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Abstract We propose a new test to detect a change in the conditional mean of Nonparametric AutoRegressive
processes. This test is based on the combining CUSUM and marked empirical processes. Our CUSUM test
requires an estimator of the regression function to make it asymptotically distribution free under the no change
null hypothesis. As a consequence, we obtain convergence of the developed test statistic. We show the asymptotic
consistency of the test when the difference between the regression functions before and after the break is constant.
We illustrate the applicability of our method by the means of Monte–Carlo simulation.
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1 Introduction

Change-point analysis plays an important role in the study of time series. Since [27], it has received much attention
in the literature and become an important field of the statistics, see, for example [17], [6], [2], [26], [19] and the
references therein. Several procedures have been developed for the detection of abrupt change among which the
CUSUM procedure introduced by [4]. Following him, numerous works devoted to this procedure. For example,
we can cite the work of [17]. He used a CUSUM-type procedure for testing change in variance of independent
random variables. Afterward, [21] developed an asymptotic theory for CUSUM-type tests for a change point
in parameters of an ARCH(1) model. Another example is [20] who used this method to determine the abrupt
changes in the parameters of a GARCH(1,1) model. Following him, [25] considered the problem of testing for a
parameter change in GARCH(1,1) models based on the residual CUMSUM test. [24] constructed high moment
partial sum processes based on residuals of a GARCH model and applied their result to change-point problems,
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192 B. C. Kouassi et al.

in particular, CUSUM statistics for testing GARCH model structure change. Instead of the differences for testing
change in the mean of a time series, [15] suggested ratio tests using the CUSUM functionals. Recently, [18]
studied a cumulative sum-type test to detect a change in the unconditional variance of GARCH models. These
procedures are mostly developed in a parametric framework. The alternative nonparametric methods have been
considered by many researchers but in the time series context, literature on tests for nonparametric regression
functions is not enough developed. [9] proposed change-point detection for general nonparametric regression
model. [5] applied a marked empirical process approach to detect change point in independent and identically
distributed setting. [26] proposed a procedure to detect whether the nonparametric conditional mean function
of observations α−dependent is stable in time against change point alternatives. Their proposal is based on a
modified CUSUM type test procedure, which uses a sequential marked empirical process of residuals.

The present work is a new contribution to the problem of test for detection of a single breakpoint in a
nonparametric framework. Our proposal will also combine the CUSUM approach as considered by [26] with
a marked empirical process approach. We will use their Kolmogorov-Smirnov type test statistic, constructed.
Unlike them, we work with τ−dependent processes. [8] has shown that there is at least one τ−dependent process
which is not α−dependent (see Application 1 of [8]). The methods used in the proofs of [26] and those used in
ours are largely different.

In our first result, we generalize a theorem of [23] on the almost sure convergence of the Nadaraya-Watson
estimator of the autoregression function. As for the second theorem, it states the weak convergence of the test
statistic in the absence of a break. Finally, the last result establishes the asymptotic consistency of the detection
test. In this paper, we generalize the work of [16] on AR processes to Nonparametric AutoRegressive (NAR)
processes.

The paper is structured as follows. Section 2 discusses the model and the assumptions. Section 3 contains
the main results and their proof. Section 4 is devoted to a small simulation.

2 The model and assumptions

In this paper, we shall use the followings notations:

∗ Z ′ denotes the transpose of Z ;
∗ ‖z‖ := sup1�i�d |zi |, for any z = (z1, . . . , zd)′ ∈ R

d ;
∗ [a] denotes the greatest integer not exceeding a, a ∈ R;
∗ a ∧ b denotes min(a, b); a, b ∈ R;
∗ I(·) denotes the indicator function.

Let (Xt )t∈Z be a stochastic process satisfying:

Xt = f (Yt ) + ξt , t ∈ Z; (1)

where Xt ∈ R, Yt = (Xt−1, ..., Xt−d)′ ∈ R
d , (ξt )t is a sequence of independent identically distributed random

variables with zero mean and variance σ 2 > 0 and E(ξt | Yi ) = 0, for any t � i . And

f : R
d −→ R, y �−→ E(Xt | Yt = y),

is an unknown measurable function.
We assume that there exists M > 0 doesn’t depend on t such that:

|Xt | � M almost surely (a.s.), t ∈ Z. (2)

The aim of the study is to determine the presence of a possible break in the autoregression function. It is not a
question of studying the behaviour of the model before, during or after the break. We limit ourselves to the study
of the stability of the model. To do this, we provide ourselves with T observations (X1, Y1), · · · , (XT , YT ). We
test the null hypothesis (absence of break):

H0 : E(Xt | Yt = ·) = f (·), t = 1, · · · , T ;
versus the alternative hypothesis (presence of break):

H1 : There exists θ0 ∈]0, 1[ such that E(Xt | Yt = ·) =
{

f (·), t � [θ0T ],
f̃ (·), t � [θ0T ] + 1;
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where f (·) and f̃ (·) are unknown measurable functions don’t depend on t and f (·) 	= f̃ (·).
To perform this test, we will use the Kolmogorov-Smirnov type statistic developed by [26]:

RT := sup
0�θ�1

sup
z∈Rd

∣∣R̂T (θ, z)
∣∣ ,

where

R̂T (θ, z) = 1√
T

[θT ]∑
t=1

{(
Xt − f̂T (Yt )

) d∏
i=1

I(|Xt−i | � cT )

d∏
i=1

I(Xt−i � zi )

}
, (3)

where f̂T (·) is an estimator of f (·) ( f (·) is the regression function under the null hypothesis (absence of break)
) and (ci )i denotes a sequence of nonnegative numbers such that cT /

√
T −→ ∞ as T −→ ∞.

