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Abstract In this paper, we prove that the modulus of Riemann ξ function is strictly increasing (respectively,
strictly decreasing) in the zero-free right (respectively, left) half-plane along every curve belonging to a particular
family. We also present a reformulation of the Riemann Hypothesis.
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1 Introduction

For a complex number s = σ + ιt the Riemann ξ function is defined as

ξ(s) = 1

2
s(s − 1)π− 1

2 s�

(
s

2

)
ζ(s), (1)

where ζ(s) is the Riemann zeta function and � denotes the gamma function. The Riemann zeta function has
trivial zeros at s = −2,−4,−6, . . . and all the zeros lying in the critical strip 0 ≤ �(s) ≤ 1 are called non-trivial
zeros of zeta function. The Riemann hypothesis states that all the non-trivial zeros are located on the critical line
�(s) = 1

2 .
In equation (1), the simple pole of ζ(s) at s = 1 and simple poles of �( s

2 ) at s = −2,−4,−6, . . . are
cancelled by the factor s − 1 and trivial zeros of ζ(s), respectively. Thus, the function ξ(s) is analytic on the
entire complex plane. The functions ζ(s) and ξ(s) have same zeros in the critical strip. The Riemann ξ function
also satisfies ξ(s) = ξ(1 − s) and ξ(s) = ξ(s), which implies if s is a non-trivial zero of function ξ(s), then
s, 1 − s, 1 − s all must be non-trivial zeros of function ξ(s).

The function ξ(s) can be expanded as infinite product by non-trivial zeros of the Riemann zeta function, see
Edwards ([3], p. 39),

ξ(s) = ξ(0)
∏
ρ

(
1 − s

ρ

)
,

where the product is taken over all non-trivial zeros of zeta function. It is known that
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�
(
ξ

′
(s)

ξ(s)

)
> 0 when �(s) > 1,

and that the Riemann hypothesis is equivalent to

�
(
ξ

′
(s)

ξ(s)

)
> 0 when �(s) > 1

2
,

see reference [1], for instance. Sondom and Dumitrescu [4] then proved the following theorem.

Theorem 1.1 (Sondom-Dumitrescu) The Riemann ξ function is increasing in modulus along every horizontal
half-line lying in any open right half-plane that contains no zeros of ξ . Similarly, the modulus decreases along
each horizontal half-line in any zero-free, open, left half-plane.

Also, in the same paper, the above theorem was used to reformulate the Riemann hypothesis as:

Theorem 1.2 The following statements are equivalent.

(i) If t is any fixed real number, then |ξ(σ + ιt)| is increasing for 1/2 < σ < ∞.

(ii) If t is any fixed real number, then |ξ(σ + ιt)| is decreasing for −∞ < σ < 1/2.
(iii) The Riemann Hypothesis is true.

Matiyasevich, Saidak and Zvengrowski [5] proved the monotonicity of functions ξ(s) and ζ(s) in region σ ≤ 0
along with a reformulation of the Riemann hypothesis. More specifically, they proved the following result,

Theorem 1.3 (Matiyasevich-Saidak-Zvengrowski) The moduli of functions ξ(s) and ζ(s) are decreasing with
respect to σ in the region σ ≤ 0, |t | ≥ 8. Extending this region to σ ≤ 1/2, for any of the two functions, is
equivalent to the Riemann hypothesis.

It is worth noting that the monotonicity property of ξ(s) given in Theorem 1.1 is valid for any zero-free
region, while Theorem 1.3 proves the result for both ξ(s) and ζ(s) in a specific zero-free region where σ ≤ 0
and |t | ≥ 8. However, the condition on t can be relaxed for the monotonicity of ξ(s), but the same is not trivial
for ζ(s). Nevertheless, both theorems deal with the monotonicity along only horizontal lines.

Let σ0 be a real number such that {s : �(s) > σ0} is a zero-free region for ξ(s) and let ψ be a real valued
continuously differentiable function on [σ0,∞) such that 0 < ψ

′
(σ ) < 2(σ − σ0) for σ ∈ (σ0,∞). Fix a real

number λ0, we define the curve C(σ0, λ0) by

C(σ0, λ0) = {σ ± ι
√
σ(σ − 2σ0)− 2ψ(σ)+ λ0 : σ > σ0}.

