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Abstract This paper aims to study the solution of coupled Emden-Folwer type equations by embedding the
quasilinearization algorithm enclosed by the homotopy analysis method. This approach is easy to implement and
converges to a solution very fast. The convergence analysis of our method is discussed in Banach space. Some
numerical examples are taken to verify the validity, accuracy as well as generality of our proposed method. We
calculate the approximate analytic solutions and compare them with the Duan’s Adomian decomposition method
[2] and Singh et. al [6]. We observe that our approach gives better accuracy than the existing ADM and equally
compete with Singh et. al.

Keywords Homotopy analysis method - Quasilinearization method - Adomian decomposition method -
Emden-Fowler type equation

1 Introduction

One of the most important and challenging problems in the field of science and engineering is solving nonlinear
differential equations. One of the boundary value problems defined it as a system of Emden-Fowler differen-
tial equations. Sometimes, it is very difficult to find a simple solution for nonlinear differential equations, we
calculate the approximate solution of nonlinear equations. We have famous methods for solving differential
equations such as Runge-Kutta scheme, finite element method, shooting method, Keller-box method, Adomian
decomposition method [1,2], variational iteration method [3,4], homotopy analysis method [8—16], modified
homotopy perturbation method, quasilinearization method [18-22].

The quasilinearization method (QLM) uses the concepts of the Newton-Raphson method to linearize non-
linear ODEs and PDEs. The quasilinearization method was initially introduced by Bellman and Kalaba [20]. This
is one of the most powerful tools in which a sequence of linear differential equations is obtained from the nonlinear
differential equation using the first-order Taylor series expansion. Some applications of the quasilinearization
method and the order of convergence of the method are discussed in [18,19]. Higher-order QLM for solving
single and coupled BVPs is proposed in [23]. Also, in [23], Motsa and Sibanda proposed the scheme by using the
decomposition of the nonlinear boundary value problems as an infinite sum of a polynomial. To overcome the
difficulty of calculating the Adomian polynomial, Eman et. al [21] introduced an iterative method using different
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decomposition methods. One such technique to solve the nonlinear boundary value problems of ODEs is called
the homotopy analysis method. This method was initially introduced by Liao [10,11]. This method has been
successfully applied by many authors [13—15] to solve different types of scientific problems. HAM contains a
convergence control parameter /2, which controls the convergence rate and convergence region of the solution.
Bataineh et. al [17] proposed a basic idea of HAM to solve the system of ordinary differential equation, also
investigated the applicability and efficiency of method on a linear and nonlinear system with the example of a
chaotic system and stiff systems.

As often noted, a common drawback of quasilinearization method is the unsteadiness of the method when
a weak initial guess is chosen. Motsa et al. proposed a research article [24] to implement the quasilinearization
algorithm within HAM to generate a succession of integration schemes with arbitrary higher order convergence
to increase the efficiency and order of convergence of QLM for any initial guesses.

In this paper, we discuss the implementation of the quasilinearization algorithm using the homotopy analysis
method to solve the systems of ordinary differential equations. To the best of our knowledge, we are the first to
present the homotopy analysis method using the QLM algorithm for the system of nonlinear ordinary differential
equation. Some numerical examples such as coupled Emden-Fowler type equations [5—7] worked out to check the
reliability, applicability, and accuracy of our proposed method. Also, the convergence analysis of our approach
is discussed here.

This paper is organized into four sections. In Section 1, we provided the introduction. The construction of
the method is discussed in Section 2. In Section 3, the convergence analysis of the method in Banach space is
discussed. Finally, we consider some numerical examples, solve them using our proposed method, and compare
them with the Duan’s Adomian decomposition method [2] and Singh et. al [6].