Let x = (x1, · · · , xd)′ ∈ R
d , such that |xi | � M ; M is defined in (2); we estimate f (x) by:

f̂T (x) =
⎧⎨
⎩

∑T
t=1 Kt (x)Xt∑T

t=1 Kt (x)
; if

T∑
t=1

Kt (x) 	= 0

0, else;
(4)

Kt (x) = K
(∥∥∥H−1

T (x − Yt )

∥∥∥), t = 1, ..., T ; K (·) denotes the kernel function and HT is the diagonal matrix

defined by

HT :=

⎛
⎜⎜⎜⎜⎝

h1(T ) 0 · · · 0

0
. . .

. . .
...

...
. . .

. . . 0
0 · · · 0 hd(T )

⎞
⎟⎟⎟⎟⎠

and hi (T ) > 0, 1 � i � d, denotes the marginal bandwidth.
In practice, a large value of RT implies a change of the regression function. At the level α, we reject the null

hypothesis, under which no regression function change is assumed to occur, if RT exceeds the (1 −α)−quantile
of the limiting distribution.

The assumptions needed for the theoretical results.

(A1) : There exists an Orlicz function �(·) such that :

�(uv) � �(u)�(v), for all u, v ∈ R+;

for all y, w ∈ R
d ,

| f (y) − f (w)| �
d∑

j=1

b j |y j − w j |,

where (b j )1� j�d is a sequence of nonnegative real numbers such that
∑d

j=1 b j < 1, | f (0, · · · , 0)|+‖ξ1‖� <

∞ and ‖·‖� denotes the Orlicz norm associated with �(·).
(A2) : The kernel K : [0,+∞[−→ [0,+∞[ is bounded and has compact support. That is, there exists λ > 0 such

that K (υ) = 0 for all υ > λ. There exists two real constants 0 < C1 < C2 < ∞ such that C1 � K (υ) � C2,
υ ∈ [0, λ] and

∫
R

K (ν)dν = 1.
(A3) : There exists i ∈ {1, · · · , T } such that ‖H−1

T (Yi −x)‖ � λ almost surely (a.s.); for 1 � j � d, h j (T ) −→ 0
as T −→ ∞; λ is defined in (A2).

(A4) : For any j, l ∈ {1, · · · , T }, ‖H−1
T (Y j − Yl)‖ � λ a.s., λ is defined in (A2).
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194 B. C. Kouassi et al.

Remark 1 From Assumption (A1), [11] show the existence of a strongly stationary, ergodic and τ−dependent
solution of (1). Assumption (A2) was borrowed from [14] (Assumption B3). The Assumption (A3) means that
we can always find an observation close to x . This means that

f̂T (x) =
∑T

t=1 Kt (x)Xt∑T
t=1 Kt (x)

a.s.

Assumption (A4) reflects the homogeneity of the sample. Together with assumption (A2), it shows that, for any
1 � j � T ,

f̂T (Y j ) =
∑T

t=1 Kt (Y j )Xt∑T
t=1 Kt (Y j )

a.s.

3 Results

The following theorem states the consistency of the estimator of the autoregression function when there is no
break.

Theorem 1 Under (A1) − (A3), under H0 and for T big enough,

| f̂T (x) − f (x)| � λh̃(T ) + o(1) a.s.

where h̃(T ) := sup1�i�d hi (T ).

Proof From Assumption (A3), there exists i ∈ {1, · · · , T } such that

‖H−1
T (Yi − x)‖ � λ a.s.

According to Assumption (A2), there exist i ∈ {1, · · · , T } such that

K
(
‖H−1

T (Yi − x)‖
)

� C1 a.s. (5)

So there exists i ∈ {1, · · · , T } such that Ki (x) > 0 a.s. Therefore, we have

T∑
t=1

Kt (x) 	= 0 a.s.

So, we have

f̂T (x) =
∑T

t=1 Kt (x)Xt∑T
t=1 Kt (x)

a.s.

The proof of Theorem 1 is based on two lemmas, which we present after the decomposition below. From (1) and
(4), we have a.s.:

| f̂T (x) − f (x)| �
∣∣∣∣∣
∑T

t=1 Kt (x)( f (Yt ) − f (x))∑T
t=1 Kt (x)

∣∣∣∣∣+
∣∣∣∣∣
∑T

t=1 Kt (x)ξt∑T
t=1 Kt (x)

∣∣∣∣∣ . (6)

�

Lemma 1 Under (A1) and (A2) and under H0, we have a.s.:∣∣∣∣∣

∑T
t=1 Kt (x)( f (Yt ) − f (x))∑T

t=1 Kt (x)

∣∣∣∣∣ � λh̃(T ),

where h̃(T ) := sup1�i�d hi (T ).
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Proof We have a.s.:

∣∣∣∣∣
∑T

t=1 Kt (x)( f (Yt ) − f (x))∑T
t=1 Kt (x)

∣∣∣∣∣ �
∑T

t=1 Kt (x)| f (Yt ) − f (x)|∑T
t=1 Kt (x)

�
∑T

t=1 Kt (x)
∑d

i=1 bi |Xt−i − xi |∑T
t=1 Kt (x)

(see Assumption(A1))

=
∑T

t=1
∑d

i=1 bi Kt (x)|Xt−i − xi |∑T
t=1 Kt (x)

�
∑T

t=1
∑d

i=1 λbi Kt (x)hi (T )∑T
t=1 Kt (x)

(see Assumption(A2))

� λh̃(T )

∑T
t=1 Kt (x)

∑d
i=1 bi∑T

t=1 Kt (x)

< λh̃(T ) (see Assumption(A1)).

�

Lemma 2 Under (A1) − (A3), under H0 and for T big enough,

∑T
t=1 Kt (x)ξt∑T
t=1 Kt (x)

= o(1) a.s.

