, 1}, a, j
are positive integers, p is an odd prime, gcd(a, 2/ p/) = 1 and a < 2/ p/. We prove that there does not exist a
D(—1)-quadruple of the form {a, 2’ p/, ¢, d} in Z[«/—k] in the following cases: k does not divide 2 p/ — a; k
divides 2 p/ —a and 2/ p/ — a)/k is a prime; k = 2/ p/ —a anda > 1.
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1 Introduction

Let n be a fixed non-zero integer. A set {ay, ..., a;} of m distinct positive integers such that g;a; + n is a
square, for each 1 <i < j < m is called a Diophantine m-tuple with the property D(n) or simply a D (n)-m-
tuple. The D(1)-m-tuples are known as Diophantine m-tuples. The study of such sets can be traced to the work
of Diophantus of Alexandria [4]. In 17th century, Fermat find the first example {1, 3, 8, 120} of Diophantine
quadruple in integers. By the result of Baker and Davenport [1], it follows that this quadruple cannot be extended
to a quintuple in integers. In [6], Dujella proved that there are at most finitely many Diophantine quintuples and
that there is no Diophantine sextuple, in integers. That prompted the long-standing conjecture on nonexistence
of Diophantine quintuples in integers, which is recently settled by He, Togbé and Ziegler in [21].

There are many generalizations of Diophantine m-tuples and the problem of their existence caught the
attention of numerous leading mathematicians. In [7], Dujella, Filipin and Fuchs proved that there are at most
finitely many D(—1)-quadruples containing the element 1. Moreover, it is proved that there does not exist a
D(—1)-quintuple (see [8]). Very recently, Bonciocat, Cipu and Mignotte proved the nonexistence of D(—1)-
quadruples [3]. In [2], Bliznac Trebjesanin and Filipin proved that there is no D(4)-quintuple. We refer the
interested readers to Dujella’s list of references [10] in order to get an extensive list of papers on Diophantine
m-tuples over integers and rationals.
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One more generalization of the problem of Diophantus is obtained by considering elements of any com-
mutative ring with identity. Studies have been made over the ring of integers in a quadratic field Q(v/d), with
positive integer d (see [13—15]). The problem is also quite active over the imaginary quadratic field. In [16], it is
considered for integers of Q(+/=3). The extendibility of D(—1)-m-tuples is also an active research topic. Dif-
ferent problems are considered and the corresponding references are available in [10]. In [23], we have recently
considered the extendibility of a D(—1)-pair {1, 2p}, with an odd prime p in the ring Z[+/—k] with k > 0 and
the results are based on the solvability of the Pellian equation of a special type. Moreover, we obtain some other
general results. Namely, in [18], we proved that there does not exist a D(—1)-quadruple {a, b, c, d} in the ring
Z[/—k], k > 2 with positive integers a < b < 8a — 3 and negative integers ¢ and d. By using that result we were
able to prove that such a D(—1)-pair {a, b} cannot be extended to a D(—1)-quintuple {a, b, c, d, e} in Z[/—k]
with integers ¢, d and e. We applied the obtained result to the D(—1)-pair {p’, ¢/} with an arbitrary different
primes p, g and positive integers i, j. Very recently, in [19], we obtain a general result on the nonexistence of a
D(—1)-quadruple {a, b, ¢, d} in Z[/—k], k > 2, with integers a, b, ¢, d satisfyinga < b < 8a — 3.

In analogy what is known in integers, especially the recently solved conjecture about nonexistence of integer
D(—1)-quadruple, one can expect a similar result in the ring of integers of the imaginary quadratic field. But,
due to the result of Dujella for Gaussian integers [5, Theorem 3] and [9, Proposition 2] it is possible to find a
D(—1)-quadruple in Z[+/—k] in case k is a square. According to our mentioned results, there also appear to
be those rings, where some certain D (—1)-pairs cannot be extended to quadruples. We single out to be those
rings Z[+/—2], where we didn’t find any example of D(—1)-quadruples, till now. All mentioned prompted us
to investigate if some other D(—1)-pairs can be extended to quadruples not only in the case Z[+/—2], but also
in general case Z[+/—k], with an integer k > 2. In this paper, we consider the extendibility of D(—1)-pairs
{a, 2ipj}, where i € {0, 1}, a, j are positive integers and p is an odd prime, to quadruples in the ring ZIv/—k],
with an integer k > 2.

