
Indian J Pure Appl Math (2025) 56:266–272
https://doi.org/10.1007/s13226-023-00477-0

ORIGINAL RESEARCH

Murasugi sum of k–open books

Abhijeet Ghanwat · Suhas Pandit · Selvakumar A.

Received: 22 August 2022 / Accepted: 25 July 2023 / Published online: 20 August 2023
© The Indian National Science Academy 2023

Abstract A k–open book of a closed n–manifold X is a way to express X as a fiber bundle π : X \ B → Sk

over the k–sphere Sk in the complement of a (n − k −1)–dimensional submanifold B of X . One can associate an
abstract k–open book to a given k–open book of a closed manifold. Given an abstract k–open book of a closed
manifold X and an abstract k–open book of a closed manifold X ′, we define the notion of their Murasugi sum
and show that the closed manifold associated to the Murasugi sum is the connected sum of X and X ′.
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1 Introduction

Most of the closed manifolds can be viewed as open books. This means that such a manifold is a locally trivial
fiber bundles over S1 in the complement of a co-dimension–2 submanifold. For instance, every closed odd
dimensional manifold admits an open book, refer [1,3,7,8], and [5] and for m > 1, all 4m–dimensional simply
connected manifolds with zero signature also admit open book structures.

An open book decomposition of a closed n–manifold M is a pair (B, π), where B is a co-dimension 2
submanifold of M with trivial normal bundle and π : M \ B → S1 is a locally trivial fiber bundle in the
complement of B such that the boundary of the closure of π−1(θ) is B, for each θ ∈ S1 and the fibration π in
a tubular neighborhood of B looks like the trivial fibration of (D2 × B) \ {0} × B → S1 sending (r, θ, x) to θ ,
where x ∈ B and (r, θ) are polar coordinates on D2. One can see that a manifold M with an open book (B, π) is
determined by the closure P of the fiber of π and the monodromy φ of the fibration π . The pair (P, φ) is known
as an abstract open book of the manifold M .

In [4], a generalized notion of an open book decomposition, namely a k–open book of a closed manifold
is introduced. A k–open book of a closed n−manifold X is a way to express X as a locally trivial fiber bundle
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Murasugi sum of k–open books 267

π : X \ B → Sk in the complement of an oriented closed (n − k − 1)–dimensional submanifold B having
a trivial normal bundle in X such that the boundary of the closure of each fiber is B. For a precise definition,
refer Definition 2.1. The locally trivial fiber bundle π : X \ B → Sk can be obtained by gluing two trivial
fiber bundles Dk × P over Dk along the fiber bundles restricted over ∂ Dk by a fiber preserving diffeomorphism
φ : ∂ Dk × P → ∂ Dk × P , where P is the fiber of π . Now, one can see that the fiber bundle π is determined
by the fiber P and the gluing map φ. This leads to the notion of an abstract k–open book of the manifold X , for
more details, refer Sect. 2. The pair (P, φ) is called an abstract k−open book of X .

In this article, we define the notion of a Murasugi sum of two abstract k–open books and show that the manifold
associated to the Murasugi sum of the abstract k−open books of the manifolds X and X ′ is the connected sum
of the manifolds X and X ′. When k = 1, this result boils down to Gabai’s result [2] for Murasugi sums of open
books.

2 Preliminaries

In this section, we discuss the notion of a k–open book of a closed n–manifold.

Definition 2.1 Let X be a closed smooth n–manifold. A k–open book OBk(B, π) of X consists of

(1) a closed (n − k − 1)–dimensional smooth submanifold B of X with a trivial normal bundle in X , called the
binding of OBk(B, π),

(2) a locally trivial fiber bundle π : X \ B → Sk such that
(a) the closure of each fiber of π is an embedded compact smooth (n−k)–submanifold P with the boundary

B, called a page.
(b) the fibration π in a neighborhood of B looks like the trivial fibration of (Dk+1 × B) \ ({0} × B) → Sk

sending (x, θ) to x
||x || , where θ ∈ B and x ∈ Dk+1,

Let N (B) be a tubular neighborhood of B in X . Note that the restriction π̃ : X \ N (B) → Sk of the map π

is a locally trivial fiber bundle with fiber P . One can see that X \ N (B) can be obtained by gluing Dk
S × P and

Dk
N × P by a fiber preserving diffeomorphism φ : ∂ Dk

S × P → ∂ Dk
N × P , where Dk

S and Dk
N are the Southern

and the Northern hemispheres in Sk , respectively. As the boundary of X \ N (B) is diffeomorphic to Sk × ∂ P ,
we can construct the fiber bundle X \ N (B) by gluing the two trivial fiber bundles Dk

S × P and Dk
N × P along

Sk−1 × P by an element [φ] ∈ πk−1(Di f f∂ (P, ∂ P)). We call the map φ : Sk−1 → πk−1(Di f f∂ (P, ∂ P)) the
monodromy of the k–open book OBk(B, π). This motivates the notion of an abstract k–open book.

