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Abstract In this paper, we consider a modified version of the simplified Landweber iterative regularization
method which require calculation of the Frèchet derivative of the operator F only at the initial guess u0 with
step size ω > 0 for obtaining stable approximate solution of nonlinear ill-posed operator equation of the form
F(u) = y, where F : D(F) ⊂ U → Y is nonlinear operator from a Hilbert space U to a Hilbert space Y. We
provide convergence analysis for the proposed scheme based on the concept of asymptotic stability. We show
convergence of the method and derive error estimate under suitable non-linearity conditions on F . Lastly, the
effectiveness of the proffered method is made more visible by showing its applicability to numerical example.

Keywords Landweber method · Nonlinear ill-posed operator equation · Iterative regularization method ·
Stopping rule

1 Introduction

The goal of this study is to get stable approximate solution of an ill-posed operator equation of the form

F(u) = y (1.1)

where F : D(F) ⊂ U → Y is nonlinear operator from a Hilbert space U to a Hilbert space Y. On both the
Hilbert spaces U and Y, inner products and their accompanying norm are denoted by the same symbols 〈., .〉 and
‖.‖ respectively. Throughout the paper, we assume that (1.1) has a solution u† which need not be unique and the
operator equation (1.1) is ill-posed due to the fact that the solutions are not stable due to its dependency on small
perturbations in the data. Due to errors in measurements, exact data are never available in practical applications,
instead, we only have noisy data. Let yδ ∈ Y be a available data for y which is contaminated by noise satisfying

‖yδ − y‖ ≤ δ,

where δ > 0 is noise level. As solution of the operator equation (1.1) does not depend continuously on the
data, regularization methods are necessary to obtain a stable approximation for the exact solution u†. Tikhonov
regularization is one of the classical continuous regularization methods (see [5,6,15,18]), which is extensively
used in literature for getting a stable approximate solution. Iterative regularization methods are another class of
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regularization methods which have come as an interesting alternatives for continuous regularization methods.
Particularly in the case of large-scale problems, iterative schemes have gained popularity over the Tikhonov
regularization. Numerous iterative methods in the Hilbert space framework are available in the literature for
regularization of ill-posed operator equations. For the nonlinear ill-posed operator equation, a well known itera-
tively regularized Gauss-Newton iterative methods have been studied in [1,3,8,11,13,16]. A simplified form of
generalized iteratively regularized Gauss-Newton method has been studied in [12].

The Landweber iteration method has gained a lot of interest in the inverse problem field due to its ease of
implementation and minimal complexity per iteration. Before initiating the demonstration of our new scheme,
we will first give an overview on the results of the standard Landweber method discussed in [7], wherein the
iterations are defined as follows:

uδ
n+1 = uδ

n + F ′(uδ
n)∗(yδ − F(uδ

n)), n = 0, 1, 2, . . . (1.2)

where uδ
0 = u0 is an initial guess for the exact solution u†, F ′(uδ

n) and F ′(uδ
n)∗ denote Fréchet derivatives of F

and adjoint of F ′(uδ
n) respectively. In [7], authors have shown existence of stable approximation for the exact

solution u† when the iteration process has been terminated after Nδ steps, where Nδ has been chosen according
to the following Morozov type stopping rule: Choose Nδ to be the first integer satisfying

‖yδ − F(uδ
Nδ

)‖ ≤ τδ < ‖yδ − F(uδ
n)‖, 0 ≤ n < Nδ, (1.3)

where τ > 0. They have used the following tangential cone condition as a non-linearity condition for the
convergence analysis: There exists μ < 1

2 satisfying

‖F(u) − F(ũ) − F ′(u)(u − ũ)‖ ≤ μ‖F(u) − F(ũ)‖, (1.4)

where u, ũ ∈ Bρ(u0) ⊂ D(F). Here Bρ(u0) denotes the open ball centered at u0 of radius ρ > 0.

In addition, they have obtained convergence rate of order

‖u† − uδ
Nδ

‖ = O
(
δ

2ν
1+2ν

)
(1.5)

under the following source condition on the exact solution u† : There exists ν > 0 and v ∈ U such that

u† − u0 = (F ′(u†)F ′(u†)∗)νv. (1.6)

Following condition on nonlinear operator F has been used in [7] for convergence analysis: There exists a
constant C > 0 and for each u ∈ Bρ(u0) a operator Ru : Y → Y such that

F ′(u) = Ru F ′(u†), ‖Ru − I‖ ≤ C‖u − u†‖. (1.7)

Further, convergence analysis of Landweber iterative method has been done in the literature by various researchers
(see [2,10,17]).

In order to reduce computational complexity of computation of the Frèchet derivative at each iteration level,
Jose and Rajan in [9], considered following simplified form of Landweber iterative method:

uδ
n+1 = uδ

n + F ′(u0)
∗(yδ − F(uδ

n)
)
, n ∈ N. (1.8)

Note that in the above method, one requires to calculate the Frèchet derivative of the operator F only at the
initial guess u0. In [9], authors have obtained convergence rate result as given in (1.5) under weaker non-linearity
conditions than considered in [7].

In [4], authors have studied a modified form of Landweber iterative method, namely, Bouligand-Landweber
iterative method, for ill-posed operator equations involving non smooth operator F . They have done convergence
analysis of the method based on the concept of asymptotic stability using a generalized form of tangential cone
condition given in (1.4).

In this paper, we will consider simplified Landweber iterative method with step size ω > 0. In this method,
iterations are defined as

uδ
n+1 = uδ

n + ωF ′(u0)
∗(yδ − F(uδ

n)
)
, n ≥ 0 (1.9)

where uδ
0 = u0 is an initial guess for exact solution, ω > 0 is the step size and F ′(u0)

∗ denotes adjoint of the
operator F ′(u0). We will stop iterations after Nδ steps, where Nδ is chosen according to the stopping rule defined
in (1.3).
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The outline of the paper is as follows: In Sect. 2, we give some assumptions which will be used throughout
the paper for convergence analysis of the method. In this section, we will also show well-definedness of the
proposed method and stopping index defined in (1.3). In Sect. 3, we show the strong convergence of the method
in case of noise free setting (δ = 0). In Sect. 4, we show the method is asymptotically stable and will also obtain
strong convergence result in case of noisy data (δ > 0). In Sect. 5, we obtain the rate of convergence for the
method under weaker non-linearity condition than the one considered in [7] using Hölder type source condition.
Finally, in Sect. 6, we give a numerical example to show validity of the proposed method.

2 Well-definedness of the method

Before showing well-definedness of the method, here, we give some assumptions which will be used throughout
the paper for the convergence analysis of the method. Let Sρ(u†) be the set defined as

Sρ(u†) = {
u ∈ B̄ρ(u†) : F(u) = y

}
,

for some ρ > 0, i.e, it is the set of all solutions of (1.1) in B̄ρ(u†), where B̄ρ(u†) := {u ∈ U : ‖u − u†‖ ≤ ρ}.
We choose initial guess u0 in Bρ(u†) := {u ∈ U : ‖u − u†‖ < ρ}. Now we state our basic assumption.

Assumption 2.1 (a) There exists ρ > 0 such that Bρ(u†) ⊂ D(F), and F is Frèchet differentiable at each
u ∈ Bρ(u†) and the operator F is completely continuous.

(b) There exists a constant M > 0 such that ‖F ′(u0)‖ ≤ M.

(c) There exists a constant μ ∈ [0, 1) such that

‖F(û) − F(u) − F ′(u0)(û − u)‖ ≤ μ‖F(û) − F(u)‖
for any u, û ∈ B̄ρ(u†).