2 Construction of iterative method
Consider the system of nonlinear ordinary differential equation of order n

Filz(0), 201,z @), ... 2" 0] = 0. e
Write this equation as,

Lilz®), z20@®), 22 @), ..., 21+ filz(), 2P @), 2P @), ..., 2] =0,

where, z(t) = (z1(t), z2(¢), z3(t), . . . 2,(¢)) are unknown functions, L; represent linear operators, f; represent
nonlinear operators, and for ¢ € [x, y], (1) satisfy the boundary conditions

B (z(x), z2P(x), 2P (x), ..., 2" D)) =0,
(1 @ (n—1) (@)
Biy(z(y), 27 (), 27 (), ..., 2" (y) =0,

where, B;, and B, are linear operators. According to homotopy analysis method, the general zero-order
deformation equations can be written as

(1 —q)L[¢i(t: q) — 20()] = qhi Fi [¢:(1; 9)] , A3)

where, g € [0, 1] is an embedding parameter, zo(¢) an initial guess, h; # 0 denotes a convergence control
parameters, L is an auxiliary operator, and ¢;(¢; g) denote the unknown solutions. The nonlinear operators
Fi[¢;(t; q)] can be written as

Filgi (t; )1 = Lilz(1), z2P(0), 2@ (1), ..., 21+ filz(0), 2V (1), 2P 1), ..., z™1.

Taylor series expansion of f; around the point (zo, z(()l), z(()z), el z(()n)) gives,

Fil$i(t; )1 = Lilz(1), 20, 2P 0), ..., 21+ filzo@), 2" 1), 28 @), .., 2871

n
af;
30 (2" =2 5 o + 8l 20,200, 2,
m=0

@ Springer



232 V. K. Sinha, P. Maroju

We write this as,

n

Fildi( ) = LilEL+ filzol + Y (2 = 20" ) J + gil2). )
m=0
where,
7=z0), 2P0, 2P0, ..., 72",
Zo = @o(1). 20 (1), 257 ), ... 2§,
20 = (21,0(1), 22,0(), 23,0(t), ..., Zn,0(1)) and
o
J = 32 at zp
and,
gilfl = fil7] = fildol = Y (2™ = 2" 4. )
m=0

Thus, we get

Filgi(t; )] = [Li[a + filZol+ Y Iz =3 0 + g [Z]}
m=0

m=0
= [Li[é] + Z Iz —Ci — Ai[Z]} (6)
m=0
where,

Ci = Z Jz" — filkol, (7)
Ailzl = ni:g?[z] ®)

From (3) and (6), we get
(1—q) L[¢i(t: q) — Zo(t)] = gh; |:Ll~[Z] + Z JzMm — ¢ — Ai[Z]] 9)

m=0

From (9), for ¢ = 0, ¢;(¢;0) = zo(t) and for ¢ = 1, Fi[¢;(¢; 1)] = 0, which becomes (1) provided that
¢;(t; 1) = z(¢). The Taylor series expansion of ¢; (¢; ¢) with respect to parameter ¢,

o0
$i(t:q) =Zio() + Y Zip(t)g” (10)
p=1
where, z; ,, (1) defined,
N TGN
Zi,p(t) = an—p (11)

if we consider &; # 0, then the series (10) will be convergent at ¢ = 1 and
o0
$i(t;q) =Y Zip(t) (12)
p=0

be one solution of (1).
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Now, define the vector Ei,p(t) = (Z;,0(t), Zi,1 (1), Zi 2(1), ..., Zi,p(¢)) and differentiating (9) p-times w.r.t. the
embedding parameter g, we get,

Pitiq) 0P gi(tiq)] IPLiE) | 077 E™) IP1A;(2)
L[(l—fﬁ A i WﬁL;Jﬁ L e
=

n p((m) PA.(7
+th{a Li?) Z ) (z ) aA,(z>]

aq?

and dividing it by p! and setting ¢ = 0 gives the pth order deformation equation,
L [Lore ) 1 07 'gitiq)] ki | 0PT'LiR) Z PRt
pl dgP (p—D! 9gr=t | (p=D!| 9gr~! dgr~! .
q:

hi ap—l : = n 8]7—1 (m)

i f,EZ) -y (il )
(p—D!| ogr dgq? 0
q:

m=0

m=0
This gives,
_ _ hi L@ T )
Llzi o —Apzin_1l=
[Eer = 2] (p—l)![ dgr-! L P
ol [af"lFi(Z)]
(p—D'L dgr=t ],
Hence,
L[Zip = ApZip—1] = hiHi p—1Gi,p-1,1) (13)
where,
- 1 [3PF;(¢i(t; q))
HipGip 1) = — [—q (14)
(P)- aqp g=0
0, p<l1
and, Ap = (15)
1, p>1

