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Abstract In this paper, we establish a formula for finding the closest integer to the reciprocal of
∑

m≥n 1/P(k)
m

where {P(k)
n }n≥−(k−2) is the k-generalized Pell sequence or the k-Pell sequence given by

P(k)
n = 2P(k)

n−1 + · · · + P(k)
n−k for all n ≥ 2,

with initial conditions P(k)
−(k−2) = P(k)

−(k−3) = · · · = P(k)
0 = 0 and P(k)

1 = 1. We show that the closest integer to

the reciprocal of
∑

m≥n 1/P(k)
m is given by P(k)

n − P(k)
n−1 for every k ≥ 2 and for every n ≥ 2.

Keywords Linearly recurrent sequences · k-generalized Pell numbers · k-generalized Fibonacci numbers ·
Closest integer · Reciprocal sum

Mathematics Subject Classification 11B37 · 11B39

1 Introduction

Let a, b be two positive integers and c a nonnegative integer. Consider the binary recurrent sequence of positive
integers {Vn}n≥0 defined by the relation

V0 = c, V1 = 1 and Vn+1 = aVn + bVn−1 for n ≥ 1.

Putting Vn := Vn(c, a, b), we see that Vn(0, 1, 1) = Fn are the Fibonacci numbers, Vn(2, 1, 1) = Ln are the
Lucas numbers and Vn(0, 2, 1) = Pn are the Pell numbers.

One can point to many papers in the literature in which formulas were derived in connection with certain
cases of the reciprocal of

∑
m≥n 1/Vm . Ohtsuka and Nakamura [5] established the formula

⌊(∑

m≥n

1

Fm

)−1 ⌋

=
{

Fn−2, if n is even and n ≥ 2
Fn−2 − 1, if n is odd and n ≥ 1

while Zhang and Wang [6] obtained

⌊(∑

m≥n

1

Pm

)−1 ⌋

=
{

Pn − Pn−1, if n is even and n ≥ 2
Pn − Pn−1 − 1, if n is odd and n ≥ 1.
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164 B. V. Normenyo

Setting un := Vn(0, a, 1) and Gn := Vn(c, 1, 1) for c ≥ 1, Holiday and Komatsu [3] showed that

⌊(∑

m≥n

1

um

)−1 ⌋

=
{

un − un−1, if n is even and n ≥ 2
un − un−1 − 1, if n is odd and n ≥ 1

and

⌊(∑

m≥n

1

Gm

)−1 ⌋

=
{

Gn−2, if n is odd and n ≥ n1

Gn−2 − 1, if n is even and n ≥ n2,

where n1 and n2 are determined depending only on the value of c. For example, if Gn = Ln or c = 2, then
n1 = 2 and n2 = 3.

In a recent paper, Alahmadi and Luca [1] obtained a formula for finding the closest integer to the infinite
sum of the reciprocals of member of the k order recurrent sequence {F (k)

n }n≥−(k−2) given by F (k)
i = 0 for

i = −(k − 2),−(k − 3), . . . , 0 and F (k)
1 = 1 and

F (k)
n = F (k)

n−1 + · · · + F (k)
n−k for all n ≥ 2.

This sequence is the k-generalized Fibonacci sequence or k-Fibonacci sequence, which engenders the well-known
Fibonacci sequence when k = 2. Their result is that, for k ≥ 2 and n ≥ 2

⌊(∑

m≥n

1

F (k)
m

)−1 ⌉

= F (k)
n − F (k)

n−1,

where �x� is the closest integer to x (when x is at distance 1/2 from an integer we can pick for �x� to be anyone
of �x� or �x� + 1), for any real number x .

In this paper, we present an analogue of the above result for the k-generalized Pell sequence or the k-Pell
sequence {P(k)

n }n≥−(k−2) given by

P(k)
n = 2P(k)

n−1 + · · · + P(k)
n−k for all n ≥ 2,

with initial conditions P(k)
−(k−2) = P(k)

−(k−3) = · · · = P(k)
0 = 0 and P(k)

1 = 1. When k = 2, we obtain the Pell
sequence. Our result is captured in the following theorem.