We note that the following relation can be derived immediately from Assumption 2.1(c) using the triangle
inequality:

1

1 + μ
‖F ′(u0)(û − u)‖ ≤ ‖F(û) − F(u)‖ ≤ 1

1 − μ
‖F ′(u0)(û − u)‖ (2.1)

In the following Lemma first we show that the iterates uδ
n generated by (1.9), are well defined, i.e., uδ

n ∈
B̄ρ(u†), for some ρ > 0 and for 0 ≤ n ≤ Nδ, where Nδ is as in (1.3).

Lemma 2.2 Let Assumptions 2.1 be satisfied and τ > 1, ω > 0 be such that

2(μ + 1)

τ
− (2 − 2μ − ωM2) < 0. (2.2)

Let the integer Nδ be chosen according to stopping rule (1.3). Then for any solution ũ of (1.1) in Sρ(u†), we
have

‖uδ
n+1 − ũ‖ < ‖uδ

n − ũ‖, 0 ≤ n ≤ Nδ − 1, (2.3)

and hence uδ
n ∈ B̄ρ(u†), for 0 ≤ n ≤ Nδ − 1. Moreover, the stopping index Nδ defined in (1.3) exists.

Proof By using induction technique, we first prove the inequality (2.3) for all 0 ≤ n ≤ Nδ. It is obvious that
(2.3) holds for n = 0. Now assume that uδ

n ∈ B̄ρ(u†) for some n ≤ Nδ − 1 and let ũ be an arbitrary element of
Sρ(u†).

Using (1.9) and the identity ‖a − b‖2 = ‖a − c‖2 + ‖c − b‖2 + 2〈a − c, c − b〉, it follows that

‖uδ
n+1 − ũ‖2 − ‖uδ

n − ũ‖2

= ‖uδ
n+1 − uδ

n‖2 + ‖uδ
n − ũ‖2 + 2

〈
uδ

n+1 − uδ
n, uδ

n − ũ
〉 − ‖uδ

n − ũ‖2

= 2
〈
uδ

n − ũ, uδ
n+1 − uδ

n

〉 + ‖uδ
n+1 − uδ

n‖2

= 2
〈
uδ

n − ũ, ωF ′(u0)
∗(yδ − F(uδ

n))
〉 + ‖uδ

n+1 − uδ
n‖2

= 2ω
〈
F ′(u0)(u

δ
n − ũ), yδ − F(uδ

n)
〉 + ‖uδ

n+1 − uδ
n‖2

= 2ω
〈
F(ũ) − F(ũ) + F(uδ

n) − F(uδ
n) + F ′(u0)(u

δ
n − ũ), yδ − F(uδ

n)
〉
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+ ‖uδ
n+1 − uδ

n‖2

= 2ω
〈
F(ũ) − F(uδ

n) − F ′(u0)(ũ − uδ
n), yδ − F(uδ

n)
〉

− 2ω
〈
y − F(uδ

n) + yδ − yδ, yδ − F(uδ
n)

〉 + ‖uδ
n+1 − uδ

n‖2

= 2ω
〈
F(ũ) − F(uδ

n) − F ′(u0)(ũ − uδ
n), yδ − F(uδ

n)
〉

− 2ω
〈
yδ − F(uδ

n), yδ − F(uδ
n)

〉 − 2ω
〈
y − yδ, yδ − F(uδ

n)
〉

+ ω2‖F ′(u0)
∗(yδ − F(uδ

n))‖2

= 2ω
〈
F(ũ) − F(uδ

n) − F ′(u0)(ũ − uδ
n), yδ − F(uδ

n)
〉 − 2ω‖yδ − F(uδ

n)‖2

− 2ω
〈
y − yδ, yδ − F(uδ

n)
〉 + ω2‖F ′(u0)

∗(yδ − F(uδ
n))‖2. (2.4)

By making use of the fact that ‖F(u0)
∗‖ = ‖F(u0)‖ and Assumption 2.1, it follows that

‖uδ
n+1 − ũ‖2 − ‖uδ

n − ũ‖2 ≤ 2ωμ‖y − F(uδ
n)‖‖yδ − F(uδ

n)‖ − 2ω‖yδ − F(uδ
n)‖2

+ 2ωδ‖yδ − F(uδ
n)‖ + ω2 M2‖yδ − F(uδ

n)‖2

= ω‖yδ − F(uδ
n)‖[2μ‖y − F(uδ

n)‖ − (2 − M2ω)‖yδ

− F(uδ
n)‖ + 2δ

]
. (2.5)

Next we derive estimate for the the term ‖yδ − F(uδ
n)‖. From the stopping rule (1.3), we have

δ <
1

τ
‖yδ − F(uδ

n)‖ for all 0 ≤ n < Nδ (2.6)

and so by using (2.6) and ‖yδ − y‖ < δ, we get

‖y − F(uδ
n)‖ = ‖yδ − F(uδ

n) − (yδ − y)‖
≤ ‖yδ − F(uδ

n)‖ + ‖yδ − y‖
≤ ‖yδ − F(uδ

n)‖ + δ

<

(
1

τ
+ 1

)
‖yδ − F(uδ

n)‖.

Now substituting the above inequality in (2.5) and using (2.6), we get for 0 ≤ n < Nδ

‖uδ
n+1 − ũ‖2 − ‖uδ

n − ũ‖2 < ω‖yδ − F(uδ
n)‖

[
2μ

(
1

τ
+ 1

)
‖yδ − F(uδ

n)‖

− (2 − M2ω)‖yδ − F(uδ
n)‖ + 2

τ
‖yδ − F(uδ

n)‖
]

< ω‖yδ − F(uδ
n)‖2

[
2μ

(
1

τ
+ 1

)
− (2 − M2ω) + 2

τ

]

= ω

[
2(μ + 1)

τ
− (

2 − 2μ − ωM2)
]
‖yδ − F(uδ

n)‖2

= (−α)‖yδ − F(uδ
n)‖2 (2.7)

where

α = −ω

[
2(μ + 1)

τ
− (

2 − 2μ − ωM2)
]

> 0.

Using the fact that ω > 0 and condition (2.2) in (2.7), we get

‖uδ
n+1 − ũ‖2 < ‖uδ

n − ũ‖2. (2.8)

In case, when ũ = u†, we obtain uδ
n+1 ∈ B̄ρ(u†) for all 0 ≤ n < Nδ − 1. Hence (2.3) holds.
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Now we prove existence of the stopping index Nδ satisfying (1.3). Let us take a set Q defined as

Q = {n ∈ N : ‖yδ − F(uδ
n)‖ > τδ}.

For every n ∈ Q, from (2.7), We can deduce that

‖yδ − F(uδ
n)‖2 <

1

α

[
‖uδ

n − ũ‖2 − ‖uδ
n+1 − ũ‖2

]
.

Now taking summation on both sides of the above inequality, we get

∑
n∈Q

‖yδ − F(uδ
n)‖2 <

1

α
‖u0 − ũ‖2 < ∞. (2.9)

From definition of the set Q, we have

‖yδ − F(uδ
n)‖ > τδ,

for all n ∈ Q. Using this in (2.9), we have

∑
n∈Q

‖yδ − F(uδ
n)‖2 >

∑
n∈Q

(τδ)2 = (τδ)2|Q|. (2.10)

Now, (2.10) and (2.9) ensure that the set Q is finite and hence Nδ satisfying (1.3) exists and Nδ = |Q| + 1 . 
�

3 Convergence analysis for noise free setting

In this section, we consider convergence analysis of the method for the case of noise free data, i.e., when δ = 0.
In this case, the method is defined as

un+1 = un + ωF ′(u0)
∗(y − F(un)

)
, n ≥ 0 (3.1)

where u0 is an initial guess for exact solution, ω > 0 is the step size and F ′(u0)
∗ denotes adjoint of the operator

F ′(u0). Let yn = F(un). First, we show well-definedness of the method defined in (3.1).