The iterations z; ,, p > 1 for the proper value of 4; successively obtained by choosing an initial guess zg
satisfying the boundary conditions (2) for solving equation (1). Hence, the kth order approximate solution of (1)
is given by

k
Gix(t) =7Zio+ Z Zip(t, hy). (16)

p=1

3 Convergence analysis

This section discusses the convergence analysis of proposed method in Banach spaces.

Theorem 3.1 Suppose the nonlinear functions f(z), where z = (21, 22,23, ---,2r), f = (f1, f2, f3s -5 [r)
defined and satisfy the Lipschitz condition | fi(z) — fi(z*) |< ZL] ki | zi — zl’-k |, where, K =
max {ky, ko, k3, ..., k,} and parameter h = (hy, ha, hs, ..., h,) are choosen such that there exists constant

Ry € (0, 1), then the series Z;O:o Zi,p defined in (16) convergent in Banach space X = (C|0, 1], ||z|]) defined

Z|| = max | z(¢ zeX
[zl te[0,1]| (@) |
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Proof From (13) and (16),

00 k k
d_)i,k = Zzi,p(t’ hl) = Zzi,p—l +hiL_1 (Z Hi’pl) .

p=0 p=I1 p=1

Fora > Bandforallo, B € N

tel0,1] 1
p:

« B
|6ic = ip| = max | (bia-1 —bip-1) +hil™ (Z Hip1 =) H"”’l) - "
p=1

Using, Z%:o Hip-1 < fi (¢1.o) (for details see [1]), we get
| 6.0 — bip] < max, | a1 — Gip—1 | + | hi | max | L7 (fi (@ia—1) — fi(dip—1)) | -

Since, L is continuous linear operator, then L~ is continuous. Therefore L~! is bounded in (C[0, 11, ||z||).Then
there exist a real number M such that

HL71 (fi(@ia—1) = fi(dip-1)) H <M | fi@ia-1) — fiip-1],

and using Lipschitz condition, we get

|#ie — @i < ||Bia—1 — Pip—1]| + M | hi | Zki max {|pr.a—1 — brp-1] ..., |#ra—1 — brp-1]}

i=1
< || ia—1 — Gip—1| + MrK | hi | |ia—1 — bi.p—1]
= (14 | hi | MrK) | ¢ia—1 — dip-1]
= Ry, || pi.a—1 — dip—1]
where, R, = (14| h; | Mrk) and K = max {ky, ko, k3, ...,k }.
Setting o = B + 1, we get
|6ip41 — dip|l < Ru, |65 — dip-1]| < R, |bip—1 — ipal <... < R |di1 — dbiol -
For,¢ > B witha, B € N
|#i. — @il = |(Piw — Piia—1) + (Dia—1 — Bia—2) + ... + Bips1 — Gip) |
< ||¢_5i,a - ¢_5i,a—1|| + ”Q_ﬁi,a—l — a2 H +...+ |}4_5i,;3+1 - éi,ﬁ”
<R} (1 + Ry +RY +.. + RZ‘I__ﬁ_l) |6i1 — o

1— RPN\
- () el

and since 0 < Ry, < 1 it gives that

Rﬂ
e =il = (22l
Letting &, 8 — 00, we obtain
iG] 0. a9

Therefore, the sequence < 4_5,3 p > is a Cauchy sequences in banach space (C[0, 1], ||z||). Hence, the sequence
< ¢i,p > converge to a solution. o
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4 Numerical results

In this section, we consider some nonlinear Lane Emden—Fowler type equations to investigate the accuracy of
our suggested method. We compare the obtained Numerical results by our proposed iterative approach with the
exact solution, ADM [2] and Singh et. al [6].

