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Abstract Let c+
0 be the positive cone of c0 , i.e., c+

0 = {x = (xn)
∞
n=1 ∈ c0 : xn ≥ 0, for all n ∈ N}. A map

f : c+
0 → c+

0 is called a phase-isometry provided

{‖ f (x)+ f (y)‖, ‖ f (x)− f (y)‖} = {‖x + y‖, ‖x − y‖}
for all x, y ∈ c+

0 . In this paper, we prove that every phase-isometry f : c+
0 → c+

0 is actually an isometry. And
there exists a bounded linear operator T : span f (c+

0 ) → c0 with ‖T ‖ = 1 such that

T f = I dc+
0
.

Furthermore, if f is almost surjective, then f is an additive isometry as the restriction of a surjective linear
isometry from c0 onto itself.

Keywords Phase-isometries · Linear isometries · Banach space · Wigner’s theorem

Mathematics Subject Classification Primary 46B04 · 46B20

1 Introduction

Let X and Y be real Banach spaces, A and B be subsets of X and Y , respectively. A map f : A → B is called a
phase-isometry provided

{‖ f (x)+ f (y)‖, ‖ f (x)− f (y)‖} = {‖x + y‖, ‖x − y‖}, (x, y ∈ A) (1.1)
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On phase-isometries between positive cones 211

and an isometry provided

‖ f (x)− f (y)‖ = ‖x − y‖, (x, y ∈ A).

Suppose that 0 ∈ A and 0 ∈ B, the map f is called standard if f (0) = 0. Obviously, phase-isometry f is standard.
We say that two maps f , g : A → B are phase-equivalent if there exists a phase function σ : A → {−1, 1} such
that f = σ · g. In general, a phase-isometry does not coincide with an isometry. For example, let f : R → R be
defined by f (x) = |x | for all x ∈ R. Then f is a phase-isometry which is not an isometry. Let f : R → �2∞ be
defined by f (x) = (x, |x |) for all x ∈ R, then f is a standard isometry which is not a phase-isometry.

The famous Mazur–Ulam theorem [21], which states that every isometry from a Banach space X onto a
Banach space Y is necessarily affine, was the starting point of studying various properties of isometries. The
preceding example f : R → �2∞ defined by f (x) = (x, |x |) for all x ∈ R which is a non-linear isometry shows
that the surjectivity assumption is essential in general. But it can not be dropped if the target space is strictly
convex [2]. For non-surjective isometries, Figiel [12] extended Mazur–Ulam theorem by showing the following
celebrated result.

Theorem 1.1 (Figiel) Suppose that f : X → Y is a standard isometry, then there exists a bounded linear
operator T : span f (X) → X with ‖T ‖ = 1 such that

T f = I dX .

Making use of the Figiel’s theorem, Godefroy and Kalton [13] resolved a long-standing open problem whether
the existence of an isometry implies the existence of a linear isometry between Banach spaces. For the isometries
restrained on subset of a Banach space, Mankiewicz [19] presented a local version of the Mazur–Ulam’s theorem
by showing that if both A ⊂ X and B ⊂ Y are either two connected open sets or two closed convex bodies,
then every onto isometry from A to B is the restriction of an affine onto isometry between X and Y . Recently,
Sun [24] further proved that every standard δ-surjective isometry between the positive cones of c0 is an additive
isometry, which can be regarded as a refinement of Mankiewicz’s theorem in convex subsets without interior
point. For more information and background on isometries and linear isometries of Banach space, we refer to
[5,6,8–11] and references therein.