Lemma 3.1 Let Assumptions 2.1 be satisfied and ω > 0 be such that

(2 − 2μ − ωM2) > 0. (3.2)

Then
‖un+1 − u†‖2 ≤ ‖un − u†‖2 for all n ≥ 0. (3.3)

Moreover, ∞∑
n=0

‖y − F(un)‖2 < ∞. (3.4)

Proof Using F(u†) = y and following similar steps as in Lemma 2.2, we get, for all n ≥ 0,

‖un+1 − u†‖2 − ‖un − u†‖2 = 2ω〈F(u†) − F(un) − F ′(u0)(u
† − un), y − F(un)〉

− 2ω‖y − F(un)‖2 + ω2‖F ′(u0)
∗(y − F(un))‖2. (3.5)

Using the fact that ‖F ′(u0)
∗‖ = ‖F ′(u0)‖ and Assumption 2.1, it follows that

‖un+1 − u†‖2 − ‖un − u†‖2 ≤ 2ωμ‖y − F(un)‖2 − 2ω‖y − F(un)‖2

+ ω2 M2‖y − F(un)‖2

= ω‖y − F(un)‖2(2μ − 2 + ωM2)

≤ −ω
(
2 − 2μ − ωM2)‖y − F(un)‖2, (3.6)
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where step size ω > 0. Using the condition (3.2) in (3.6), we obtain (3.3). Inequality (3.6) can be alternatively
written as

‖y − F(un)‖2 ≤ 1

ω(2 − 2μ − ωM2)

[‖un+1 − u†‖2 − ‖un − u†‖2]

Taking summation on both sides of the above inequality, we get

∞∑
n=0

‖y − F(un)‖2 ≤ 1

ω(2 − 2μ − ωM2)
‖u0 − u†‖2 < ∞,

which gives (3.4). 
�
In the following result, we prove convergence result for the method defined in (3.1).

Theorem 3.2 Let assumptions of Lemma 3.1 be satisfied. Then either there exists a finite integer N such that
iterates un defined in method (3.1) coincide with an element of Sρ(u†) after N iterations or generates a sequence
of iterates that strongly converges to an element of Sρ(u†) in U.

Proof First, we consider the case in which the the sequence {un}n∈N generated by (3.1) stops after finite number
of iterations say at the index N . Note that due to the discrepancy principle (1.3) (for δ = 0), the iterate uN
satisfies F(uN ) = y. Using the fact that initial point u0 ∈ Bρ(u†), and (3.3) holds, we have uN ∈ B̄ρ(u†) and
thus, by the definition of set Sρ(u†), we obtain that uN ∈ Sρ(u†).

Now we consider the second case, where the method (1.9) generates a infinite sequence {un}n∈N. To that
purpose, we will start with (3.3) and the information that un ∈ B̄ρ(u†) for all n ≥ 0.

Let us denote en := u† − un for all n ≥ 0. From (3.3), we have

‖en+1‖2 ≤ ‖en‖2,

i.e., {‖en‖}n∈N is a monotonically decreasing and hence, it is a convergent say converging to a number γ ≥ 0,

i.e,
lim

n→∞ ‖en‖ = γ. (3.7)

For m, l ∈ N with m ≤ l, let
k ∈ arg min

m≤t≤l
‖y − yt‖. (3.8)

Note that
‖um − ul‖2 ≤ 2

(‖um − uk‖2 + ‖uk − ul‖2). (3.9)

Using the identity ‖a − b‖2 = ‖a − c‖2 − ‖b − c‖2 + 2〈a − b, c − b〉, we get

‖um − uk‖2 = ‖um − u†‖2 − ‖uk − u†‖2 + 2〈um − uk, u† − uk〉,
and

‖ul − uk‖2 = ‖ul − u†‖2 − ‖uk − u†‖2 + 2〈ul − uk, u† − uk〉.
Substituting the above idetities in (3.9), we get

‖um − ul‖2 ≤ 2
(‖um − u†‖2 − ‖uk − u†‖2 + 2〈um − uk, u† − uk〉

)

+ ‖ul − u†‖2 − ‖uk − u†‖2 + 2〈ul − uk, u† − uk〉
= 2

[‖em‖2 + ‖el‖2 − 2‖ek‖2] + 4〈ek − em, ek〉 + 4〈ek − el , ek〉
= am,l,k + bm,l,k, (3.10)

where am,l,k := 2
[‖em‖2 + ‖el‖2 − 2‖ek‖2

]
and bm,l,k := 4〈ek − em, ek〉 + 4〈ek − el , ek〉. Since l ≥ k ≥ m, it

follows that k → ∞ and l → ∞ as m → ∞. Hence, using (3.7), it follows that

am,l,k → 0 as m → ∞. (3.11)
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Now, we estimate the term of bm,l,k . Note that

〈ek − em, ek〉 =
k−1∑
n=m

〈en+1 − en, ek〉 ≤
k−1∑
n=m

∣∣〈en+1 − en, ek〉
∣∣. (3.12)

From (1.9), we have en+1 − en = −ωF ′(u0)
∗(y − yn). Hence, we have

〈en+1 − en, ek〉 = 〈−ωF ′(u0)
∗(y − yn), ek〉

= −ω〈y − yn, F ′(u0)ek〉
= ω〈y − yn, F ′(u0)(uk − u†)〉.

Thus, we get ∣∣〈en+1 − en, ek〉
∣∣ ≤ ω‖y − yn‖‖F ′(u0)(uk − u†)‖. (3.13)

Now, we estimating the term ‖F ′(u0)(uk − u†)‖. Using Assumption 2.1 and the triangle inequality, we get

‖F ′(u0)(uk − u†)‖ ≤ ‖F ′(u0)(u
† − un)‖ + ‖F ′(u0)(uk − un)‖

≤ ‖y − yn‖ + ‖F(u†) − F(un) − F ′(u0)(u
† − un)‖

+ ‖F ′(u0)(uk − un)‖
≤ ‖y − yn‖ + μ‖y − yn‖ + ‖F ′(u0)(uk − un)‖
≤ (1 + μ)‖y − yn‖ + ‖F ′(u0)(uk − un)‖. (3.14)

From Assumption 2.1, we note that

‖F ′(u0)(uk − un)‖ ≤ (1 + μ)‖F(uk) − F(un)‖
≤ (1 + μ)

(‖y − F(uk)‖ + ‖y − F(un)‖
)

≤ 2(1 + μ)‖y − yn‖.
Substituting the above inequality in (3.14), we get

‖F ′(u0)(uk − u†)‖ ≤ 3(1 + μ)‖y − yn‖ (3.15)

Using (3.15) in (3.13), we get
∣∣〈en+1 − en, ek〉

∣∣ ≤ 3(1 + μ)ω‖y − yn‖2.

Substituting the above estimate in (3.12), yields

∣∣〈ek − em, ek〉
∣∣ ≤ 3(1 + μ)ω

k−1∑
n=m

‖y − yn‖2.

Similarly, we have

∣∣〈ek − el , ek〉
∣∣ ≤ 3(1 + μ)ω

l−1∑
n=k

‖y − yn‖2.

Hence,

bm,l,k = 4〈ek − em, ek〉 + 4〈ek − el , ek〉

≤ 12(1 + μ)ω

[ k−1∑
n=m

‖y − yn‖2 +
l−1∑
n=k

‖y − yn‖2
]

= 12(1 + μ)ω

l−1∑
n=m

‖y − yn‖2.
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Combining this with (3.4)
bm,l,k → 0 as l ≥ k ≥ m → ∞. (3.16)

Using (3.11) and (3.16) in (3.10), we get

‖um − ul‖ → 0 as l ≥ k ≥ m → ∞
this implies that {un}n∈N is cauchy sequence in U, so there exist an element ū ∈ U such that un → ū as n → ∞.

Using Assumption 2.1, it follows that

F(un) → F(ū) as n → ∞.