Example 1 Consider the following boundary value problem of coupled Emden-Fowler type equations

v+ %w/ =2¢" V(" +7), (19)
w” + %w/ =2e"2"(" 4+ 11), t € (0,1), (20)

with the boundary conditions
v'(0) =0, v(1) =In5, w'(0) =0, w(l)=1In6 Q1)

The exact solutions for Emden-Fowler type equations, v = In(4 + 2) , w = (n(5 4 1?), and choose the initial
guesses as vg = In5 , wg = In 6. The auxiliary linear operator,

. 9¢i(1; )

L[] = — 57—

and the nonlinear operators

27 .. - o
Rl ;g = LOGD | 2INGD o 26 (o g),

12 t ot
2 it q) | 20¢2(1;q) 26 (L1
B¢t )] = — s (e +11).

Using homotopy Analysis method, we get the deformation equations of order p
Llitp(t) = hpiip—1 (D] = hi Hy p(p-1.1), u= (v, w)

Using (15), and the convergence control parameters 71 = —0.515092, h, = —0.477378, we get the HAM
approximations as

¢1.4(t) = 1.3880964 + 0.24924561> — 0.0316897¢* + 0.0041299:° — 0.0003442¢8, (22)
$2.4(t) = 1.6099679 + 0.1997329:> — 0.0198270¢* + 0.0020207:° — 0.000135078. (23)

We define the absolute error for the comperison of numerical results of proposed method with the results obtained
by existing ADM [2] as

Rip(@) =1 v(t) = 1, |,
Ryp(t) = [ w(t) = do.p(0) |,
rp(6) = [v(t) = ¢1,p() |,
r2p(0) = [w(t) — 2,5 (1) | .

We represent the solution of proposed method with (¢_>1, p(1), q_bz, p (1)), Duan’s solution [2] with (¢1, , (), ¢2, » (1))
and solution of Singh et. al [6] with (1, , (1), Y2, (2)).

The efficiency of our proposed HAM is tested over Duan’s ADM [2], Singh et. al [6] and with the available
exact solution. The comparison of HAM with Duan’s ADM [2], Singh et. al [6] and the exact solutions v(¢)
and w(r) are discussed in Table 1. We observed that the estimated 4th-order approximations by the proposed
HAM have comparatively higher accuracy than the existing Duan’s ADM, equally compete with Singh et. al [6]
and close to the exact solutions as shown in table 1. Approximate solutions and absolute errors of our proposed
method and existing Duan’s ADM are represented in figure 1 and 2 respectively.
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236 V. K. Sinha, P. Maroju

Table 1 Comparison of numerical results for example 1

t v(t) b14 $1.4 2] V1,4 [6] w(t) b4 $2.4 [2] Y2,4 [6]

0.1 1.3887912 1.3905857 1.3946859 1.3896615 1.6114359 1.6119632 1.6141121 1.6117034
0.2 1.3962446 1.3980158 1.4018052 1.3970321 1.6174060 1.6179256 1.6199295 1.6176409
0.3 1.4085449 1.4102748 1.4135797 1.4092058 1.6272778 1.6277847 1.6295609 1.6274634
0.4 1.4255150 1.4271811 1.4298754 1.4260207 1.6409365 1.6414258 1.6429116 1.6410626
0.5 1.4469189 1.4484904 1.4505083 1.4472583 1.6582280 1.6586930 1.6598514 1.6582922
0.6 1.4724720 1.4739047 1.4752492 1.4726523 1.6789639 1.6793942 1.6802176 1.6789715
0.7 1.5018527 1.5030841 1.5038283 1.5018986 1.7029282 1.7033065 1.7038182 1.7028922
0.8 1.5347143 1.5356583 1.5359422 1.5346686 1.7298840 1.7301829 1.7304359 1.7298249
0.9 1.5706970 1.5712403 1.5712612 1.5706246 1.7595805 1.7597588 1.7598336 1.7595285
1.0 1.6094379 1.6094379 1.6094379 1.6094379 1.7917594 1.7917594 1.7917594 1.7917594

