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Abstract In this paper, we establish a formula for finding the closest integer to the reciprocal of Zmz" 1/ P,E,k)

where {Pn(k) }n>—(k—2) is the k-generalized Pell sequence or the k-Pell sequence given by

PO =2p® ... 4 P® foralln>2,
with initial conditions Pik&_z) = Pik()k_3) =...= Po(k) =0 and Pl(k) = 1. We show that the closest integer to
the reciprocal of Zmz” 1/ Pn(,k ) is given by P,fk) — Pn(li)l for every k > 2 and for every n > 2.

Keywords Linearly recurrent sequences - k-generalized Pell numbers - k-generalized Fibonacci numbers -
Closest integer - Reciprocal sum

Mathematics Subject Classification 11B37 - 11B39

1 Introduction
Let a, b be two positive integers and ¢ a nonnegative integer. Consider the binary recurrent sequence of positive
integers {V,,},>0 defined by the relation

Vo=c, Vi=1 and V,41 =aV, +bV,_1 for n > 1.

Putting V), := V) (c, a, b), we see that V,(0, 1, 1) = F,, are the Fibonacci numbers, V,(2, 1, 1) = L, are the
Lucas numbers and V,,(0, 2, 1) = P, are the Pell numbers.

One can point to many papers in the literature in which formulas were derived in connection with certain
cases of the reciprocal of ) _, ., 1/V,,. Ohtsuka and Nakamura [5] established the formula

-1
Z 1 ) Fu-a, ifnisevenandn > 2
= F " |F,»—1, ifnisoddandn > 1

while Zhang and Wang [6] obtained

—1
Z 1 | Py = Pu, ifnisevenandn > 2
P, “|P,—P,_; —1, ifnisoddandn > I.
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164 B. V. Normenyo

Setting u,, := V,(0,a, 1) and G, := V,(c, 1, 1) for ¢ > 1, Holiday and Komatsu [3] showed that
-1

Zi _Jun —up-1, ifnisevenandn > 2

=y Um " uy, —uy_;—1, ifnisoddandn > 1
and

-1
Z L ) G2, if n is odd and n > n;
— G " )G, —1, ifnisevenandn > nj,

where 11 and ny are determined depending only on the value of c¢. For example, if G, = L, or ¢ = 2, then
n; = 2andnp = 3.

In a recent paper, Alahmadi and Luca [1] obtained a formula for finding the closest integer to the infinite
sum of the reciprocals of member of the k order recurrent sequence {Fn(k)},,z_(k_g) given by Fl.(k) = 0 for

i=—(k—2),—(k—3),...,0and F*) = 1 and
Fo = F,Eli)l +o Frfli)k forall n > 2.

This sequence is the k-generalized Fibonacci sequence or k-Fibonacci sequence, which engenders the well-known
Fibonacci sequence when k = 2. Their result is that, for k > 2 and n > 2

—1
1 " X
Z =F(k)_F()
k n -1
L(m>n FIS‘I)) "

where | x] is the closest integer to x (when x is at distance 1/2 from an integer we can pick for |x] to be anyone
of |x] or x| + 1), for any real number x.
In this paper, we present an analogue of the above result for the k-generalized Pell sequence or the k-Pell

sequence {P,fk)}nz,(k,z) given by
PR =2P® ... 4 PO foralln > 2,

with initial conditions P, = P = = P{" = 0and P/’ = 1. When k = 2, we obtain the Pell
sequence. Our result is captured in the folfowing theorem.

Theorem 1 Fork > 2 andn > 2, we have

-1
1 k (k)
[(Z —P<k>) ] =P — PO, (1)
m=>n tm

2 Preliminary results

The characteristic polynomial of the k-generalized Pell sequence {P,qu)}mzz_k is given by
Wi(x) ;= xK —2xk =l xk=2 o x — 1. )

With the exception of «(k), called the dominant root of {F,E,k)}mz_(k_z), the roots of W (x) are strictly inside the
unit circle. To simplify notation, in our application we shall omit the dependence on k of «, that is o := (k).
We shall use oy, ..., o for all the roots of W(x) with the convention that | := «.