Our main result is as follows:

Theorem 1.1 Leri € {0, 1}, a, j and k > 2 be positive integers with a square-free. Let p be an odd prime such
that gcd(a, 2' p’) = 1 and a < 2' p’. Suppose that either of the following holds:

Dk doe; not divide 2ipj —a;
2) 2'p’ —a)/kisaprime and 2' p/ > 4a® + 1/a;
3)k=2"p) —awitha > 1.
Then, there does not exist a D(—1)-quadruple of the form {a, 2 p’, ¢, d} in the ring Z[v/—k].

In proving of Theorem 1.1 we will apply the following recently obtained result in integers:

Theorem 1.2 ([3, Theorem 1.4.]) There is no Diophantine D(—1)-quadruple.

2 Results

The key step was to transform the problem in the ring of integers. We were able to do that by using the following
result, which proof mostly follows the strategy from [26, Theorem 2.2] and [ 18, Theorem 5.4]. For the convenience
of the reader we will mark the main steps and whenever it is possible we will skip the details. Furthermore, we
will use the following results:

Theorem 2.1 ([18, Theorem 5.4], [19, Remark 1.4]) Let i be a non-negative integer, j, k positive integers and
D, q different primes with p* < q’. If {p*, q/, ¢} is a D(—1)-triple in the ring Z[/—k], then c € Z.

Theorem 2.2 ([9, Theorem 4]) Let j, k be positive integers and let {1, b, c} be a D(—1)-triple in the ring
ZIN—k]). If b = 2p/, where p is an odd prime, then ¢ € 7.

Now, we will prove the next result:

Theorem 2.3 Leti € {0, 1}, a, j and k > 2 be positive integers. Let p be an odd prime such that ged(a, 2iply =
landa < ?2'p’. If{a,2' p’, ¢} is a D(—1)-triple in the ring Z[/—k], then c € Z.

Proof If a = 1, then the statement follows from Theorems 2.1 and 2.2.
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Thus, let a > 2 and let the set {a, 21 p-/, c} be a D(—1)-triple in Z[+/—k], with positive integer k. Then there
exist integers cy, di, X, y, u, v such that c = ¢; + dj+/—k and

ac—1=(x+ y«/—k)z,
2ipie — 1= (u+vv—k)>
It follows that we have to consider the system of equations

2'pixy = auv, 2.1
2pi(x* —ky? + 1) =a@® — kv* + 1), (2.2)

assuming that xy # 0.

From (2.1) we conclude that 2/ p/ |auv, so 2! p/ |uv, since ged(a, 2/ p/) = 1.

(I) Let u = 2! p/w for some w € Z. From (2.1) we obtain xy = awv, so there exist non-zero integers
P1,41, 11, S1 such that x = p1q1, y = ris1, aw = piry, v = q151. Now, from (2.2) we obtain

asthk = a2’ p/ —a) —2'p/ p?h, ie., (2.3)
2'pl(a — pih) = ala + ksih), 2.4)

where h = 2"pjr12 - aq%.
If h < 0, then from (2.3) we arrive to a contradlctlon
If » > 0, then from (2.4) we conclude a|p] 21, s0 Dj 2 > a, and that leads us to contradiction again, since

2! p/ is a positive integer.

(II) In the second case, set v = 2! p/w for some w € Z. From (2.1) we obtain xy = auw. Here and in
forthcoming similar cases x and y will be expressed as in (I). Similarly, here we set au = pjr;, w = g1s1, and
eliminating k and 2 p/ from (2.2) we obtain

2ip aslhk = a(a —2iply — p ie., (2.5)
2 pla(l 4 sthk) = a® — pih, (2.6)

where h = 2"17/‘6161]2 — r]2.

