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Abstract Let car be the positive cone of ¢y , i.e., car ={x = (xn),2, €co:x, =0, forall n € N}. A map
f ¢ — cf is called a phase-isometry provided

{F )+ O = fFOOIY = {llx + vl llx = yii}

forall x,y € car . In this paper, we prove that every phase-isometry f : cg — car is actually an isometry. And
there exists a bounded linear operator T : span f (ca' ) — ¢ with ||T|| = 1 such that

Tf = Idco+.

Furthermore, if f is almost surjective, then f is an additive isometry as the restriction of a surjective linear
isometry from c( onto itself.
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1 Introduction

Let X and Y be real Banach spaces, A and B be subsets of X and Y, respectively. A map f : A — B iscalled a
phase-isometry provided

)+ FDIL I = FDIE = {llx + vl v =y}, .y € A) (1.1
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and an isometry provided

IfG) = fDIl=llx =yl (x,y€A).

Suppose that) € Aand0 € B, the map f is called standard if f(0) = 0. Obviously, phase-isometry f is standard.
We say that two maps f, g : A — B are phase-equivalent if there exists a phase functiono : A — {—1, 1} such
that f = o - g. In general, a phase-isometry does not coincide with an isometry. For example, let f : R — R be
defined by f(x) = |x| for all x € R. Then f is a phase-isometry which is not an isometry. Let f : R — Zgo be
defined by f(x) = (x, |x|) for all x € R, then f is a standard isometry which is not a phase-isometry.

The famous Mazur-Ulam theorem [21], which states that every isometry from a Banach space X onto a
Banach space Y is necessarily affine, was the starting point of studying various properties of isometries. The
preceding example f : R — Zgo defined by f(x) = (x, |x|) for all x € R which is a non-linear isometry shows
that the surjectivity assumption is essential in general. But it can not be dropped if the target space is strictly
convex [2]. For non-surjective isometries, Figiel [12] extended Mazur—Ulam theorem by showing the following
celebrated result.

Theorem 1.1 (Figiel) Suppose that f : X — Y is a standard isometry, then there exists a bounded linear
operator T :span f(X) — X with ||T|| = 1 such that

Tf=Idy.

Making use of the Figiel’s theorem, Godefroy and Kalton [13] resolved a long-standing open problem whether
the existence of an isometry implies the existence of a linear isometry between Banach spaces. For the isometries
restrained on subset of a Banach space, Mankiewicz [19] presented a local version of the Mazur—Ulam’s theorem
by showing that if both A C X and B C Y are either two connected open sets or two closed convex bodies,
then every onto isometry from A to B is the restriction of an affine onto isometry between X and Y. Recently,
Sun [24] further proved that every standard §-surjective isometry between the positive cones of ¢ is an additive
isometry, which can be regarded as a refinement of Mankiewicz’s theorem in convex subsets without interior
point. For more information and background on isometries and linear isometries of Banach space, we refer to
[5,6,8-11] and references therein.

In another direction, the study of phase-isometries between normed spaces has also attracted mathematicians’
attention. The classical Wigner’s theorem concerns transformations of the set of pure states preserving the
transition probability. Since it describes symmetries of quantum mechanical system, it plays an fundamental role
in quantum mechanics[7]. There are many equivalent forms of Wigner’s theorem, one of these is reformulated
as follows: Let (H; (-, -)) and (H>(-, -)) be two real or complex inner product spaces and let f : H} — H» be a
map. Then f satisfies

|(f (), fODI=1(x, y)I, forallx,ye Hy, (1.2)

if and only if f is phase equivalent to a linear or an anti-linear isometry, that is, there exists a phase function o
which takes values in modulus one scalars such that o - F is a linear isometry or a conjugate linear isometry.
When H; and H, are real, it is easy to check that (1.2) implies (1.1). According to polarization identity, Maksa
and Pales [20] showed that (1.1) implies (1.2). Thus, by Wigner’s theorem, every phase-isometry between two
real inner product spaces is phase equivalent to a real linear isometry. For real normed spaces X and Y, itis easy to
see thatif f : X — Y is phase equivalent to a linear isometry, then f is a phase-isometry. So it is natural to ask if
the converse is true, i.e., under what condition a phase isometry between X and Y is phase equivalent to a linear
isometry (see [15,26]). Recently, IliSevi¢, Omladi¢ and Turnsek [15] presented a Mazur—Ulam type theorem
by showing that every surjective phase-isometry between X and Y is phase equivalent to a linear surjective
isometry. The surjectivity hypothesis is also essential in general. For example, let f : R — Ego be defined by
f(x) = (x,sinx) forall x € R, then f is a phase-isometry, but it is not phase equivalent to any linear isometry.
[iSevi¢ and Turnsek [16] showed that the surjectivity hypothesis can be dropped if the target space is strictly
convex. For more background on this topic, we refer to [14,18,27] and references therein.

