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Abstract In this paper, we consider a modified version of the simplified Landweber iterative regularization
method which require calculation of the Frechet derivative of the operator F only at the initial guess uo with
step size w > 0 for obtaining stable approximate solution of nonlinear ill-posed operator equation of the form
F(u) =y, where F : D(F) C U — Y is nonlinear operator from a Hilbert space U to a Hilbert space Y. We
provide convergence analysis for the proposed scheme based on the concept of asymptotic stability. We show
convergence of the method and derive error estimate under suitable non-linearity conditions on F. Lastly, the
effectiveness of the proffered method is made more visible by showing its applicability to numerical example.

Keywords Landweber method - Nonlinear ill-posed operator equation - Iterative regularization method -
Stopping rule

1 Introduction

The goal of this study is to get stable approximate solution of an ill-posed operator equation of the form

Fu) =y (1.1)

where F' : D(F) C U — Y is nonlinear operator from a Hilbert space U to a Hilbert space Y. On both the
Hilbert spaces U and Y, inner products and their accompanying norm are denoted by the same symbols (., .) and
|||l respectively. Throughout the paper, we assume that (1.1) has a solution «" which need not be unique and the
operator equation (1.1) is ill-posed due to the fact that the solutions are not stable due to its dependency on small
perturbations in the data. Due to errors in measurements, exact data are never available in practical applications,
instead, we only have noisy data. Let y? € Y be a available data for y which is contaminated by noise satisfying

ly® = yll <8,

where § > 0 is noise level. As solution of the operator equation (1.1) does not depend continuously on the
data, regularization methods are necessary to obtain a stable approximation for the exact solution u'. Tikhonov
regularization is one of the classical continuous regularization methods (see [5,6,15,18]), which is extensively
used in literature for getting a stable approximate solution. Iterative regularization methods are another class of
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regularization methods which have come as an interesting alternatives for continuous regularization methods.
Particularly in the case of large-scale problems, iterative schemes have gained popularity over the Tikhonov
regularization. Numerous iterative methods in the Hilbert space framework are available in the literature for
regularization of ill-posed operator equations. For the nonlinear ill-posed operator equation, a well known itera-
tively regularized Gauss-Newton iterative methods have been studied in [1,3,8,11,13,16]. A simplified form of
generalized iteratively regularized Gauss-Newton method has been studied in [12].

The Landweber iteration method has gained a lot of interest in the inverse problem field due to its ease of
implementation and minimal complexity per iteration. Before initiating the demonstration of our new scheme,
we will first give an overview on the results of the standard Landweber method discussed in [7], wherein the
iterations are defined as follows:

W =ul + F'@l)* (v — Fwd), n=01,2,... (12)

where ug = uo is an initial guess for the exact solution u', F’ (uﬁ) and F’ (ui)* denote Fréchet derivatives of F
and adjoint of F’ (ufl) respectively. In [7], authors have shown existence of stable approximation for the exact
solution " when the iteration process has been terminated after Nj steps, where Ns has been chosen according
to the following Morozov type stopping rule: Choose N5 to be the first integer satisfying

Iy’ = Fud)ll <78 < [ly* = Fw))l, 0<n <N, (1.3)

where T > 0. They have used the following tangential cone condition as a non-linearity condition for the
convergence analysis: There exists u < % satisfying

IF(u) — F(ii) = F'(w)(u — )|l < pnllFu)— F@l, (1.4)

where u, it € B,(ug) C D(F). Here B, (uo) denotes the open ball centered at uq of radius p > 0.
In addition, they have obtained convergence rate of order

! — | = 0 (57 (1.5)

under the following source condition on the exact solution u™ : There exists v > 0 and v € U such that
u' —ug = (F' ") F' """ (1.6)

Following condition on nonlinear operator F has been used in [7] for convergence analysis: There exists a
constant C > 0 and for each u € B, (uo) a operator R, : Y — Y such that

F'(u) = R,F'(u"), R, =1l < Cllu—u'l. (1.7)

Further, convergence analysis of Landweber iterative method has been done in the literature by various researchers
(see [2,10,17]).

In order to reduce computational complexity of computation of the Fréchet derivative at each iteration level,
Jose and Rajan in [9], considered following simplified form of Landweber iterative method:

wh,y = ul + F'(u)*(y' — Fud)), neN. (1.8)

Note that in the above method, one requires to calculate the Frechet derivative of the operator F only at the
initial guess ug. In [9], authors have obtained convergence rate result as given in (1.5) under weaker non-linearity
conditions than considered in [7].

In [4], authors have studied a modified form of Landweber iterative method, namely, Bouligand-Landweber
iterative method, for ill-posed operator equations involving non smooth operator F. They have done convergence
analysis of the method based on the concept of asymptotic stability using a generalized form of tangential cone
condition given in (1.4).

In this paper, we will consider simplified Landweber iterative method with step size @ > 0. In this method,
iterations are defined as

uhyy = ub +oF (uo)*(y> — Ful)), n>0 (1.9)

where ug = ug is an initial guess for exact solution, w > 0 is the step size and F’(uo)* denotes adjoint of the
operator F’(up). We will stop iterations after N steps, where Nj is chosen according to the stopping rule defined
in (1.3).
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The outline of the paper is as follows: In Sect. 2, we give some assumptions which will be used throughout
the paper for convergence analysis of the method. In this section, we will also show well-definedness of the
proposed method and stopping index defined in (1.3). In Sect. 3, we show the strong convergence of the method
in case of noise free setting (§ = 0). In Sect. 4, we show the method is asymptotically stable and will also obtain
strong convergence result in case of noisy data (6 > 0). In Sect. 5, we obtain the rate of convergence for the
method under weaker non-linearity condition than the one considered in [7] using Holder type source condition.
Finally, in Sect. 6, we give a numerical example to show validity of the proposed method.