In another direction, the study of phase-isometries between normed spaces has also attracted mathematicians’
attention. The classical Wigner’s theorem concerns transformations of the set of pure states preserving the
transition probability. Since it describes symmetries of quantum mechanical system, it plays an fundamental role
in quantum mechanics[7]. There are many equivalent forms of Wigner’s theorem, one of these is reformulated
as follows: Let (H1(·, ·)) and (H2(·, ·)) be two real or complex inner product spaces and let f : H1 → H2 be a
map. Then f satisfies

|( f (x), f (y))| = |(x, y)|, for all x, y ∈ H1, (1.2)

if and only if f is phase equivalent to a linear or an anti-linear isometry, that is, there exists a phase function σ
which takes values in modulus one scalars such that σ · F is a linear isometry or a conjugate linear isometry.
When H1 and H2 are real, it is easy to check that (1.2) implies (1.1). According to polarization identity, Maksa
and Páles [20] showed that (1.1) implies (1.2). Thus, by Wigner’s theorem, every phase-isometry between two
real inner product spaces is phase equivalent to a real linear isometry. For real normed spaces X and Y , it is easy to
see that if f : X → Y is phase equivalent to a linear isometry, then f is a phase-isometry. So it is natural to ask if
the converse is true, i.e., under what condition a phase isometry between X and Y is phase equivalent to a linear
isometry (see [15,26]). Recently, Ilišević, Omladič and Turnšek [15] presented a Mazur–Ulam type theorem
by showing that every surjective phase-isometry between X and Y is phase equivalent to a linear surjective
isometry. The surjectivity hypothesis is also essential in general. For example, let f : R → �2∞ be defined by
f (x) = (x, sin x) for all x ∈ R, then f is a phase-isometry, but it is not phase equivalent to any linear isometry.
Ilišević and Turnšek [16] showed that the surjectivity hypothesis can be dropped if the target space is strictly
convex. For more background on this topic, we refer to [14,18,27] and references therein.

In light of Figiel’s theorem, the connection between non-surjective phase-isometries and isometries (not
necessarily linear) has brought our great attention. The following fundamental question on this topic deserves
consideration.

Problem 1.2 Let X and Y be two real Banach space, A and B be subsets of X and Y , respectively. Is every
phase-isometry between X and Y necessarily phase equivalent to an isometry? And is every phase-isometry
between A and B necessarily phase equivalent to an isometry?
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212 L. Sun et al.

Note that c0 is one of most important Banach spaces among all non-reflexive Banach spaces, and there is an
extensive literature for the study of various properties of Banach space related to c0 (see, for instance[1,3,11,13,
17,25]). In the present paper, we investigate the Problem 1.2 by considering the particular case that both of A and
B are the positive cone of c0. We prove that every phase-isometry f : c+

0 → c+
0 is actually an isometry. This gives

partially affirmative answer to Problem 1.2. And there exists a bounded linear operator T : span f (c+
0 ) → c0

with ‖T ‖ = 1 such that

T f = I dc+
0
.

If f is almost surjective, then f is an additive isometry as the restriction of a surjective linear isometry from c0
onto itself.

All symbols and notations in this paper are standard. We use X to denote a real Banach space and X∗ its dual.

BX (resp. SX ) stands for the closed unit ball (resp. the unit sphere) of X . For a subset A ⊂ X (X∗), A, (A
w∗

) and
co(A) present the closure (the w∗-closure), and the convex hull of A, respectively.

2 Main results

Let c+
0 be the positive cone of c0 , i.e., c+

0 = {x = (xn)
∞
n=1 ∈ c0 : xn ≥ 0, for all n ∈ N}. Note that c+

0 is a
closed convex set closed under multiplication by non-negative scalars, and it is reproducing, i.e., c0 = c+

0 − c+
0 .

In this section, we investigate the properties of phase-isometries between the positive cones of c0.
Let {en}∞n=1 be the canonical basis of c0 with the standard biorthogonal functionals {e∗

n}∞n=1 ⊂ �1. Note that
{e∗

n}∞n=1 is the canonical basis of �1 and {±e∗
n}∞n=1 are the extreme points of B�1 .