In light of Figiel’s theorem, the connection between non-surjective phase-isometries and isometries (not
necessarily linear) has brought our great attention. The following fundamental question on this topic deserves
consideration.

Problem 1.2 Let X and Y be two real Banach space, A and B be subsets of X and Y, respectively. Is every
phase-isometry between X and Y necessarily phase equivalent to an isometry? And is every phase-isometry
between A and B necessarily phase equivalent to an isometry?
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212 L. Sun et al.

Note that cq is one of most important Banach spaces among all non-reflexive Banach spaces, and there is an
extensive literature for the study of various properties of Banach space related to ¢ (see, for instance[1,3,11,13,
17,25]). In the present paper, we investigate the Problem 1.2 by considering the particular case that both of A and
B are the positive cone of ¢g. We prove that every phase-isometry f : cf{ — co+ is actually an isometry. This gives

partially affirmative answer to Problem 1.2. And there exists a bounded linear operator T : span f (car ) = co
with || T'|| = 1 such that

Tf = Idcg.

If f is almost surjective, then f is an additive isometry as the restriction of a surjective linear isometry from cg
onto itself.
All symbols and notations in this paper are standard. We use X to denote a real Banach space and X* its dual.

By (resp. Sx) stands for the closed unit ball (resp. the unit sphere) of X. For a subset A C X (X*), A, (Zw*) and
co(A) present the closure (the w*-closure), and the convex hull of A, respectively.

2 Main results

Let car be the positive cone of ¢g , i.e., car ={x = (x,,)ff=1 € co : x, > 0, for all n € N}. Note that c('f is a

closed convex set closed under multiplication by non-negative scalars, and it is reproducing, i.e., co = car - car .

In this section, we investigate the properties of phase-isometries between the positive cones of ¢p.
Let {e,,}°° | be the canonical basis of ¢y with the standard biorthogonal functionals {e;}>° | C £;. Note that
{ej}7° | is the canonical basis of £; and {£e;;}>° | are the extreme points of By, .

Lemma 2.1 Suppose that f : cg — c(')" is a phase-isometry. Then for every e € 05, there exists ¢ € ET with
lo|l = 1 such that
(ef,x) = (¢, f(x)) forall x € ¢ . 2.1)

Proof We first show that if f : RT — cg' is a phase-isometry, then there exists ¢ € S, N ET such that
(¢, f()) =t, forallr e R, (2.2)
Since f is a phase-isometry, for every t € R™, by (1.1), we have
{IF@) + FOILIF@) — FOI} ={t + 1,1 —1}.
This implies that || f(t)|| = ¢, i.e., f is norm-preserving. For every k € N, we can pick ¢y € {e;}7° | C Zf such
that (¢, f(k)) = || f (k)| = k. Therefore, for every ¢ € [0, k], we have
2k = {¢x, f(k) — F (1)) + (¢, f(k) + f(1))

= ftk) = FOI + I1f &)+ fOl

=k —1t)+ (k+1)=2k.
Then

&k, f(k) = f@), (¢k, f(k) + f())}
={lf) = fOI. If &)+ fOI}
— [k —1,k+1).

This implies that (¢, f (7)) = +t. Note that £ (t) € cj, we have (¢, f (1)) = forall ¢ € [0, k]. Since By, N €]
is w*-compact, there is a w*-cluster point ¢ of {¢} in it. Therefore,

(¢, f(1)) =t, forallr e RT. (2.3)

Clearly, |l¢|| = 1.
Now we assume that f : car — c('f is a phase-isometry. Note that for any fixed n € N, the norm || - || of ¢g is
Gateaux differentiable at e, with e} = d||e, |, i.e.,

lim (lten + x|l = tllenll) = Lim (lley + tx]| — lleal)/t = (e}, x), ¥ x € co.
t—>—+00 t—0t
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Letg : RT — c(‘)" be defined by g(¢) = f(te,) forall t € RT. Then g is a phase-isometry. Due to the above
argument, there exists ¢ € Sg; N Ef‘ such that

(@, f(ten)) = (¢, g(1)) =1t, forall 1 € RT. (2.4)
Since f is a phase-isometry, for all # > O and x € CE)" , we have
N f@en) + FCON NS Cen) — FOON = {liten + x|, lIten — x|I}. (2.5)

For every x € cg' , the set (0, +-00) can be divided into two parts:

Api={t>0:|f(ten) £ f()] = llren £ x|, (@, f(ten)) = 1}
Ay i ={t > 0:|[f(ten) £ fON = llten F x|, (@, f(ren)) =1}.

