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Abstract Let H and K be two real Hilbert spaces and f : H → K be a standard ε-phase isometry for some
ε ≥ 0, i.e., f (0) = 0 and

min{∣∣‖ f (x) − f (y)‖ − ‖x − y‖∣∣, ∣∣‖ f (x) − f (y)‖ − ‖x + y‖∣∣} ≤ ε,

for all x, y ∈ H . In this note, we show that if f is almost surjective, then there exists a surjective linear isometry
U : H → K and a phase function γ : H → {−1, 1} such that

‖γ (x) f (x) − U (x)‖ ≤ 2
√

2ε, for all x ∈ H.

Keywords ε-Phase-isometries · Linear isometries · Stability

Mathematics Subject Classification Primary 39B05 · 46C50 · 47J05

1 Introduction

The famous Mazur–Ulam theorem [9] states that every surjective standard isometry between real Banach spaces
is necessarily linear. Since then, there is an extensive literature on the study of properties of isometries and
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perturbed isometries. Assume that X , Y are two real Banach spaces, a mapping f : X → Y is said to be an
ε-isometry for some ε ≥ 0 provided

∣
∣‖ f (x) − f (y)‖ − ‖x − y‖∣∣ ≤ ε for all x, y ∈ X . Hyers and Ulam [6]

first studied such transformations and showed that every standard surjective ε-isometry between two real Hilbert
spaces can be uniformly approximated by a linear surjective isometry with the error no more than 10ε. After
many efforts of a number of mathematicians, this result was successfully extended to all real Banach spaces and
the sharp estimate 2ε was finally obtained by Omladič and Šemrl [10]. Due to the weakly universal stability
formulas for all Banach spaces established by Cheng and his collaborators [1,2], the surjectivity condition can
be essentially weakened in the ε-isometry approximation problem (see, [3,15,16]).

In another direction, the study of phase-isometries between real Banach spaces has also attracted mathemati-
cians’ attention. Let X and Y be two real Banach spaces, a mapping f : X → Y is called a phase-isometry
provided

{‖ f (x) + f (y)‖, ‖ f (x) − f (y)‖} = {‖x + y‖, ‖x − y‖}, for all x, y ∈ X. (1.1)

Two mappings f , g : X → Y are called phase-equivalent if there exists a phase function γ : X → {−1, 1} such
that f = γ · g.

Let (H〈·, ·〉) and (K 〈·, ·〉) be two real or complex inner product spaces and let f : H → K be a mapping.
The classical Wigner’s unitary-antiunitary theorem states that f satisfies

|〈 f (x), f (y)〉| = |〈x, y〉|, for all x, y ∈ H, (1.2)

if and only if f is phase equivalent to a linear or an anti-linear isometry, that is, there exists a phase function γ

which takes values in modulus one scalars such that γ · f is a linear isometry or a conjugate linear isometry. Since
it describes symmetries of quantum mechanical system, it plays an fundamental role in quantum mechanics [5].
If H and K are real, then (1.1) and (1.2) are equivalent (see, [8]). And, the Wigner’s theorem tells us that every
phase-isometry between two real inner product spaces is phase equivalent to a real linear isometry. It is natural to
ask whether this result remains true if we substitute the inner product spaces by real Banach spaces (see [7,13]).
Ilišević, Omladič and Turnšek [7] gave a positive answer to this problem by presenting a Mazur-Ulam type
theorem: Every surjective phase-isometry between X and Y is phase equivalent to a linear surjective isometry.

Recently, Turnšek [14] first studied the ε-phase isometries between two real Hilbert spaces. Let H and K be
two real Hilbert spaces, a mapping f : H → K is said to be an ε-phase isometry for some ε ≥ 0, provided

min{∣∣‖ f (x) − f (y)‖ − ‖x − y‖∣∣, ∣∣‖ f (x) − f (y)‖ − ‖x + y‖∣∣} ≤ ε, (1.3)

for all x, y ∈ H . If f (0) = 0, then f is called to be standard. In [14], Turnšek showed an interesting result: If
f : H → K is a standard surjective ε-phase isometry, then there exist a phase function γ : H → {−1, 1} and a
linear surjective isometry U : H → K such that ‖γ (x) f (x) − U (x)‖ ≤ 2

√
2ε for all x ∈ H .