It can be observe from (3.4) that

y − F(un) → 0 as n → ∞
and hence y = F(ū). Since un ∈ B̄ρ(u†) for all n ≥ 0, it holds that ū ∈ B̄ρ(u†) and hence ū ∈ Sρ(u†). 
�

4 Convergence analysis of the method in case of noisy data

In this section, we will prove convergence of the method (1.9) for noisy case, i.e, when noise level δ > 0. Here
for any δk > 0 and corresponding noisy data yδk ∈ B̄δk (y), we introduce Nk := N (δk, yδk ) and uk := uδk

Nk
.

Proposition 4.1 Let assumptions of Lemma 2.2 be satisfied. Let {δk}k∈N be a sequence of positive real numbers
converging to zero. Then any subsequence of {uk}k∈N have a weakly convergent subsequence converging to some
ū ∈ Sρ(u†) in U.

Moreover, if u† is unique solution to (1.1) in B̄ρ(u†), then {uk}k∈N converges weakly to u† in U.

Proof Without loss of generality, we can take {δk}k∈N itself as an arbitrary subsequence. From Lemma 2.2, we
note that the sequence {uk}k∈N is bounded in U. Hence, it has weakly convergent subsequence which we denote
by the same notation {uk}k∈N. Let ū ∈ U be such that

uk ⇀ ū as k → ∞.

From completely continuous condition on the operator F, we get

F(uk) → F(ū) as k → ∞.

Thus,
yδk − F(uk) → y − F(ū) as k → ∞ in Y. (4.1)

From stopping rule (1.3), we get

lim
k→∞ ‖yδk − F(uk)‖ = 0

Using the above fact along with (4.1), we get F(ū) = y. By definition of the set Sρ(u†), it follows that ū ∈ Sρ(u†).

If u† is the only solution of (1.1) in B̄ρ(u†), a subsequence-subsequence argument guarantees that sequence
{uk}k∈N converges weakly to u† in U . 
�

In the following result, we prove the method (1.9) together with stopping rule (1.3) is asymptotically stable
in the sense as defined in [4]. We recall the definition here.

Definition 4.2 ([4])(Asymptotically stable) For some δ > 0, let {un}n≤Nδ be a finite or an infinite sequence
generated by an iterative method. Then the method is said to be asymptotically stable if for any sequence {δk}k∈N

of positive real numbers converging to zero there exists a subsequence {δk j } j∈N such that

N̄ := lim
j→∞ Nδk j

∈ N ∪ {∞}

and the following conditions hold:
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(i) For all 0 ≤ n ≤ N̄

u
δk j
n → ũn in U as j → ∞ (4.2)

for some ũn ∈ B̄ρ(u†).

(ii) If N̄ = ∞, there exist a ũ ∈ Sρ(u†) such that

ũn → ũ in U as n → ∞.

Under the Assumption 2.1, we will show that the method defined in (1.9) is asymptotically stable. In our first
result, we prove condition (i) of Definition 4.2.

Lemma 4.3 Let Assumption 2.1 be satisfied. Let u0 ∈ B̄ρ(u†) and the step size ω > 0 be arbitrary. Let {δk}k∈N

be a sequence of positive real numbers converging to zero. Then there exists a subsequence {δk j } j∈N and a

sequence {ũn}n∈N ⊂ B̄ρ(u†) that satisfy the statement (i) of Definition 4.2.
In addition, the sequence {ũn}n∈N satisfies

ũ0 = u0, ũn+1 = ũn + ωF ′(u0)
∗(y − F(ũn)

)
(4.3)

for every 0 ≤ n ≤ N̄ , where N̄ := lim
j→∞Nk j .

Proof Let {Nk}k∈N be a sequence of natural numbers then there exists a subsequence {δk j } j∈N such that either
Nk j is a constant for all j large enough or it tends to infinity as j → ∞.

Using induction technique, we show there exist a sequence {ũn}n∈N ⊂ B̄ρ(u†) and a subsequence {δk j } j∈N

that satisfy conclusions of the Lemma. To do so, we consider the case where Nk j tends to infinity as j → ∞.

To simplify notations, we denote u j
n := u

δk j
n , y j

n := F(u
δk j
n ) and y j := yδk j .

First, (4.2) hold for n = 0 with ũ0 = u0 ∈ B̄ρ(u†). Now without loss of generality, we assume that {δk j } j∈N

itself is a sub-sequence satisfying
u j

n → ũn as j → ∞, (4.4)

for some ũn ∈ B̄ρ(u†). Denoting

a j
n := F ′(u0)

∗(y j − y j
n ), an := F ′(u0)

∗(y − ỹn), ξ
j

n := a j
n − an

with ỹn := F(ũn), we have

ξ
j

n = a j
n − an

= F ′(u0)
∗(y j − y j

n ) − F ′(u0)
∗(y − ỹn)

= F ′(u0)
∗(y j − y j

n − y + ỹn)

= b j
n

with b j
n := F ′(u0)

∗(y j − y j
n − y + ỹn). Using (4.4) together with Assumption 2.1, we get y j

n → ỹn as j → ∞.

From the above fact and the boundness of ‖F ′(u0)
∗‖, we get

b j
n → 0 as j → ∞. (4.5)

Since

u j
n+1 = u j

n + ωF ′(u0)
∗(y j − y j

n )

= u j
n + ωa j

n

= u j
n + ω(an + b j

n)

= u j
n + ωan + ωb j

n ,

letting j → ∞ and using the limits (4.5) together with (4.4), we get

u j
n+1 → ũn + ωan = ũn + ωF ′(u0)

∗(y − ỹn).

By setting ũn+1 := ũn + ωF ′(u0)
∗(y − ỹn), we obtain (4.2) and (4.3) for (n + 1). Since u j

n+1 ∈ B̄ρ(u†) for all
j ∈ N, by (4.2) we get that ũn+1 ∈ B̄ρ(u†).

In the case when N̄ < ∞, the argument proceeds in the same way. 
�
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In the proof of the following lemma, we will prove second condition of the Definition 4.2 and its proof is
similar to the proof of Theorem 3.2.

Lemma 4.4 Let Assumption 2.1 be satisfied. Let ω > 0 be such that

−1 + μ + 1

2
ωM2 < 0. (4.6)

Let {ũn}n∈N be as defined in (4.3). Then {ũn}n∈N converges strongly to some ū ∈ Sρ(u†) as n → ∞.

Proof Using similar argument as in Lemma 2.2, we get

‖ũn+1 − u†‖2 − ‖ũn − u†‖2 ≤ 2ω〈F(u†) − F(ũn) − F ′(u0)(u
† − ũn), y − F(ũn)〉

− 2ω‖y − F(ũn)‖2 + ω2‖F ′(u0)
∗(y − F(ũn))‖2.