In this paper, we prove that |ξ(σ + ιt)| is strictly increasing along C(σ0, λ0). Similarly, |ξ(σ + ιt)| is strictly
decreasing along symmetric curve of C(σ0, λ0) around critical line σ = 1/2. We cannot say much about the
monotonicity, as we shall see in the proof, when the above condition on ψ(σ) is not assumed. Interestingly, the
family of quadratic curves t2−δ(σ−σ0)

2 = λwith |δ| < 1 can be recovered from t2 = σ(σ−2σ0)−2ψ(σ)+λ0
by taking ψ(σ) = k(σ 2 − 2σ0σ), where δ = 1 − 2k and λ = λ0 − σ 2

0 (1 − 2k). Note that for δ = 0, the curve
becomes a horizontal line.

We say a curve t2 = f (σ ) exists on a real interval I if the function f (σ ) ≥ 0 for all σ ∈ I . Furthermore, we
define that |ξ(σ + i t)| is strictly increasing along this curve on I if |ξ(σ1 + i

√
f (σ1))| < |ξ(σ2 + i

√
f (σ2))| or,

equivalently, |ξ(σ1 − i
√

f (σ1))| < |ξ(σ2 − i
√

f (σ2))| when σ1 < σ2 for all σ1, σ2 ∈ I . Similarly, |ξ(σ + i t)|
is strictly decreasing along this curve on I if |ξ(σ2 + i

√
f (σ2))| < |ξ(σ1 + i

√
f (σ1))| or, equivalently, |ξ(σ2 −

i
√

f (σ2))| < |ξ(σ1 − i
√

f (σ1))| when σ1 < σ2 for all σ1, σ2 ∈ I .
Here, we prove the following theorem.

Theorem 1.4 Let ψ be a continuously differentiable function on [σ0,∞) and let 0 < ψ ′(σ ) < 2(σ − σ0) for
σ ∈ (σ0,∞), where σ0 is greater than or equal to the real part of each non real zero of ξ(s). If the curve
t2 = σ(σ − 2σ0) − 2ψ(σ) + c exists on an interval I ⊆ (σ0,∞) for a real number c, then |ξ(σ + ιt)| is
strictly increasing along this curve on I . Similarly, if ψ(σ) = ψ(1 − σ) for σ ∈ (−∞, 1 − σ0] and the curve
t2 = (1 − σ)(1 − σ − 2σ0) − 2ψ(σ) + c′ exists on an interval I ′ ⊆ (−∞, 1 − σ0) for a real number c′, then
|ξ(σ + ιt)| is strictly decreasing along this curve on I ′.

It is straightforward that Theorem 1.1 can be obtained from Theorem 1.4 by consideringψ(σ) = σ 2/2−σσ0.
We also present a reformulation of Riemann hypothesis as a corollary of the theorem stated above.
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2. Proof of Theorem 1.4

Proof We only prove the first part of Theorem 1.4. The second part can be easily proved by using symmetric
property of function ξ(s) around critical line. Let the curve t2 = σ 2 − 2σσ0 − 2ψ(σ) + c exist on an interval
I ⊆ (σ0,∞) for a real number c.

Following ([2], p. 80), we have the Hadamard product formula

ξ(s) = 1

2
eBs

∏
ρ

(
1 − s

ρ

)
es/ρ,

where the product is taken over all the zeros of ξ(s) and B is the negative real number defined by

B = −
∞∑

r=1

(
1

ρr
+ 1

ρr

)
,

see([2], p. 82). Here ρ1, ρ2, . . . are all the zeros of ξ(s) with positive imaginary part. Let SN be the negative of
the N th partial sum of the above series so that

SN =
N∑

r=1

(
1

ρr
+ 1

ρr

)
,

and let PN (s) be the finite product

PN (s) =
N−1∏
r=1

(
1 − s

ρr+1

)(
1 − s

ρr+1

)
,

for N ≥ 2. Now, we can write the Hadamard product formula as

ξ(s) = 1

2
e(B+SN )s

(
1 − s

ρ1

)(
1 − s

ρ1

)
PN (s)

∞∏
r=N+1

(
1 − s

ρr

)(
1 − s

ρr

)
es( 1

ρr
+ 1
ρr
)
.