2 Well-definedness of the method

Before showing well-definedness of the method, here, we give some assumptions which will be used throughout
the paper for the convergence analysis of the method. Let S, (u') be the set defined as

Sp(uT) = {u € Bp(uT) cF(u) = y},
for some p > 0, i.e, it is the set of all solutions of (1.1) in B, (u"), where B, (u") := {u € U : [lu — uT| < p}.
We choose initial guess uq in B, Y :={ueU:|lu-u'l <p). Now we state our basic assumption.

Assumption 2.1 (a) There exists p > 0 such that 5, ") c D(F), and F is Frechet differentiable at each
ueb, (u™) and the operator F is completely continuous.

(b) There exists a constant M > 0 such that || F'(ug)| < M.

(c) There exists a constant o € [0, 1) such that

| F(@t) — F(u) — F'(uo) (it — w)|| < w| F (@) — Fu)|
forany u, i € Bp(uT).

We note that the following relation can be derived immediately from Assumption 2.1(c) using the triangle
inequality:

1
——IF (uo)(@ —w)|| < |F@) — Fw)| <

1+ u 1_MIIF(uo)(u—u)II (2.1)

In the following Lemma first we show that the iterates uﬁ generated by (1.9), are well defined, i.e., ufl €
Bp(zﬂ), for some p > 0 and for 0 < n < Nj, where N5 is as in (1.3).
Lemma 2.2 Let Assumptions 2.1 be satisfied and T > 1, w > 0 be such that
2 1
2wt D oy wM?) <o, 2.2)
T

Let the integer Ng be chosen according to stopping rule (1.3). Then for any solution i of (1.1) in S, (uf), we
have
ey = itll < lluy —dill, 0<n<Ns—1, 2.3)

and hence ”i € Bp ("), for 0 < n < Ns — 1. Moreover, the stopping index Ny defined in (1.3) exists.

Proof By using induction technique, we first prove the inequality (2.3) for all 0 < n < Nj. It is obvious that
(2.3) holds for n = 0. Now assume that uﬁ e B, (u®) for some n < N5 — 1 and let & be an arbitrary element of
Sy(u’).
Using (1.9) and the identity |la — b||? = |la — ¢||*> + |lc — b||*> + 2(a — ¢, ¢ — b), it follows that
gy — a@ll® = llud — all®
= gy — up > + Nty — @l1> + 2y — v, upy — 1) = ey, —
= 2(”2 —u, ”f;+1 - "‘2) + ”ufH-l - "‘2”2
=20ud) — it o F (uo)*(y* — Fu)))) + llu) ,, — ud|)?
= 20(F'(uo) (ul — i), y* — F(ud)) + lludyy — ud|?
= 20(F (@) — F(@) + F(ud) — F(ub) + F'(uo)(u, — it), y° — F(u))
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+ Ny —upl)?
= 20(F (@) — F(u)) — F'(uo) (i —up), y° — F(uy))
—20(y = Fu) +y* = y°. 3" = F@))+ lu),, — u)ll®
= 20(F (i) — F(u)) — F'(uo) (i — u’), y° — F(ud))
—20(y’ — Fud), y* — Fud)) — 20(y — y°,y* — F(u)))
+ | F'(uo)*(0° = F@d))|?
= 20(F (@) — F(u)) — F'(uo) (it — u)), y° — F(ub)) — 2wlly® — Fu))|
—20(y = y°,y* = F)))+ | F'(uo)*(»° — F )|, (2.4)
By making use of the fact that || F (1)*|| = || F (uo)|| and Assumption 2.1, it follows that
ld g — @l = Nl — @l < 20plly = FGDIY® — F@d)| — 20lly’ — Fud)|?
+208]y° — Fu)ll + o*M*||y* — Fu))|
= olly’ — Fu)ll[2ully — F@d)| — 2 - M*w)|y°
— Fud)| +25]. (2.5)

Next we derive estimate for the the term ||y® — F (”2) ||. From the stopping rule (1.3), we have
1
§ <~y = F@d)| forall 0<n < Nj (2.6)
T

and so by using (2.6) and ||y® — y|| < &, we get

ly — F@)l =1y’ — Fd) — (5° = p)ll
<1y’ = F@d) +11y° -yl
<1y = F@d)|+3

< (% + 1) 1y* = Fup)l-
Now substituting the above inequality in (2.5) and using (2.6), we get for 0 < n < Nj
litp sy = @l = lluy — @l < wlly® F(u,‘i)n[me + 1) Iy* = Faupll
— Q= Mo)|y - Fupl + %ny‘3 — Fu)ll]

1 2
<oy’ - F(uf,)llz[ZM(; + 1) — Q- M)+ ;}

- w[@ —(2-2u- wM2)]||y‘S — Fd)IP
= (—a)[y® - Fud)|? 2.7)

where

[2(M+1)
o =—| ——

- —(2—2u—wM2):| > 0.

Using the fact that v > 0 and condition (2.2) in (2.7), we get
gy — @il> < llud — ). 2.8)

In case, when i = u', we obtain ”;i+1 € lS_’p(uT) forall 0 < n < Ns — 1. Hence (2.3) holds.
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Now we prove existence of the stopping index N satisfying (1.3). Let us take a set Q defined as
Q=1{neN:|y - Fup)l > r8}.

For every n € Q, from (2.7), We can deduce that
1 - -
1y> = Fupl? < a[nuﬁ —it])* = up gy — u||2].
Now taking summation on both sides of the above inequality, we get

1 _
DIy = Fap)l? < —llug — all* < oo, (2.9)
neQ

From definition of the set Q, we have
1> = Fup)ll > 8,
for all n € Q. Using this in (2.9), we have
DY = F@l* > ) (w8 = (x8)*Ql. (2.10)
neQ neQ
Now, (2.10) and (2.9) ensure that the set Q is finite and hence N satisfying (1.3) existsand N5 = |Q| + 1. O

3 Convergence analysis for noise free setting

In this section, we consider convergence analysis of the method for the case of noise free data, i.e., when § = 0.
In this case, the method is defined as

tni1 =ty + 0F o) (y = Fun)), n>0 3.1

where u is an initial guess for exact solution, @ > 0 is the step size and F’(ug)* denotes adjoint of the operator
F’(uo). Let y, = F(uy). First, we show well-definedness of the method defined in (3.1).