Lemma 2.1 Suppose that f : c+
0 → c+

0 is a phase-isometry. Then for every e∗
n ∈ �+1 , there exists φ ∈ �+1 with

‖φ‖ = 1 such that
〈e∗

n, x〉 = 〈φ, f (x)〉 for all x ∈ c+
0 . (2.1)

Proof We first show that if f : R
+ → c+

0 is a phase-isometry, then there exists φ ∈ S�1 ∩ �+1 such that

〈φ, f (t)〉 = t, for all t ∈ R
+. (2.2)

Since f is a phase-isometry, for every t ∈ R
+, by (1.1), we have

{‖F(t)+ F(t)‖, ‖F(t)− F(t)‖} = {t + t, t − t}.
This implies that ‖ f (t)‖ = t , i.e., f is norm-preserving. For every k ∈ N, we can pick φk ∈ {e∗

n}∞n=1 ⊂ �+1 such
that 〈φk, f (k)〉 = ‖ f (k)‖ = k. Therefore, for every t ∈ [0, k], we have

2k = 〈φk, f (k)− F(t)〉 + 〈φk, f (k)+ f (t)〉
≤ ‖ f (k)− F(t)‖ + ‖ f (k)+ f (t)‖
= (k − t)+ (k + t) = 2k.

Then

{〈φk, f (k)− f (t)〉, 〈φk, f (k)+ f (t)〉}
= {‖ f (k)− f (t)‖, ‖ f (k)+ f (t)‖}
= {k − t, k + t}.

This implies that 〈φk, f (t)〉 = ±t . Note that f (t) ∈ c+
0 , we have 〈φk, f (t)〉 = t for all t ∈ [0, k]. Since B�1 ∩�+1

is w∗-compact, there is a w∗-cluster point φ of {φk} in it. Therefore,

〈φ, f (t)〉 = t, for all t ∈ R
+. (2.3)

Clearly, ‖φ‖ = 1.
Now we assume that f : c+

0 → c+
0 is a phase-isometry. Note that for any fixed n ∈ N, the norm ‖ · ‖ of c0 is

Gâteaux differentiable at en with e∗
n = d‖en‖, i.e.,

lim
t→+∞(‖ten + x‖ − t‖en‖) = lim

t→0+(‖en + t x‖ − ‖en‖)/t = 〈e∗
n, x〉, ∀ x ∈ c0.
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On phase-isometries between positive cones 213

Let g : R
+ → c+

0 be defined by g(t) = f (ten) for all t ∈ R
+. Then g is a phase-isometry. Due to the above

argument, there exists φ ∈ S�1 ∩ �+1 such that

〈φ, f (ten)〉 = 〈φ, g(t)〉 = t, for all t ∈ R
+. (2.4)

Since f is a phase-isometry, for all t > 0 and x ∈ c+
0 , we have

{‖ f (ten)+ f (x)‖, ‖ f (ten)− f (x)‖} = {‖ten + x‖, ‖ten − x‖}. (2.5)

For every x ∈ c+
0 , the set (0,+∞) can be divided into two parts:

A1 := {t > 0 : ‖ f (ten)± f (x)‖ = ‖ten ± x‖, 〈φ, f (ten)〉 = t};
A2 := {t > 0 : ‖ f (ten)± f (x)‖ = ‖ten ∓ x‖, 〈φ, f (ten)〉 = t}.

Obviously, either A1 or A2 is unbounded.
Case 1. Suppose that A1 is unbounded. For t ∈ A1, we get

‖ten + x‖ − t = ‖ f (ten)+ f (x)‖ − t ≥ 〈φ, f (ten)+ f (x)〉 − t = 〈φ, f (x)〉,
‖ten − x‖ − t = ‖ f (ten)− f (x)‖ − t ≥ 〈φ, f (ten)− f (x)〉 − t = −〈φ, f (x)〉.