Proof We have

∑T
t=1 Kt (x)ξt∑T
t=1 Kt (x)

=
1
T

∑T
t=1 Kt (x)ξt

1
T

∑T
t=1 Kt (x)

. (7)

Since Kt (x) is a measurable transformation of (Xt−1, · · · , Xt−d)′ and (Xt )t is a strongly stationary and ergodic
process (see comments on Hypothesis (A1)) then, for large T , we have a.s.

1

T

T∑
t=1

Kt (x) = E(K1(x)) + o(1) a.s. (8)

From the stationarity of (Xt )t and (5), we have

E(K1(y)) = E(Ki (y)) � C1.

Back to (7), we get for T big enough:

∣∣∣∣∣
∑T

t=1 Kt (x)ξt∑T
t=1 Kt (x)

∣∣∣∣∣ � 1

C1

∣∣∣∣∣
1

T

T∑
t=1

Kt (x)ξt

∣∣∣∣∣+ o(1) a.s. (9)

Now, let’s study the asymptotic behavior of the random variable to the right of the inequality in (9).

∗ Let t ∈ {1, · · · , T }, we have

V ar

(
Kt (x)ξt

)
= E

(
(Kt (x)ξt )

2
)

−
(

E

(
Kt (x)ξt

))2

.
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196 B. C. Kouassi et al.

We have

E

(
(Kt (x)ξt )

2
)

= E

{
E

(
(Kt (x)ξt )

2 | Yt

)}

= E

{(
Kt (x)

)2

E(ξ2
t | Yt )

}

= E

{(
Kt (x)

)2

E(ξ2
t )

}

= E

{(
Kt (x)

)2}
E(ξ2

t )

� C2
2σ 2.

The second equality is true because Kt (y) is a measurable transformation of Yt . The third is due to the
independence of ξt with respect to Yt . The last inequality is due to Assumption (A2). Let m ∈ Z, we have

E

(
Km(x)ξm

)
= E

{
E

(
Km(x))ξm | Ym

)}

= E

{
Km(x)E(ξm | Ym)

}

= E

{
Km(x)E(ξm)

}

= 0, (10)

because E(ξm) = 0.
Therefore, we have

sup
t

V ar

(
Kt (x)ξt

)
� C2

2σ 2 < ∞.

∗ For i < j , we have

Cov

(
Ki (x)ξi , K j (x)ξ j

)
= E

(
Ki (x)ξi K j (x)ξ j

)
− E

(
Ki (x)ξi

)
E

(
K j (x)ξ j

)
.

We have

E

(
Ki (x)ξi K j (x)ξ j

)
= E

{
E

(
Ki (x)ξi K j (x)ξ j | Yi

)}

= E

{
Ki (x)K j (x)E

(
ξiξ j | Yi

)}

= E

{
Ki (x)K j (x)E(ξiξ j )

}

= 0,

because E(ξiξ j ) = 0.

Adding (10), we get

Cov

(
Ki (x)ξi , K j (x)ξ j

)
= 0.
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∗ We have

1

T

T∑
t=1

E(Kt (x)ξt ) = 1

T

T∑
t=1

E

(
E(Kt (x)ξt | Yt )

)

= 1

T

T∑
t=1

E

(
Kt (x)E(ξt | Yt )

)

= 1

T

T∑
t=1

E(Kt (x))E(ξt )

= 0.

According to Proposition 2.7.8. of [28], we have, for T big enough:

1

T

T∑
t=1

Kt (x)ξt −→ 0 a.s. (11)

Back to (9), we get Lemma 2. �

By (6), Lemma 1 and Lemma 2, we get Theorem 1. �


Let

η : R
d −→ [0, 1]; u �−→ P(X−1 � u1, . . . , X−d � ud). (12)

In the absence of a break, the asymptotic distribution of the test statistic is given by the following theorem.

Theorem 2 Under (A1) − (A4), under H0 and for T big enough,

RT
d−→ sup

0�θ�1
sup
z∈Rd

σ |W (η(z) ∧ θ)|.

where
d−→ denotes convergence in distribution and W (η(z) ∧ θ) is a standard Wiener process.

Proof The proof of the theorem will consist in finding the asymptotic distribution of R̂T (θ, z). Then, we will
determine, by the mapping theorem, the asymptotic distribution of RT . From (3), we have:

R̂T (θ, z) = 1√
T

[T θ]∑
t=1

{ (
Xt − f̂T (Yt )

) d∏
i=1

(1 − I(|Xt−i | > cT ))

d∏
i=1

I(Xt−i � zi )

}

= 1√
T

[T θ]∑
t=1

{ (
Xt − f̂T (Yt )

) d∏
i=1

I(Xt−i � zi )

}

− 1√
T

[T θ]∑
t=1

{ (
Xt − f̂T (Yt )

) d∏
i=1

I(|Xt−i | > cT )

d∏
i=1

I(Xt−i � zi )

}
. (13)

�

Lemma 3 Under Assumptions (A1), (A2) and (A4) and for T big enough,

1√
T

[T θ]∑
t=1

{ (
Xt − f̂T (Yt )

) d∏
i=1

I(|Xt−i | > cT )

d∏
i=1

I(Xt−i � zi )

}
= op(1).
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Proof Let ε > 0, we have, by Markov inequality:

P

(
1√
T

[T θ]∑
t=1

∣∣∣∣∣
{ (

Xt − f̂T (Yt )
) d∏

i=1

I(|Xt−i | > cT )

d∏
i=1

I(Xt−i � zi )

}∣∣∣∣∣ > ε

)

� 1√
T ε

[T θ]∑
t=1

E

{ ∣∣Xt − f̂T (Yt )
∣∣ d∏

i=1

I(|Xt−i | > cT )

d∏
i=1

I(Xt−i � zi )

}

� 1√
T ε

T∑
t=1

E

{ ∣∣Xt − f̂T (Yt )
∣∣ d∏

i=1

I(|Xt−i | > cT )