Bravo et al. [2, Lemma 3.2] established that

902(1 — (p*k) <a< (pz, for all k > 2, 3)

where ¢ = (1 ++/5)/2.
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On the sum of the reciprocals... 165

We now consider for an integer k > 2, the function

z—1 z—1
k+1D)z2=3kz+k—1  k(z2=3z4+D+z22-1

Se(@) = “

With this notation, Bravo et al. [2, Theorem 3.1] presented the following Binet-style formula for the terms of
(k)
{ Py }mZZ—k:

k
PP =" fi(aa)" forall m>2—kandk > 2. 5)

i=1

Additionally, Bravo et al. [2, Theorem 3.1] proved that

1
‘P,ff) - fk(oz)am' <3 holds forallm =2 — kandk = 2 ©6)
and that
a2 < Pn(lk) < oMl holds for all m > 1 and k > 2. @)

Furthermore, Bravo et al. [2, Lemma 3.2] showed that
0.276 < fx(a) < 0.5. (8)
Kili¢ [4] prove that

P® = Fy, 1 holdsforall n e[l k+1], 9)

while the next term is Pk(i)z = Fr4+3 — 1, where Fj, is the n-th Fibonacci number.

Bravo et al. [2, Theorem 2.2] established that
P® < Fy,_y holdsforallk >2 and n >k +2. (10)

We end this section by stating the following lemma which is due to Alahmadi and Luca [1, Lemma 3].

Lemma 2 Let Ny > —(k — 2) be an integer, and {8, },> N, be a sequence of real numbers whose Binet formula
is given by

i

k
8y = Zcia" forall n > Ny.
=2

Assume that there are ny > No and v such that |6,| < v holds for all n € [ng, no + k — 1]. Then |6,| < v holds
for all n > ny.

3 Some required lemmas

It is easily seen that 0 < ¢ — a < 1/¢*¥~2, given that ¢>(1 — ¢ %) < & < 2. In Lemma 3 below, we present
a result which engenders a sharper upper bound for ¢> — « and a slightly better approximation of c.

Lemma 3 Forallk > 2
1 0 )1( 0 )lk
2 _ J5
o= —=—— 5— —— 1 - — ,
@2(k=T) < k—2 ok

where p € (0, 1).
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166 B. V. Normenyo

Proof We observe that for each k > 2
(x — DW(x) = x T2 =3x+ 1) + 1.

This observation, coupled with « being a root of W (x), yields the equation

0 31— (an
T gk

from which we deduce that

5 1
— = —— 7>
Y (@ — ¢ 2ok

where we have made use of % +¢~2 = 3 on the left-hand side of (11). Now, we infer from ¢2(1—¢ %) < o < ¢?

that = @2(1 — p/¢*), where p € (0, 1). Thus,

: < - >_1< p)l_k
2 _ 5
OV —a=—(V5- = 1-£)
(p2(k—l) (pk72 (pk

where we used p2 — 92 = /5. O
We put
Em = P,flk) — fr(@)a™ for m > —(k — 2),
so that
P,g,k) = fi(a)a™ +¢&, for m > —(k —2).

In order to prepare the ground to apply Lemma 2 with §, := ¢, or 8, := &, — &,_1, we present the next
lemma. In view of the architecture of our proof of Lemma 5, we consider k > 8.

Lemma 4 We have forn € [2,k + 1] and k > 8 that

—@n—1)

2n+1 2 ! 1—k
@ @ n—k 1 )( sop) ( p)
en = + — V5- 2L 1-L= + Enk,
" NG 0%*/5 (w +1 p+2 ok ok Snik

6[(k 4+ 1)v/5 + 31[(k + )(p +2) — 1] (\/_ ¢2>2 (1_L)2(1_k)

125¢2k=6 3

with

|§n,k| <
where p € (0, 1).
Proof Letn € [2,k + 1] and put gx »,(2) := fik(2)z". We have that

(pZn—l +(p—(2n—l) B

V5 "

are zeros of z2 — 3z + 1. Thus,

8k.n (‘Pz) + gk,n(‘P_z) =

where we have used the facts that ¢ and ¢ 2
en =P = gin(@) = gen(@®) + 2@ — (@)
1

S8 = 9%)?, (12)

= 8@ ™) + g4 (0 (@ — @)

for some ¢ € (a, ¢?), a formula which is obtained by applying the Taylor formula to the expansion of g ,(z)
around z = @%. We set

1
Enk = =580 = o).
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On the sum of the reciprocals... 167

Differentiating g »(z), we obtain
[k(z2 =22 +2) + (z — D" n(z — 1)z"!
k(2 =3z +D+22— 117 k@ -3+ +22—1

Evaluating (13) at z = @2, we obtain

8in(2) = — (13)