In order to prove |ξ(s)| is strictly increasing along given curve on I , we first prove that |(1 − s
ρr
)(1 − s

ρr
)| is

strictly increasing along given curve on I for any arbitrary zero ρr of ξ(s). Let ρr = βr + ιγr and define the
function fr (σ ) on I as

fr (σ ) :=
∣∣∣∣
(

1 − s

ρr

)(
1 − s

ρr

)∣∣∣∣
2

= ((βr − σ)2 + (γr − t)2)((βr − σ)2 + (γr + t)2)

β2
r + γ 2

r
.

Then

f ′
r (σ ) = 4((βr − σ)2 + t2)((σ − βr )+ t t ′)+ 4γ 2

r ((σ − βr )− t t ′)
β2

r + γ 2
r

,

where t ′ is derivative of t with respect to σ on I . Since σ − σ0 ≤ σ − βr for σ0 < σ , and (σ − σ0) ± t t ′ > 0
for σ ∈ I , we have

f ′
r (σ ) ≥ 4((βr − σ)2 + t2)((σ − σ0)+ t t ′)+ 4γ 2

r ((σ − σ0)− t t ′)
β2

r + γ 2
r

> 0,

which means that fr (σ ) is strictly increasing on I . Hence, the modulus of (1 − s
ρr
)(1 − s

ρr
) is strictly increasing

along given curve on I .

Now, we show that modulus of es( 1
ρr

+ 1
ρr
) is non-decreasing along given curve on I . Since βr ≥ 0, the

modulus ∣∣∣es( 1
ρr

+ 1
ρr
)
∣∣∣ = e�(s( 1

ρr
+ 1
ρr
)) = e(2βrσ)/(β

2
r +γ 2

r )

is non-decreasing along given curve on I . Next, we define the function FN (σ ) on I as
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FN (σ ) :=
∣∣∣∣e(B+SN )s

(
1 − s

ρ1

)(
1 − s

ρ1

)∣∣∣∣
2

= e2(B+SN )σ f1(σ ),

for N ≥ 2. Then,

F ′
N (σ ) = e2(B+SN )σ f ′

1(σ )+ 2(B + SN )e
2(B+SN )σ f1(σ ).

Since f1(σ ) 
= 0 for σ > σ0, F ′
N (σ ) is positive on I if

f ′
1(σ )

2 f1(σ )
> −(B + SN ),

for σ ∈ I . Let us now fix σ1 ∈ I . Since f1(σ ) and f ′
1(σ ) are positive on I , and −(B + SN ) → 0 as N → ∞,

we can choose N to be sufficiently large such that F ′
N (σ1) > 0. Thus, the function F ′

N (σ ) is positive on some
open interval I1, which is a subinterval of I containing σ1. Therefore, it follows that the function FN is strictly
increasing along the curve on I . Hence, |ξ(σ + i t)| is strictly increasing along the curve on the interval I . This
proves the theorem. �

Corollary 1.1 Let ψ be a continuously differentiable function on [1/2,∞) and suppose that 0 < ψ ′(σ ) <
2(σ − 1/2) for σ ∈ (1/2,∞), then following statements are equivalent.

(i). If curve t2 = σ 2 −σ −2ψ(σ)+ c exists on any interval I ⊆ (1/2,∞) for a real number c, then |ξ(σ + ιt)|
is strictly increasing along this curve on I .

(ii). If curve t2 = σ − σ 2 − 2ψ(1 − σ)+ c′ exists on any interval I ′ ⊆ (−∞, 1/2) for a real number c′, then
|ξ(σ + ιt)| is strictly decreasing along this curve on I ′.

(iii). The Riemann hypothesis is true.

Proof We first prove that (i) implies (iii). Let σ1 + ιt1 be a zero of ξ(s) with real part greater than half and let
t2 = σ 2 − σ − 2ψ(σ) + k be a curve passing through the point (σ1, t1) for a real number k. From continuity
of curve t , we note that curve t intersects either real axis or critical line before the line �(s) = σ1. If the curve
t intersects critical line, then from (i) we know that |ξ(σ + ιt)| strictly increases along curve t on (1/2, σ1]
which contradicts our assumption that σ1 + ιt1 is a zero of ξ(s). In another case, if curve t intersects the real
axis before the line �(s) = σ1 at σ2 (1/2 < σ2) then from (i) we know that |ξ(σ + ιt)| strictly increases along
the given curve on [σ2, σ1] which also contradicts our assumption. Hence, (i) implies (iii), similarly (ii) implies
(iii). Conversely, if statement (iii) is true, then Theorem 1.4 implies (i) and (ii) for σ0 = 1/2. �
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