}
. (14)

Let t ∈ {1, · · · , T }, from Assumptions (A2) and (A4), we have a.s.:

∣∣Xt − f̂T (Yt )
∣∣ =

∣∣∣∣∣
∑T

i=1 Ki (Yt )(Xt − Xi )∑T
i=1 Ki (Yt )

∣∣∣∣∣
�
∑T

i=1 Ki (Yt )|Xt − Xi |∑T
i=1 Ki (Yt )

� 2M,

according to (2). So, we get:

E

({ ∣∣Xt − f̂T (Yt )
∣∣ d∏

i=1

I(|Xt−i | > cT )

})
� 2ME

(
d∏

i=1

I(|Xt−i | > cT )

)

� 2ME(I(‖Yt‖ > cT ))

= 2MP(‖Yt‖ > cT )

� 2M
E(‖Yt‖)

cT
(by Markov Inequality)

� 2M2

cT
.

Back to (14), we have:

P

(
1√
T

[T θ]∑
t=1

∣∣∣∣∣
{ (

Xt − f̂T (Yt )
) d∏

i=1

I(|Xt−i | > cT )

d∏
i=1

I(Xt−i � zi )

}∣∣∣∣∣ > ε

)
� 2M2

√
T

cT ε

−→ 0, (15)

for T big enough (see (3) for the definition of cT ). �

Lemma 4 Under Assumptions (A1) − (A4), under H0 and for T big enough,

1

T
R̂T (θ, z) = 1

T 3/2

[T θ]∧[η(z)T ]∑
t=1

ξν(t) + op(1),

where the sequence (ν(i))i is defined on page 13.
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Proof From (13) and Lemma 3, we have for T big enough:

1

T
R̂T (θ, z) = 1

T 3/2

[T θ]∑
t=1

{ (
Xt − f̂T (Yt )

) d∏
i=1

I(Xt−i � zi )

}
+ op

(
1

T

)

= 1

T 3/2

[T θ]∑
t=1

(∑T
i=1 Ki (Yt )(Xt − Xi )∑T

j=1 K j (Yt )

d∏
l=1

I(Xt−l � zl)

)
+ op

(
1

T

)

= 1

T 3/2

[T θ]∑
t=1

(∑T
i=1 Ki (Yt )( f (Yt ) − f (Yi ))∑T

j=1 K j (Yt )

d∏
l=1

I(Xt−l � zl)

)

+ 1

T 3/2

[T θ]∑
t=1

(∑T
i=1 Ki (Yt )(ξt − ξi )∑T

j=1 K j (Yt )

d∏
l=1

I(Xt−l � zl)

)
+ op

(
1

T

)
.

(16)

The last equality is due to (1). On the one hand, according to Assumption (A1), we have a.s.:∣∣∣∣∣
∑T

i=1 Ki (Yt )( f (Yt ) − f (Yi ))∑T
j=1 K j (Yt )

d∏
l=1

I(Xt−l � zl)

∣∣∣∣∣
�
∑T

i=1
∑d

p=1 Ki (Yt )| f (Yt ) − f (Yi )|∑T
j=1 K j (Yt )

�
∑T

i=1
∑d

p=1 bp Ki (Yt )|Xt−p − Xi−p|∑T
j=1 K j (Yt )

�
∑T

i=1
∑d

p=1 λh p(T )bp Ki (Yt )∑T
j=1 K j (Yt )

� λh̃(T )

∑T
i=1

∑d
p=1 bp Ki (Yt )∑T

j=1 K j (Yt )

< λh̃(T ),

where h̃(T ) = sup1�i�d hi (T ).
Therefore, we have a.s., for T big enough:

1

T 3/2

[T θ]∑
t=1

∣∣∣∣∣
∑T

i=1 Ki (Yt )( f (Yt ) − f (Yi ))∑T
j=1 K j (Yt )

d∏
l=1

I(Xt−l � zl)

∣∣∣∣∣ � [T θ ]
T 3/2 λh̃(T )

= o(1). (17)

On the other hand, we have η(z) = P(X−1 � z1, . . . , X−d � zd) (see (12)). Since (Xt )t is strongly stationary
(see Assumption (A1)) so η(z) = P(Xt−1 � z1, . . . , Xt−d � zd). Therefore, [η(z)T ] can be considered as the
approximative number of random variables Yt satisfying Xt−i � zi a.s., 1 � i � d, for T big enough. Let
(ν(i))1�i�[η(z)T ] a sequence of integers such that Yν(1), · · · , Y[η(z)T ] be the [η(z)T ] random variables verifying
Xν(t)−i � zi a.s., 1 � t � [η(z)T ], 1 � i � d, for T big enough. So, for T big enough, we have:

1

T 3/2

[T θ]∑
t=1

(∑T
i=1 Ki (Yt )(ξt − ξi )∑T

j=1 K j (Yt )

d∏
l=1

I(Xt−l � zl)

)
= 1

T 3/2

[T θ]∧[η(z)T ]∑
t=1

∑T
i=1 Ki (Yν(t))(ξν(t) − ξi )∑T

j=1 K j (Yν(t))

= 1

T 3/2

[T θ]∧[η(z)T ]∑
t=1

ξν(t)

− 1

T 3/2

[T θ]∧[η(z)T ]∑
t=1

∑T
i=1 Ki (Yν(t))ξi∑T
j=1 K j (Yν(t))

. (18)
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By (9) and Assumption (A2), we have a.s. for T big enough:
∣∣∣∣∣∣

1

T 3/2

[T θ]∧[η(z)T ]∑
t=1

∑T
i=1 Ki (Yν(t))ξi∑T
j=1 K j (Yν(t))

∣∣∣∣∣∣ � 1

T 3/2

[T θ]∧[η(z)T ]∑
t=1

∑T
i=1 Ki (Yν(t)) |ξi |∑T

j=1 K j (Yν(t))

� 1

T 3/2

[T θ]∧[η(z)T ]∑
t=1

(
C2

T C1

T∑
i=1

|ξi | + o(1)

)

= [T θ ] ∧ [η(z)T ]C2

T 3/2C1

(
1

T

T∑
i=1

|ξi | + o(1)

)
.

