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Abstract In this manuscript, we have implemented predictive estimators under the median ranked set sampling
(MRSS). Alike predictive estimators under simple random sampling (SRS), MRSS has also shown that predictive
estimators based on unbiased, ratio and regression estimators are same as natural unbiased, ratio and regression
estimators under MRSS. While the predictive estimator based on product estimator is not the same as a natural
product estimator under MRSS, although has the same MSE but differs by bias. Predictive estimators under
MRSS have clearly lightened superiority over SRS. The efficiency comparisons, Monte-Carlo simulation, and
empirical study through COVID-19 pandemic data have also shown supremacy under MRSS.
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1 Introduction

There is always been a mythology in the sample survey to find the best estimate for the population parameter
along with reduced errors. For this, the sample survey is implemented by a variety of techniques and mechanisms
using subsidiary variables. Subsidiary variables are used to give the best estimate for the population parameters
with reduced errors and have always been associated with the variable of matters (study characters). The variable
of matter may be the total number of deaths in a country due to the COVID-19 pandemic and the associated
subsidiary variable may be the total number of positive COVID-19 cases in that country. The variable of matter
may be the total recovery of COVID-19 patients and the subsidiary variable may be the number of treatments
or number of doctors per thousand beds. The variable of matter may be the case fatality ratio due to COVID-19
for a country and the associated subsidiary variable may be the total number of deaths due to COVID-19 for that
country. There are lots of ways for describing the variable of matter and associated subsidiary variables. Here
are some recent illustrations, Irfan et al. [12] and Irfan et al. [13] are based on subsidiary variables.
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In the occurrence of the best estimate, the sample survey can be categorized in two-way, either “design-based”
or “model-based”. They have their own properties and limitations. The design-based is probability sampling and
has asymptotic properties i.e., only reliable for a large sample. On the other hand, model-based is more efficient
and has superpopulation models’ properties. Which utilizes prior information to predict unobserved samples.
Hence, prediction theory has a superpopulation model approach. On this model-based concept, Basu [8], had
given prediction theory for estimating the population means. Which is comprised of the prediction of unobserved
samples based on observed samples. Many statisticians or researchers might object estimation of means based
on a prediction approach but Basu [8], nevertheless considered such an approach to representing the “heart of
the matter” in estimating the finite population means [see Cassel et al. ([10], p. 110)]. Further, the article of [26]
based on prediction theory has also shown that predictive estimators based on unbiased, ratio, and regression
estimators are the same as natural unbiased, ratio, and regression estimators under SRS. While the predictive
estimator based on the product estimator is not the same as the natural product estimator under SRS, although
have the same MSE but differs by bias. Also, there are many contributors regarding prediction theory followed
by Singh et al. [24], Agarwal and Roy [1], Singh and Singh [25] and Singh et al. [22] have given prediction
theory using the Searls technique.

Let U be the superset having N units with two population characteristics (X, ) is known as a subsidiary and
the variable of matter or study variable respectively. Let (xsrs, Ysrs) be the sample means and (X, Y) be the
population means respectively with assumed known value of X and Y is to be estimated by n samples from the
population through SRS-WR (simple random sampling without replacement). Consider S is a set of all possible
samples belonging to superset Usuch that s € S having sample of size n and s is the complementary set not in s
belonging to U.

The sample oriented unbiased estimator (mean per unit estimator) yp¢ of Y is given as:

. 1
Fsrs = D V- (1)
ies
and the non-sample oriented unbiased estimator yf; rs Of Y is given as:
3 1
Vsrs = 35— 2 Vi )

ies

On the basis of prediction theory, we have model-based Basu [8] predictive model as

- no_g N—n\ ;
Y = N VSRS + N ) Vsks> 3)

This estimator of population means Y can be written as:

s N —n )
Vsrs + | —o— ) Tsrspip 5 (0 =1,2,3,4). (4)

; N n
SRS[i] = N N

where, Tsgg(i] is considered as a predictor of y§ rs and predictors Tsgsyi) are as follows.