By sending t to infinity, we have
〈e∗

n, x〉 = 〈φ, f (x)〉. (2.6)

Case 2. Suppose that A2 is unbounded. For t ∈ A2, we get

‖ten + x‖ − t = ‖ f (ten)− f (x)‖ − t ≥ 〈φ, f (ten)− f (x)〉 − t = −〈φ, f (x)〉,
‖ten − x‖ − t = ‖ f (ten)+ f (x)‖ − t ≥ 〈φ, f (ten)+ f (x)〉 − t = 〈φ, f (x)〉.

By sending t to infinity, we get
〈e∗

n, x〉 = −〈φ, f (x)〉. (2.7)

Since x and f (x) are in c+
0 , e∗

n and φ are in �+1 , (2.7) implies that

〈e∗
n, x〉 = 〈φ, f (x)〉 = 0.

Consequently,
〈e∗

n, x〉 = 〈φ, f (x)〉, for all x ∈ c+
0 . (2.8)

The proof is complete. ��
According to Lemma 2.1, we show that every phase-isometry f : c+

0 → c+
0 is a standard isometry. But the

converse is not true.

Theorem 2.2 Suppose that f : c+
0 → c+

0 is a phase-isometry, then f is a standard isometry.

Proof By the definition of f , for x, y ∈ c+
0 , we have

{‖ f (x)+ f (y)‖, ‖ f (x)− f (y)‖} = {‖x + y‖, ‖x − y‖}. (2.9)

Obviously, f (0) = 0 and f is standard. In what follows, we show f is an isometry. For x, y ∈ c+
0 , we can

choose x∗
1 , x∗

2 ∈ {e∗
n}∞n=1 ⊂ �+1 such that

〈x∗
1 , x + y〉 = ‖x + y‖ and |〈x∗

2 , x − y〉| = ‖x − y‖.
By Lemma 2.1, there exist φ1, φ2 ∈ S�1 ∩ �+1 such that

〈x∗
1 , x〉 = 〈φ1, f (x)〉 and 〈x∗

2 , x〉 = 〈φ2, f (x)〉, (2.10)

for all x ∈ c+
0 . Therefore, we have

‖x + y‖ = 〈x∗
1 , x + y〉 = 〈φ1, f (x)+ f (y)〉 ≤ ‖ f (x)+ f (y)‖, (2.11)

and
‖x − y‖ = |〈x∗

2 , x − y〉| = |〈φ2, f (x)− f (y)〉| ≤ ‖ f (x)− f (y)‖. (2.12)
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214 L. Sun et al.

Case 1. If ‖ f (x)+ f (y)‖ = ‖x + y‖ and ‖ f (x)− f (y)‖ = ‖x − y‖, then there is nothing needs to prove.
Case 2. If ‖ f (x)+ f (y)‖ = ‖x − y‖ and ‖ f (x)− f (y)‖ = ‖x + y‖, then we will prove that ‖ f (x)− f (y)‖ =

‖x − y‖. (2.11) and (2.12) together imply that

‖x + y‖ ≤ ‖ f (x)+ f (y)‖ = ‖x − y‖ ≤ ‖ f (x)− f (y)‖ = ‖x + y‖. (2.13)

Consequently, ‖ f (x)− f (y)‖ = ‖x − y‖. The proof is complete. ��
Although every phase-isometry f : c+

0 → c+
0 is an isometry, the following example shows that the converse

is not true in general.

Example 2.3 Let f : c+
0 → c+

0 be defined by f (x) = (‖x‖, x1, x2, · · · ) for x = (xn)
∞
n=1 ∈ c+

0 . Then f is a
standard isometry, but it is not a phase-isometry.

The following result can be regarded as an extension of Figiel’s theorem on the c+
0 .