Iterative value
Iterative value

v(t)
HAM
ADM

1.35
0.1 0.2 03 0.4 05 0.6 0.7 0.8 0.9 1 0.1 0.2 0.3 0.4 0.5 0.6 0.7 08 0.9 1

Value of t Value of t

Fig. 1 Comparison of obtained numerical results of propesed HAM and ADM with the exact solution for example 1

3 %102
6 > 10’ 3 x 10’
5 R, 25 Roa
"4 "24
4 2

Absolute Error
w
Absolute Error
&

0.5

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Value of t Value of t

Fig. 2 Comparison of obtained absolute errors of HAM and existing ADM for example 1

Example 2 Consider the following coupled Emden-Fowler type equations

" 2 / oow
v +;v = —6¢e3 (e3 +4), 24)
” 2 / 2w v
w +?w =06e 3 (e3 +4), 25)
with the boundary conditions
v'(0) =0, v(l) = =3In3, w'(0) =0, w(l) =3In3 (26)
v = —3In(4+ %) and w = 3In(2 + r?) are the exact solutions of (24). The auxiliary linear operators and the

nonlinear operators are
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Table 2 Comparison of numerical results for example 2

t v(©) b1.4 o1.4 (2] V1,4 [6] w(t) $2.4 2.4 [2] V2.4 [6]

0.1  —=2.0944041  —2.0652220  —2.1385296  —2.1033873  2.0944041  2.0652220  2.1385296  2.1033873
0.2 —2.1388494  —2.1095354  —2.1801432  —2.1470760  2.1388494  2.1095354  2.1801432  2.1470760
0.3 —2.2114921 —2.1822766  —2.2484197  —2.2185769  2.2114921  2.1822766  2.2484197  2.2185769
04 —2.3103246 —2.2818254  —2.3418070 —2.3160295 2.3103246  2.2818254  2.3418070  2.3160295
0.5 —2.4327906 —2.4060142  —2.4582595  —2.4370344  2.4327906  2.4060142  2.4582595  2.4370344
0.6 —2.5759848  —2.5522236  —2.5953537  —2.5788266  2.5759848  2.5522236  2.5953537  2.5788266
0.7 —2.7368481  —2.7174972  —2.7504193  —2.7384598  2.7368481  2.7174972  2.7504193  2.7384598
0.8 —209123367 —2.8986710  —2.9206750  —2.9129831  2.9123367  2.8986710  2.9206750  2.9129831
0.9 —3.0995534  —3.0925086  —3.1033582  —3.0996031  3.0995534  3.0925086  3.1033582  3.0996031
1.0 —3.2958368  —3.2958368  —3.2958368  —3.2958368  3.2958368  3.2958368  3.2958368  3.2958368

-2 3.4

22 —w 32
> HAM
i\\ /

24 ADM
» / /,/

\ /
3 A\ 2

-28 \
7 -y
- HAM

-34 2
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Value of t Value of t

N
=3

Iterative value
//
Iterative value

N
=Y

N
kN

Fig. 3 Comparison of obtained numerical results of proposed HAM and ADM with the exact solution for example 2

_ 82 _i t:
L[t q)] = %Q)
i} 27 . 5 99 (1 o
il ) = D TR 6 (JZZ +4>,
2- : I . _ T 7_
Pt = ° ¢21)z(; 2 %a@;? D _ e <e§” +4>,

Using homotopy Analysis method, we get pth-deformation equations
Lliap(t) = hpitp—1 ()] = hiHi pip-1. 1), u = (v, w)

Using (15), we get the HAM approximations with the convergence control parameters 7} = —0.464246, hy =
—0.464246 as

¢1.4(t) = —2.0503380 — 1.49124771% + 0.28443221* — 0.041833315 + 0.0031500¢% (27)
$2.4(t) = 2.0503380 + 1.49124771> — 0.2844322:* + 0.04183331% — 0.00315007° (28)