In this note, we substitute the surjectivity condition in Turnšek theorem by almost surjectivity condition,
and still get the same result. More precisely, we show that for every standard almost surjective ε-phase isometry
f : H → K , there exist a phase function γ : H → {−1, 1} and a linear surjective isometry U : H → K such
that ‖γ (x) f (x) − U (x)‖ ≤ 2

√
2ε for all x ∈ H .

All symbols and notations in this paper are standard. We use X to denote a real Banach space and X∗ its dual.
BX and SX present the closed unit ball, and the unit sphere of X , respectively. Given a bounded linear operator
T : X → Y , T ∗ : Y ∗ → X∗ stands for the conjugate operator of T .

2 Main results

Suppose that H and K are two real Hilbert spaces, ε ≥ 0 and f : H → K is a standard ε-phase isometry. To
begin with, we recall some notations, see [3,4,11,12,15,16].

For a mapping f : H → K , and for y ∈ SK , we denote

�(y, f (H)) = lim inf|t |→+∞ d(t y, f (H))/|t |,

and

τ( f (H)) = sup
y∈SK

�(y, f (H)).
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Let (M1, d1) and (M2, d2) be two metric spaces and δ be a nonnegative real number. Recall that a map F :
M1 → M2 is called δ-surjective, if for every y ∈ M2 there is x ∈ M1 with d2(y, F(x)) ≤ δ. A subset N in a
metric space (M, d) is called a sublinear growth net in metric d provided for any fixed w0 ∈ M ,

lim
d(w,w0)→∞

d(w, N )

d(w,w0)
= 0.

We also need the following useful result.

Lemma 2.1 ([14], Theorem 2.4) Suppose that f : H → K is a standard ε-phase isometry, then there exist a
linear isometry U : H → K and a phase function γ : H → {−1, 1} such that

‖U∗ f (x) − γ (x)x‖ ≤ 2
√

2ε, for all x ∈ H. (2.1)

Now, we are ready to show our main result.

Theorem 2.2 Suppose that f : H → K is a standard ε-phase isometry. If one of the following statements holds,

(1) f is δ-surjective for some δ ≥ 0,
(2) f (H) contains a sublinear growth net of K ,
(3) �(y, f (H)) = lim inf|t |→+∞ d(t y, f (H))/|t | = 0 for all y ∈ SK ,

(4) �(y, f (H)) = lim inf|t |→+∞ d(t y, f (H))/|t | < 1/2 for all y ∈ SK ,

(5) τ( f (H)) < 1/2,
(6) τ( f (H)) = 0,

then there exist a linear surjective isometry U : H → K and a phase function γ : H → {−1, 1} such that

‖γ (x) f (x) − U (x)‖ ≤ 2
√

2ε, for all x ∈ H, (2.2)

Proof It is easy to check that (1) ⇒ (2) ⇒ (3) ⇒ (6) ⇒ (5) ⇒ (4). Now, we assume that (4) holds. Since
f : H → K is a standard ε-phase isometry, by lemma 2.1, there exist a linear isometry U : H → K and a phase
function γ : H → {−1, 1} such that

‖U∗ f (x) − γ (x)x‖ ≤ 2
√

2ε, for all x ∈ H. (2.3)

For any fixed z ∈ H , by (2.3), we have

|〈z, x〉 − 〈U (z), γ (x) f (x)〉| = |〈z, x〉 − 〈z, U∗(γ (x) f (x))〉|
= |〈z, x − U∗(γ (x) f (x))〉|
= |〈z, γ (x)x − U∗ f (x)〉|
≤ ‖z‖‖γ (x)x − U∗ f (x)‖
≤ 2

√
2‖z‖ε, (2.4)

for all x ∈ H .
We assert that U : H → K is surjective. Suppose, to the contrary, U (H) is a proper closed subspace of K .