By using ‖F ′(u0)
∗‖ = ‖F(u0)‖, y = F(u†) and ỹn = F(ũn) together with Assumption 2.1, we get

‖ũn+1 − u†‖2 − ‖ũn − u†‖2 ≤ 2ωμ‖y − ỹn‖2 − 2ω‖y − ỹn‖2 + ω2 M2‖y − ỹn‖2

≤ 2ω‖y − ỹn‖2[ − 1 + μ + 1

2
ωM2]

≤ −2ω‖y − ỹn‖2[1 − μ − 1

2
ωM2] (4.7)

for all n ≥ 0, consequently

∑
n≥0

‖y − ỹn‖2 ≤ 1

2ω
[
1 − μ − 1

2ωM2
]‖u0 − u†‖2 < ∞. (4.8)

Using (4.6) in the inequality (4.7), yields

‖ũn+1 − u†‖2 < ‖ũn − u†‖2. (4.9)

We denote ẽn := u† − ũn for all n ≥ 0. From (4.7), we have {‖ẽn‖}n∈N is monotonically decreasing sequence
and hence, there exists γ̃ ≥ 0, satisfying

lim
n→∞ ‖ẽn‖ = γ̃ . (4.10)

For every m, l ∈ N with m ≤ l, we choose some constant k such that

k ∈ arg min
m≤t≤l

‖y − ỹt‖. (4.11)

Similarly, as done in (3.10), we have
‖ũm − ũl‖2 ≤ ãm,l,k + b̃m,l,k (4.12)

with

ãm,l,k := 2
[‖ẽm‖2 + ‖ẽl‖2 − 2‖ẽk‖2]

and

b̃m,l,k := 4〈ẽk − ẽm, ẽk〉 + 4〈ẽk − ẽl , ẽk〉.
Since l ≥ k ≥ m, it follows that k → ∞ and l → ∞ whenever m → ∞. From (4.10), we get

ãm,l,k → 0 as m → ∞. (4.13)

Now, in order to estimate the terms of b̃m,l,k, we write the term in summation form

〈ẽk − ẽm, ẽk〉 =
k−1∑
n=m

〈ẽn+1 − ẽn, ẽk〉 ≤
k−1∑
n=m

∣∣〈ẽn+1 − ẽn, ẽk〉
∣∣. (4.14)
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From (4.3), we get

ẽn+1 − ẽn = −ωF ′(u0)
∗(y − ỹn).

It follows that

〈ẽn+1 − ẽn, ẽk〉 = 〈−ωF ′(u0)
∗(y − ỹn), ẽk〉

= −ω〈y − ỹn, F ′(u0)ẽk〉
= ω〈y − ỹn, F ′(u0)(ũk − u†)〉.

Hence, we get ∣∣〈ẽn+1 − ẽn, ẽk〉
∣∣ ≤ ω‖y − ỹn‖‖F ′(u0)(ũk − u†)‖. (4.15)

We now estimate the expression ‖F(u0)(ũk − u†)‖. Using Assumption 2.1, together with the triangle inequality,
we obtain

‖F ′(u0)(ũk − u†)‖ ≤ (1 + μ)‖y − ỹn‖ + ‖F ′(u0)(ũk − ũn)‖. (4.16)

Furthermore, from Assumption 2.1, we note that

‖F(ũk) − F(ũn) − F ′(u0)(ũk − ũn)‖ ≤ μ‖F(ũk) − F(ũn)‖
and hence

‖F ′(u0)(ũk − ũn)‖ ≤ (1 + μ)‖F(ũk) − F(ũn)‖
≤ (1 + μ)

(‖y − F(ũk)‖ + ‖y − F(ũn)‖
)

≤ 2(1 + μ)‖y − ỹn‖.
Now, from (4.16) and above inequality, we get

‖F ′(u0)(ũk − u†)‖ ≤ 3(1 + μ)‖y − ỹn‖. (4.17)

Using (4.17) in (4.15), we get ∣∣〈ẽn+1 − ẽn, ẽk〉
∣∣ ≤ 3(1 + μ)ω‖y − ỹn‖2,

which together with (4.14) ensure that

∣∣〈ẽk − ẽm, ẽk〉
∣∣ ≤ 3(1 + μ)ω

k−1∑
n=m

‖y − ỹn‖2.

Similarly, we have that

∣∣〈ẽk − ẽl , ẽk〉
∣∣ ≤ 3(1 + μ)ω

l−1∑
n=k

‖y − ỹn‖2,

leading to

b̃m,l,k = 4〈ẽk − ẽm, ẽk〉 + 4〈ẽk − ẽl , ẽk〉

≤ 12(1 + μ)ω

[ k−1∑
n=m

‖y − ỹn‖2 +
l−1∑
n=k

‖y − ỹn‖2
]

= 12(1 + μ)ω

l−1∑
n=m

‖y − ỹn‖2.

Above fact combined with (4.8), gives

b̃m,l,k → 0 as l ≥ k ≥ m → ∞. (4.18)

Using (4.13) and (4.18) in (4.12), we can conclude that {ũn}n∈N is a Cauchy-sequence in U. Hence, there exist an
element ū ∈ B̄ρ(u†) such that ũn → ū as n → ∞ and again using Assumption 2.1, we obtain that F(ũn) → F(ū)

as n → ∞.

Moreover, from (4.8), we observe that y − F(ũn) → 0 as n → ∞ and this implies that y = F(ũn). As
ũn ∈ B̄ρ(u†) for all n ≥ 0, it follows that ū ∈ B̄ρ(u†) and by definition of set Sρ(u†), we get ū ∈ Sρ(u†). 
�
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As a consequence of above two results, we get that the method defined in (1.9) is asymptotically stable.
We are now in position to prove the convergence of the method.

Theorem 4.5 Let Assumption 2.1, (2.2) and (4.6) be satisfied. Let {δk}k∈N be sequence of real numbers converging
to zero and let iterations be stopped according to stopping rule (1.3). Then any subsequence of {uδk

Nk
}k∈N has a

subsequence that strongly converges to an element of Sρ(u†).

Moreover, if u† is the only solution to (1.1), then

uδk
Nk

→ u† in U as k → ∞.

Proof Let {δk j } j∈N denote a random sub-sequence of {δk}k∈N. Then there exists a sequence {ũn} ⊂ B̄ρ(u†) and
a sub-sequence of {δk j } j∈N satisfying condition (i)-(ii) of Definition 4.2.

First assume that lim
j→∞ Nk j = N for some N ∈ N. By condition (i) of Definition 4.2, we get

u
δk j
N → ũN as j → ∞. (4.19)

From stopping rule (1.3), we have

‖yδk j − F(u
δk j
N )‖ ≤ τδk j for all j large enough.

By taking j → ∞ in the above inequality and using (4.19) together with Assumption 2.1, it follows that
y = F(ũN ) and by the definition of set Sρ(u†) it follows that ũN ∈ Sρ(u†).

Now, it remains to show for the case when Nk j → ∞ as j → ∞. Without loss of generality, we can assume
that {Nk j } j∈N is a monotonically increasing as {Nk}k∈N ⊂ N.

By using second condition of Definition 4.2 which provides some ũ ∈ Sρ(u†) that combined with sequence
{δk j } j∈N and {ũn}n∈N satisfies

u
δk j
n → ũn as j → ∞, for 0 ≤ n ≤ Nk j , for all j large enough (4.20)

and

ũn → ũ as n → ∞. (4.21)

Hence, from (4.21), for every ε > 0 there exists an integer n∗ such that

‖ũn∗ − ũ‖ <
ε

2
, for every n ≥ n∗.

From (4.20) and the fact that Nk j goes to infinity as j → ∞, there exists j̄ ∈ N and n∗ ≤ Nk j satisfying

‖u
δk j
n∗ − ũn∗‖ <

ε

2
for all j ≥ j̄ .

Using Lemma 2.2, we get

‖u
δk j
Nk j

− ũ‖ ≤ ‖u
δk j
n∗ − ũ‖

≤ ‖u
δk j
n∗ − ũn∗‖ + ‖ũn∗ − ũ‖

< ε for all j ≥ j̄ .

Thus, we obtain lim
j→∞ ‖u

δk j
Nk j

− ũ‖ = 0 which completes the proof. 
�
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5 Rate of convergence

In this section, we will obtain rate of convergence results using a non-linearity condition which is stronger than
the Assumption 2.1(c). This condition has been used in [9] for getting rate of convergence results for the method
defined in (1.8). The assumption is as follows:

Assumption 5.1 There exist a constant c such that for all û, u ∈ B̄ρ(u†),

‖F(û) − F(u) − F ′(u0)(û − u)‖ ≤ c
(‖û − u‖ + ‖û − u0‖

)‖F(û) − F(u)‖.
Results will be proved under following source condition which again only depends on the Frèchet derivative

at the initial guess u0 :
Assumption 5.2 There exists 0 < ν ≤ 1/2 and v ∈ U such that

u† − u0 = (
F ′(u0)

∗F ′(u0)
)ν

v.