Obviously, either Aj or A is unbounded.
Case 1. Suppose that A is unbounded. For r € A, we get

lten +xll — 1= \1f(ten) + fOI —1 = (. flten) + f(x)) —1 = (¢, f(x)),
lten —xll —t =1 f(ten) — fO —1 = (@, f(ten) — f(x)) —1t = —(¢, f(x)).
By sending ¢ to infinity, we have
(en, x) = (¢, f(x)). (2.6)
Case 2. Suppose that A, is unbounded. For ¢ € A, we get

lten +xll —t = || f(ten) — fOI =t = (@, ften) — f(X)) =t = —(¢, f (X)),
lten — x|l —t = f(ten) + fFON —1 = (@, ften) + f(x)) —1 = (}, f(x)).
By sending ¢ to infinity, we get
(en, x) = —(9, f(x)). (2.7)
Since x and f(x) are in c(')", e and ¢ are in ET, (2.7) implies that
(e, x) = (¢, f(x)) = 0.
Consequently,
(er,x) = (¢, f(x)), forall x € ca“. (2.8)

The proof is complete. O

According to Lemma 2.1, we show that every phase-isometry f : caL — car is a standard isometry. But the
converse is not true.

Theorem 2.2 Suppose that f : cg — ca' is a phase-isometry, then f is a standard isometry.

Proof By the definition of f, for x, y € ca’ , we have

{FG) + FDIL L) = FDIY = {llx + Il [lx =y} 2.9

Obviously, f(0) = 0 and f is standard. In what follows, we show f is an isometry. For x, y € ca’ , We can
choose x¥, x5 € {€}}°>°, C £ such that

(xf,x +y) =[x + vl and [(x3, x — )| = [lx — v

By Lemma 2.1, there exist ¢, ¢ € S, N ET such that

(xT, x) = (1, f(x)) and (x3, x) = (¢2, f(x)), (2.10)
forall x e c(‘f . Therefore, we have
[x+yl =&l x+y) = (@1 f)+ FO)) <1 fQ)+ fFDI. (2.11)
and
lx =yl = (x5, x = ¥)| = @2, f(x) = FON < 1f(x) = FODII- (2.12)
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Case I.LIf | f(x)+ fO)I = llx +ylland || f(x) — f(?)|| = |lx — y]l, then there is nothing needs to prove.

Case 2.If | f(x)+ f (W] = lx —ylland [| f (x) = f (W) ]| = [lx+ |, then we will prove that || f (x) — f (V)| =
[lx — y]l. (2.11) and (2.12) together imply that

x +yll < 1F )+ fDI = lx =yl = 1F &) = fFDI = llx + yll. (2.13)

Consequently, || f(x) — f(»)|| = llx — y||. The proof is complete. ]

Although every phase-isometry f : c(‘f — cg is an isometry, the following example shows that the converse

is not true in general.

Example 2.3 Let f : ca’ — car be defined by f(x) = (x|, x1, x2,---) for x = (x,);2, € ca’. Then f is a
standard isometry, but it is not a phase-isometry.

The following result can be regarded as an extension of Figiel’s theorem on the ca' .

Theorem 2.4 Suppose that f : car — c(J)r is a phase-isometry. Then there exists a bounded linear operator

T:L(f)= spanf(c(';) — co with ||T|| = 1 such that
Tf(x)=x, for all x € cj. (2.14)
+

Proof Suppose that f : ¢f — ¢ is a phase-isometry. For every n € N, due to Lemma 2.1, there exists ¢, € £
with [|¢, ]l = [le]| = 1 such that

(er, x) = (¢n, f(x)), forall x € ca'. (2.15)

Let L(f) = spanf(ca'), then f : cg' — L(f) is also a phase-isometry. Let ¢, = GulL(y), then ¢n € L(f)*
satisfies

(e, x) = (pn, f(x)), forall x € cj. (2.16)
Clearly, ||¢, | = 1. Note that {e}} is a w*-null sequence in £1, (2.16) deduces that {#,) is also a w*-null sequence
in L(f)*. Forevery y € L(f), put
o0
T() =) (nr ¥)en € co. (2.17)
n=1

Then T : L(f) — co is a bounded linear operator with ||T|| < 1. Clearly, Tf(x) = x for all x € c0+. This
implies that ||T|| = 1, and the proof is complete. O

In what follows, we investigate the conditions which can guarantee that the phase-isometry f : caL — ca' is
an additive isometry. We also need the following lemma.