Similarly as above, if 4 > 0, we obtain a contradiction from (2.5). If 4 < 0, since k > 2, from (2.6) we
conclude that 1 + slzhk <0,a% - plzh > (, and arrive to a contradiction.

(D) Ifu = 2'ky,v = p/ly, whereky, I} € Z,from (2.1) we obtain xy = akil;. Wesetak; = piri, 11 = q151,
and from (2.2) follows

ap’sthk = a(a —2' p/)y =2/ pth, ie., 2.7
pla@’ +sihk) = a*> =2 pih, (2.8)
where h = ap/q} —2r?

If > 0, we obtain a contradiction from (2.7). Suppose that 4 < 0. Since i € {0, 1} and k > 2, in (2.8) we
have 2" + s%hk <0anda? -2 pfh > 0, so a contradiction.

(V) As in (II), if u = p/ly, v = 2'ky, where k1, € Z, from (2.1) we obtain xy = al,k;. Similarly, here
we set aly = piri, ki = qis1. From (2.2), if h = 2'aq} — p/r?, we have

aslhk =a(a—2'py—p plh ie., (2.9)
plQla + pih) = a(a — 2'sThk). (2.10)

If A > 0, from (2.9) we conclude a contradiction. Suppose that 1 < 0. Since ged(a, p) = 1 by assumption, we
see from (2.10) that a|p lh which together with (2.9) with k > 0 and 7 < 0 < p/ implies that

i=1 and plh=—a.

Thus, by using the form of 1, we get 2ap12q1 —p/ p1 r1 = —a. Since al; = p1ry, we have pi (2p1q12 —pilhir) =
—1, which yields p; = 1, so h = —a. It follows from (2.9) that
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a* — p/(2a —a) _ pl—a

k= - :
—2a2s% 2as12

which cannot b_e an integer, because @ > 2 and gcd(a, p) = 1.
If we set p/ = p°p/ with0 < e, f < j, e+ f = j, we have additional cases:

2 p¢lu, pllv, 2 plu, pfl,
pelu, 2 p v, pliu, 2 pelu.

Since from (2.2) it follows 2! p/ |(u? — kv? + 1), we directly obtain a contradiction in those cases, too.
Therefore, the system of equations (2.1) and (2.2) has no solutions in case of xy # 0. Thus, we have the
following:

(a) If x =0and y # 0, it follows that d; = 0 and ¢ = ¢y, which is an integer.
(b) If y = 0, then d; = 0. That implies ac = ac; = x> + 1, i.e., ¢ € Nin case that a|x> + 1.
(c) If x = y = 0, then we have ac = ac; = 1, which yields a contradiction.

O

Remark 2.1 Let us consider how to obtain a condition for ¢ in Theorem 2.3 to be negative. Namely, the proof
of Theorem 2.3 shows that it holds only if x = 0 and y # 0. Then, it is clear that ¢ < 0, since ac = acy =
1 —ky? < 0.

It is obvious that (u, v) # (0, 0).

If v =0and u # 0, from (2.2) we have

a@w? + 1)+ 2 piyik =21 p/. 2.11)

But for y # 0 it holds a(u? + 1) + 2/ p/ y*k > 2! pJ, so (2.11) is not true. Hence, it remains to consider the case
where v # 0, u = 0. From (2.2) we have
o 2ipi
2piy? —an? = %. (2.12)
So, ¢ < 0 is possible if and only if k|2 p/ — a and (2.12) is solvable in integers y, v.
Furthermore, in Theorem 2.3 if we take p = 2, it follows that we have to consider the D(—1)-pair {1, 2},
which has already been done in [25].

Suppose that k is a positive integer and p is an odd prime. We will consider the existence of D (—1)-quadruples
of the form {a, 2' p/, ¢, d} in the ring Z[+/—k]. By Theorem 2.3, if such a quadruple exists, then ¢, d € Z.
In [5], it is proved the following:

Theorem 2.4 ([5, Theorem 3]) Let [ be a Gaussian integer and suppose that the set {a, b} C Z[i] has the
property D(I%). If the number ab is not a square of a Gaussian integer, then there exist an infinite number of
complex Diophantine quadruples of the form {a, b, c, d} with the property D(I?).