For the convergence rate result, we use following two Lemmas which have been proved in [10]:

Lemma 5.3 ([10]) Let s ∈ [0, 1] and let B : U → Y be a bounded linear operator and ω > 0 be such that
ω‖B‖2 ≤ 1. Then following estimates hold:

(i) ‖(I − ωB∗ B)n(B∗B)s‖ ≤ ω−s(n + 1)−s

(ii) ‖(I − ωB∗ B)n B∗‖ ≤ ω− 1
2 (n + 1)−

1
2

(iii) ‖ω
n−1∑
j=0

(I − ωB B∗) j (B B∗)s‖ ≤ (ωn)1−s .

Lemma 5.4 (cf. [10]) Let p,q be positive real numbers. Then there exists a positive constant c(p, q) independent
of n such that

n−1∑
j=0

( j + 1)−p(n − j)−q ≤ c(p, q)(n + 1)1−p−q g(n)

with

g(n) =

⎧⎪⎨
⎪⎩

1 max(p, q) < 1
ln(n + 1) max(p, q) = 1
(n + 1)max(p,q)−1 max(p, q) > 1.

To simplify the notation, we denote eδ
n := uδ

n − u† and bδ
n := uδ

n − u0.

Theorem 5.5 Let assumption 5.1 and 5.2 be satisfied. Let iterations defined in (1.9) be stopped according to
stopping rule (1.3). Then

(i) ‖eδ
n‖ ≤ ξ‖v‖(n + 1)−ν,

(ii) ‖bδ
n‖ ≤ ξ‖v‖(n + 1)−ν,

(iii) ‖F ′(u0)eδ
n‖ ≤ ξ‖v‖(n + 1)−ν− 1

2 for 0 ≤ n < Nδ,

where ξ =
(

1 + 1
τ(1−μ)−(2−μ)

)(
2ω−ν + ω

1
2 Cν‖v‖). Here Cν is a constant depending on ν.

Proof First, we find an expression for eδ
n and bδ

n, 0 ≤ n ≤ Nδ. From (1.9), we get

eδ
n+1 = eδ

n + ωF ′(u0)
∗(yδ − F(uδ

n)
)

= eδ
n + ωF ′(u0)

∗(yδ − F(uδ
n)

) − ωF ′(u0)
∗(F(uδ

n) − F(u†)
)

+ ωF ′(u0)
∗(F(uδ

n) − F(u†)
)

= eδ
n − ωF ′(u0)

∗(F(uδ
n) − F(u†)

) + ωF ′(u0)
∗(yδ − F(u†)

)

= eδ
n + ωF ′(u0)

∗F ′(u0)e
δ
n − ωF ′(u0)

∗F ′(u0)e
δ
n − ωF ′(u0)

∗(F(uδ
n) − F(u†)

)
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+ ωF ′(u0)
∗(yδ − y)

= (
I − ωF ′(u0)

∗F ′(u0)
)
eδ

n − ωF ′(u0)
∗[F(uδ

n) − F(u†) − F ′(u0)e
δ
n

]

+ ωF ′(u0)
∗(yδ − y).

Similarly, we have

bδ
n+1 = bδ

n + ωF ′(u0)
∗(yδ − F(uδ

n))

= (
I − ωF ′(u0)

∗F ′(u0)
)
bδ

n − ωF ′(u0)
∗[F(uδ

n) − F(u†) − F ′(u0)b
δ
n

]

+ ωF ′(u0)
∗(yδ − y)

= (
I − ωF ′(u0)

∗F ′(u0)
)
bδ

n + ωF ′(u0)
∗F ′(u0)e

δ
0

− ωF ′(u0)
∗[F(uδ

n) − F(u†) − F ′(u0)e
δ
n

] + ωF ′(u0)
∗(yδ − y).

Denoting Zn = −[
F(uδ

n) − F(u†) − F ′(u0)eδ
n

]
and using Assumption 5.2, we get

eδ
n+1 = (

I − ωF ′(u0)
∗F ′(u0)

)
eδ

n + ωF ′(u0)
∗Zn + ωF ′(u0)

∗(yδ − y)

and

bδ
n+1 = (

I − ωF ′(u0)
∗F ′(u0)

)
bδ

n + ω
(
F ′(u0)

∗F ′(u0)
)ν+1

v + ωF ′(u0)
∗Zn + ωF ′(u0)

∗(yδ − y).

For 0 ≤ n ≤ Nδ, we have

eδ
n = (

I − ωF ′(u0)
∗F ′(u0)

)n
e0 + ω

n−1∑
j=0

(
I − ωF ′(u0)

∗F ′(u0)
) j

F ′(u0)
∗Zn− j−1

+ ω

n−1∑
j=0

(
I − ωF ′(u0)

∗F ′(u0)
) j

F ′(u0)
∗(yδ − y) (5.1)

and consequently

F ′(u0)e
δ
n = (

I − ωF ′(u0)F ′(u0)
∗)n

F ′(u0)e0 + ω

n−1∑
j=0

((
I − ωF ′(u0)F ′(u0)

∗) j

F ′(u0)F ′(u0)
∗Zn− j−1

)
+ {

I − (I − ωF ′(u0)F ′(u0)
∗)n}

(yδ − y).

Also, bδ
n can be expressed as

bδ
n = ω

n−1∑
j=0

(
I − ωF ′(u0)

∗F ′(u0)
) j (

F ′(u0)
∗F ′(u0)

)ν+1
v

+ ω

n−1∑
j=0

(
I − ωF ′(u0)

∗F(u0)
) j

F ′(u0)
∗Zn− j−1

+ ω

n−1∑
j=0

(
I − ωF ′(u0)

∗F ′(u0)
) j

F ′(u0)
∗(yδ − y).

Therefore,

bδ
n = ω

n∑
j=0

(
I − ωF ′(u0)

∗F ′(u0)
) j (

F ′(u0)
∗F ′(u0)

)ν+1
v

− ω
(
I − ωF ′(u0)

∗F ′(u0)
)n(

F ′(u0)
∗F ′(u0)

)ν+1
v
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+ ω

n−1∑
j=0

(
I − ωF ′(u0)

∗F ′(u0)
) j

F ′(u0)
∗Zn− j−1

+ ω

{ n−1∑
j=0

(
I − ωF ′(u0)

∗F ′(u0)
) j

F ′(u0)
∗
}
(yδ − y).

Now, we use induction to prove the result for 0 ≤ n < Nδ. The result is trivial for n = 0. We assume that the
result is true for for all j satisfying 0 ≤ j < n, with n < Nδ.

For n < Nδ, we have

‖eδ
n‖ ≤ ∥∥(

I − ωF ′(u0)
∗F ′(u0)

)n(
F ′(u0)

∗F ′(u0)
)ν

v
∥∥

+ ω

n−1∑
j=0

∥∥(
I − ωF ′(u0)

∗F ′(u0)
) j

F ′(u0)
∗∥∥∥∥Zn− j−1

∥∥

+ ω

∥∥∥∥
n−1∑
j=0

(
I − ωF ′(u0)

∗F ′(u0)
) j

F ′(u0)
∗
∥∥∥∥δ

≤ ω−ν(n + 1)−ν‖v‖ + ω

n−1∑
j=0

( j + 1)−
1
2 ω− 1

2 ‖Zn− j−1‖ + (ωn)1− 1
2 δ

≤ ω−ν(n + 1)−ν‖v‖ + √
ω

n−1∑
j=0

( j + 1)−
1
2 ‖Zn− j−1‖ + √

ωnδ.