By separation theorem, there exists a y ∈ SK such that

〈y, m〉 = 0, for all m ∈ U (H). (2.5)

By the hypothesis of (4), we have

�(y, f (H)) = lim inf|t |→+∞ d(t y, f (H))/|t | < 1/2. (2.6)

Thus, there exist a sequence (tn) ⊂ R with |tn| → +∞ and a sequence {xn}n∈N ⊂ H such that

lim
n

‖tn y − f (xn)‖
|tn| ≡ β < 1/2. (2.7)
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By the definition of f , for every x ∈ H , we have
∣
∣‖ f (x)‖ − ‖x‖∣∣ ≤ ε. (2.8)

From (2.4) and (2.8) it follows that

2
√

2ε ≥
〈

xn

‖xn‖ , xn

〉

−
〈

U

(
xn

‖xn‖
)

, γ (xn) f (xn)

〉

=
〈

xn

‖xn‖ , xn

〉

−
〈

U

(
xn

‖xn‖
)

, γ (xn) f (xn)

〉

+
〈

U

(
xn

‖xn‖
)

, γ (xn) tn y

〉

= ‖xn‖ −
〈

U

(
xn

‖xn‖
)

, γ (xn) f (xn) − γ (xn) tn y

〉

≥ ‖xn‖ − ‖ f (xn) − tn y‖
≥ ‖ f (xn) ‖ − ε − ‖ f (xn) − tn y‖
≥ ‖tn y‖ − 2‖ f (xn) − tn y‖ − ε

= |tn|
(

1 − 2‖ f (xn) − tn y‖
|tn|

)

→ ∞. (2.9)

This contradiction says that U is surjective.
Note that U : H → K is a linear surjective isometry, it is easy to see that U∗ = U−1. According to (2.3),

we have

‖γ (x) f (x) − U (x)‖ ≤ 2
√

2ε, for all x ∈ H. (2.10)

The proof is complete. ��
Corollary 2.3 Suppose that f : H → K is a standard ε-phase isometry. If f satisfies one of (1)-(6) in Theorem
2.2, then there exists a phase function γ : H → {−1, 1} such that γ · f is an 4

√
2ε-isometry.

Proof Due to Theorem 2.2, there exist a linear surjective isometry U : H → K and a phase function γ : H →
{−1, 1} such that

‖γ (x) f (x) − U (x)‖ ≤ 2
√

2ε, for all x ∈ H. (2.11)

It is easy to check that γ · f is an 4
√

2ε-isometry. ��

Acknowledgements The authors are grateful to the referee and the editor for their constructive comments and helpful suggestions.

References

1. L. Cheng, Q. Cheng, K. Tu, J. Zhang, A universal theorem for stability of ε-isometries on Banach spaces, J. Funct. Anal.
269(2015) (1), 199-214.

2. L. Cheng, Y. Dong, W. Zhang, On stability of Nonsurjective ε-isometries of Banach spaces, J. Funct. Anal. 264(2013) (3),
713-734.

3. L. Cheng, Q. Shen, W. Zhang, Y. Zhou, More on stability of almost surjective ε-isometries of Banach spaces. Sci. China Math.
60 (2017) (2), 277-284.

4. S.J. Dilworth, Approximate isometries on finite-dimensional normed spaces, Bull. Lond. Math. Soc. 31(1999), 471-476.
5. G. Chevalier, Wigner’s Theorem and Its Generalizations, In: Handbook of Quantum Logic and Quantum Strutures, Elsevier

Sci. B. V., Amsterdam, 2007,429-475.
6. D.H. Hyers, S. M. Ulam, On approximate isometries, Bull. Amer. Math. Soc.51 (1945), 288-292.
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