Tsrs(1) = Vyrs» "
o
T = 5 =y X (6)
SRS[2] = YSRS[r] = YSRS Xsrs/) '
Tsrs(31 = Vsgsur) = Vsrs +b <X§ B xsm) ’ "
B _ XSRS

Tsrsi41 = Vsrsip) = Yskrs < X3 ) ’ N
_ 1

XSRS = — in’ "

n i€es
~ | NX — nXsgs
TSRS = g N T TN T .

ies
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where, )7; RS)> )7§ RSIF)” §§ RS[Irl) and )7§ RS[p]j A€ natural unbiased, ratio, regression, and product estimators
based on the unobserved samples under SRS. The predictive estimators ¢sgsp;jcorresponding to every predictor
Tsrspip; (i =1,2,3,4) are given as

_ 1
ISRS[1] = YSrs = - Z)’i , (11)
lLES
_ _ X
ISRS[2] = YSRS[r] = YSRS (.—) , (12)
XSRS
ISRS[3] = YSRS[r] = Y§rs + b (X — Xsrs) (13)
_ nX + (N —2n)x xSRS
tSRS[4] = ISRS[p] = YSRS (14)
NX — I’L)CSRS

We find here, the predictive estimators tsgs[1], tsrs[2] and tsgsp3) from the Eqgs. (11), (12) and (13) are similar to
their natural estimators yg rs> Ysrsir1 and ysrsyir- While, in the case of the predictive estimator Zggs41 from Eq.
(14) is not same as the primary product estimator ysgsjp [see Srivastava [26]]. The bias and M S E corresponding
to every predictive estimator from Eqgs. (11), (12), (13) and (14), up to the first degree of approximation, are
given as respectively

Bias (tsgsi) =0 (15)
MSE (tsgsi) = fiYC5, (16)
Bias (tsgsp) = fiY ( cyx) , (17)
MSE (isksi) = it> (C2+C2=2C,), (18)
Bias (1srsp3) =0 . (19)
MSE (isrs) = A72CE0 = p)), (20)
Bias (1sksia) = 1Y (pCyCo+ CLF = 7)), @1
MSE (tsrsp) = fi7? (€34 €2 +2Cy0 ) (22)

To obtain the best estimation for the population parameters either you change the estimators or you change the
sampling technique. So, by changing the sampling technique, prediction theory has also been given in a ranked set
sampling scheme which is a cost-efficient and a good substitute for a simple random sampling scheme. Nowadays,
ranked set sampling attracts many researchers toward its implication. It has also been implicated in many fields of
research like agriculture, biology, environmental science, medical science, etc., and has also applicated in many
fields of statistics. When the measurements are cumbersome and difficult to achieve from many aspects then
ranking the variables according to the variable of the matter is cost-effective and easy from many aspects. RSS
was first envisaged by Mclntyre [17] due to supremacy over SRS. Mclntyre [17], and Takahashi and Wakimoto
[29] have defined the perfect ranking of the elements. Dell and Clutter [11] have proffered an unbiased estimator
of the population mean under RSS with regard to the negligence of ranking errors. Kaur et al. [15], Samawi and
Muttlak [20], Stokes [27], Bouza [9], Al-Saleh and Al-Omary [7], Wolfe [33], Jemain and Al-Omari [14], Shadid
etal. [21], Al-Omari and Ragab [6], Al-Omari and Bouza [5], Vishwakarma et al. [30] have also proposed for the
estimation of population parameters under RSS. Developing the prediction theory for best estimation, Ahmed et
al. [2] and Singh and Vishwakarma [23] have given prediction theory under RSS.

In order to obtain the best estimation for the parameters, there are a variety of RSS sampling schemes. Double
ranked set sampling, median ranked set sampling, two-layer median ranked set sampling, extreme ranked set
sampling, a mixture of median and extreme ranked set sampling, truncated ranked set sampling, etc., and these
all can be used as data reduction tools too. In developing a prediction theory for the best estimation of population
parameters over simple random sampling (SRS), we have given prediction theory under MRSS. This has also
shown properties of predictive estimators like under SRS but in a better way. MRSS was first propounded by
Muttlak [18], later ratio estimator under MRSS is given by Samawi and Muttlak [19]. Al-Omari [3] has given
ratio estimation under SRS and MRSS, and Koyuncu [16] has given a difference-cum-ratio and exponential type

@ Springer



Predictive estimation for mean under median ranked set sampling: an application to COVID-19 data 221

estimator under MRSS. Al- Omari and Al-Nasser [4] have propounded ratio estimation under multistage ranked
set sampling.