Lemma 2.5 Let f : ca' — c('f be a phase-isometry. Then for every x* € €1 there exists ¢ € £1 with ||x*|| =
||| = v such that
(x*,x) = (¢, f(x)) forall x € c]. (2.18)

Proof Let {e,}7° | be the canonical basis of cq, and {e;;}7° ; be the canonical basis of £;. For every n € N, by
Lemma 2.1, we can choose ¢ € S¢, with non-negative such that

(—ef,x) = (—¢, f(x)) forallx €cg. (2.19)

Note that {£e;;}°° | are the extreme points of By, and By, is the convex hull of {£e;;}°° . For x* € S, there

exists a sequence (x;)72, C co{xe}} of the form: for each , there exist three finite sets Ji, (Atj)jes, C RT
with Zjelk A =1, and (x,jj)jejk C {=£e}} such that

xp = Z AgjXjj —> x*, in the norm topology of . (2.20)
JeJk

According to (2.1) and (2.19), for every x,fj € {*e;}}, there exists ¢y; € S¢, such that

(x;:j,x) = {(¢xj, f(x)) forall x € cg'.
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Let ¢ = Zjelk Akjdkj € By, then

(x.x) = (e () = <Z Aij;:j,x> - <Z Aj i f(x)>

jedi J€Jk
= > M ((xgy. x) = (e F()
JE€Jk
=0, (2.22)

for all x € cg . By the w*-compactness of By, there is a w*-cluster point ¢ of {¢¢} in it. By (2.22), we obtain

(x*, x) = (¢, f(x)). (2.23)
Clearly, ||¢]| < 1. Note that the positive cone of cq is reproducing, i.e., co+ — cO+ = c¢. For every x € co,
let u(n) = max{x(n), 0} and v(n) = max{—x(n), 0}, then u,v € ca' with x = u — v. Pick x,, € S, with
Xp = Up — Uy € car — ca' such that 1 = ||x*|| = lim(x*, x,,). By substituting u, and v, for x in (2.23),
n
respectively, we get

(x*, up —vp) = (@, f(uy) — f(vy)), foralln € N. (2.24)

By Theorem 2.2, f is an isometry. Thus, we have
ol = lim{@, fun) — fva)) = 1. (2.25)
Consequently, ||¢] = 1. (2.18) follows from the homogeneity of (2.23) and the proof is complete. ]

The following notations are used in the study of Hyers-Ulam stability of perturbed isometries, see [4,22,23].
Let (M1, dy) and (M3, d>) be two metric spaces and § be a nonnegative real number. A map f : M| — M is
called §-surjective, if for every y € M> there is x € M with da(y, f(x)) < §. A subset N in a metric space
(M, d) is called a sublinear growth net in metric d provided for any fixed wg € M,

d(w, N)
im —=
d(w,wp)—o0 d(w, wo)

Theorem 2.6 Let f : ca' — c(")F be a phase-isometry, then the following statements are equivalent:

(1) f is a surjective additive isometry, and hence the restriction of a linear surjective isometry U : co — co,
(2) f is 8-surjective for some § > 0,
(3) f(ch)) contains a sublinear growth net of ¢

0 8 0

Proof 1t is trivial that (1) = (2) = (3).
(3) = (1) For every x* € ¢, let

O(x*) = {¢ € £ satisfies (2.18)}. (2.26)

By Lemma 2.5, Q : £; — 2% is a nonempty set-valued mapping. We first show that Q is single-valued. Let ¢,
¢2 € Q(x*). By (2.18), we get

(1, f(x) = (¢2, f(x)) forall x € cy. (2.27)
By the hypothesis, for every x € ch, there exists a sequence {x,},eN C car such that
fim V¥ = Sl (2.28)
n n

This implies that x = lim @ It follows from (2.27) that (¢1, x) = (¢2, x). The linearity of ¢; and ¢, deduces
n

that ¢; = ¢ on ca' . Note that CE)" is the reproducing cone of ¢y, we have ¢; = ¢ on c¢g. This implies that Q (x*)
is singleton, and Q : £; — ¢ is well-defined.