By Strong Law of Large Numbers and for T big enough, we have a.s.:

1

T

T∑
i=1

|ξi | −→ E(|ξ1|) < ∞. (19)

So, for T big enough:

1

T 3/2

[T θ]∧[η(z)T ]∑
t=1

∑T
i=1 Ki (Yν(t))ξi∑T
j=1 K j (Yν(t))

= o(1) a.s.

Back to (18), we have a.s., for T big enough:

1

T 3/2

[T θ]∑
t=1

(∑T
i=1 Ki (Yt )(ξt − ξi )∑T

j=1 K j (Yt )

d∏
l=1

I(Xt−l � zl)

)
= 1

T 3/2

[T θ]∧[η(z)T ]∑
t=1

ξν(t) + o(1). (20)

Gathering (16)–(20), we get Lemma 4. �

By Lemma 4, for T big enough, the asymptotic distributions of 1

T R̂T (θ, z) and of 1
T 3/2

∑[T θ]∧[η(z)T ]
t=1 ξν(t) are

the same. Hence R̂T (θ, z) and 1
T 1/2

∑[T θ]∧[η(z)T ]
t=1 ξν(t) have the same asymptotic distribution. Assuming, for T

big enough, [T θ ] ∧ [η(z)T ] = [T (θ ∧ η(z))], we get Theorem 2, applying Donsker’s Theorem (see [10]) to
1

T 1/2

∑[T (θ∧η(z))]
t=1 ξν(t). �


The following theorem establishes the asymptotic consistency of the test:
⎧⎨
⎩

H0 : E(Xt | Yt = ·) = f (·), t = 1, · · · , T ;
H1 : there exists 0 < θ0 < 1 such that E(Xt | Yt = ·) =

{
f (·), t � [θ0T ];
f̃ (·), t � [θ0T ] + 1;

(21)

where

f̃ (y) = f (y) + μ, μ 	= 0,

for any y ∈ R
d .

Remark 2 Under H1, the process loses its (global) stationarity between time 1 and time T . However, from
Assumption (A1), the process remains strictly stationary and ergodic between the instant 1 and the instant [θ0T ]
and also between the instant [θ0T ] + 1 and the instant T ; [θ0T ] denoting the instant of rupture.

Theorem 3 Under (A1) − (A4), under H1, at level α, we have for T big enough,

P (RT > Q1−α) −→ 1,

where Q1−α is the (1 − α)−quantile of sup0�θ�1 supz∈Rd σ |W (η(z) ∧ θ)|.
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Proof The idea of the proof is to show, for T large, that we have

∣∣R̂T (1, M)
∣∣ > Q1−α a.s.,

where M = (M, · · · , M)′, M being defined in (2). We would then obtain Theorem 3 since
∣∣R̂T (1, M)

∣∣ � RT a.s.
To begin with, we have a.s., according to (2) and (3)

R̂T (1, M) = 1√
T

T∑
t=1

(
Xt − f̂T (Yt )

) d∏
i=1

I (|Xt−i | � cT ) .

Following a similar argument to Lemma 3, we obtain, for T large

R̂T (1, M) = 1√
T

T∑
t=1

(
Xt − f̂T (Yt )

)+ op(1)

= 1√
T

[θ0T ]∑
t=1

(
Xt − f̂T (Yt )

)+ 1√
T

T∑
t=[θ0T ]+1

(
Xt − f̂T (Yt )

)+ op(1)

= 1√
T

[θ0T ]∑
t=1

(
Xt − f̂T (Yt )

)+ 1√
T

T∑
t=[θ0T ]+1

(
f̃ (Yt ) − f̂T (Yt )

)

+ 1√
T

T∑
t=[θ0T ]+1

ξt + op(1). (22)

The asymptotic behaviour of R̂T (1, M), for T large will thus be deduced from those of the terms on the right
of the equality in (22). The rest of the demonstration will therefore consist in determining these asymptotic
behaviours, for T large. According to the Weak Law of Large Numbers, we have for T large

1√
T

T∑
t=[θ0T ]+1

ξt = op(
√

T ). (23)

�


Lemma 5 Under (A1) − (A4), under H1, for T big enough

[θ0T ]∑
t=1

(
Xt − f̂T (Yt )

) = μ

[θ0T ]∑
t=1

∑T
i=[θ0T ]+1 Ki (Yt )∑T

i=1 Ki (Yt )
+ o (T ) a.s.

Proof From (A2) and (A4), we have a.s.

1√
T

[θ0T ]∑
t=1

(
Xt − f̂T (Yt )

) = 1√
T

[θ0T ]∑
t=1

∑T
i=1 Ki (Yt )(Xt − Xi )∑T

i=1 Ki (Yt )
.
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Let t ∈ {1, · · · , [θ0T ]}, we have a.s.
∑T

i=1 Ki (Yt )(Xt − Xi )∑T
i=1 Ki (Yt )

=
∑[θ0T ]

i=1 Ki (Yt )(Xt − Xi ) +∑T
i=[θ0T ]+1 Ki (Yt )(Xt − Xi )∑T

i=1 Ki (Yt )

=
∑[θ0T ]

i=1 Ki (Yt )

(
f (Yt ) − f (Yi )

)
∑T

i=1 Ki (Yt )
+
∑T

i=[θ0T ]+1 Ki (Yt )

(
f (Yt ) − f̃ (Yi )

)
∑T

i=1 Ki (Yt )

+
∑T

i=1 Ki (Yt )(ξt − ξi )∑T
i=1 Ki (Yt )

=
∑[θ0T ]

i=1 Ki (Yt )

(
f (Yt ) − f (Yi )

)
∑T

i=1 Ki (Yt )
+
∑T

i=[θ0T ]+1 Ki (Yt )

(
f (Yt ) − f (Yi )

)
∑T

i=1 Ki (Yt )

+μ

∑T
i=[θ0T ]+1 Ki (Yt )∑T

i=1 Ki (Yt )
+
∑T

i=1 Ki (Yt )(ξt − ξi )∑T
i=1 Ki (Yt )

. (24)

The second equality is due to (1) and (21).
Let us now study the asymptotic behaviour of each term to the right of the equality in (24).
From Assumptions (A2) and (A4), we have a.s.