2 Proposed predictive estimators under median ranked set sampling (MRSS)

We are following the procedures of Al-Omari [3], and Koyuncu [16] for obtaining the MRSS sample and taking
[ bivariate samples from the population of interest each of set size /. The units are ranked then by either some
visual inspection or some cost of free mechanism, the mechanism may be any type, of researchers friendly, or
could be through some easy programming. Further, if the sample is odd in number that is / is odd then select
((I + 1) /2)""smallest units of ranked samples X along with the error variable Y of each set. If the set size is even
then select (1/2)" hsmallest ranked sample X along with error variable Y from set size //2 and ((I + 2) /2)" h small-
est ranked sample X along with error variable Y from the rest of set size / /2. This whole process can be replicated
k times for obtaining total n = kI samples. The process of the ranking mechanism is applied on X due to greater
efficiency than to error variable Y. Here, we have set sample MRSSo for odd set size and MRSSe for even set size.

For j™* cycle MRSSo is denoted by [ X Y (X Y s [ X Y ;
o ol Mo e (3,1, Y ) (S ) (e )
(Gj=1,2,....k).

Let the sample means of X and Y are respectively as

1
XMRSSo = i ;Xi(przl)j (23)
1
YMRSSo = o Zy [%]1 24)
icp

and their corresponding variances are given as

var (Xprsso) = var | — xi<,+1)j = —0o (M) (25)

var (YMRsso) = var | — Zyi[’“]j) = idz ,H] (26)
X

Similarly, for j* cycle MRSSe is denoted by (X ( )/ Yl[,]j), < 2(,)/, Y [
b 2 2
(Xlzz(pgz)] Yl-|2—2[1+2] ) < %(%) Y1+4[1+2]j) cees Xl(%)j’ Yl
Again, let the sample means of X and Yare respectively as

1 2 !

XMRSSe = i in(z)j + Z Xl.(m)j 27)

1 2
YMRSSe = i Zyi[’}j + Z yi[m]j (28)

and their corresponding variances are given as

i 1 ! 1
var (Xpprsse) = var o in(,>j + Z xi(,+2)j = o] (axz( ) +aj(l+22)) 29)

i=1 t=%
(e : 1
- 2 2
orumso=oor | | 2opg+ 2ogey | | = (g o) 0
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The Basu [8] predictive model, under MRRS, based on sample set ¢ and non-sample set ¢ is given as

kl _ N —kl . .
IMRSS[i]j = Nyfmsgj + TTMRSS[i]j; i=1234&j=0,¢) (3D

where, Ty rss(i); is a predictor of Y? and are followed by as:

5 1
Tyrssiij = y;f;Rssj =% Zyi[i], (32)
icp
X(ﬂ
Turssi2lj = yMRSS[ yMRSS]x— (33)
MRSS;j
TMRSSBI = Vyrss| 11 = Inarssj T+ Pmj ( X7 - fMRSSj) ; (34)
v XMRSS]
Tymrssia1j = yMRSS[p]/ = yMRSSJT (35)
XMRSSj = ﬁ in(i) (36)
i€
- 1 NX — klXprss;
X¢ = i) = ————————=>2) 37
N—klz 1o N —kl ©7)

iep

where, y MRSS) y MRSS[r]j° y MRSS[ir]j .and y y MRSS[p]; &re natural unbiased, ratio, regression, and product estima-
tors based on unobserved] samples under MRSS. ﬁence from Eq. (31), we have predictive estimators 7y rssi
corresponding every predictor Ty gssyi1j, follows as:

IMRSS[1]j = y;f}RSSj, (38)

RSl = Trnss —— (39)
21/ = YMRSS;j FMRSS!