[k(p 4+2) +¢*lp?"  n(g* — De>" 2

(e +2)? 9@ +2)
_ _k(p2n—2 B (pZn N n(pZn—Z
e+2  (p+2)? @+2
(pZn—Z (pZn
p+2 (p+2)

gk,n((pz) = -

_ 2" |:n—k 1 ]
T o+2le+1l g+2

. @21 |:n k 1 i|
V5 Le+l e+2]
Thus, appealing to Lemma 3, we obtain

/ 2n+1 —k 1 2. \"! 1—k
G @D —a) =2 (” ) (fs— %) (1 - ﬁk) |

0k 5\p+1 ¢+2

Differentiating g,,(’ . (2), we get

nz"! nn—1)(z — 1)z" 2 n(z — D[kQz — 3) +2z]7" !
K2 =3z+D+2 -1 k@ =-3z+D+2—-1 [k -3z+D+2— 1P
20k + 1)(z — Dz" nlk(z2 —2z42) + (z — D2z"!
kG2 =32+ D+ 22— 12 [k(z2—3z+ 1)+ 22— 1]?
2[k(2z — 3) + 2z2][k(z> — 22 +2) + (z — D))"
k(z2 =3z+ 1) +72 -1 '

gk,n (Z) =

‘We have that
k(@ =30+ D+ —1=k@ - -9 ) +¢> =1

== 1—k(@—C -9
>al =1 — k(> —a)(p® —¢?)
> [?(1— 7O — 1 —k(¢? —a)V/5
> 5,

for all kK > 8. Also, we have that

k(E* =20 +2)+ @ — 1D <k(p* — 20" +2) + (¢* — 1)?
=k+1D@+2) -1
Hence, we arrive at

" 2[k~/5 + 20211k + 1) (@ +2) — 1]p>"
|8k (O] <6 7%

12k + D5+ 31k + D (g + 2) — 1]g2¢+D
B 125 :

Appealing to Lemma 3, we deduce that
2

6[(k + D5+ 31[(k + D(p +2) — 1] (f— (p_z) <1 - i>2(1—k)
12526 o .

[Enel <
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168 B. V. Normenyo

4 Proof of Theorem 1
The first part of the proof consists in obtaining upper bounds for 1, and |&,, — &,,—1|, where we put

An = max{|en,|}.
m>n

Let us start with k = 2. In this case, « = 1 + /2 and &, = —"/(2+/2), where 8 = —a~! is the conjugate
of «. Thus, for n > 2, we have

< 0.0607 < 0.1549.

len] =

1 1
<
20[”«/5 - 20[2«/5

Furthermore, for n > 2, we have

n—1
1— 1
|€n - 8n—l| = |l3| ( /3) = < — < 0.2072 < 0.2446.
2.2 20" T 2a
For k = 3, the characteristic polynomial is x> —2x%2 — x — 1 with approximate roots «; = 2.5468, ap =

—0.27341 — 0.56382i and o3 = —0.27341 4 0.56382i. We deduced that for all n > 2
3

lenl = | Y filanad| < 0.0029 < 0.1549
i=2
and
3 3
len — en—1l = | Y frla)el =Y fula)el ™| < 0.2130 < 0.2446.
i=2 =2

For k = 4, the characteristic polynomial is x* — 2x> — x> — x — 1 with approximate roots a; = 2.5921,
oy = —0.66314, a3 = 0.03554 — 0.76191i and og = 0.03554 + 0.76191i. We find that for all n > 2

4

lenl = | frle)af'| < 0.0513 < 0.1549
i=2
and
4 4
len — en—1l = | Y frla)e =Y frle)el ™| < 0.1970 < 0.2446.
=2 =2

For k = 5, the characteristic polynomial is x> — 2x* — x3 —x2 — x — 1 with approximate roots a; = 2.60833, ay =
—0.58686 — 0.44099i, a3 = —0.58686 + 0.44099i, s = 0.28269 — 0.79469i and ay = 0.28269 4+ 0.79469:.
Our computations revealed that for all n > 2

5

lenl = | Y file)er!| < 0.0788 < 0.1549
i=2
and
5 5
len — n_1| = Z filaal — ka(ai)a;’—l < 0.1847 < 0.2446.
i=2 i=2

For k = 6, the characteristic polynomial is x® —2x> — x* —x3 —x? — x — 1 with approximate roots o = 2.61437,

oy = —0.762861, a3 = —0.38483 — 0.69351i, ag4 = —0.38483 + 0.69351i, a5 = 0.45908 — 0.76572i and
o = 0.45908 + 0.76572i. Our computations revealed that for all n > 2

6

Z fre(o)er!

i=2

len| = < 0.0930 < 0.1549
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On the sum of the reciprocals... 169

and

6 6

> e =Y fulana ™!

i=2 i=2

len — en—1l = < 0.1777 < 0.2446.