Next, we show that Q is a w*-w* continuous linear surjective isometry. For x{, x5 € £1, by (2.18) again, we
have

(xf+ x5, x) = (0Q(]) + Q(x), f(x)), forall x € cf; (2.29)
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and
(xf 4+ x5, x) = (0] +x3), f(x)), forall x € ¢]. (2.30)
This implies that
(O 4+ 03, f(x) = (0T +x3), f(x)), forall x € caL. (2.31)

By the same argument as above, we obtain Q(x} + x7) = Q(x]) + Q(x3). This implies that Q is additive. The
homogeneity of Q follows from (2.18). Thus, Q is a linear isometry. In the sequel, we show that Q is w*-w*
continuous (hence, it is a conjugate operator). In view of the Krein-Smulian theorem, it suffices to show that Q
is w*-w™* continuous on the unit ball By, of £1. Since ¢ is separable, By, is metrizable. Let p be the metric on
By, that induces the w*-topology on By, . Let (x) C By, be a sequence p-converging to x* € £1. By (2.18), we
have

(xf,x) = (Q(x]), f(x)), forallx ec]. (2.32)
By the compactness of (By,, p), there is at least a sequential p-cluster point ¢ of (Q(x,f)) in By,. Thus
(x*, x) = (¢, f(x)), forall x € car. (2.33)

By the same argument as above, we have ¢ = Q(x*) and Q(x*) = p — lillcn 0(x}) =w* — lillcn o(xp).

We assert that Q is surjective. Suppose to the contrary, Q(£;) is a proper w*-closed subspace of £;. By
separation theorem, there exist ¥ € S¢;,\Q(¢1) andx = x; —x € c(J)r — cg = co with ||x|| = 1 such that

(¥, x) >0, and (¢, x) =0 forall p € Q(£1). (2.34)

By the hypothesis, there exist two sequences {u,}>° | C c(‘)" and {v,};°, C c(‘)F such that

L2 A GO 239
n n
and
i Jm2 = F0l _ 236

n n

Pick x; € S¢, such that (x)}, u, — v,) = |lu, — vu|l. Let ¢, = Q(x)7), then we have

0 = (x,, tup — Vn) — (@u, [ (un) — f(v3))
= (X, Un — Vn) = (P, [(un) — f(0n)) + (@n, nx)
= llup — vnll = (@n, (f (n) — f(v)) — nx)
> |1 f (un) — fIl = I1(f un) — f(vp)) —nlxr —x2)||
> In(x1 —x2) | = 2[1(f (un) — f(vn)) — n(x; — x2) ||
_ I(f (un) = f (W) —n(x1 — x2)l
=n (1 -2 " )

- <1 _2(||f(un) —nxi| n Il.f (vn) —HX2II)) oo,

n n

which leads a contradiction. Thus, Q is surjective.
Let T : co — co be the pre-conjugate operator of Q,i.e., T* = Q. Andlet U = T, then Q and U are two
linear surjective isometry. For every x € cg', letx* € O||Tf(x) —x|,ie., (x*, Tf(x)—x) = ||Tf(x)—x], then

If &) = U@ = ITf(x) = x|
= (", Tf(x) —x)
= (", Tf(x)) — (x*, x)
= (T*(x"), f(0)) — (x*, x)
= (Q("), f(0)) — (x*, x) = 0.

Therefore, f = U| it car — c(‘)Ir is a surjective additive isometry. The proof is complete. O
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On phase-isometries between positive cones 217

The following simple example shows that the almost surjectivity hypothesis of f : car — cg in Theorem 2.6
is essential.

Example 2.7 Let f : c(J{ — car be defined by f(x) = (|sinxy[, x1,x2,---) forx = (x,)52, € car. Then f isa
non-surjective phase-isometry, but it is not an additive isometry.

Acknowledgements The authors would like to thank the referee and the editor for their constructive comments and helpful sug-
gestions on this paper.

Declarations

Conflicts of interest The authors declare that they have no known competing financial interests or personal relationships that could
have appeared to influence the work reported in this paper.