IMRSS[3]j = yﬁ[}ass, + Buj (X — Xmrssj) - (40)

le+(N 2kl)xMRSSj
NX klxMRSS]

IMRSS[41j = YMRsSj

(41)

Alike SRS, we also find here, the predictive estimators #yy RS s> tMrssi2) and g ss(3) from Egs. (38), (39) and
(40) are similar to their corresponding natural estimators y MRss» YMRSS[r) and Yy rsspir)- While, the predictive
estimators #ygss[4] from Eq. (41) is not same as yprss[p] a natural product estimator under MRSS.
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The bias and M SE of every predictive estimator ) rssyi)j:(@ = 1,2,3,4 & j = o, e), up to the first degree
of approximation, are respectively as [see appendix for proof]

' 0 iflisoddie. j=o0
Bias (tmrssij) = {0 iflisevenie. j=e ° @

Y2 (yC iflisoddie.j=o0
MSE (tMRSS[l]j) = ymo) s (43)

Y? chme) iflisevenie.j=e

(Cfmo nymo)J iflisoddie. j=o0 (44)

Bias (t ) =
ms(MRSS[z]/) { [ (Cfmo nymo) iflisevenie.j=e¢ "’

72 (cfmo v 2cyxm[,) iflisodd i.e.j=o

MSE (tmrssij) = 3§ - , (45)
72 (Cﬁme +c2 - 2cyxmg) iflisevenie.j=e
. 0 iflisoddi.e. j=o0
Bias (tMRSSB]j) - {0 iflisevenie. j=ce¢’ (46)
72 yC 1 - p2 ) iflisodd ie. j=o
MSE (tursssi) = | of . . o 47
Y chme l—pyxme> iflisevenie. j=e
. N B4 [¥ (Cyxmo —}—QC%mD)] iflisoddie. j=o0
Bias (turssialj) = { Y|y (Cvxme +0C2,.)] iflisevenie. j=e’ (“48)
72 (02 +c? +2cyxmg) iflisoddie. j=o
MSE (turssia)) =\ ot ) o - L (49)
Y (Cyme + Cipne + 2nyme) iflisevenie. j=e

3 Efficiency comparisons, simulation study, and empirical study

To explore the properties of the proposed estimators, we have given theoretical efficiency comparisons, simulation
study, and empirical study in the following subsections 3.1, 3.2, and 3.3 respectively.

3.1 Efficiency comparisons of predictive estimators under MRSS over corresponding predictive estimators
under RSS

(1) tmrsspy will efficient than to tsgspi) iff RE (tMRSS 11j» ISRST ])

(i) tmrsspz) will efficient than to tggsp) iff RE (tMRSS[Z]j , tSRS[2])

(iii) tyrssp3) will efficient than to tggsp3) iff RE (tMRSS 31js ISRS] ])
( ) > 1

[
(2]
[
(iv) tmrssi) will efficient than to tgrsp4) iff RE (farsS[4]/> LSRS[4]

3.2 Monte-Carlo simulation study

To highlight the performance of the predictive estimators under median ranked set sampling over unbiased and

corresponding predictive estimators under simple random sampling. We have compiled a Monte-Carlo simulation

method through R Studio by following Al-Omari [3], Koyuncu [16], Singh et al. [22], and Vishwakarma and

Singh [31,32]. A bivariate random observation of the size N = /00 from a bivariate normal population with
2

random means (35.67,47.65) and covariance matrix [ZX o l:cyo'xay j| (pxy = —0.95, -0.75, -0.55, 0.55, 0.75,
xyOx0Oy )

0.95 and 0, = 3.47,0, = 11.42) have taken. Further, the median ranked set samples are drawn from this

population with respective methods as mentioned earlier in sect. 2. There are two cases of drawing samples, odd

case, and even case. In the odd case we have taken set size [ = 5 with replication 3, so we have total bivariate