Theorem 1 For k ≥ 2 and n ≥ 2, we have

⌊(∑

m≥n

1

P(k)
m

)−1 ⌉

= P(k)
n − P(k)

n−1. (1)

2 Preliminary results

The characteristic polynomial of the k-generalized Pell sequence {P(k)
m }m≥2−k is given by

�k(x) := xk − 2xk−1 − xk−2 − · · · − x − 1. (2)

With the exception of α(k), called the dominant root of {F (k)
m }m≥−(k−2), the roots of �k(x) are strictly inside the

unit circle. To simplify notation, in our application we shall omit the dependence on k of α, that is α := α(k).
We shall use α1, . . . , αk for all the roots of �(x) with the convention that α1 := α.

Bravo et al. [2, Lemma 3.2] established that

ϕ2(1 − ϕ−k) < α < ϕ2, for all k ≥ 2, (3)

where ϕ = (1 + √
5)/2.
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On the sum of the reciprocals… 165

We now consider for an integer k ≥ 2, the function

fk(z) := z − 1

(k + 1)z2 − 3kz + k − 1
= z − 1

k(z2 − 3z + 1) + z2 − 1
. (4)

With this notation, Bravo et al. [2, Theorem 3.1] presented the following Binet-style formula for the terms of
{P(k)

m }m≥2−k :

P(k)
m =

k∑

i=1

fk(αi )α
m
i for all m ≥ 2 − k and k ≥ 2. (5)

Additionally, Bravo et al. [2, Theorem 3.1] proved that

∣
∣
∣P(k)

m − fk(α)αm
∣
∣
∣ <

1

2
holds for all m ≥ 2 − k and k ≥ 2, (6)

and that

αm−2 ≤ P(k)
m ≤ αm−1 holds for all m ≥ 1 and k ≥ 2. (7)

Furthermore, Bravo et al. [2, Lemma 3.2] showed that

0.276 < fk(α) < 0.5. (8)

Kiliç [4] prove that

P(k)
n = F2n−1 holds for all n ∈ [1, k + 1], (9)

while the next term is P(k)
k+2 = F2k+3 − 1, where Fn is the n-th Fibonacci number.

Bravo et al. [2, Theorem 2.2] established that

P(k)
n < F2n−1 holds for all k ≥ 2 and n ≥ k + 2. (10)

We end this section by stating the following lemma which is due to Alahmadi and Luca [1, Lemma 3].

Lemma 2 Let N0 ≥ −(k − 2) be an integer, and {δn}n≥N0 be a sequence of real numbers whose Binet formula
is given by

δn =
k∑

i=2

ciα
n
i for all n ≥ N0.

Assume that there are n0 ≥ N0 and ν such that |δn| < ν holds for all n ∈ [n0, n0 + k − 1]. Then |δn| < ν holds
for all n ≥ n0.

3 Some required lemmas

It is easily seen that 0 < ϕ2 − α < 1/ϕk−2, given that ϕ2(1 − ϕ−k) < α < ϕ2. In Lemma 3 below, we present
a result which engenders a sharper upper bound for ϕ2 − α and a slightly better approximation of α.

Lemma 3 For all k ≥ 2

ϕ2 − α = 1

ϕ2(k−1)

(√
5 − ρ

ϕk−2

)−1 (

1 − ρ

ϕk

)1−k

,

where ρ ∈ (0, 1).
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166 B. V. Normenyo

Proof We observe that for each k ≥ 2

(x − 1)�k(x) = xk−1(x2 − 3x + 1) + 1.

This observation, coupled with α being a root of �k(x), yields the equation

α2 − 3α + 1 = −1

αk−1 , (11)

from which we deduce that

ϕ2 − α = 1

(α − ϕ−2)αk−1 ,

where we have made use of ϕ2+ϕ−2 = 3 on the left-hand side of (11). Now, we infer from ϕ2(1−ϕ−k) < α < ϕ2

that α = ϕ2(1 − ρ/ϕk), where ρ ∈ (0, 1). Thus,

ϕ2 − α = 1

ϕ2(k−1)

(√
5 − ρ

ϕk−2

)−1 (

1 − ρ

ϕk

)1−k

,

where we used ϕ2 − ϕ−2 = √
5. 	


We put

εm := P(k)
m − fk(α)αm for m ≥ −(k − 2),

so that

P(k)
m = fk(α)αm + εm for m ≥ −(k − 2).

In order to prepare the ground to apply Lemma 2 with δn := εn or δn := εn − εn−1, we present the next
lemma. In view of the architecture of our proof of Lemma 5, we consider k ≥ 8.