Also,

‖bδ
n‖ ≤ ∥∥ω

n∑
j=0

(
I − ωF ′(u0)

∗F ′(u0)
) j (

F ′(u0)
∗F ′(u0)

)ν+1∥∥∥∥v
∥∥

+ ∥∥ω
(
I − ωF ′(u0)

∗F ′(u0)
)n(

F ′(u0)
∗F ′(u0)

)ν+1∥∥∥∥v
∥∥

+ ω

n−1∑
j=0

∥∥(
I − ωF ′(u0)

∗F ′(u0)
) j

F ′(u0)
∗∥∥∥∥Zn− j−1

∥∥

+ ∥∥ω

n−1∑
j=0

(
I − ωF ′(u0)

∗F ′(u0)
) j

F ′(u0)
∗∥∥δ

≤ ω−ν(n + 1)−ν‖v‖ + ω−ν(n + 1)−1−ν‖v‖

+ √
ω

n−1∑
j=0

( j + 1)−
1
2 ‖Zn− j−1‖ + √

ωnδ

and

‖F ′(u0)e
δ
n‖ ≤ ∥∥(

I − ωF ′(u0)F ′(u0)
∗)n

F ′(u0)e0
∥∥

+ ω

n−1∑
j=0

∥∥(
I − ωF ′(u0)F ′(u0)

∗) j (
F ′(u0)F ′(u0)

∗)∥∥∥∥Zn− j−1
∥∥ + δ

≤ (n + 1)−ν− 1
2 ω−ν− 1

2 ‖v‖ +
n−1∑
j=0

( j + 1)−1‖Zn− j−1‖ + δ.

Now by using (2.1) and the Assumption 5.1, we get

‖Zn‖ ≤ c
(‖uδ

n − u†‖ + ‖uδ
n − u0‖

)‖F(uδ
n) − F(u†)‖
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≤ c
(‖eδ

n‖ + ‖bδ
n‖)

(
1

1 − μ

)
‖F ′(u0)e

δ
n‖

≤
(

c

1 − μ

)
‖bδ

n‖‖F ′(u0)e
δ
n‖ +

(
c

1 − μ

)
‖eδ

n‖‖F ′(u0)e
δ
n‖

≤ 2c‖bδ
n‖‖F ′(u0)e

δ
n‖ + 2c‖eδ

n‖‖F ′(u0)e
δ
n‖.

By employing the induction assumption, we get ‖Zn− j−1‖ ≤ 4cξ2‖v‖2(n − j)−2ν− 1
2 . Therefore,

n−1∑
j=0

( j + 1)−
1
2 ‖Zn− j−1‖ ≤ 4cξ2‖v‖2

n−1∑
j=0

( j + 1)−
1
2 (n − j)−2ν− 1

2 .

Now, by using Lemma 5.4,

n−1∑
j=0

( j + 1)−
1
2 (n − j)−2ν− 1

2 ≤ c

(
1

2
, 2ν + 1

2

)
(n + 1)−2ν

⎧⎪⎨
⎪⎩

1 i f ν < 1
4

ln(n + 1) i f ν = 1
4

(n + 1)2ν− 1
2 i f ν > 1

4 .

Therefore,
n−1∑
j=0

( j + 1)−
1
2 ‖Zn− j−1‖ ≤ Cν‖v‖2(n + 1)−ν, (5.2)

where Cν is a constant depending on ν. Hence,

‖eδ
n‖ ≤ ω−ν(n + 1)−ν‖v‖ + ω

1
2 Cν‖v‖2(n + 1)−ν + √

ωnδ

≤ (
ω−ν + ω

1
2 Cν‖v‖)(n + 1)−ν‖v‖ + √

ωnδ

≤ (
2ω−ν + ω

1
2 Cν‖v‖)(n + 1)−ν‖v‖ + √

ωnδ

and

‖bδ
n‖ ≤ 2ω−ν(n + 1)−ν‖v‖ + ω

1
2 Cν‖v‖2(n + 1)−ν + √

ωnδ

≤ (
2ω−ν + Cνω

1
2 ‖v‖)‖v‖(n + 1)−ν + √

ωnδ.

By use of Lemma 5.4, we get

n−1∑
j=0

( j + 1)−1‖Zn− j−1‖ ≤ Cν‖v‖2(n + 1)−ν− 1
2 . (5.3)

Therefore,

‖F ′(u0)e
δ
n‖ ≤ ω−ν− 1

2 (n + 1)−ν− 1
2 ‖v‖ + Cν‖v‖2(n + 1)−ν− 1

2 + δ

≤ ω− 1
2
(
ω−ν + Cνω

1
2 ‖v‖)‖v‖(n + 1)−ν− 1

2 + δ

≤ ω− 1
2
(
2ω−ν + Cνω

1
2 ‖v‖)‖v‖(n + 1)−ν− 1

2 + δ.

For 0 ≤ n < Nδ, from stopping rule (1.3) gives

τδ < ‖yδ − F(uδ
n)‖

< ‖yδ − y‖ + ‖y − F(uδ
n)‖

≤ δ + 1

1 − μ
‖F ′(u0)e

δ
n‖

≤ δ + ω− 1
2

1 − μ

(
2ω−ν + ω

1
2 Cν‖v‖)‖v‖(n + 1)−ν− 1

2 + 1

1 − μ
δ
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τδ ≤
(

2 − μ

1 − μ

)
δ + ω− 1

2

1 − μ

(
ω

1
2 Cν‖v‖ + 2ω−ν

)
(n + 1)−ν− 1

2 ‖v‖,

hence, we get

δ ≤ ω− 1
2

τ(1 − μ) − (2 − μ)

(
ω

1
2 Cν‖v‖ + 2ω−ν

)
(n + 1)−ν− 1

2 ‖v‖. (5.4)

Therefore,

‖eδ
n‖ ≤ (

2ω−ν + ω
1
2 Cν‖v‖)‖v‖(n + 1)−ν

+ ω
1
2 ω− 1

2
1

τ(1 − μ) − (2 − μ)

(
ω

1
2 Cν‖v‖ + 2ω−ν

)
(n + 1)−ν‖v‖

≤
(

1 + 1

τ(1 − μ) − (2 − μ)

)(
2ω−ν + ω

1
2 Cν‖v‖)‖v‖(n + 1)−ν, (5.5)

Similarly

‖bδ
n‖ ≤

(
1 + 1

τ(1 − μ) − (2 − μ)

)(
2ω−ν + ω

1
2 Cν‖v‖)‖v‖(n + 1)−ν (5.6)

and

‖F ′(u0)e
δ
n‖ ≤

(
1 + 1

τ(1 − μ) − (2 − μ)

)(
2ω−ν + ω

1
2 Cν‖v‖)‖v‖(n + 1)−ν− 1

2 . (5.7)

Hence conclusion of Theorem holds. 
�
Theorem 5.6 Let assumptions of Theorem 5.5 be satisfied. Then

Nδ ≤ C1

(‖v‖
δ

) 2
2ν+1

(5.8)

and
‖u† − uδ

Nδ
‖ ≤ C2‖v‖ 1

1+2ν δ
2ν

1+2ν (5.9)

with some positive constant C1, C2 > 0, depending on ν.

Proof From (5.1) we have

eδ
Nδ

= (
I − ωF ′(u0)

∗F ′(u0)
)Nδ e0 + ω

Nδ−1∑
j=0

(
I − ωF ′(u0)

∗F ′(u0)
) j

F ′(u0)
∗Z Nδ− j−1

+
{
ω

Nδ−1∑
j=0

(
I − ωF ′(u0)

∗F ′(u0)
) j

F ′(u0)
∗
}
(yδ − y)

= (
F ′(u0)

∗F ′(u0)
)νWNδ +

{
ω

Nδ−1∑
j=0

(
I − ωF ′(u0)

∗F ′(u0)
) j

F ′(u0)
∗
}
(yδ − y),

where

WNδ = (
I − ωF ′(u0)

∗F ′(u0)
)Nδ v + ω

Nδ−1∑
j=0

(
I − ωF ′(u0)

∗F ′(u0)
) j (

F ′(u0)
∗F ′(u0)

) 1
2 −ν

Z Nδ− j−1.