T C1 �
T∑

i=1

Ki (Yt ) � T C2. (25)


 By (25), we have a.s.∣∣∣∣∣∣∣∣
[θ0T ]∑
t=1

∑[θ0T ]
i=1 Ki (Yt )

(
f (Yt ) − f (Yi )

)
∑T

i=1 Ki (Yt )

∣∣∣∣∣∣∣∣
� 1

T C1

[θ0T ]∑
t=1

[θ0T ]∑
i=1

Ki (Yt )

∣∣∣∣ f (Yt ) − f (Yi )

∣∣∣∣.

According to a reasoning similar to the proof of Lemma 1, we have a.s.

[θ0T ]∑
t=1

[θ0T ]∑
i=1

Ki (Yt )| f (Yt ) − f (Yi )| < λh̃(T )

[θ0T ]∑
t=1

[θ0T ]∑
i=1

Ki (Yt )

� λh̃(T )[θ0T ]2C2.

The last line is due to (25).
So, we get, for T big enough

1

T C1

[θ0T ]∑
t=1

[θ0T ]∑
i=1

Ki (Yt )| f (Yt ) − f (Yi )| = o (T ) a.s.

Therefore, we have, for T large∣∣∣∣∣∣∣∣
[θ0T ]∑
t=1

∑[θ0T ]
i=1 Ki (Yt )

(
f (Yt ) − f (Yi )

)
∑T

i=1 Ki (Yt )

∣∣∣∣∣∣∣∣
= o (T ) a.s. (26)


 As in (26), we show, for T large∣∣∣∣∣∣∣∣
[θ0T ]∑
t=1

∑T
i=[θ0T ]+1 Ki (Yt )

(
f (Yt ) − f (Yi )

)
∑T

i=1 Ki (Yt )

∣∣∣∣∣∣∣∣
= o (T ) a.s. (27)
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 We have a.s., for T big enough

[θ0T ]∑
t=1

∑T
i=1 Ki (Yt )(ξt − ξi )∑T

i=1 Ki (Yt )
=

[θ0T ]∑
t=1

1
T

∑T
i=1 Ki (Yt )(ξt − ξi )

1
T

∑T
i=1 Ki (Yt )

=
[θ0T ]∑
t=1

1
T

∑T
i=1 Ki (Yt )(ξt − ξi )

E

(
K1(Yt )

)
+ o(1)

= 1

E

(
K1(Y1)

)
+ o(1)

1

T

[θ0T ]∑
t=1

T∑
i=1

Ki (Yt )(ξt − ξi ).

(28)

The second equality is due to the strong stationarity and ergodicity of (Xt )t (see Kouassi et al. [23]). The last
equality is due to the stationarity of (Xt ). We get a.s.

1

T

[θ0T ]∑
t=1

T∑
i=1

Ki (Yt )(ξt − ξi ) =
[θ0T ]∑
t=1

(
ξt

1

T

T∑
i=1

Ki (Yt ) − 1

T

T∑
i=1

Ki (Yt )ξi

)
. (29)

Let t ∈ {1, · · · , [θ0T ]}, as in (11), we get for T large

1

T

T∑
i=1

Ki (Yt )ξi = o(1) a.s. (30)

Let t ∈ {1, · · · , [θ0T ]}, we have

T∑
i=1

Ki (Yt ) =
[θ0T ]∑
i=1

Ki (Yt ) +
T∑

i=[θ0T ]+1

Ki (Yt ).

According to Assumption (A1), (Xt , 1 � t � [θ0T ]), is strongly stationary and ergodic. Since Ki (Yt ) is a
measurable transformation of (Xt−1, · · · , Xt−d)′ and E(K1(Yt )) < +∞ (see Assumption (A2)), we have for T
big enough

1

[θ0T ]
[θ0T ]∑
i=1

Ki (Yt ) = E(K1(Yt )) + o(1) a.s.

Likewise, we have a.s., for T big enough

1

T − [θ0T ]
T∑

i=[θ0T ]+1

Ki (Yt ) = 1

T − [θ0T ]
T −[θ0T ]∑

i=1

K[θ0T ]+i (Yt ) = E(KT (Yt )) + o(1).

Hence, we have a.s., for T big enough

1

T

T∑
i=1

Ki (Yt ) = 1

T

(
[θ0T ]E(K1(Yt )) + (T − [θ0T ])E(KT (Yt )) + o(T )

)

= θ0E(K1(Yt )) + (1 − θ0)E(KT (Yt )) + o(1). (31)
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By (30) and (31), (29) becomes a.s., for T large

1

T

[θ0T ]∑
t=1

T∑
i=1

Ki (Yt )(ξt − ξi ) =
[θ0T ]∑
t=1

(
ξt

(
θ0E(K1(Yt )) + (1 − θ0)E(KT (Yt ))

)
+ o(1)

)

=
(

θ0E(K1(Y2)) + (1 − θ0)E(KT (Y2))

) [θ0T ]∑
t=1

(ξt + o(1))

=
(

θ0E(K1(Y2)) + (1 − θ0)E(KT (Y2))

)([θ0T ]∑
t=1

ξt + [θ0T ]o(1)

)
.