MRSS samples n = [k = 15. Table 1, exhibit the results for the odd case. Second, in an even case we have taken
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Table 1 REs of the predictive estimators under MRSS (odd case)

l k N =100, pyy =0.55

IMRSS[i]1 OVeT YSpg IMRSS[i) over tsRsi

IMRSS[1] IMRSS[2] IMRSS[3] IMRSS[4] IMRSS[1] IMRSS[2] IMRSS[3] IMRSS[4]
5 3 1.017 12.8 13.0 5.30 1.017 1.022 1.025 1.013
N =100, piy=0.75
5 3 1.044 16.0 20.7 5.23 1.044 1.047 1.053 1.042
N =100, pyy =0.95
5 3 1.074 22.1 93.8 4.76 1.074 1.076 1.079 1.073
N =100, pxy =—0.55
5 3 1.018 5.57 12.9 12.6 1.018 1.017 1.031 1.021
N =100, pyy=-0751=5k=3
5 3 1.03 4.98 20.9 16.7 1.034 1.033 1.041 1.035
N =100, pyy=-0951=5k=3,
5 3 1.082 4.60 58.7 22.8 1.082 1.082 1.114 1.095

Table 2 REs of the predictive estimators under MRSS (even case)

l k N =100, pyy =0.55

IMRSS[i] OVer YSps IMRSSIi] OVer IsRsi

IMRSSI1] IMRSSI2] IMRSS[3] IMRSS[4] IMRSSI1] IMRSSI2] IMRSS[3] IMRSS[4]
8 4 1.028 22.5 23.0 9.73 1.028 1.031 1.065 1.026
N =100, pyy =075
8 4 1.048 28.0 36.7 9.36 1.048 1.065 1.091 1.046
N =100, pyy =095
8 4 1.087 40.7 167 8.33 1.087 1.110 1.312 1.086
N =100, pyxy =—0.55
8 4 1.015 9.89 23.0 22.4 1.015 1.014 1.027 1.020
N =100, pxy=-0.751=5k=3
8 4 1.025 10.1 36.9 25.8 1.025 1.023 1.070 1.034
N =100, pyy=-0951=5k=3,
8 4 1.066 8.24 165 41.9 1.066 1.065 1.385 1.080

| = 8 with replication 4, so we have total bivariate MRSS samples n = [k = 32. The results for the even cases are
shown in Table 2. The whole simulation study for the estimate of means and for MSEs has been replicated 5000
times. The results, based on the simulation study are shown in Tables 1 and2 through the relative efficiencies
(RE) formula are given below as:

MSE (§5ps)
MSE (tmRssiilj)
MSE (ISRS[i])

RE (tymrssiilj» tsrsiil) = WRSS[]) fori=1,2, 3, 4&j=o,e. (51
ij

RE (tMRSS[i]jvyg‘RS) = y fOF i=1,2,34 &] =o, €. (50)

3.3 Empirical study

To explore the properties of the proposed predictive estimators under MRSS over unbiased and corresponding
predictive estimators under SRS. We have carried a natural data set on the ongoing COVID-19 pandemic,
which is taken from the worldometers’ site (https://www.worldometers.info/coronavirus/), recorded till on date
29/04/2020 [see appendix B]. This data set considers the total number of deaths due to the COVID-19 pandemic
in different countries associated with total positive cases of those countries. Where the variable of matter (y): the
total number of deaths in different countries and the subsidiary variable (x): the total number of corona positive
cases in different countries. Some required parameters are given as

N =68, X = 3133755, Y = 227036, X = 46084.6, Y = 3338.8, 02 = 1228534000000,
af = 5910010184, C? = 578.46, cf, = 530.17, 0y = 78837596803, py, = 0.925.
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Table 3 REs of the predictive estimators under MRSS

l k N =68, pyy =0.925 (odd case)