For k = 7, the characteristic polynomial is x7 — 2x% — x> — x* — x3 — x> — x — 1 with approximate roots

o) = 2.61664, oy = —0.71705 — 0.35053i, a3 = —0.71705 + 0.35053i, a4 = —0.17470 — 0.81976i,
as = —0.17470 4+ 0.81976i, ag = 0.58342 — 0.71664i and o7 = 0.58342 + 0.71664i. Our computations
revealed that for alln > 2

7

Z fr(o)er!

i=2

len| = <0.0998 < 0.1549

and

7 7
D fileaf = fleal ™!

len — en—1l = < 0.1741 < 0.2446.
i=2 i=2
‘We must now deal with the case k > 8.
Put
2\ ! 1—k
1
e (5-5)" (-3
@ 2
and

_6[k+ DV5+31[(k + D(p +2) — 1]
Vie = 125¢2k76 '

Now, let us consider
S, :=¢, for ne[2,k+1].
Whenn =k — 1, k, k + 1, we infer

1 n—=k 1
— < -.
V5pk=m=1 o +1 @42 5
Forn <k —2,we set x := k —n > 2, which then reveals that
1 n—=k 1 1 X n 1 11
— = < —.
V3p2k=m=1 g+ 1  o+2|  5p2-1\g+1 ¢+2 100

Consequently, we get for n € [2, k + 1] that

1 11
— U+ VU2, ifne2,k-2
¢3ﬁ+100 K+ ViU if nel ]

1 1
— 4+ Uy +WU?, iftnelk—1,k+1].
g02/{_3\/5—1-5 + ViUp, ifnel +1]

We find that |¢,| < 0.1549 for all n € [2, k 4+ 1] whenever k > 19. By Lemma 2, |¢,| < 0.1549 foralln > 2
given that k > 19.

With the aid of a computer program in Maple, it was established that |g,| < 0.1549 holds for all k£ € [8, 18]
and n € [2, k + 1]. This was achieved by computing

80| = leal <

(p2n7] + §07(2n71)

NG

The computer program revealed that the maximum value of |e,| was less than 0.1077 < 0.1549.

— fr(a)a"| forall k €[8,18] and n € [2,k + 1].
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170 B. V. Normenyo

Next, we consider
On =&, — ey forn e [3,k+2].

Forn € [3, k — 2], we infer

1 1 1 11 )
[6n] < lenl + len—1] < ﬁ (ﬁ + $> +%Uk + 2V, Uf.

Forn = k — 1, we deduce that

1 1 1 31
Sk—1l < lex— ol < —= =+ ——= | + —=Us + 2V U2
[0k—1] =< lex—1] + lex 2|<¢§<¢3+¢2k—3>+100 k +2ViUy

For n € [k, k + 1], we obtain

2
18n| < len] + len—1] < +§Uk+2VkU,§.

2
For n = k + 2, using the recurrence relation €,4+1 = 2¢, — &,—, valid for all n > 2, we arrive at
Sky2 = 28k41 — €1.
Consequently, we obtain
18k+2] = lex+2 — k41| = lek41 — €1l

‘We notice that
-1 1—k
1 % ( ¢+ 1) ( 9*p o
gt1=——m—=+ —=\|1——— Vi 1—-— + Ekr1.ks
§02k+1«/§ NG p+2 ok @k

g1 =1—afi(a) =1— Hy(a),

and

where we let Hi(z) := zfi(z). It follows that
p+1
e1=1—Hi(@") + H{()(@* —a) =1 = —— + H{(O)(p" — ),
p+2
for some ¢ € (@, ¢?). Differentiating Hy (z) := zfi(z), we get
z—1 Ik =224+ - Dk
k(z2=3z+D+z22 -1 [k(Z2=3z+D+22 -1

Hi(z) =

which leads us to

20k + 1) (g +2) — 1]¢?
25 ’

|Hp (9] <

Hence, we have that

) 2tk + D(p+2)—1]
HOI@* o) < == gy Uk

Therefore, we have that

[8k+2] = lek+1 — &1l

et (2505 2) (-5

+ k1 k] + THUO (9% — @)

< —_—
W NG 25 . 262

p+2
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For k > 19, all right-hand sides of (14), (15), (16) and (17) are < 0.2446. Thus, |e;, — €,—1| < 0.2446 holds for
alln € [3,k + 2] with k > 19. By Lemma 2, |&,, — ,—1| < 0.2446 holds for all n > 3 with £ > 19.

Employing the services of a computer program, we found that |e, — ¢,_1| < 0.2446 for all n € [3, k + 2]
and all k£ € [8, 18]. To do this, we computed

)

2(n—1) _ (0_2(”_1)) . (Ol — 1)2@"—1
k(@ —3a+1)+a2 -1

len — en—1l = '% (w

for all n € [3, k + 1], which gave us values not exceeding 0.2110 < 0.2446. When n = k + 2, we have
* _ _ .
P, = F»,_1 — 1, which means that

2-1) _ ¢72(n71)) 1 (@ — %" ’ .