Lemma 3.1 Let Assumptions 2.1 be satisfied and w > 0 be such that

Q2-=2u—wM?) > 0. (3.2)
Then
lnser —u'|? < llup —u'> forall n=0. (3.3)
Moreover,
o0
> lly = Funl < oc. (34)
n=0

Proof Using F(u') = y and following similar steps as in Lemma 2.2, we get, for all n > 0,
g — u'1* = llun —u' 1> = 20(F ") — F(up) — F'(uo)(u” — up), y — F(uy))
=20y = Fun)|I* + o | F'(uo)*(y — F(un))|1*. 3.5)
Using the fact that || F'(ug)*|| = || F'(uo)| and Assumption 2.1, it follows that
lttngr — u'1* = lluw —u'lI* < 20plly — Fun)* = 20lly — F(u)|*
+ ™ M|y — F(u)|?
= oly = Fun) > 21 =2+ oM?)
< 02 =2 —oM?)|ly — Fup)l, (3.6)
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where step size w > 0. Using the condition (3.2) in (3.6), we obtain (3.3). Inequality (3.6) can be alternatively
written as

ly — Fun)|* < litnar — ' 1% = Nl — ' [1%]

w2 -2 — wMz)[

Taking summation on both sides of the above inequality, we get

1

112
. ol
w@-2u—wM?)

lluo — < 00,

o0
Dolly = Funl? <
n=0

which gives (3.4). |
In the following result, we prove convergence result for the method defined in (3.1).

Theorem 3.2 Let assumptions of Lemma 3.1 be satisfied. Then either there exists a finite integer N such that
iterates u, defined in method (3.1) coincide with an element of S, (u") after N iterations or generates a sequence
of iterates that strongly converges to an element of S, Y inU.

Proof First, we consider the case in which the the sequence {u, },en generated by (3.1) stops after finite number
of iterations say at the index N. Note that due to the discrepancy principle (1.3) (for § = 0), the iterate uy
satisfies F'(uy) = y. Using the fact that initial point ug € B, (u"), and (3.3) holds, we have uy € B, (u") and
thus, by the definition of set S, (u"), we obtain that uy € S, (uh).

Now we consider the second case, where the method (1.9) generates a infinite sequence {u,},en. To that
purpose, we will start with (3.3) and the information that u,, € B, (u") foralln > 0.

Let us denote ¢, := ut — u, for all n > 0. From (3.3), we have

lens1ll® < llenll?,

i.e., {|len|l}nen is @ monotonically decreasing and hence, it is a convergent say converging to a number y > 0,
i.€e,

lim |le,]l = y. 3.1
n—0oo
Form,l € Nwithm </, let
k € arg min |y — y||. 3.8)
m<t<l
Note that
N — 1> < 2(wm — wiell* + llug — will?). (3.9)

Using the identity [la — b||?> = [la — c||> — |b — ¢|*> + 2(a — b, ¢ — b), we get

T — ),

it — wicl* = N — w11 = g — w17 + 2(um — g, u
and
o — e ll® = oy — w1 = Mg — "1+ 20 — wge, u” — u).
Substituting the above idetities in (3.9), we get

letm — w1 < 2(luwm — w1 = o = w11 + 20t — g, u” — wi))
ol — w1 = e — w1+ 20 — wge, u” — )
=2[llemI* + ller* = 2llex*] + 4(ex — em. ex) + 4lex — er, ex)
= am,1k + bm.1k, (3.10)

where a1k = 2[llem|* + ller|I* — 2llex]|*] and by ik == 4(ex — em, ex) + 4{ex — €1, ex). Since [ > k > m, it
follows that k — oo and [ — oo as m — oo. Hence, using (3.7), it follows that

amik —> 0 as m — oo. 3.11)

@ Springer



Modified version of a simplified Landweber method 247

Now, we estimate the term of b, ; . Note that

k—1 k—1
(ex — emrex) = Y (ens1 — enex) < Y |{ens1 — en ex)]- (3.12)
n=m n=m
From (1.9), we have e, | — e, = —wF’(ug)*(y — y,). Hence, we have

(ent1 — ens ex) = (—wF (uo)* (y — yn), ex)
—(y = yn, F'(uo)ex)

(Y — Y, F' (o) (ux — u")).

Thus, we get
[(ent1 — en, )| < olly = yull | F' (o) (i — u")]). (3.13)

Now, we estimating the term || F' (ug) (uy — uh)]. Using Assumption 2.1 and the triangle inequality, we get
IF (o) ux — u') | < [1F' (o)’ — wn) || + | F (o) (ur — un) |
< lly = yull + 1 F ") = Fun) = F'wo)’ — up)ll
+ 1 F' (o) (ur — )|
<Ny = yall + wlly = yall + 11 F'(uo) (g — un)||
< (L + Wy = yall + [1F' (uo) (ux — up)|l. (3.14)
From Assumption 2.1, we note that
IF" (o) (g — un) |l < (14 || F(ur) — F ()|
<A+ w(ly = Fal + lly = Fun)l)
=20+ wly = yall-

Substituting the above inequality in (3.14), we get

I F' (o) (ur — u)I| < 3L+ )y — yull (3.15)
Using (3.15) in (3.13), we get

[{ens1 — ense)] < 3L+ wolly = yull*.
Substituting the above estimate in (3.12), yields
k—1
[(ex — em. ex)| <301+ ww Y lly = yull*.
n=m
Similarly, we have
-1