References

I. Aharoni, Every separable metric space is Lipschitz equivalent to a subset of cq, Israel J. Math. 19(1974), 284-291.
J. Baker, Isometries in normed spaces, Amer. Math. Monthly 78(1971), 655-658.
L. Cheng, D. Dai, Y. Dong, Y. Zhou, Universal stability of Banach spaces for e-isometries, Studia Math. 221(2)(2014), 141-149.
L. Cheng, Q. Shen, W. Zhang, Y. Zhou, More on stability of almost surjective e-isometries of Banach spaces. Sci. China Math.
60(2)(2017), 277-284.
5. L. Cheng, L. Sun, Stability characterizations of e-isometries on certain Banach Spaces, Acta Math. Sin. (Engl. Ser.) 35(1)(2019),
123-134.
6. L. Cheng, Y. Zhou, On perturbed metric-preserved mappings and their stability characterizations, J. Funct. Anal. 266 (2014),
4995-5015.
7. G. Chevalier, Wigner’s Theorem and Its Generalizations, In: Handbook of Quantum Logic and Quantum Strutures, Elsevier
Sci. B. V., Amsterdam, 2007,429-475.
8. D. Dai, Stability of e-isometries on L,-spaces, Acta Math. Sci. 39B (2019), 1733-1742.
9. D. Dai, Y. Dong, On stability of Banach spaces via nonlinear e-isometries, J. Math. Anal. Appl. 414(2014), 996-1005.
10. D. Dai, B. Zheng, Stability of a pair of Banach spaces for e-isometries, Acta Math. Sci. 39B (2019), 1163-1172.
11. Y. Dutrieux, G. Lancien, Isometric embeddings of compact spaces into Banach spaces, J. Funct. Anal. 255 (2008), 494-501.
12. T. Figiel, On non linear isometric embeddings of normed linear spaces, Bull. Acad. Polon. Sci. Math. Astro. Phys.16 (1968),
185-188.
13. G. Godefroy, N.J. Kalton, Lipschitz-free Banach spaces, Studia Math. 159 (2003), 121-141.
14. X. Huang, D. Tan, Wigner’s theorem in atomic L ,-spaces (p > 0), Publ. Math. (Debr.) 92(2018), 411-418.
15. D. llisevi¢, M. Omladi¢, A. Turnsek, Phase-isometries between normed spaces, Linear Algebra Appl. 612(2021), 99-111.
16. D. Ilisevi¢, A. Turnsek, On Wigner’s theorem in strictly convex normed spaces, Publ. Math. (Debr.) 97 (2020), 393-401.
17. N.J. Kalton, G. Lancien, Best constants for Lipschitz embeddings of metric spaces into co, Fund. Math. 199(3)(2008), 249-272.
18. Y. Li, D. Tan, Wigner’s theorem on the Tsirelson space 7', Ann. Funct. Anal. 10(2019), 515-524.
19. P. Mankiewicz, On extension of isometries in normed linear spaces, Bull. Acad. Polon. Sci. Ser. Sci. Math. Astron. Phys. 20
(1972), 367-371.
20. G. Maksa, Z. Pdles, Wigner’s theorem revisited, Publ. Math. (Debr.) 81 (2012), 243-249.
21. S.Mazur, S. Ulam, Sur les transformations isométriques d’espaces vectoriels normés, C.R. Acad. Sci. Paris 194(1932), 946-948.
22. L. Sun, Hyers-Ulam stability of e-isometries between the positive cones of L”-spaces, J. Math. Anal. Appl. (2020),124014.
23. L. Sun, A note on stability of non-surjective -isometries between the positive cones of L”-spaces. Indian J. Pure Appl. Math.
52(2021), 1085-1092.
24. L. Sun, Hyers-Ulam stability of e-isometries between the positive cones of cy-spaces, Results Math. 2022, https://doi.org/10.
1007/s00025-021-01581-5.
25. A. Swift, On coarse Lipschitz embeddability into co(k), Fund. Math. 241(1)(2018), 67-81.
26. D. Tan, X. Huang, Phase-isometries on real normed spaces, J. Math. Anal. Appl. 488(1)(2020), 124058.
27. R. Wang, D. Bugajewski, On normed spaces with the Wigner property, Ann. Funct. Anal. 11(2020), 523-539.

Bl S e

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under a publishing agreement
with the author(s) or other rightsholder(s); author self-archiving of the accepted manuscript version of this article is solely governed
by the terms of such publishing agreement and applicable law.

@ Springer




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2025-01-24T22:59:59+0530
	Preflight Ticket Signature