Set 1> = i> = —1. We have a D(—1)-pair {a, 2" p/}, i € {0, 1}. Since 2/ p/a is not a square for any odd
prime p by Theorem 2.4 we know that in the case k = 1 there exist infinitely many D(—1)-quadruples of the
form {a, 21 pj , ¢, d} in Gaussian integers. Thus we will consider the case k > 2.

In proving of Theorem 1.1 we will use the argument from Hua’s book [22], summarized in the following
lemma:

Lemma 2.1 (see [22, Chapter 11.5]) Let D be a positive non-square integer and t a positive integer witht> < D.
If there exists a primitive integer solution (x, y) of the equation

x2—Dy*=61, §+1, (2.13)
then there also exists a primitive integer solution (x1, y1) of the equation

I* —
x} — Dy? = 5 =:nh, n==%1,0<h <1,

where [ is an integer satisfying > = D (mod 1) and 0 <1 < t/2.
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In [22, Chapter 11.5], we can see in detail described strategy for solving the equation (2.13). There is shown
that from a solution to (2.13) we arrived at a similar equation with a number ¢ and smaller right-hand side, and
it should be simpler to solve.

The next lemma will be useful.

Lemma 2.2 (see [17, Lemma 2.3]) Let N and K be integers with 1| < |N| < K. Then the Pellian equation
= (KP4 1)y? =N

has no primitive integer solution (x, y), i.e., there does not exist integers x, y such that gcd(x, y) = 1.

Also, let us recall the following solvability criterion in integers x, y for equation Ax> — By? = 1.

Lemma 2.3 (see [20, Criterion 1]) Let A > 1, B be positive integers such that gcd(A, B) = 1 and D = AB
is not a square of a positive integer. Moreover, let (ug, wo) denote the least positive integer solution of Pell’s
equation u? — Dw? = 1. Then equation Ax? — By? = 1 has a solution in positive integers x, y if and only if

2Alug+1 and 2Blug — 1.
Now we use the above arguments to prove the following:

Theorem 2.5 Leri € {0, 1}, a, j and k > 2 be positive integers with a square-free. Let p be an odd prime such
that ged(a, 2' p/) = 1. Let {a, 2" p/} be a D(—1)-pair in Z[~/ —k]. Suppose that either of the following holds:

(1) 2 p/ —a)/k is a prime and 2ipl > 443 +1/a;
2)k=2"p) —awitha > 1.

If {a, 2ipj, c}is a D(—1)-triple in Z[/—k] with ¢ € Z, then ¢ € N.

Proof By Theorem 2.3, we know that in such a D(—1)-triple we have ¢ € Z.

Now we will consider the solvability of the equation (2.12) in integers v, y to prove that ¢ cannot be a negative
integer.

(1) Since ged(a, 2 p/) = 1 and (2' p/ — a)/k is a prime, we know that (2.12) has no non-primitive integer
solution.

Let 2/ p/a — 1 =r?, r € Z. It follows that the equation (2.12) is equivalent to

2 2
re +1—-a
e G e (2.14)
with v; = av.
If r > (r> + 1 — a®)/k, then by Lemma 2.2 the equation (2.14) has no primitive solution (vy, y), so neither
does (2.12). o o
Ifr < (r> +1—a?)/k, then kr < a(2'p/ — a). Since the assumption 2/ p/ > 4a> + 1/a is equivalent to

r > 2a2, we have

2ipi —
a<=P "¢ (2.15)
2k
Now we will use Lemma 2.1. Consider the congruence
1>=2pla (mod (2 p/ —a)/k) (2.16)

Since 2/ p/a = a* (mod (2 p/ — a)/k) and (2 p/ — a)/k is a prime, by (2.15), congruence (2.16) has only the
solution / = a in the range 0 <[ < (2'p/ — a)/(2k). It follows from Lemma 2.1 that if (2.14) has a primitive
integer solution (v, y), then

a2—2ipja

—@2'pl —a)/k

av? — 21 piy? =

also has such a solution. Since a is square-free and ged(a, 2/ p/) = 1, we may write y = ayo with yg a positive
integer. Thus, equation (2.17) yields