[(ex — erex)] <301+ wa Y Iy = yull*.
n=k

Hence,

b1k = 4ex — em, ex) + 4lex — ey, ex)

k—1 -1
<1201+ mw[ Yoy =wlP+) My - y,ﬂ

n=m n=k
-1
= 1201+ wo Y _ Iy = yall*

n=m
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Combining this with (3.4)
bpix—>0 as [>k>m— oo. (3.16)

Using (3.11) and (3.16) in (3.10), we get
ltm —ugl| >0 as [>k>m— o0

this implies that {u, },en is cauchy sequence in U, so there exist an element u € U such thatu,, — u asn — oo.
Using Assumption 2.1, it follows that

F(u,) — F() as  n— oo.
It can be observe from (3.4) that
y—Fu,) -0 a n— o

and hence y = F(ii). Since u,, € B, (u") forall n > 0, it holds that it € B, (u") and hence it € S, (u"). O

4 Convergence analysis of the method in case of noisy data

In this section, we will prove convergence of the method (1.9) for noisy case, i.e, when noise level § > 0. Here

for any §¢ > 0 and corresponding noisy data y‘sk € B(gk(y), we introduce Ny := N (¢, y‘sk) and uy = u%k.

Proposition 4.1 Let assumptions of Lemma 2.2 be satisfied. Let {8 }ken be a sequence of positive real numbers
converging to zero. Then any subsequence of {uy }ren have a weakly convergent subsequence converging to some
it € Sy(ul)inU.

Moreover, tfuJr is unique solution to (1.1) in lg'p ("), then {uplren converges weakly to uinU.

Proof Without loss of generality, we can take {6 }ren itself as an arbitrary subsequence. From Lemma 2.2, we
note that the sequence {uy }xcn is bounded in U. Hence, it has weakly convergent subsequence which we denote
by the same notation {uy }xen. Let 4 € U be such that

Up — u as k — oo.
From completely continuous condition on the operator F, we get
F(uy) = F(u) as k — oo.

Thus,
y% — F(uy) > y— F(i) as k— oo in Y. 4.1
From stopping rule (1.3), we get

lim [y% — F(up)| =0
k—o00

Using the above fact along with (4.1), we get F(i1) = y. By definition of the set S, (u"), it follows thatii € S, (u").
If u" is the only solution of (1.1) in B, (u'), a subsequence-subsequence argument guarantees that sequence
{ur}ren converges weakly to u'in U. |

In the following result, we prove the method (1.9) together with stopping rule (1.3) is asymptotically stable
in the sense as defined in [4]. We recall the definition here.

Definition 4.2 ([4])(Asymptotically stable) For some § > 0, let {u,},<n; be a finite or an infinite sequence
generated by an iterative method. Then the method is said to be asymptotically stable if for any sequence {5k }xen
of positive real numbers converging to zero there exists a subsequence {d; } jen such that

N := lim N5, € NU {oo}
j—o0 J

and the following conditions hold:

@ Springer



Modified version of a simplified Landweber method 249

(i) Forall0 <n <N
W S, in U as j— oo 4.2)
for some i, € Bp(zﬂ).
(ii) If N = oo, there exista il € Sp (u™) such that
U, —>u in U as n— oo.

Under the Assumption 2.1, we will show that the method defined in (1.9) is asymptotically stable. In our first
result, we prove condition (i) of Definition 4.2.

Lemma 4.3 Ler Assumption 2.1 be satisfied. Let ug € Bp (u") and the step size > 0 be arbitrary. Let {8y }xen
be a sequence of positive real numbers converging to zero. Then there exists a subsequence {8;}jen and a

sequence {uy}peN C Bp (u") that satisfy the statement (i) of Definition 4.2.
In addition, the sequence {u,},cN satisfies

o = ug, fins1 = ity + oF ()" (y — F(iin)) (4.3)

forevery) <n < N, where N = lim Nkj.
Jj—00

Proof Let { Ni}ren be a sequence of natural numbers then there exists a subsequence {Jx; } jen such that either
Nk; is a constant for all j large enough or it tends to infinity as j — oo.

Using induction technique, we show there exist a sequence {i, },en C Bp (u™) and a subsequence {8k, }jen
that satisfy conclusions of the Lemma. To do so, we consider the case where Nj; tends to infinity as j — oo.

. S, Sk, .
To simplify notations, we denote u;, := unk’ , y,JL =F (unk’ )and y’ := yakf .

First, (4.2) hold for n = 0 with itg = ug € B, (uT). Now without loss of generality, we assume that {(Skj }jeN
itself is a sub-sequence satisfying

uh—> i, as j— oo, 4.4)
for some i, € Bp (u"). Denoting
ay = F' o)) =), ay=F @) v —3n), & =al —a,
with y, := F(u,), we have
& =a) —a
= F'u0)*(v) = ) = F'(wo)* (v = )
= F'uo)* () = yi =y + )
— bl
with b,j; = F'(uo)*(y/ — y,{ — ¥+ ¥n). Using (4.4) together with Assumption 2.1, we get y,{ — Yy, as j — oo.
From the above fact and the boundness of || F’(ug)*||, we get
bl >0 as j— oo. 4.5)
Since
u,ﬁH = u) + oF (o) v/ — y)
= u,’l + a)a,{
= u}, + w(ay + b))
= uj + way + wb],
letting j — oo and using the limits (4.5) together with (4.4), we get
W)y = i+ way = iy + oF ) (y — ).

By setting i, 41 := ity, + o F (uo)*(y — ¥,), we obtain (4.2) and (4.3) for (n + 1). Since ”£+1 € Bp(uT) for all
j €N, by (4.2) we get that i, € B,(u').
In the case when N < oo, the argument proceeds in the same way. O
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In the proof of the following lemma, we will prove second condition of the Definition 4.2 and its proof is
similar to the proof of Theorem 3.2.