Theorem 2.4 Suppose that f : c+
0 → c+

0 is a phase-isometry. Then there exists a bounded linear operator
T : L( f ) ≡ span f (c+

0 ) → c0 with ‖T ‖ = 1 such that

T f (x) = x, for all x ∈ c+
0 . (2.14)

Proof Suppose that f : c+
0 → c+

0 is a phase-isometry. For every n ∈ N, due to Lemma 2.1, there exists φn ∈ �+1
with ‖φn‖ = ‖e∗

n‖ = 1 such that
〈e∗

n, x〉 = 〈φn, f (x)〉, for all x ∈ c+
0 . (2.15)

Let L( f ) ≡ span f (c+
0 ), then f : c+

0 → L( f ) is also a phase-isometry. Let φn = φn|L( f ), then φn ∈ L( f )∗
satisfies

〈e∗
n, x〉 = 〈φn, f (x)〉, for all x ∈ c+

0 . (2.16)

Clearly, ‖φn‖ = 1. Note that {e∗
n} is aw∗-null sequence in �1, (2.16) deduces that {φn} is also aw∗-null sequence

in L( f )∗. For every y ∈ L( f ), put

T (y) ≡
∞∑

n=1

〈φn, y〉en ∈ c0. (2.17)

Then T : L( f ) → c0 is a bounded linear operator with ‖T ‖ ≤ 1. Clearly, T f (x) = x for all x ∈ c+
0 . This

implies that ‖T ‖ = 1, and the proof is complete. ��
In what follows, we investigate the conditions which can guarantee that the phase-isometry f : c+

0 → c+
0 is

an additive isometry. We also need the following lemma.

Lemma 2.5 Let f : c+
0 → c+

0 be a phase-isometry. Then for every x∗ ∈ �1 there exists φ ∈ �1 with ‖x∗‖ =
‖φ‖ = γ such that

〈x∗, x〉 = 〈φ, f (x)〉 for all x ∈ c+
0 . (2.18)

Proof Let {en}∞n=1 be the canonical basis of c0, and {e∗
n}∞n=1 be the canonical basis of �1. For every n ∈ N, by

Lemma 2.1, we can choose φ ∈ S�1 with non-negative such that

〈−e∗
n, x〉 = 〈−φ, f (x)〉 for all x ∈ c+

0 . (2.19)

Note that {±e∗
n}∞n=1 are the extreme points of B�1 and B�1 is the convex hull of {±e∗

n}∞n=1. For x∗ ∈ S�1 , there
exists a sequence (x∗

k )
∞
k=1 ⊂ co{±e∗

n} of the form: for each k, there exist three finite sets Jk , (λk j ) j∈Jk ⊂ R
+

with
∑

j∈Jk
λk j = 1, and (x∗

k j ) j∈Jk ⊂ {±e∗
n} such that

x∗
k =

∑

j∈Jk

λk j x∗
k j → x∗, in the norm topology of �1. (2.20)

According to (2.1) and (2.19), for every x∗
k j ∈ {±e∗

n}, there exists φk j ∈ S�1 such that

〈x∗
k j , x〉 = 〈φk j , f (x)〉 for all x ∈ c+

0 . (2.21)
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On phase-isometries between positive cones 215

Let φk = ∑
j∈Jk

λk jφk j ∈ B�1 , then

〈x∗
k , x〉 − 〈φk, f (x)〉 =

〈
∑

j∈Jk

λk j x∗
k j , x

〉
−

〈
∑

j∈Jk

λk jφk j , f (x)

〉

=
∑

j∈Jk

λk j (〈x∗
k j , x〉 − 〈φk j , f (x)〉)

= 0, (2.22)

for all x ∈ c+
0 . By the w∗-compactness of B�1 , there is a w∗-cluster point φ of {φk} in it. By (2.22), we obtain

〈x∗, x〉 = 〈φ, f (x)〉. (2.23)

Clearly, ‖φ‖ ≤ 1. Note that the positive cone of c0 is reproducing, i.e., c+
0 − c+

0 = c0. For every x ∈ c0,
let u(n) = max{x(n), 0} and v(n) = max{−x(n), 0}, then u, v ∈ c+