The second equality is justified by the stationarity of the processes

(
K1(Yt ), 1 � t � [θ0T ]

)
and

(
KT (Yt ), 1 �

t � [θ0T ]
)

. Which results from the measurable transformation of strictly stationary and ergodic processes.

Since, we have a.s., for T big enough

1

[θ0T ]
[θ0T ]∑
t=1

ξt = o(1),

so, we have a.s., for T large

1

T

[θ0T ]∑
t=1

T∑
i=1

Ki (Yt )(ξt − ξi ) = o(T ).

Back to (28), we get for T big enough

[θ0T ]∑
t=1

∑T
i=1 Ki (Yt )(ξt − ξi )∑T

i=1 Ki (Yt )
= o (T ) a.s. (32)

We get Lemma 5, gathering (26), (27) and (32) in (24). �


Lemma 6 Under (A1), (A2) and (A4), under H1, we have for T big enough

T∑
t=[θ0T ]+1

( f̃ (Yt ) − f̂ (Yt )) = μ

T∑
t=[θ0T ]+1

∑[θ0T ]
i=1 Ki (Yt )∑T
i=1 Ki (Yt )

+ o(T ) a.s.

123



On change point detection in regression... 205

Proof Let [θ0T ] � t � T , by Assumptions (A2) and (A4), we have a.s.

f̃ (Yt ) − f̂ (Yt ) =
∑T

i=1 Ki (Yt )

(
f̃ (Yt ) − Xi

)
∑T

i=1 Ki (Yt )

=
∑[θ0T ]

i=1 Ki (Yt )

(
f̃ (Yt ) − Xi

)
∑T

i=1 Ki (Yt )
+
∑T

i=[θ0T ]+1 Ki (Yt )

(
f̃ (Yt ) − Xi

)
∑T

i=1 Ki (Yt )

=
∑[θ0T ]

i=1 Ki (Yt )

(
f̃ (Yt ) − f (Yi )

)
∑T

i=1 Ki (Yt )
−
∑[θ0T ]

i=1 Ki (Yt )ξi∑T
i=1 Ki (Yt )

+
∑T

i=[θ0T ]+1 Ki (Yt )

(
f̃ (Yt ) − f̃ (Yi )

)
∑T

i=1 Ki (Yt )
−
∑T

i=[θ0T ]+1 Ki (Yt )ξi∑T
i=1 Ki (Yt )

=
∑[θ0T ]

i=1 Ki (Yt )

(
f̃ (Yt ) − f (Yt )

)
∑T

i=1 Ki (Yt )
+
∑[θ0T ]

i=1 Ki (Yt )

(
f (Yt ) − f (Yi )

)
∑T

i=1 Ki (Yt )
−
∑[θ0T ]

i=1 Ki (Yt )ξi∑T
i=1 Ki (Yt )

+
∑T

i=[θ0T ]+1 Ki (Yt )

(
f̃ (Yt ) − f̃ (Yi )

)
∑T

i=1 Ki (Yt )
−
∑T

i=[θ0T ]+1 Ki (Yt )ξi∑T
i=1 Ki (Yt )

= μ

∑[θ0T ]
i=1 Ki (Yt )∑T
i=1 Ki (Yt )

+
∑[θ0T ]

i=1 Ki (Yt )

(
f (Yt ) − f (Yi )

)
∑T

i=1 Ki (Yt )
−
∑[θ0T ]

i=1 Ki (Yt )ξi∑T
i=1 Ki (Yt )

+
∑T

i=[θ0T ]+1 Ki (Yt )

(
f̃ (Yt ) − f̃ (Yi )

)
∑T

i=1 Ki (Yt )
−
∑T

i=[θ0T ]+1 Ki (Yt )ξi∑T
i=1 Ki (Yt )

. (33)

The fourth equality is due to (21).
Now we study, for T large, the asymptotic behaviour of terms to the right of equality in (33).
By Assumptions (A1) and (A2), we have a.s.

∣∣∣∣∣∣∣∣

∑[θ0T ]
i=1 Ki (Yt )

(
f (Yt ) − f (Yi )

)
∑T

i=1 Ki (Yt )

∣∣∣∣∣∣∣∣
� 1

C1

∣∣∣∣∣
1

T

[θ0T ]∑
i=1

Ki (Yt )

(
f (Yt ) − f (Yi )

)∣∣∣∣∣

<
λh̃(T )

C1

1

T

[θ0T ]∑
i=1

Ki (Yt )

� λh̃(T )

C1

[θ0T ]
T

C2

= o(1),

for T big enough.
The second line is due to a reasoning similar to Lemma 1. And the third is due to Assumption (A2).
Therefore, we have a.s., for T big enough

∑[θ0T ]
i=1 Ki (Yt )

(
f (Yt ) − f (Yi )

)
∑T

i=1 Ki (Yt )
= o(1).

123



206 B. C. Kouassi et al.

Similarly, we show, for T large

∑T
i=[θ0T ]+1 Ki (Yt )

(
f̃ (Yt ) − f̃ (Yi )

)
∑T

i=1 Ki (Yt )
= o(1) a.s.

Furthermore, we have a.s.

∣∣∣∣∣
∑[θ0T ]

i=1 Ki (Yt )ξi∑T
i=1 Ki (Yt )

∣∣∣∣∣ � 1

C1

∣∣∣∣∣
1

T

[θ0T ]∑
i=1

Ki (Yt )ξi

∣∣∣∣∣ .
A similar reasoning to (11), leads to

1

T

[θ0T ]∑
i=1

Ki (Yt )ξi = o(1) a.s.,

for T big enough.
So, for T big enough, we have

∑[θ0T ]
i=1 Ki (Yt )ξi∑T

i=1 Ki (Yt )
= o(1) a.s.,

Similarly, we obtain, for T large
∑T

i=[θ0T ]+1 Ki (Yt )ξi∑T
i=1 Ki (Yt )

= o(1) a.s.