Lemma 4.4 Let Assumption 2.1 be satisfied. Let @ > 0 be such that
1
—14+u+ 5a)M2 <0. (4.6)

Let {ii, }nen be as defined in (4.3). Then {it, },eN converges strongly to some u € S, ™) asn - oo.
Proof Using similar argument as in Lemma 2.2, we get
i1 = u'11? = Ny —u'I? < 20(F (') = F(in) = F (o)’ = itn), y = F(iin))
—20lly = Fan)|? + | F'(uo)* (v = F(@n))|*.
By using || F/(uo)*|| = [|F(uo)|l, y = F(u") and ¥, = F (ii,) together with Assumption 2.1, we get

g1 — w12 = Nl — u' 1> < 20ully — 5al* = 20lly — Full> + @* M|y — 3ul?

5 1
<20ly = Ful*[ -1+ + EwMz]

. 1
= =20lly = Sull*[1 = u = s0M?] @.7)
for all n > 0, consequently
1
—5al? < uo —u'|? < oo. (4.8)
gny W s T I

Using (4.6) in the inequality (4.7), yields

N1 — |2 < N —u')%. (4.9)

We denote &, := u' — i, for all n > 0. From (4.7), we have {||&,||}nen is monotonically decreasing sequence
and hence, there exists y > 0, satisfying
lim |e,| = 7. (4.10)
n—o0

For every m, [ € N with m <[, we choose some constant k such that

k € arg min |y — y,||. 4.11)
m<t<l|
Similarly, as done in (3.10), we have _
litm — 11> < @m.tk + B (4.12)
with
am k= 2[l1m > + lEr* — 2012k
and

bk i= ek — &m, éx) + Hex — &1, &)
Since [ > k > m, it follows that k — oo and [ — oo whenever m — oco. From (4.10), we get
amixr —~ 0 as m — oo. 4.13)

Now, in order to estimate the terms of l;m, 1.k, we write the term in summation form

k—1 k—1
(@ —émo ) = Y (Cus1 —en.8k) < Y [(Bng1 — En. )]
n=m n=m
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From (4.3), we get
entl — €y = _wF/(MO)*(y - Yn)-
It follows that
(Cnt1 — en,ex) = (—wF (u0)* (y — ¥n). &)

= _w(y - 5’;17 F/(u0)5k>

= w(y = Fu, F'(uo) iy — u")).
Hence, we get

[(€nt1 — én, ex)| < olly — Fulll F' (uo) (g — uh)ll. (4.15)

We now estimate the expression || F (uq) (ix — ub). Using Assumption 2.1, together with the triangle inequality,
we obtain

IF' (o) Gix — u)|l < (1 + wlly = Full + | F' (uo) Gix — ). (4.16)
Furthermore, from Assumption 2.1, we note that
| F (i) — F(itn) — F'(uo) (iix — tin)|| < pll F i) — F (iin) |
and hence
I F"(uo) (g — itn) || < (14 || F (i) — F ()|
<A+ w(ly = Fa@l + lly — F@n)l)
=20+ wly = yull
Now, from (4.16) and above inequality, we get
IF (o) (i — u") | < 3(1+ wlly = Full. (4.17)
Using (4.17) in (4.15), we get
[(@n+1 = én @] <301+ wally = Full’,
which together with (4.14) ensure that

k—1
(@ — &m, &)] <30+ we Y Iy = Fall®.
n=m
Similarly, we have that
-1
(e — & &) <301+ wa Y _ Iy = Full®.
n=k
leading to

b1k = 4ex — em, ex) +4{ex — ey, ex)

k—1 -1
<120+ mw[ Doy = P+ My — ynnz}
n=m n=k
-1
=120+ we Y _ Iy =l
n=m
Above fact combined with (4.8), gives

bmik—>0 as [>k>m— oo. (4.18)

Using (4.13) and (4.18) in (4.12), we can conclude that {ii, },cn is a Cauchy-sequence in U. Hence, there exist an
elementu € B, (u") such thatii, — itasn — ooand again using Assumption 2.1, we obtain that F (ii,) — F(u)
asn — 00.

Moreover, from (4.8), we observe that y — F(ii,) — 0 asn — oo and this implies that y = F(ii,). As
Uy € Bp(uT) forall n > 0, it follows that u € B, (u™) and by definition of set Sp (u"), we getii € S, whH. o
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As a consequence of above two results, we get that the method defined in (1.9) is asymptotically stable.
We are now in position to prove the convergence of the method.

Theorem 4.5 Let Assumption?2.1,(2.2) and (4.6) be satisfied. Let {5y }kenN be sequence of real numbers converging
to zero and let iterations be stopped according to stopping 'rule (1.3). Then any subsequence of {uf\’,‘k teeN has a
subsequence that strongly converges to an element of S,,(u").

Moreover, ifuT is the only solution to (1.1), then

) .
ui\ﬁk—>uT in U as k — oo.

Proof Let {3} jen denote a random sub-sequence of {5 }ken. Then there exists a sequence {it,} C Bp (u") and
a sub-sequence of {Jy;} jen satisfying condition (i)-(ii) of Definition 4.2.
First assume that lim Ni; = N for some N € N. By condition (i) of Definition 4.2, we get

Jj—o00

k.
u;’ — Uy as j — oo. (4.19)

From stopping rule (1.3), we have

S
||y8kf - F(uNk’)H < 7td,; for all j large enough.
By taking j — o0 in the above inequality and using (4.19) together with Assumption 2.1, it follows that
y = F(iiy) and by the definition of set S, (u") it follows that iiy € S,(u’).

Now, it remains to show for the case when Nk]. — oo as j — o0o. Without loss of generality, we can assume
that { N, } jen is a monotonically increasing as {Ni}ren C N.