Lemma 4 We have for n ∈ [2, k + 1] and k ≥ 8 that

εn = ϕ−(2n−1)

√
5

+ ϕ2n+1

ϕ2k
√

5

(
n − k

ϕ + 1
− 1

ϕ + 2

)(√
5 − ϕ2ρ

ϕk

)−1 (

1 − ρ

ϕk

)1−k

+ ξn,k,

with

|ξn,k | <
6[(k + 1)

√
5 + 3][(k + 1)(ϕ + 2) − 1]

125ϕ2k−6

(√
5 − ϕ2

ϕk

)−2 (

1 − 1

ϕk

)2(1−k)

,

where ρ ∈ (0, 1).

Proof Let n ∈ [2, k + 1] and put gk,n(z) := fk(z)zn . We have that

gk,n(ϕ
2) + gk,n(ϕ

−2) = ϕ2n−1 + ϕ−(2n−1)

√
5

= P(k)
n ,

where we have used the facts that ϕ2 and ϕ−2 are zeros of z2 − 3z + 1. Thus,

εn = P(k)
n − gk,n(α) = gk,n(ϕ

2) + gk,n(ϕ
−2) − gk,n(α)

= gk,n(ϕ
−2) + g′

k,n(ϕ
2)(ϕ2 − α) − 1

2
g′′

k,n(ζ )(α − ϕ2)2, (12)

for some ζ ∈ (α, ϕ2), a formula which is obtained by applying the Taylor formula to the expansion of gk,n(z)
around z = ϕ2. We set

ξn,k := −1

2
g′′

k,n(ζ )(α − ϕ2)2.
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On the sum of the reciprocals… 167

Differentiating gk,n(z), we obtain

g
′
k,n(z) = −[k(z2 − 2z + 2) + (z − 1)2]zn

[k(z2 − 3z + 1) + z2 − 1]2 + n(z − 1)zn−1

k(z2 − 3z + 1) + z2 − 1
. (13)

Evaluating (13) at z = ϕ2, we obtain

g
′
k,n(ϕ

2) = −[k(ϕ + 2) + ϕ2]ϕ2n

ϕ2(ϕ + 2)2 + n(ϕ2 − 1)ϕ2n−2

ϕ(ϕ + 2)

= −kϕ2n−2

ϕ + 2
− ϕ2n

(ϕ + 2)2 + nϕ2n−2

ϕ + 2

= ϕ2n−2

ϕ + 2
(n − k) − ϕ2n

(ϕ + 2)2

= ϕ2n

ϕ + 2

[
n − k

ϕ + 1
− 1

ϕ + 2

]

= ϕ2n−1

√
5

[
n − k

ϕ + 1
− 1

ϕ + 2

]

.

Thus, appealing to Lemma 3, we obtain

g
′
k,n(ϕ

2)(ϕ2 − α) = ϕ2n+1

ϕ2k
√

5

(
n − k

ϕ + 1
− 1

ϕ + 2

)(√
5 − ϕ2ρ

ϕk

)−1 (

1 − ρ

ϕk

)1−k

.

Differentiating g
′
k,n(z), we get

g
′′
k,n(z) = nzn−1

k(z2 − 3z + 1) + z2 − 1
+ n(n − 1)(z − 1)zn−2

k(z2 − 3z + 1) + z2 − 1
− n(z − 1)[k(2z − 3) + 2z]zn−1

[k(z2 − 3z + 1) + z2 − 1]2

− 2(k + 1)(z − 1)zn

[k(z2 − 3z + 1) + z2 − 1]2 − n[k(z2 − 2z + 2) + (z − 1)2]zn−1

[k(z2 − 3z + 1) + z2 − 1]2

+ 2[k(2z − 3) + 2z][k(z2 − 2z + 2) + (z − 1)2]zn

[k(z2 − 3z + 1) + z2 − 1]3 .

We have that

k(ζ 2 − 3ζ + 1) + ζ 2 − 1 = k(ζ − ϕ2)(ζ − ϕ−2) + ζ 2 − 1

= ζ 2 − 1 − k(ϕ2 − ζ )(ζ − ϕ−2)

> α2 − 1 − k(ϕ2 − α)(ϕ2 − ϕ−2)

> [ϕ2(1 − ϕ−k)]2 − 1 − k(ϕ2 − α)
√

5

> 5,

for all k ≥ 8. Also, we have that

k(ζ 2 − 2ζ + 2) + (ζ − 1)2 < k(ϕ4 − 2ϕ2 + 2) + (ϕ2 − 1)2

= (k + 1)(ϕ + 2) − 1.