Now by taking norm on both sides of the above equation, we get

‖WNδ‖ ≤ ‖(I − ωF ′(u0)
∗F ′(u0)

)Nδ v‖

+ ω

Nδ−1∑
j=0

∥∥(
I − ωF ′(u0)

∗F ′(u0)
) j (

F ′(u0)
∗F ′(u0)

) 1
2 −ν∥∥∥∥Z Nδ− j−1

∥∥
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≤ ‖v‖ + ων+ 1
2

Nδ−1∑
j=0

( j + 1)ν− 1
2 ‖Z Nδ− j−1‖.

We have,

n−1∑
j=0

( j + 1)ν−1/2‖Z Nδ− j−1‖ ≤ 4cξ2‖v‖2
n−1∑
j=0

( j + 1)ν−1/2(Nδ − j)−2ν−1/2.

By using Lemma 5.4,

n−1∑
j=0

( j + 1)ν− 1
2 (n − j)−2ν− 1

2 ≤ c

(
1

2
− ν, 2ν + 1

2

)
(n + 1)−ν

⎧
⎪⎨
⎪⎩

1 ν < 1
4

ln(n + 1) ν = 1
4

(n + 1)2ν− 1
2 ν > 1

4 .

As ‖v‖ is sufficient small, we can assume ‖v‖ ≤ 1, Hence we have,

‖WNδ‖ ≤ ‖v‖ + C̃ν‖v‖2 ≤ (1 + C̃ν)‖v‖.
Therefore,

∥∥F ′(u0)
(
F ′(u0)

∗F ′(u0)
)νWNδ

∥∥ = ∥∥F ′(u0)e
δ
n − [

I − {
I − ωF ′(u0)F ′(u0)

∗}n]
(yδ − y)

∥∥
≤ ‖F ′(u0)e

δ
n‖ + δ

≤ ‖F(uδ
Nδ

) − F(u†) − F ′(u0)e
δ
Nδ

‖
+ ‖F(uδ

Nδ
) − F(u†)‖ + δ

≤ μ‖F(uδ
Nδ

) − F(u†)‖ + ‖y − F(uδ
Nδ

)‖ + δ

≤ (1 + μ)‖y − F(uδ
Nδ

)‖ + δ

≤ (1 + μ)(δ + τδ) + δ

≤ (
(1 + μ)(1 + τ) + 1

)
δ.

As 1 = 1
2ν+1 + 2ν

2ν+1 , using interpolation inequality, we can show

∥∥(
F ′(u0)

∗F ′(u0)
)νWNδ

∥∥ ≤
[{

(1 + μ)(1 + τ) + 1
}
δ

] 2ν
1+2ν {

(C̃ν + 1)‖v‖} 1
1+2ν

≤ Cδ
2ν

1+2ν ‖v‖ 1
1+2ν , (5.10)

where C = ((1 + μ)(1 + τ) + 1)
2ν

1+2ν (C̃ν + 1)
1

1+2ν . We note that when Nδ = 0, ‖eδ
Nδ

‖ ≤ Cδ
2ν

1+2ν ‖v‖ 1
2ν+1 and

when Nδ > 0, we use (5.4) with n = Nδ − 1 to obtain

δ ≤ ξ‖v‖(Nδ)
−ν− 1

2 (5.11)

and hence Nδ ≤
(

ξ‖v‖
δ

) 2
2ν+1

. By using the above conclusion, we get

‖eδ
Nδ

‖ ≤ ∥∥(
F ′(u0)

∗F ′(u0)
)νWNδ

∥∥ + √
ωNδδ

≤ C‖v‖ 1
1+2ν δ

2ν
1+2ν + ω

1
2 ξ

1
1+2ν ‖v‖ 1

1+2ν δ
2ν

1+2ν

≤ C2‖v‖ 1
1+2ν δ

2ν
1+2ν ,

where C2 = max{C, ξ
1

1+2ν } 
�
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6 Numerical example

In this section, we give an example to show validity of the proposed method.

Example 6.1 ([14]) To demonstrate advantages of the proposed scheme (1.9), we explore a parameter identifica-
tion problem. In this problem, we are interested in finding parameter q in the following boundary value problem

{
−u′′ + qu = f (v) v ∈ (0, 1),

u(0) = m0, u(1) = m1,
(6.1)

where m0, m1 and f ∈ L2[0, 1] are given. The problem can be written as operator equation of the form F(q) :=
u(q), where u(q) indicates the unique solution of (6.1) and nonlinear operator F : D(F) ⊆ L2[0, 1] ↪→ L2[0, 1]
is parameter-to-solution mapping. It can be shown that that F is well defined on

D(F) := {q ∈ L2[0, 1] : ‖q − q̂‖L2 ≤ γ f or some q̂ ≥ 0 a.e.}
with some γ > 0 and it is Frèchet differentiable. The Frèchet derivative of F and adjoint of the Frèchet derivative
are given as

F ′(q)h = −A(q)−1(hu(q)
)

and

F ′(q)∗w = −u(q)A(q)−1w,

where A(q) : H2 ∩ H1
0 ↪→ L2 is defined by A(q)u := −u′′ + qu.

In the numerical example, we estimate q in (6.1) by taking f (v) := (1 + v)(1 + v − 0.8sin(2πv)), m0 = 1
and m1 = 2. If u(q†) := 1 + v, then it is clear that q† := 1 + v − 0.8sin(2πv) is the exact solution. In place
of the exact data u(q†), we use a perturbed data uδ = 1 + v + δ

√
2sin(2πv/δ). Note that ‖uδ − u(q†)‖L2 ≤ δ.

Iterations are stopped according to the stopping rule (1.3) with τ = 2.1. We divide the interval [0, 1] into 50
sub intervals of equal length. Differential equations involved in the computation have been solved using finite
difference scheme and the resulting tridiagonal system has been solved by using Thomas algorithm. We take
initial guess as q0 := 2 − v. For this choice of initial guess q0, one can show that q0 − q† ∈ R(F ′(q0)

∗)
(see [9]). In Table 1, we have given the comparison between the standard Landweber method considered in [7]
and modified version of simplified Landweber method considered in (1.9) with ω = 2.5. We can observe that
the standard Landweber method takes relatively more time than the modified version of simplified Landweber
method (1.9). In Table 2, numerical results for different values of δ and ω have been given. From the obtained
results, we note that use of suitable choice of step size ω in the method (1.9) significantly reduces number of
iterations and time taken to execute the method. In Fig. 1, graphical representations of the obtained results for
different values of δ have been presented.

Table 1 Comparison between standard Landweber method considered in [7] and modified version of simplified Landweber method
considered in (1.9) with ω = 2.5

δ Standard Landweber method [7] Modified method considered in (1.9)

Nδ Error Time(s) Nδ Error Time(s)

0.01 920 0.3932 10 928 0.3952 10
0.001 29275 0.2702 248 29353 0.2700 234
0.0001 925621 0.2144 4203 925887 0.2144 4055
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Table 2 Numerical results for Example 6.1 with τ = 2.1 for three different values of ω

δ ω = 1 ω = 1.5 ω = 2.5

Nδ Error Time(s) Nδ Error Time(s) Nδ Error Time(s)

.01 2322 0.3952 20 1548 0.3952 14 928 0.3952 10

.001 73381 0.27 582 48921 0.27 389 29353 0.27 234

.0001 2314718 0.2144 15923 1543145 0.2144 8550 925887 0.2144 4055
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Fig. 1 Reconstructed solutions using modified version of simplified Landweber iteration method
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