By using second condition of Definition 4.2 which provides some it € S, (uT) that combined with sequence
{8k;}jen and {iiy }nen satisfies

Sk
unk’ — Uy as j — o0, for 0<n< Nkj, for all j large enough (4.20)

and

U, — i as n— 0. 4.21)

Hence, from (4.21), for every € > 0 there exists an integer n* such that
- . € N
|| — u| < > for every n > n™.
From (4.20) and the fact that Ny, goes to infinity as j — oo, there exists j € Nand n* < N ; satisfying
Sk 5 € . -
lu,d — it || < 3 forall j > j.
Using Lemma 2.2, we get
Sk - » Sk ; N
IIMN,fi — il < flu, — il

Sk » ~ ~
= ””n*J — Upr|| + llttn — ull

<e forall j>j.

- 8k - .
Thus, we obtain lim ||u N/i — || = 0 which completes the proof. |
Jj—>00 J

@ Springer



Modified version of a simplified Landweber method 253

5 Rate of convergence

In this section, we will obtain rate of convergence results using a non-linearity condition which is stronger than
the Assumption 2.1(c). This condition has been used in [9] for getting rate of convergence results for the method
defined in (1.8). The assumption is as follows:

Assumption 5.1 There exist a constant ¢ such that for all &z, u € l?p ",
I F (@) — F(u) = F'(uo) (@t —w)|| < c(lid — ull + & — uoll)II F (@) — F(u)].

Results will be proved under following source condition which again only depends on the Frechet derivative
at the initial guess ug :

Assumption 5.2 There exists 0 < v < 1/2 and v € U such that
u" —ug = (F'(uo)* F' (ug))"v.
For the convergence rate result, we use following two Lemmas which have been proved in [10]:

Lemma 5.3 ([10]) Let s € [0, 1] and let B : U — Y be a bounded linear operator and @ > 0 be such that
o||B||*> < 1. Then following estimates hold:

() I —wB*B)"(B*B)"|| = w_s(n+11)_s
(i) |/ —wB*B)"B* <0 2(n+1)72

n—1
(iii) [l Y (I —wBB*)/ (BB*)'|| < (wn)' ™.
j=0

Lemma 5.4 (cf.[10]) Let p,q be positive real numbers. Then there exists a positive constant c(p, q) independent
of n such that

n—1
S GHD 0= )< ep gt D! TP g(n)
j=0
with
1 max(p,q) < 1
gm)y={Inn+1) max(p,q) =1
(n + DM PO~ max(p, q) > 1.

)

To simplify the notation, we denote € := u — u" and b := ud — uy.

Theorem 5.5 Let assumption 5.1 and 5.2 be satisfied. Let iterations defined in (1.9) be stopped according to
stopping rule (1.3). Then

(i) ||e§|| <&vltn+ DY,
(i) 16511 < Elvll(n + 1),
(i) | F'(uo)el | < Ellvl|(n+1)"""2 for 0<n < N,

where & = (1 + m) (Zw—v + a)%CV ||v||). Here C,, is a constant depending on v.

Proof First, we find an expression for e,‘z and bf,, 0 <n < Ns. From (1.9), we get
it = €+ oF o) (v’ — F(up))
= &)+ wF (u)* (Y’ — Fud)) — oF (uo)* (Ful) — F(u'))
+ oF (uo)*(F(ud) — F(u"))
=€) — oF (up)*(F(ud) — F(u")) + wF' (uo)*(y° — F(u")
=€) + oF (uo)* F'(uo)e, — oF'(uo)* F' (up)el, — wF' (up)* (F(ul) — F(u®))
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+oF uo)*(y° — y)
= (I — wF (o)* F'(uo))ep — o F (uo)*[F (uy) — F(u") — F'(uo)e; |
+oF (uo)*(y° — ).
Similarly, we have
bl =b) + wF (u)* (y° — F(ud))
= (I — wF (uo)*F'(u0))b) — oF (uo)*[F(u}) — Fu") — F'(uo)b)]
+ oF (uo)*(y° — )
= (I — @F (u0)*F'(u0))b) + & F (uo)* F'(uo)e
— F'(uo)*[F(u)) — F(u") = F'(uo)e) ] + o F (uo)*(y° — y).
Denoting Z, = —[F (u3) — F(u") — F'(up)e}] and using Assumption 5.2, we get

&by = (I — oF (uo)* F'(uo))e + oF (u0)*Zy + oF (uo)*(y* — y)
and
by oy = (I — wF (uo)* F'(uo))bh + o (F (o) F' (o)™ v + wF' (u0)* Zy + o F' (u0)*(y* = y).
For 0 < n < Nj, we have

n—1

&b = (I — wF (o) F' (o))" eo + 0 Y_ (I — oF'(uo)* F' (o))’ F'(0)* Zu—j—1
j=0
n—1 )
+ oY (I —oF W) F () F'(u)*(* — y) (5.1)
j=0
and consequently
n—1
F'(uo)el, = (I — wF' (uo)F' (uo)*)" F'(uo)eo + Z ((1 — wF (o) F'(up)*)’
j=0

F’(uo)F’(uo)*anl) +{I — (I — oF (o) F' (o))"} ° — y).