Hence, we arrive at

|g′′
k,n(ζ )| < 6 · 2[k√

5 + 2ϕ2][(k + 1)(ϕ + 2) − 1]ϕ2n

125

= 12[(k + 1)
√

5 + 3][(k + 1)(ϕ + 2) − 1]ϕ2(k+1)

125
.

Appealing to Lemma 3, we deduce that

|ξn,k | <
6[(k + 1)

√
5 + 3][(k + 1)(ϕ + 2) − 1]

125ϕ2k−6

(√
5 − ϕ2

ϕk

)−2 (

1 − 1

ϕk

)2(1−k)

.
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168 B. V. Normenyo

4 Proof of Theorem 1

The first part of the proof consists in obtaining upper bounds for λn and |εn − εn−1|, where we put

λn := max
m≥n

{|εm |}.

Let us start with k = 2. In this case, α = 1 + √
2 and εn = −βn/(2

√
2), where β = −α−1 is the conjugate

of α. Thus, for n ≥ 2, we have

|εn| = 1

2αn
√

2
≤ 1

2α2
√

2
< 0.0607 < 0.1549.

Furthermore, for n ≥ 2, we have

|εn − εn−1| = |β|n−1(1 − β)

2
√

2
= 1

2αn−1 ≤ 1

2α
< 0.2072 < 0.2446.

For k = 3, the characteristic polynomial is x3 − 2x2 − x − 1 with approximate roots α1 = 2.5468, α2 =
−0.27341 − 0.56382i and α3 = −0.27341 + 0.56382i . We deduced that for all n ≥ 2

|εn| =
∣
∣
∣
∣
∣

3∑

i=2

fk(αi )α
n
i

∣
∣
∣
∣
∣
< 0.0029 < 0.1549

and

|εn − εn−1| =
∣
∣
∣
∣
∣

3∑

i=2

fk(αi )α
n
i −

3∑

i=2

fk(αi )α
n−1
i

∣
∣
∣
∣
∣
< 0.2130 < 0.2446.

For k = 4, the characteristic polynomial is x4 − 2x3 − x2 − x − 1 with approximate roots α1 = 2.5921,
α2 = −0.66314, α3 = 0.03554 − 0.76191i and α4 = 0.03554 + 0.76191i . We find that for all n ≥ 2

|εn| =
∣
∣
∣
∣
∣

4∑

i=2

fk(αi )α
n
i

∣
∣
∣
∣
∣
< 0.0513 < 0.1549

and

|εn − εn−1| =
∣
∣
∣
∣
∣

4∑

i=2

fk(αi )α
n
i −

4∑

i=2

fk(αi )α
n−1
i

∣
∣
∣
∣
∣
< 0.1970 < 0.2446.

For k = 5, the characteristic polynomial is x5−2x4−x3−x2−x −1 with approximate roots α1 = 2.60833, α2 =
−0.58686 − 0.44099i , α3 = −0.58686 + 0.44099i , α4 = 0.28269 − 0.79469i and α4 = 0.28269 + 0.79469i .
Our computations revealed that for all n ≥ 2

|εn| =
∣
∣
∣
∣
∣

5∑

i=2

fk(αi )α
n
i

∣
∣
∣
∣
∣
< 0.0788 < 0.1549

and

|εn − εn−1| =
∣
∣
∣
∣
∣

5∑

i=2

fk(αi )α
n
i −

5∑

i=2

fk(αi )α
n−1
i

∣
∣
∣
∣
∣
< 0.1847 < 0.2446.

For k = 6, the characteristic polynomial is x6 −2x5 −x4 −x3 −x2 −x −1 with approximate roots α1 = 2.61437,
α2 = −0.762861, α3 = −0.38483 − 0.69351i , α4 = −0.38483 + 0.69351i , α5 = 0.45908 − 0.76572i and
α6 = 0.45908 + 0.76572i . Our computations revealed that for all n ≥ 2

|εn| =
∣
∣
∣
∣
∣

6∑

i=2

fk(αi )α
n
i

∣
∣
∣
∣
∣
< 0.0930 < 0.1549
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On the sum of the reciprocals… 169

and

|εn − εn−1| =
∣
∣
∣
∣
∣

6∑

i=2

fk(αi )α
n
i −

6∑

i=2

fk(αi )α
n−1
i

∣
∣
∣
∣
∣
< 0.1777 < 0.2446.