IMRSS[i1 OVeT YSpg IMRSS[i) over tsRsi

IMRSS[1] IMRSS[2] IMRSS[3] IMRSS[4] IMRSS[1] IMRSS[2] IMRSS[3] IMRSS[4]
5 3 1.777 57.7 65.4 2.24 1.777 1.785 1.861 1.776
N =68, pyy =0.925 (0dd case)
7 4 3.270 101 116 4.01 3.270 3.297 3.311 3.253
N =68, pxy =0.925 (even case)
6 3 2.548 57.0 70.6 2.28 2.548 2.598 2.624 2.541
N =68, pxy =0.925 (even case)
8 4 5.979 101 117 4.02 5.979 6.091 6.323 5.992

To obtain the relative performance of predictive estimators under MRSS, we have taken odd and even two cases
of set size. In odd cases we have taken set size / = 5 and 7 with respective replication 3 and 4, so we have
total bivariate MRSS samples n = [k = 15 and 28. Second, in the even case, we have taken [ = 6 and 8 with
respective replication 3 and 4, so we have total bivariate MRSS samples n = [k = 18 and 32. The results through
the same relative efficiencies in Eqs. (31) and (32) are shown in Table 3.

4 Discussion and conclusions

To highlight the properties of predictive estimators under MRSS, the relative efficiencies are obtained in Tables 1,
2 through a simulation study. In Tables 1, 2, there are two parts, part 1 shows the relative efficiencies of predictive
estimators under MRSS over an unbiased estimator under SRS. Part 2 shows the relative efficiencies of predictive
estimators under MRSS over corresponding predictive estimators under SRS. Table 1 stand for odd cases i.e.,
the set size is odd and Table 2 stands for even cases i.e., the set size is even. The relative efficiencies are obtained
for both odd and even cases along with the positive and negative values of correlation coefficients.

The relative efficiencies obtained in Tables 1, 2 show that the relative efficiencies of predictive estimators under
MRSS have shown superiority over an unbiased estimator. Also, relative efficiencies of predictive estimators
under MRSS have shown superiority over corresponding predictive estimators under SRS. It is also shown
that relative efficiencies of predictive estimators under MRSS have increased with the increase in set size and
replications along with increasing the values of correlation coefficients.

We have also given empirical study through the COVID-19 pandemic data and relative efficiencies of pre-
dictive estimators under MRSS are obtained in Table 3. Alike Tables 1, 2, it has also two parts, part 1 shows the
relative efficiencies of predictive estimators under MRSS over an unbiased estimator under SRS. Part 2 shows the
relative efficiencies of predictive estimators under MRSS over corresponding predictive estimators under SRS.
Alike the simulation studies, it has also shown that relative efficiencies of predictive estimators under MRSS
have shown superiority over unbiased estimator. Also, the relative efficiencies of the predictive estimators under
MRSS have performed better than to corresponding predictive estimators under SRS. It is also shown that relative
efficiencies of predictive estimators MRSS have increased with the increasing set sizes and replications. Also,
we can observe that the regression estimator has performed better through all the cases.

Now, we have arrived at conclusive remarks based on the relative performance of the proposed estimators
over unbiased and corresponding predictive estimators under SRS through simulation and empirical study. And,
we are concluding that the predictive estimators under MRSS have performed better than to corresponding
predictive estimators under SRS. Alike predictive estimators under SRS, predictive estimators under MRSS
have also shown that predictive estimators based on unbiased, ratio, and regression estimators when used as
predictors are similar to corresponding classical unbiased, ratio, and regression estimators under MRSS. While
the predictive estimator on the product estimator under MRSS is not the same as the product estimator under
MRSS, although has the same MSE but differs in bias. Overall, predictive estimators under MRSS are better
than corresponding predictive estimators and unbiased estimator under SRS.