Also, b5 can be expressed as

n—1
b= (I - oF o) F uo)’ (F'(uo)* F'(up)) v
j=0
n—1 )
+oY (I —oF ) Fug) F o) Z,—j-1
j=0

n—1 .
oY (I —oF W) F'wo) F'uo)*(v* - y).
=0

Therefore,

B=w) (I - oF o) F () (F'(uo)*F ()" v
j=0

— a)(I — a)F/(uo)*F/(uo))n(F/(M())*F/(MO))VHU
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n—1
o)y (I —oF o) F'uo)) F'(u0)* Zn-j-1
j=0

n—1
+ a){ Z (I — a)F’(Lt())*F/(MO))/F/(MO)*}()’(s =¥
=0

Now, we use induction to prove the result for 0 < n < Nj. The result is trivial for n = 0. We assume that the
result is true for for all j satisfying 0 < j < n, withn < Nj.
For n < Ng, we have

ledl < | (I — oF (o) F'(u0))" (F'(uo)* F'(ug)) v

n—1
+ o) [ (1 = oF (o) F'wo) F'@o)* [ | Zn— 1 |
j=0
n—1 )
+w Z (I — oF (o) F'(uo))’ F'(uo)*||8
j=0
n-l 1 1 1
<o @+ DVt ) G+ D Io I Z 1] + (n)' 728
j=0
n—1 .
<o+ DVl + VoY G+ D72 Zujoill + Vons.
j=0
Also,
1621 < [l 3" (I — @F (uo)* F'(wo)) (F'(uo)* F' (o))" || v]
j=0
+ (I = 0F (uo)* F' (o))" (F' (wo)* F'ue)) " | |v]|
n—1
+ ) [(I = oF o) F'() F'wo)* || | 2o |
j=0
n—1 )
Y (1 = @F (u0) F' (o))’ F'wo)* |8
j=0
<o @+ DVl +o m+ DT
n—1
+ V@Y G+ D2 Zy |+ eons
j=0
and

IF' (uo)e |l < ||(I — wF (o) F'(uo)*)" F' (uo)eo |

n—1
+ oY (I = oF @) F o)) (F' o) F uo)*) || Zu—j—1] + 6
j=0
1 1 -l
S+ DT 4 G+ DT I Ze ol + 8
j=0

Now by using (2.1) and the Assumption 5.1, we get

1Zal < e(llud — u ) + lluh — woll) 1F @) — Fa|
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1
<c(lled) + ||b5||)< )nF (o)l |
—

_< )I|b2||||F/(M0)€f,|| + (1 —~ )ne 1 F'(uo)ed |

2¢||BS 1 F (uo)el || + 2¢ i€ 11| F (uo)el .

A

By employing the induction assumption, we get || Z,—;j_1|| < 4c& 2ol (n — j)_z"_%. Therefore,

n—1
> G+ D7 Zamj1 ]| < 4e82 0] Z(1+1) T — PR
j=0 j=0

Now, by using Lemma 5.4,

n—1 1 if v<

Y GHDTIm = T §c<; 20 + 1)<n+1) 2+ if v=

Bl— B— B —

j=0 n+ D77 if v
Therefore,
n—1 1
Y GHDNZejal < ClIPa+ 17, (5.2)
j=0

where C, is a constant depending on v. Hence,

el < @™ (n+ D7l + w2 Cyllvl2(n + D™ + Vans
< (@ + @Gl (n + D lJvll + vens
< o™ + 02 Cullvll)(n + 1)V o]l + Vans
and
B3 < 207" (0 + D vl + @2 Collol*(n 4+ 1) + Vans
< (207" + Cyo? v Il (n + 1) + Jans.
By use of Lemma 5.4, we get

n—1

1
DG HDNZas ol < Gl P+ D772 (5.3)
j=0

Therefore,

1 1 1
IF' wo)epl| < 0™ 2+ D72l + ColvlP(n+ D777 48

1

1 1
<o (0" + G ul)vll(n+ 1772 48
L 1 1
w 2(2a) +Cva)2||v||)||v||(n+1) 2 4+ 6.

IA

For 0 < n < Nj, from stopping rule (1.3) gives
w8 < Iy’ — Fluy)|
<1 =yl +lly = Fpll
1 ’ )
=8+ ——|F (uoe,l
I—pn
a)_%

_ 1 . 1
<8+ 2w + 02 Cyll)lvl(n + D772 + ——$
1—n 1—n
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—_

1
2 — -2
76 < ( “)5 + “’_M(w%cvnvn +207")(n+ D7 3]l

hence, we get

S
=

1 1
< w2Cy ]| + 207 ") (n + 1) 2. (54
r(l—m—(z—m( ! )
Therefore,
8 —v 1 —v
eyl < (207" + w2 Cylvll)lvll(n + 1)
1 1
tole? 0G|l + 207" )(n + 1)7"|v]|
(1 —u) 2 u)( ! )
1
207" + 02 Cyvll)llvli(n 4+ 1D, (5.5
< (1 —p) — (2—u))( +1v1)
Similarly
1651 < (1 + : )(20)_" + w%CvlleI)llvll(n + 17" (5.6)
S T(l—p)—2—w
and |
F' < (1 2w :C 1)~v-2, 5.7
I (uo)enll_< +r(1—u)—(2—u)>( "+ o2Cylul) vl + 17 (5.7)
Hence conclusion of Theorem holds. O

Theorem 5.6 Let assumptions of Theorem 5.5 be satisfied. Then

2v+1
Ns < C (”;”) (5.8)

and . .
lu’ — uy, | < Caflv)| Fw 8o (5.9)

with some positive constant C1, C» > 0, depending on v.
Proof From (5.1) we have

Ns—1

Ay = (I — 0F (o) F'(up))eo + 0 Y (I — wF'(uo)* F'(uo))’ F'(u0)* Zns—j1
j=0

Ns—1 .
+ {a) Z (] — a)F/(l/t())*F/(MO))]F/(MO)*}(y(s -y

j=0
Ns—1 )
= (F'(u0)*F'(u0))" Wh; + {w > (- wF’(zm)*F’wo))’F/(w)*}(y‘S -,
j=0
where
Ns—1
Whis = (I _a)F/(uo)*F/(MO)) v+ w Z I — wF (up)*F (u())) (F (uo)*F (uo)) ZNg—j—l-
j=0