For k = 7, the characteristic polynomial is x7 − 2x6 − x5 − x4 − x3 − x2 − x − 1 with approximate roots
α1 = 2.61664, α2 = −0.71705 − 0.35053i , α3 = −0.71705 + 0.35053i , α4 = −0.17470 − 0.81976i ,
α5 = −0.17470 + 0.81976i , α6 = 0.58342 − 0.71664i and α7 = 0.58342 + 0.71664i . Our computations
revealed that for all n ≥ 2

|εn| =
∣
∣
∣
∣
∣

7∑

i=2

fk(αi )α
n
i

∣
∣
∣
∣
∣
< 0.0998 < 0.1549

and

|εn − εn−1| =
∣
∣
∣
∣
∣

7∑

i=2

fk(αi )α
n
i −

7∑

i=2

fk(αi )α
n−1
i

∣
∣
∣
∣
∣
< 0.1741 < 0.2446.

We must now deal with the case k ≥ 8.
Put

Uk :=
(√

5 − ϕ2

ϕk

)−1 (

1 − 1

ϕk

)1−k

and

Vk := 6[(k + 1)
√

5 + 3][(k + 1)(ϕ + 2) − 1]
125ϕ2k−6 .

Now, let us consider

δn := εn for n ∈ [2, k + 1].
When n = k − 1, k, k + 1, we infer

1√
5ϕ2(k−n)−1

∣
∣
∣
∣
n − k

ϕ + 1
− 1

ϕ + 2

∣
∣
∣
∣ <

1

5
.

For n ≤ k − 2, we set x := k − n ≥ 2, which then reveals that

1√
5ϕ2(k−n)−1

∣
∣
∣
∣
n − k

ϕ + 1
− 1

ϕ + 2

∣
∣
∣
∣ = 1√

5ϕ2x−1

(
x

ϕ + 1
+ 1

ϕ + 2

)

<
11

100
.

Consequently, we get for n ∈ [2, k + 1] that

|δn| = |εn| <

⎧
⎪⎪⎨

⎪⎪⎩

1

ϕ3
√

5
+ 11

100
Uk + VkU 2

k , if n ∈ [2, k − 2]
1

ϕ2k−3
√

5
+ 1

5
Uk + VkU 2

k , if n ∈ [k − 1, k + 1].

We find that |εn| < 0.1549 for all n ∈ [2, k + 1] whenever k ≥ 19. By Lemma 2, |εn| < 0.1549 for all n ≥ 2
given that k ≥ 19.

With the aid of a computer program in Maple, it was established that |εn| < 0.1549 holds for all k ∈ [8, 18]
and n ∈ [2, k + 1]. This was achieved by computing

∣
∣
∣
∣
∣

ϕ2n−1 + ϕ−(2n−1)

√
5

− fk(α)αn

∣
∣
∣
∣
∣

for all k ∈ [8, 18] and n ∈ [2, k + 1].

The computer program revealed that the maximum value of |εn| was less than 0.1077 < 0.1549.
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170 B. V. Normenyo

Next, we consider

δn := εn − εn−1 for n ∈ [3, k + 2].
For n ∈ [3, k − 2], we infer

|δn| ≤ |εn| + |εn−1| <
1√
5

(
1

ϕ5
+ 1

ϕ3

)

+ 11

50
Uk + 2VkU 2

k . (14)

For n = k − 1, we deduce that

|δk−1| ≤ |εk−1| + |εk−2| <
1√
5

(
1

ϕ3 + 1

ϕ2k−3

)

+ 31

100
Uk + 2VkU 2

k . (15)

For n ∈ [k, k + 1], we obtain

|δn| ≤ |εn| + |εn−1| <
2

ϕ2k−3
√

5
+ 2

5
Uk + 2VkU 2

k . (16)

For n = k + 2, using the recurrence relation εn+1 = 2εn − εn−k , valid for all n ≥ 2, we arrive at

εk+2 = 2εk+1 − ε1.