0 with x = u − v. Pick xn ∈ Sc0 with
xn = un − vn ∈ c+

0 − c+
0 such that 1 = ‖x∗‖ = lim

n
〈x∗, xn〉. By substituting un and vn for x in (2.23),

respectively, we get
〈x∗, un − vn〉 = 〈φ, f (un)− f (vn)〉, for all n ∈ N. (2.24)

By Theorem 2.2, f is an isometry. Thus, we have

‖φ‖ ≥ lim
n

〈φ, f (un)− f (vn)〉 = 1. (2.25)

Consequently, ‖φ‖ = 1. (2.18) follows from the homogeneity of (2.23) and the proof is complete. ��
The following notations are used in the study of Hyers-Ulam stability of perturbed isometries, see [4,22,23].

Let (M1, d1) and (M2, d2) be two metric spaces and δ be a nonnegative real number. A map f : M1 → M2 is
called δ-surjective, if for every y ∈ M2 there is x ∈ M1 with d2(y, f (x)) ≤ δ. A subset N in a metric space
(M, d) is called a sublinear growth net in metric d provided for any fixed w0 ∈ M ,

lim
d(w,w0)→∞

d(w, N )

d(w,w0)
= 0.

Theorem 2.6 Let f : c+
0 → c+

0 be a phase-isometry, then the following statements are equivalent:

(1) f is a surjective additive isometry, and hence the restriction of a linear surjective isometry U : c0 → c0,
(2) f is δ-surjective for some δ ≥ 0,
(3) f (c+

0 )) contains a sublinear growth net of c+
0 .

Proof It is trivial that (1) ⇒ (2) ⇒ (3).
(3) ⇒ (1) For every x∗ ∈ �1, let

Q(x∗) = {φ ∈ �1 satisfies (2.18)}. (2.26)

By Lemma 2.5, Q : �1 → 2�1 is a nonempty set-valued mapping. We first show that Q is single-valued. Let φ1,
φ2 ∈ Q(x∗). By (2.18), we get

〈φ1, f (x) = 〈φ2, f (x)〉 for all x ∈ c+
0 . (2.27)

By the hypothesis, for every x ∈ Sc+
0

, there exists a sequence {xn}n∈N ⊂ c+
0 such that

lim
n

‖nx − f (xn)‖
n

= 0. (2.28)

This implies that x = lim
n

f (xn)
n . It follows from (2.27) that 〈φ1, x〉 = 〈φ2, x〉. The linearity of φ1 and φ2 deduces

that φ1 = φ2 on c+
0 . Note that c+

0 is the reproducing cone of c0, we have φ1 = φ2 on c0. This implies that Q(x∗)
is singleton, and Q : �1 → �1 is well-defined.

Next, we show that Q is a w∗-w∗ continuous linear surjective isometry. For x∗
1 , x∗

2 ∈ �1, by (2.18) again, we
have

〈x∗
1 + x∗

2 , x〉 = 〈Q(x∗
1 )+ Q(x∗

2 ), f (x)〉, for all x ∈ c+
0 ; (2.29)
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216 L. Sun et al.

and
〈x∗

1 + x∗
2 , x〉 = 〈Q(x∗

1 + x∗
2 ), f (x)〉, for all x ∈ c+

0 . (2.30)

This implies that
〈Q(x∗

1 )+ Q(x∗
2 ), f (x)〉 = 〈Q(x∗

1 + x∗
2 ), f (x)〉, for all x ∈ c+

0 . (2.31)