Further study can be done in many ways either by changing estimators or by changing estimation procedures.
The study can be extended using ratio and product exponential estimators or some other estimators which are
not in this manuscript. Instead of median rankled set sampling one can go for other ranked set sampling schemes
like double median ranked set sampling, extreme ranked set sampling, moving extreme ranked set sampling,
quartile ranked set sampling, neoteric ranked set sampling, etc., which can be used. If the data are vague or there
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is uncertainty in data then one can for neutrosophic statistics. See neutrosophic simple random sampling given
by Tahir et al. [28], and neutrosophic ranked set sampling given by Vishwakarma and Singh [31,32] for the
interval types data.
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Appendix A

To obtain the Bias and M SE of proposed predictive estimators under MRSS we have error terms as:

1 1 1 n By 5 S2 - %(w—i)z
h=G-y=nf=8A=0-.C5= (Y_)Z),Cx_< ) S5 ="
N . N i i
2 ,-;1 (i —X) Sy El (i =Y) (xi—X)
Sx ==—w-n , 0= 5.5, S5 Syx = T’ny = prCx
iflisodd

[’1

Yarss; =Y (1 +€0</>) Iurssj = X (1+ 1) E (50¢y) = E (1) =0,

I+1 1+1
2 1 Y2 1 "\ kl
E (50(0)) =u [1?2 I Y Comor (51(0)> kI (xzz ) Y Cinor v = 1/kL.0 = 55 )
1 () Tyt
E (50(0)%-1(0)) H vx )/nymo, Pyxmo = 5 [I+l - (l+l) s nymo = pyxmocymocxmm
i

& ifliseven nyme = pyxmecymecxmev

£(g2,) = G UL e g (2,) = _M _ e

E (SO(e)Sl(e)) =7 T = Vnyme’ Pyxme = <

To obtain the predictive estimators, we have prediction model as

kl _ N —kl . . .
IMRSS[i]j = Ny][(ZRSSJ' + TTMRSS[i]j; (i=1234&j=o0,e). (i1)

The predictive estimator corresponding to predictor in Eq. (35) and by Eq. (ii) is given as

KIX + (N — 2kl) mRss;
NX — klXpmRss;

kIX + (N —2kI) X (1 + &1(j))
NX —kiX (1 +€1(j))

(N —kl) + (N — 2kl) %’1(/))
(N —kl) — k&)

71 Lo (N2 X kl -
( +50<j>)( +<m)élm)( —< _kl>€1<j>>

. N — 2kl kl KN\, ,
tmrssial =Y (14 &0)) (1+ N il gy J( 1+ — §1(j) + N % iy o] (V)
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LS9
IMRSS[41j = YMRSS)

turssia = Y (14 &)

tmrssiaj =Y (1+6o(j) (

12

=

=z
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Multiplying out terms in right hand side of Eq. (iv) and neglecting terms of e’s having power greater than two
we have:

tmrssay =Y (l + &o¢jy + &1y + ophE) + 9512(]-)) (v) (v)
(tmrssia; = ) = ¥ (600 + 610 + o610 + 087, (vi)
Taking expectation of both sides of Eq. (vii), we get the bias of 7y pss(4] as:
Bias (tMRSS[4]j) >y [y (nymj +9Cfmj>i| (vii)
Squaring both sides of Eq. (iii) and neglecting terms of e’s having power greater than two, we have:
-2 5
(tmrssiaj — Y)" = y? (é&j) + 512(]-) + SO(j)El(j)) (viii)
Taking expectation of both sides of Eq. (viii), we get the MSE of 7)/rss as:
MSE ( ) =v? ; i T 2Cyam) i
MRSS[4]]) = 14 Cymj + mej + nymj (ix)

The expression for Bias and MSE of the estimators fyrss(1], tmrss[2] and fygss[3] are same as corresponding
to their natural estimators )7;@ rss> YMRsS[r] and Yy rssir) under MRSS and their proofs are as:
The estimator 77 gss1] can be written as:

turssin; = Syrssy =V (14 o) (x)
(tmrssin; —Y) 2 Y (o)) - (xi)

Obviously, on taking expectation of both sides of Eq. (xi), the bias of )/ gss[1] will be zero, i.e.
Bias (tMRSS[l]j) =0. (xii)

Squaring and taking expectation of both sides of Eq. (xi), and neglecting terms of e’s having power greater than
two, we have:

MSE (tMRSS[l]j) = YZ ()/Cimj> . (xiii)