Consequently, we obtain

|δk+2| = |εk+2 − εk+1| = |εk+1 − ε1|.
We notice that

εk+1 = 1

ϕ2k+1
√

5
+ ϕ√

5

(

1 − ϕ + 1

ϕ + 2

)(√
5 − ϕ2ρ

ϕk

)−1 (

1 − ρ

ϕk

)1−k

+ ξk+1,k,

and

ε1 = 1 − α fk(α) = 1 − Hk(α),

where we let Hk(z) := z fk(z). It follows that

ε1 = 1 − Hk(ϕ
2) + H ′

k(ζ )(ϕ2 − α) = 1 − ϕ + 1

ϕ + 2
+ H ′

k(ζ )(ϕ2 − α),

for some ζ ∈ (α, ϕ2). Differentiating Hk(z) := z fk(z), we get

H ′
k(z) = z − 1

k(z2 − 3z + 1) + z2 − 1
− [k(z2 − 2z + 2) + (z − 1)2]z

[k(z2 − 3z + 1) + z2 − 1]2

which leads us to

|H ′
k(ζ )| <

2[(k + 1)(ϕ + 2) − 1]ϕ2

25
.

Hence, we have that

|H ′
k(ζ )|(ϕ2 − α) <

2[(k + 1)(ϕ + 2) − 1]
25 · ϕ2(k−2)

Uk .

Therefore, we have that

|δk+2| = |εk+1 − ε1|

≤ 1

ϕ2k+1
√

5
+
(

1 − ϕ + 1

ϕ + 2

)[
ϕ√
5

(√
5 − ϕ2ρ

ϕk

)−1 (

1 − ρ

ϕk

)1−k

− 1

]

+ |ξk+1,k | + |H ′
k(ζ )|(ϕ2 − α)

<
1

ϕ2k+1
√

5
+
(

1 − ϕ + 1

ϕ + 2

)(
ϕ√
5

Uk − 1

)

+ VkU 2
k + 2[(k + 1)(ϕ + 2) − 1]

25 · ϕ2(k−2)
Uk . (17)
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For k ≥ 19, all right-hand sides of (14), (15), (16) and (17) are < 0.2446. Thus, |εn − εn−1| < 0.2446 holds for
all n ∈ [3, k + 2] with k ≥ 19. By Lemma 2, |εn − εn−1| < 0.2446 holds for all n ≥ 3 with k ≥ 19.

Employing the services of a computer program, we found that |εn − εn−1| < 0.2446 for all n ∈ [3, k + 2]
and all k ∈ [8, 18]. To do this, we computed

|εn − εn−1| =
∣
∣
∣
∣

1√
5

(
ϕ2(n−1) − ϕ−2(n−1)

)
− (α − 1)2αn−1

k(α2 − 3α + 1) + α2 − 1

∣
∣
∣
∣ ,

for all n ∈ [3, k + 1], which gave us values not exceeding 0.2110 < 0.2446. When n = k + 2, we have
P(k)

n = F2n−1 − 1, which means that

|εn − εn−1| =
∣
∣
∣
∣

1√
5

(
ϕ2(n−1) − ϕ−2(n−1)

)
− 1 − (α − 1)2αn−1

k(α2 − 3α + 1) + α2 − 1

∣
∣
∣
∣ .

In this case, the maximum value of |εn − εn−1| was less than 0.1769 < 0.2446.
We summarize our findings in Lemma 5 below.

Lemma 5 The estimates

λn < 0.1549 and |εn − εn−1| < 0.2446

hold for all n ≥ 2 and k ≥ 2.

Next, we have that

∑

m≥2

1

P(k)
m

≤
∑

m≥2

1

αm−2 =
∑

j≥0

1

α j
= 1

1 − 1/α
,

using the formula for the sum of infinite Geometric Progression. Using Lemma 3, we deduce that

⎛

⎝
∑

m≥2

1

P(k)
m

⎞

⎠

−1

≥ 1 − 1

α
> 0.52. (18)

In view of the fact that F (k)
n ≤ 2n−2 holds for all k ≥ 2 and n ≥ 2, we infer

P(k)
m ≤ F2m−1 ≤ 22m−3 = 2 · 4m−2 for m ≥ 2, (19)

where we have appealed to (9) and (10). Using (19), we arrive at

∑

m≥2

1

P(k)
m

≥ 1

2

∑

m≥2

1

4m−2 = 1

2

∑

j≥0

1

4 j
= 2

3
, (20)

using the formula for the sum of infinite Geometric Progression. The inequality (20) shows that

⎛

⎝
∑

m≥2

1

P(k)
m

⎞

⎠

−1

≤ 3

2
,

which in concert with (18) yields

⌊
⎛

⎝
∑

m≥2

1

P(k)
m

⎞

⎠

−1 ⌉

= 1 = P(k)
2 − P(k)

1 ,

since P(k)
1 = 1, P(k)

2 = 2. This shows that formula (1) holds for n = 2. In the sequel, we deal with the case
n ≥ 3.
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We have

∑

m≥n

1

P(k)
m

=
∑

m≥n

1

fk(α)αm
+
∑

m≥n

(
1

P(k)
m

− 1

fk(α)αm

)

.