Now by taking norm on both sides of the above equation, we get

Wy, Il < I1(I = @F (o) F' (u)) |
Ns—1 } L
+0 3 (1 = oF o) F () (F (o) F (u0))* ™" || Zns—j-1 |
j=0
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Ns—1
1 . _1
<lvl+e"2 Y G+ D" 2 Zyy—jill.
j=0
‘We have,
n—1 n—1
DG A DT ZNy il < 4 IP D G+ DTN — )y,
j=0 j=0
By using Lemma 5.4,
1
! 1 1 1 1 ! v ?
Z(j + 1) 2(n— )2 < c(z —v,2v+ §>(n +D7Vyn(n+1) 1 V=g
j=0 (n+1D¥"2 v> 1

As ||v]| is sufficient small, we can assume ||v|| < 1, Hence we have,
W Il < loll + Collol® < (1 4+ C)llv]l.
Therefore,

|F' (o) (F'(uo)* F' (o))" Wy | = | F'(wo)el, — [1 — {1 — oF (o) F'(uo)*}"]|(v° — )|
< IF (uo)el|| + 8
< |\ Fdy,) — Fu') = F'(uo)el, |
+ I F@d,) — Fuh)ll +8
< ullF@h,) — Fahl +lly = Fu)ll + 8
<A+ wly— Fd)l+8
<(+w)@+18)+8
< (A+mwd+10)+1)s.

_ 1 21) . . . . .
As 1 = 57 + 5777, using interpolation inequality, we can show

2v
1+2v

| (F' o) F' (u0)) "W, | < [{(1 +w+1) + 1}3] {(C,+ DI}

< COTE o] 7T, (5.10)
2v ~ 2v
where C = (1 + p)(1 + 1) + D5 (C, + 1) We note that when Ny = 0, [l¢ | < C3T5 [[v]| =+ and
when Ns > 0, we use (5.4) with n = N5 — 1 to obtain
1
8 <é&lvl(Ns)™" 72 (5.11)
wa
v+
and hence Ny < (5”5””) . By using the above conclusion, we get
lled, Il < || (F/(uo)* F' (uo)) " Wi | + VwNss
< Co||FE 8T + @& T ||u|| T §Ti%
< Gl P s TR,
where Cr, = max{C, SH%} |
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6 Numerical example

In this section, we give an example to show validity of the proposed method.

Example 6.1 ([14]) To demonstrate advantages of the proposed scheme (1.9), we explore a parameter identifica-
tion problem. In this problem, we are interested in finding parameter ¢ in the following boundary value problem
!_quu =f@) ve©, 6.1

u(0) = mo, u(l) =my,

where mo, m; and f € £*[0, 1] are given. The problem can be written as operator equation of the form F(q) :=
u(q), where u(q) indicates the unique solution of (6.1) and nonlinear operator F : D(F) C £2[0, 1] — £2[0, 1]
is parameter-to-solution mapping. It can be shown that that F is well defined on

D(F) :={q € £20, 1] : lg —qll;2 <y forsome g >0a.e.}

with some y > 0 and it is Fréechet differentiable. The Fréchet derivative of F and adjoint of the Fréchet derivative
are given as

F'(9)h = —Aq)"" (hu(q))

and
F'(@)*w = —u(q)A(q) "' w,

where A(q) : H?> N'H} < £? is defined by A(q)u := —u" + qu.

In the numerical example, we estimate ¢ in (6.1) by taking f(v) := (1 +v)(1 + v — 0.8sin(27v)), mo = 1
and my = 2. Ifu(g") := 1 + v, then it is clear that ¢* := 1 + v — 0.8sin(27rv) is the exact solution. In place
of the exact data u(g "), we use a perturbed data u® = 1+ v + 8+/2sin(27 v/8). Note that ||u’ — u(qT)HEz <34.
Iterations are stopped according to the stopping rule (1.3) with t = 2.1. We divide the interval [0, 1] into 50
sub intervals of equal length. Differential equations involved in the computation have been solved using finite
difference scheme and the resulting tridiagonal system has been solved by using Thomas algorithm. We take
initial guess as go := 2 — v. For this choice of initial guess g, one can show that g — qT € R(F'(qo)*)
(see [9]). In Table 1, we have given the comparison between the standard Landweber method considered in [7]
and modified version of simplified Landweber method considered in (1.9) with w = 2.5. We can observe that
the standard Landweber method takes relatively more time than the modified version of simplified Landweber
method (1.9). In Table 2, numerical results for different values of § and w have been given. From the obtained
results, we note that use of suitable choice of step size w in the method (1.9) significantly reduces number of
iterations and time taken to execute the method. In Fig. 1, graphical representations of the obtained results for
different values of § have been presented.

Table 1 Comparison between standard Landweber method considered in [7] and modified version of simplified Landweber method
considered in (1.9) withw = 2.5

8 Standard Landweber method [7] Modified method considered in (1.9)

Ns Error Time(s) Ns Error Time(s)
0.01 920 0.3932 10 928 0.3952 10
0.001 29275 0.2702 248 29353 0.2700 234
0.0001 925621 0.2144 4203 925887 0.2144 4055
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Table 2 Numerical results for Example 6.1 with T = 2.1 for three different values of w

8 w=1 w=15 w=25
Ns Error Time(s) Ng Error Time(s) Ns Error Time(s)
.01 2322 0.3952 20 1548 0.3952 14 928 0.3952 10
.001 73381 0.27 582 48921 0.27 389 29353 0.27 234
.0001 2314718 0.2144 15923 1543145 0.2144 8550 925887 0.2144 4055
. (Delta=0.01) (Delta=0.001)

Exact solution

3 T
— — — — Approximate solution — — — — Approximate solution
Exact solution

(Delta = 0.0001)

T T
—— — — Approximate solution
Exact solution

0 0.2 0.4 0.6 0.8 1

Fig. 1 Reconstructed solutions using modified version of simplified Landweber iteration method
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