By the same argument as above, we obtain Q(x∗
1 + x∗

2 ) = Q(x∗
1 )+ Q(x∗

2 ). This implies that Q is additive. The
homogeneity of Q follows from (2.18). Thus, Q is a linear isometry. In the sequel, we show that Q is w∗-w∗
continuous (hence, it is a conjugate operator). In view of the Krein-Smulian theorem, it suffices to show that Q
is w∗-w∗ continuous on the unit ball B�1 of �1. Since c0 is separable, B�1 is metrizable. Let ρ be the metric on
B�1 that induces the w∗-topology on B�1 . Let (x∗

k ) ⊂ B�1 be a sequence ρ-converging to x∗ ∈ �1. By (2.18), we
have

〈x∗
k , x〉 = 〈Q(x∗

k ), f (x)〉, for all x ∈ c+
0 . (2.32)

By the compactness of (B�1, ρ), there is at least a sequential ρ-cluster point φ of (Q(x∗
k )) in B�1 . Thus

〈x∗, x〉 = 〈φ, f (x)〉, for all x ∈ c+
0 . (2.33)

By the same argument as above, we have φ = Q(x∗) and Q(x∗) = ρ − lim
k

Q(x∗
k ) = w∗ − lim

k
Q(x∗

k ).

We assert that Q is surjective. Suppose to the contrary, Q(�1) is a proper w∗-closed subspace of �1. By
separation theorem, there exist ψ ∈ S�1\Q(�1) and x = x1 − x2 ∈ c+

0 − c+
0 = c0 with ‖x‖ = 1 such that

〈ψ, x〉 > 0, and 〈φ, x〉 = 0 for all φ ∈ Q(�1). (2.34)

By the hypothesis, there exist two sequences {un}∞n=1 ⊂ c+
0 and {vn}∞n=1 ⊂ c+

0 such that

lim
n

‖nx1 − f (un)‖
n

= 0, (2.35)

and

lim
n

‖nx2 − f (vn)‖
n

= 0. (2.36)

Pick x∗
n ∈ S�1 such that 〈x∗

n , un − vn〉 = ‖un − vn‖. Let φn = Q(x∗
n ), then we have

0 = 〈x∗
n , un − vn〉 − 〈φn, f (un)− f (vn)〉

= 〈x∗
n , un − vn〉 − 〈φn, f (un)− f (vn)〉 + 〈φn, nx〉

= ‖un − vn‖ − 〈φn, ( f (un)− f (vn))− nx〉
≥ ‖ f (un)− f (vn)‖ − ‖( f (un)− f (vn))− n(x1 − x2)‖
≥ ‖n(x1 − x2)‖ − 2‖( f (un)− f (vn))− n(x1 − x2)‖
= n

(
1 − 2

‖( f (un)− f (vn))− n(x1 − x2)‖
n

)

≥ n

(
1 − 2

(‖ f (un)− nx1‖
n

+ ‖ f (vn)− nx2‖
n

))
→ ∞,

which leads a contradiction. Thus, Q is surjective.
Let T : c0 → c0 be the pre-conjugate operator of Q, i.e., T ∗ = Q. And let U = T −1, then Q and U are two

linear surjective isometry. For every x ∈ c+
0 , let x∗ ∈ ∂‖T f (x)− x‖, i.e., 〈x∗, T f (x)− x〉 = ‖T f (x)− x‖, then

‖ f (x)− U (x)‖ = ‖T f (x)− x‖
= 〈x∗, T f (x)− x〉
= 〈x∗, T f (x)〉 − 〈x∗, x〉
= 〈T ∗(x∗), f (x)〉 − 〈x∗, x〉
= 〈Q(x∗), f (x)〉 − 〈x∗, x〉 = 0.

Therefore, f = U |c+
0

: c+
0 → c+

0 is a surjective additive isometry. The proof is complete. ��
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The following simple example shows that the almost surjectivity hypothesis of f : c+
0 → c+

0 in Theorem 2.6
is essential.

Example 2.7 Let f : c+
0 → c+

0 be defined by f (x) = (| sin x1|, x1, x2, · · · ) for x = (xn)
∞
n=1 ∈ c+

0 . Then f is a
non-surjective phase-isometry, but it is not an additive isometry.
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