V2 — 2ipjay3 =k. (2.18)
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Since 1 < k <r = /2ip/a — 1, we see from Lemma 2.2 that (2.18) has no primitive integer solution (v, yo),
and neither does (2.14), which is equivalent to (2.12). Therefore, ¢ € N.
2) Letk =2'p/ —a and a > 1. Equation (2.12) is equivalent to

2"pjy2 —av’ =1. (2.19)

The fundamental solution of equation u? — Z’ijaw2 = 1is ug + woy/2! p/a with ug = 2i+1pja — 1, wy =
2y/2' pJa — 1, which can be easily checked by using for instance [11, Theorem 10.14]. By applying Lemma 2.3,
since the condition 2a |2/ ! p’a — 2 implies that a|1, we conclude that (2.19) has no integer solution in the case
a > 1. O

Now we are able to prove Theorem 1.1.

Proof of Theorem 1.1 1f we suppose that there exists such a D(—1)-quadruple in the ring Z[+/—k], then by
Theorem 2.3, Remark 2.1 and Theorem 2.5 we know that ¢, d are positive integers. This contradicts with
Theorem 1.2. m]

In [19], we proved the following result:

Theorem 2.6 ([19, Theorem 1.6.]) Let k be an integer with k > 2 and a, b positive integers with

a<b<8a—3.

There does not exist a D(—1)-quadruple {a, b, c, d} in the ring Z[~/—k] with c, d integers.

From Theorem 2.6,. if' we take b = 2! pj like in Theorem 1.1, we can conclud¢ the nonexistence of a
D(—1)-quadruple {a, 2' p’, ¢, d} in the ring Z[+/—k] with ¢, d integers and 1 < a < 2'p’/ < 8a — 3.

Remark 2.2 Based on a computer program, we found out that the set of D(—1)-pairs {5, 2p}, with an odd
prime p, which is a special case of D(—1)-pairs from Theorem 1.1, is not at all rare. Namely, primes of the
form (x% + 1)/10 are presented in the sequence A207337 in [24] (see also the sequence A002733 in [24]). For
p =5, 17, from Theorem 2.6 we conclude that in Z[/—k] the D(—1)-pairs {5, 10}, {5, 34} cannot be extended
to quadruple with two integers.

Remark 2.3 Let us briefly describe the problem of existence of a D(—1)-quadruple of the form {a, 2/ p/, ¢, d} in
the ring Z[+/—k], in terms of Remark 2.1, like we had in Theorem 1.1 2), where we have shown for the purpose
of proof that the equation (2.12) is not solvable in integers (proof of Theorem 2.5).

It is easy to find triples (p, a, k) with a prime p and positive integers @ and k > 2 such that 2! p/a — 1 is a
square and k|2/ p/ — a. For example, (p, a, k) = (5, 1,2) with (i, j) = (0, 1) and (p, a, k) = (17, 5, 29) with
(i, j) = (1, 1) are such triples. For those triples, one has to consider the existence of an integer solution of the
equation (2.12), as we did in proving of Theorem 1.1 2). If it exists, then in such a quadruple at least one of ¢, d
can be a negative integer. That implies considering the solvability of the system of simultaneous Pellian equations
that require the approach based on the method of linear forms in logarithms, like we used in [12,25,26].

The equation (2.12) came from considering the extendibility of such a specific D(—1)-pair and it is not
particularly interesting to observe.

Let us mention that in the case of D(—1)-pair {5, 2p}, by using a computer program we didn’t find any
example of (k, p), with an odd 2 < k < 100 and an odd prime p from the list of the first 10° primes such that
the set {5, 2p} is a D(—1)-pair and at the same time k|2p — 5 and the equation (2.12) has an integer solution.
Our conjecture is that in that case it has no integer solution, but at this moment it seems to be too hard to prove
that in general.
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