The efficiency of our suggested method is tested over the existing Duan’s ADM [2], Singh et. al [6] and with the
exact solution. A comparison of HAM with ADM [2], Singh et. al [6] and the exact solution is shown in table 2.
We observed that the estimated 4th-order approximations by the proposed HAM are comparatively more precise
than the existing ADM, equally compete with Singh et. al [6] and close to the exact solutions as shown in table
2. Approximate solutions and absolute errors of our proposed method and existing Duan’s ADM are represented
in figure 3 and 4 respectively.
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0.035 . "

Absolute Error

Absolute Error

—R

24

0.2 0.3 0.4 0.5 0.6

Value of t

0.7 0.8 0.9 1 0.2 03 0.4

Fig. 4 Comparison of obtained absolute errors of HAM and existing ADM for example 2

Table 3 Comparison of numerical results for example 3

0.5
Value of t

0.6 0.7

0.8 0.9 1

t 1.4 o1.4 2] V1,4 [6] D24 o1.4 2] 2.4 [6]

0.1 0.7689318 0.7924481 0.7834764 2.2416424 1.7048931 1.6935925
0.2 0.7753512 0.7976872 0.7892004 2.2416424 1.7124583 1.7017626
0.3 0.7861278 0.8065638 0.7988452 2.2224824 1.7252563 1.7155193
0.4 0.8013789 0.8192941 0.8125714 2.2056522 1.7435702 1.7350774
0.5 0.8212712 0.8361805 0.8306115 2.1839288 1.7677965 1.7607471
0.6 0.8460230 0.8576126 0.8532781 2.1572570 1.7984464 1.7929444
0.7 0.8759076 0.8840710 0.8809747 2.1255783 1.8361512 1.8322060
0.8 0.9112567 0.9161356 0.9142114 2.0888371 1.8816732 1.8792084
0.9 0.9524660 0.9545010 0.9536241 2.0469871 1.9359250 1.9347933
1.0 1.0000000 1.0000000 1.0000000 2.0000000 2.0000000 2.0000000

23

Iterative value
Iterative value

0.75 . -
0.1 0.5 0.6 0.2

Value of t

0.2 0.3 0.4 0.7 0.8 0.9 1 0.1 0.3 04

0.5
Value of t

0.6 0.7

0.8 0.9 1

Fig. 5 Comparison of obtained numerical results of HAM and ADM with the exact solution for example 3

Example 3 Consider the following catalytic diffusion reactions of Emden-Fowler type equations

2 2
Vv 4+ S0 =0 + Sow,
t 5
2 1
w4 Zw = v 4+ow, te (1),

2

with the boundary conditions

V(0)=0, w'(©) =0, v(1) =1, w(l) =2

Using (15), we get the HAM approximations with the convergence control parameters /1

—0.431191 as

$1.4(t) = 0.7667997 + 0.2130172¢ + 0.0192462:* + 0.0009070z° + 0.00002987°
$2.4(1) = 2.2440317 — 0.23885791> — 0.0065535¢* + 0.0013487:° + 0.00003117°

@ Springer

(29)

(30)

3D

—0.26359, hy =




Numerical solution of coupled Lane—-Emden—Fowler... 239

The efficiency of our proposed HAM is tested over Duan’s ADM [2] and Singh et. al [6], as the exact solution
of this system is not available. A comparison of HAM with ADM [2] is shown in table 3. As the estimated
4th-order approximations by proposed HAM are comparatively more precise than the existing ADM [2] and
equally compete with Singh et. al [6] as shown in table 3. Approximate solutions of our proposed method and
existing Duan’s ADM are represented in figure 5.

5 Conclusion

In this paper, we discussed the solution to the system of ODEs by embedding the quasilinearization algorithm
within the homotopy analysis method. This approach is easy to implement and converges to the solution very
fast. The convergence analysis of our method is discussed in Banach space. Some numerical examples were
worked out to verify the validity, generality, and accuracy of our proposed method. We compare the approximate
solutions of the proposed method with the existing Adomanian decomposition method and Singh et. al [6]. We
observed that our approach provides better accuracy than the Duan’s ADM [2].
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