Back to (33), we get Lemma 6. �

According to (23), Lemma 5 and Lemma 6, (22) becomes, for T large

R̂T (1, M) = μ√
T

⎛
⎝[θ0T ]∑

t=1

∑T
i=[θ0T ]+1 Ki (Yt )∑T

i=1 Ki (Yt )
+

T∑
t=[θ0T ]+1

∑[θ0T ]
i=1 Ki (Yt )∑T
i=1 Ki (Yt )

+ op

(√
T
)⎞⎠

= √
T

⎛
⎝μ

T

⎛
⎝[θ0T ]∑

t=1

∑T
i=[θ0T ]+1 Ki (Yt )∑T

i=1 Ki (Yt )
+

T∑
t=[θ0T ]+1

∑[θ0T ]
i=1 Ki (Yt )∑T
i=1 Ki (Yt )

⎞
⎠+ op (1)

⎞
⎠ .

According to (25), we have a.s.⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(
T −[θ0T ]

)
C1

T C2
�

∑T
i=[θ0T ]+1 Ki (Yt )∑T

i=1 Ki (Yt )
�

(
T −[θ0T ]

)
C2

T C1
.

[θ0T ]C1
T C2

�
∑[θ0T ]

i=1 Ki (Yt )∑T
i=1 Ki (Yt )

� [θ0T ]C2
T C1

.

Therefore, we get a.s.

2

(
T − [θ0T ]

)
[θ0T ]C1

T C2
�

[θ0T ]∑
t=1

∑T
i=[θ0T ]+1 Ki (Yt )∑T

i=1 Ki (Yt )
+

T∑
t=[θ0T ]+1

∑[θ0T ]
i=1 Ki (Yt )∑T
i=1 Ki (Yt )

.

So, we have a.s., for T big enough

√
T

⎛
⎜⎜⎝ |μ|

T

2

(
T − [θ0T ]

)
[θ0T ]C1

T C2
+ op(1)

⎞
⎟⎟⎠ �

∣∣R̂T (1, M)
∣∣ .
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Fig. 1 1,000 observations of Xt with change in the regression function at t = 200

Table 1 Empirical behavior of the test statistic RT . Data are generated according to (34)

Q(90%) Q(95%) T RT (0.2) RT (0.5) RT (0.8) RT (1)

100 6.6030 3.9462 1.7850 0.2655
0.3420 0.3748 200 9.5469 5.9421 2.3765 0.2448

300 12.0785 7.4778 3.0951 0.3336

Hence, for T big enough, we have

|R̂T (1, M)| > Q1−α a.s.

�


4 Simulation study

The aim of this section is to illustrate the detection method developed in this paper. For this purpose, we generate
a sample model of size T from the R software:

Xt = f (Xt−1) + ξt , t = 1, · · · , T ; (34)

where (ξt )1�t�T is a sequence of independent identically uniformly distributed on [−0.3, 0.3]; Xi = 0, i � 0
and:

f (Xt−1) =
{−0, 9Xt−1, t � [θ0T ]

−0, 9Xt−1 + 1, t � [θ0T ] + 1;
where θ0 ∈ {0.2, 0.5, 0.8, 1}.

We choose the uniform kernel on [0, 1]; for the bandwidth, we choose hT = T −1/6.

From this model, we define several scenarios. Each scenario is defined by the rupture time [θ0T ], θ0 ∈
{0.2, 0.5, 0.8, 1}. The scenario θ0 = 1 corresponds to the absence of rupture. The results of the tests carried out
according to the scenarios are contained in Table 1. In this table, Q(1 − α) corresponds to the (1 − α)−quantile
of the law sup0�θ�1 sup|z|�1

√
0.03|W (η(z) ∧ θ)|, α ∈ {5%; 10%} and RT (θ0) corresponds to the value of the

test statistic when the breakpoint is [θ0T ], θ0 ∈ {0.2, 0.5, 0.8, 1}.
In Table 1, we see that, for large values of T , RT (1) < Q(1 − α) < RT (θ); for α ∈ {5%; 10%} and

θ ∈ {0.2, 0.5, 0.8}. In other words, for large sample sizes, the (1 − α)−quantile of the empirical law is smaller
than the value of the test statistic in the presence of a break. And it is larger in the absence of a break.

Now, we assess empirical level and power of the test, we use the same scenarios as before. The Tables 2 and
3 indicate the proportion of the number of rejections of the null hypothesis out of 100 repetitions for the tests
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Table 2 Proportion of rejection of hypothesis H0 during the test of detection of break of model 34 at threshold 5%

T θ0
0.2 0.5 0.8 1

300 1.00 1.00 1.00 0.11
500 1.00 1.00 1.00 0.08
1000 1.00 1.00 1.00 0.06

Table 3 Proportion of rejection of hypothesis H0 during the test of detection of break of model 34 at threshold 10%

T θ0
0.2 0.5 0.8 1

300 1.00 1.00 1.00 0.17
500 1.00 1.00 1.00 0.13
1000 1.00 1.00 1.00 0.11

performed at threshold 5% and 10% respectively. In these tables, the column θ0 = 1 denotes empirical level. The
remaining columns θ0, θ0 ∈ {0.2, 0.5, 0.8} represent the empirical power when the test is performed on samples
with a break at time [θ0T ], θ0 ∈ {0.2, 0.5, 0.8}.

According to the Tables 2 and 3, the percentage of rejection of null hypothesis increases with sample size.
This percentage is 100, for a large sample size with a break. In the absence of a break, this percentage is close
to the test threshold.
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