We put

Tn :=
∑

m≥n

(
1

P(k)
m

− 1

fk(α)αm

)

.

Thus, we obtain

∑

m≥n

1

P(k)
m

= 1

fk(α)αn

⎛

⎝
∑

j≥0

1

α j

⎞

⎠+ Tn = 1

fk(α)αn(1 − 1/α)
+ Tn . (21)

We estimate |Tn|. We have, using estimate (7), that

|Tn| =
∣
∣
∣
∣
∣

∑

m≥n

fk(α)αm − P(k)
m

fk(α)αm P(k)
m

∣
∣
∣
∣
∣
=
∣
∣
∣
∣
∣
−
∑

m≥n

εm

fk(α)αm P(k)
m

∣
∣
∣
∣
∣

≤
∑

m≥n

|εm |
fk(α)αm P(k)

m

≤ λn

∑

m≥n

1

fk(α)αm P(k)
m

≤ λn

∑

m≥n

1

fk(α)α2m−2 = λn

fk(α)α2n−2

∑

j≥0

1

α2 j

≤ λn

fk(α)α2n−2(1 − 1/α2)
.

We observe from (21) that

∑

m≥n

1

P(k)
m

= 1

fk(α)αn(1 − 1/α)
(1 + ηn), (22)

where ηn := Tn fk(α)αn(1 − 1/α). We find that

|ηn| = |Tn| fk(α)αn(1 − 1/α) ≤ λn

αn−2(1 + 1/α)
.

We observe, with respect to (3), that α > ϕ2 − 1 for all k ≥ 2. This observation, coupled with n ≥ 3, reveals
that

αn−2(1 + 1/α) ≥ α + 1 > ϕ2,

which means that

|ηn| <
0.1549

ϕ2 < 0.0592 < 1.

Equation (22) leads us to

(
∑

m≥n

1

P(k)
m

)−1

= fk(α)αn(1 − 1/α)(1 + ηn)
−1.

We make use of

(1 + ηn)
−1 = 1 − ηn + η2

n − · · · ,
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which is valid for |ηn| < 1. Putting θn := (1 + ηn)−1 − 1 and using (4), we have that

|θn| = |ηn||1 − ηn + η2
n − · · · |

≤ |ηn|
(

1 +
(

λn

αn−2(1 + 1/α)

)

+
(

λn

αn−2(1 + 1/α)

)2

+ · · ·
)

= |ηn|
1 − λn/(αn−2(1 + 1/α))

≤ λn

αn−2(1 + 1/α) − λn
.

It follows, from (1 + ηn)
−1 = 1 + θn , that

(
∑

m≥n

1

P(k)
m

)−1

= fk(α)αn − fk(α)αn−1 + fk(α)αn(1 − 1/α)θn

= P(k)
n − P(k)

n−1 − εn + εn−1 + fk(α)αn(1 − 1/α)θn

= P(k)
n − P(k)

n−1 − εn + εn−1 + τn,

where we put τn := fk(α)αn(1 − 1/α)θn . We observe that

|τn| = fk(α)αn(1 − 1/α)|θn| ≤ fk(α)αn(1 − 1/α)λn

αn−2(1 + 1/α) − λn

= fk(α)α(α − 1)λn

1 + 1/α − λn/αn−2 .

Because fk(α) < 1/2, α < ϕ2, ϕ2 − 1 = ϕ and λn < 0.1549, we find that

fk(α)α(α − 1)λn < 0.07745ϕ3.

Also, using n ≥ 3 and λn < 0.1549, we get

1 + 1/α − λn/αn−2 > 1 + 0.8451

α
> 1 + 0.8451

ϕ2 .

Consequently, we infer

|τn| < 0.2481.

Using Lemma 5, we have that

| − εn + εn−1 + τn| ≤ |εn − εn−1| + |τn| < 0.2446 + 0.2481 = 0.4927 < 0.5.

Hence, we deduce that

⌊(∑

m≥n

1

P(k)
m

)−1 ⌉

= P(k)
n − P(k)

n−1.

Therefore, the conclusion of Theorem 1 holds for all n ≥ 2.
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