The estimator #)/rss[2] can be written as:
X X
=Y (1+&) =

-5 _ 5%
IMRSS[2]j = YMRSS[r] = YMRSsj

XMRSS] m
=7 (1+&) (1+&g) (xiv)
tmrssiy =Y (1 + 8oy — &1() — So&1() + Eﬁj)) ; (xv)
(tmrsspy; —Y) =Y (50(1') —&1(j) — o)1) + Sfm) : (xvi)

Taking expectation of both sides of Eq. (xvi), we get the bias of 3/ rss(2] as:

Bias (turssij) = ¥ [y (cfmj - cyxm,-)] . (xvii)

Squaring and tanking expectation of both sides of Eq. (xvi) and neglecting terms of e’s having power greater
than two, we have:

MSE (tmrssp,) = 72 [y (Cf,m S Ch - 2nymj)] . (xviii)

The estimator )/ grss(3] can be written as:
IMRSS[3]j = YMRSS[r] = )_][(ﬁ[RSSj + Bumj (X — Xmrssi) Y (1+ &) — Bmj XE1(j).- (xix)
(tmrss; — Y) = (Yéo) — B X€1() - (xx)
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Table 4 The data of the COVID-19 pandemic, recorded on 29/04/2020

No. Country Total cases Total deaths No. Country Total cases Total deaths
1 USA 1064572 61669 35 Indonesia 9771 784
2 Spain 236899 24275 36 Denmark 9008 443
3 Italy 203591 27682 37 Serbia 8724 173
4 France 166420 24087 38 Philippines 8212 558
5 UK 165221 26097 39 Norway 7710 207
6 Germany 161539 6467 40 Czechia 7581 227
7 Turkey 117589 3081 41 Bangladesh 7103 163
8 Russia 99399 972 42 Australia 6752 91
9 Iran 93657 5957 43 Dominican Republic 6652 293
10 China 82862 4633 44 Panama 6378 178
11 Brazil 79685 5513 45 Colombia 6211 278
12 Canada 51597 2996 46 Malaysia 5945 100
13 Belgium 47859 7501 47 South Africa 5350 103
14 Netherlands 38802 4711 48 Egypt 5268 380
15 Peru 33931 943 49 Finland 4906 206
16 India 33062 1079 50 Morocco 4321 168
17 Switzerland 29407 1716 51 Argentina 4285 214
18 Ecuador 24675 883 52 Algeria 3848 444
19 Portugal 24505 973 53 Moldova 3771 111
20 Saudi Arabia 21402 157 54 Luxembourg 3769 89
21 Sweden 20302 2462 55 Thailand 2954 54
22 Ireland 20253 1190 56 Hungary 2775 312
23 Mexico 17799 1732 57 Greece 2576 139
24 Israel 15870 219 58 Croatia 2062 67
25 Pakistan 15759 346 59 Iraq 2003 92
26 Austria 15402 580 60 Afghanistan 1939 60
27 Chile 15135 216 61 Cameroon 1832 61
28 Japan 13965 425 62 Nigeria 1728 51
29 Belarus 13181 84 63 Bosnia and Herzegovina 1677 65
30 Poland 12640 624 64 Bulgaria 1488 65
31 Romania 11978 693 65 Cuba 1467 58
32 UAE 11929 98 66 North Macedonia 1442 73
33 South Korea 10765 247 67 Slovenia 1418 89
34 Ukraine 10406 261 68 Honduras 771 71

Here also, on taking expectation on both sides of Eq. (xx), the bias of )/ rss[2] is zero, i.e.
Bias (tMRSSISIj) =0 (xx1)

Squaring and tanking expectation of both sides of Eq. (xx) and neglecting terms of e’s having power greater than
two, we have:

MSE (tyrssiay) = [y (Yzcﬁmj + B2, X2C2, — 2ﬁmj)??cyxmj)] . (xxii)

Differentiating M SE (tM RSS[3] j) with respect to ,; and equating it to zero, we have

2

¥l
= T_yzxm/ , (xxiii)
X mej
putting the value of Eq. (xxiii) in Eq. (xxii), we have
MSE (tyrssiz);) = 72 [ycgmj (1- pymj)] . (xxiv)
Appendix B
See Table 4.
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