1
|8n_€n—l|—‘%<(p _k(a2—305+1)+062—1

In this case, the maximum value of |&,, — &, | was less than 0.1769 < 0.2446.
We summarize our findings in Lemma 5 below.

Lemma 5 The estimates
A < 0.1549 and e, — €,-1] < 0.2446

hold for alln > 2 and k > 2.

Next, we have that

1 1 1 1
PR D= R Dyl ps vs

m>2 j=0

using the formula for the sum of infinite Geometric Progression. Using Lemma 3, we deduce that
-1

1 1
— >1—-—>0.52. (18)
Z p®

m=>2 *m o

In view of the fact that F,fk) < 272 holds for all k > 2 and n > 2, we infer
PR < Py <2¥73=2.4"2 for m > 2, (19)
where we have appealed to (9) and (10). Using (19), we arrive at
1 1 1 1 1 2
Zmigzém:gZﬂ:g’ (20)
m>2 tm m>2 j=0

using the formula for the sum of infinite Geometric Progression. The inequality (20) shows that

which in concert with (18) yields

-1

1
_1_ p (k)
(Zom] [=r=e-re

m=>2+m

= 2. This shows that formula (1) holds for n = 2. In the sequel, we deal with the case
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172 B. V. Normenyo

We have

1 1 1 1
> 5= Z s 2 (0 )

m=>n f'm m=>n m=>n

We put

1
7= £ (585~ )

Thus, we obtain

) —— L) [ 1 +7, @1)
S PR f@ar \ ol | fuwar (= 1)
We estimate |T},|. We have, using estimate (7), that
k)
i)™ — Py, e
ITal = Z T somph | T | Z —m(k)
m=n fk((x)amP m>n fk(O{)O{m Pm
[€m | 1
< < An e —
n;, fr (oe)amP“‘) mz f (a)amP“‘)
< An =
,,,Z:n fk(“)azm -2 fk(Ot)OlZ” -2 Z 062’
< P
T fil@a?2(1 = 1/a?)’
We observe from (21) that
> — 1 (1 + 7n) (22)
= p® T filwan(l—1/a) "

where 1, := T, fr (@)a" (1 — 1/a). We find that

An

il = 1Tl fi(e)a (= 1) = s,

We observe, with respect to (3), that o > <p2 — 1 for all k > 2. This observation, coupled with n > 3, reveals
that
" 204+ 1) > a+ 1> ¢,

which means that

0.1549
Il < —5— < 0.0592 < 1.
2

Equation (22) leads us to

—1
1
(Z W) = fr@e" (1 = 1/a)(1 + 17",

‘We make use of

)t =1—nut+n2—---,
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On the sum of the reciprocals... 173

which is valid for |7,| < 1. Putting 6, := (1 + n,,)_1 — 1 and using (4), we have that

16n] = Inalll = 1 + 15 =+

1 il . 2
(7] +<o{”2(1—|—1/oz))+(05n2(1+1/a)> + .-

(7]
1 — A/ (@"=2(1 4 1/a))
< b .
T 2(1 4 1/a) — Ay

IA

It follows, from (1 + 7,) ™' = 1 + 6,,, that

—1
1
(Z W) = fi(@e" — fia"™" + fi(@a" (1 = 1/a)6,

m>n f'm
= PP — PP — e+ et + i@ (1 - /)8,
= Prfk) _nyli)1 —&pt+Epn—1 + Ty,

where we put 7, := fr(@)a" (1 — 1/a)8,. We observe that

fr@a (1 = 1/a)hr,
a"2(1 + 1/a) — Ay
_ Jrl@ala = Day,

L+ L — Ay an—2

[Tal = fi(@)a" (1 — 1/0)]04] <

Because fr(o) < 1/2,a < (pz, <p2 — 1 =¢and A, < 0.1549, we find that
fe@a(a — DA, < 0.07745¢°.
Also, using n > 3 and A, < 0.1549, we get

0.8451 0.8451

14+ 1/a—hp/a" 2> 1+ > 1+
%

Consequently, we infer
[T, | < 0.2481.
Using Lemma 5, we have that
| —en+éen—1+ Tl <len —en—1l + |tu] < 0.2446 + 0.2481 = 0.4927 < 0.5.

Hence, we deduce that

—1
1
_ _ p) (k)
L(Z (k)) —‘_Pn _Pn—l'
m=>n Pm

Therefore, the conclusion of Theorem 1 holds for all n > 2.
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