Definition 2.2 An abstract k–open book is a pair (P, φ), where

(1) P is a compact manifold with non-empty boundary ∂ P .
(2) φ : Sk−1 → Di f f∂ (P, ∂ P) is a continuous map such that φ(N ) : P → P is the identity map of P , where

N is the North pole of Sk−1, (i.e., [φ] is an element of πk−1(Di f f∂ (P, ∂ P)).

We call the map φ the monodromy and P the page of the abstract k−open book (P, φ).

Remark 2.3 We can regard the monodromy φ : Sk−1 → Di f f∂ (P, ∂ P) as a fiber preserving diffeomorphism
� : Sk−1 × P → Sk−1 × P given by �(x, y) = (x, φ(x)(y)) and vice versa. Therefore, we will not distinguish
between the monodromy φ and the fiber preserving diffeomorphism �.

Given an abstract k–open book (P, φ), we can associate a closed manifold X(P,φ) with a k–open book
(B(P,φ), π(P,φ)) as follows: First, we construct the mapping torus MT Sk (P, ∂ P, φ) over Sk by gluing two
copies of the trivial fiber bundles Dk × P along ∂ Dk × P by an element [φ] ∈ πk−1(Di f f∂ (P, ∂ P)), i.e.

MT Sk (P, ∂ P, φ) = Dk
S × P

⊔

φ : Sk−1→Di f f +
∂ (P,∂ P)

Dk
N × P,

Note that ∂MT Sk (P, ∂ P, φ) = Sk × ∂ P . The manifold X(P,φ) can be constructed as follows:

X(P,φ) = MT Sk (P, ∂ P, φ)
⊔

id : Sk×∂ P→Sk×∂ P

Dk+1 × ∂ P
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268 A. Ghanwat et al.

Notice that by the construction of the mapping torus MT Sk (P, ∂ P, φ), the trivial fiber bundles π1 : Dk
S ×

P → Dk
S and π ′

1 : Dk
N × P → Dk

N induce a locally trivial fiber bundle π̃ : MT Sk (P, ∂ P, φ) → Sk ,
where π1 and π ′

1 are the projections on the first factors Dk
S and Dk

N , respectively. Observe that the map π̃ :
∂MT Sk (P, ∂ P, φ) = Sk × ∂ P → Sk is given by π̃(x, y) = x , where x ∈ Sk and y ∈ ∂ P . Let π ′ :
(Dk+1 × ∂ P) \ ({0} × ∂ P) → Sk be the fibration given by π ′(x, y) = x

||x || . Note that both the fibrations π̃

and π ′ agree on ∂MT Sk (P, ∂ P, φ) = ∂(Dk+1 × ∂ P). Therefore, we can glue the fibrations π̃ and π ′ to get
the fibration π(P,φ) : X(P,φ) \ ({0} × ∂ P) → Sk . Thus, the pair (B(P,φ), π(P,φ)) is the desired k–open book of
X(P,φ), where B(P,φ) = {0} × ∂ P. We say that a pair (P, φ) is an abstract k–open book of a closed manifold X
if X is diffeomorphic to X(P,φ).

Thus, one can see that given an abstract k–open book (P, φ) of X , we can associate a k–open book of X
with the page P and the monodromy φ and vice versa. Hence, we do not generally distinguish between k–open
books and abstract k–open books.

Example 2.4 The closed manifold X(P,I d) associated to the abstract k–open book (P, I d) is diffeomorphic to
∂(Dk+1 × P). In particular, if P is the disc bundle DE(n) over S2 with the Euler number n, then we can see that

(1) X(P,I d) is diffeomorphic to S2 × Sk+2 when n is even,
(2) X(P,I d) is diffeomorphic to S2

˜×Sk+2 when n is odd

as follows:
Observe that Dk+1 × DE(n) is diffeomorphic to the disc bundle of the rank–(k + 3) vector bundle S2 ×

R
k+1 ⊕ E(n) over S2, where S2 × R

k+1 is the trivial rank–(k + 1) vector bundle over S2 and E(n) is the rank–2
vector bundle over S2 with the Euler number n. We know that a rank–r vector bundle over S2 is determined
by an element of π1(SO(r, R)). Note that the rank–2 vector bundle E(n) is determined by gn , where g is a
generator of π1(SO(2, R)) = Z. Therefore, a rank–(k + 3) vector bundle S2 × R

k+1 ⊕ E(n) is determined by
gn ⊕ id ∈ π1(SO(k + 3, R)) = Z2. We observe that gn ⊕ id is the identity element in π1(SO(k + 3, R)) when n
is even and gn ⊕ id is the generator of π1(SO(k +3, R)) when n is odd. Thus, we deduce that S2 ×R

k+1 ⊕ E(n)

is the trivial vector bundle when n is even and the twisted vector bundle when n is odd. As we can consider
Dk+1 × DE(n) as the unit disc bundle D(S2 × R

k+1 ⊕ E(n)) of a rank–(k + 3) vector bundle S2 × R
2 ⊕ E(n)

over S2, we get the required result.

Now, we define the notion of an equivalence of k–open books and an equivalence of abstract k–open books.

Definition 2.5 Let X and X ′ be two closed n-manifolds. We say that a k–open book OBk(B, π) of X and a
k–open book OBk(B ′, π ′) of X ′ are equivalent if there is a diffeomorphism f : X → X ′ such that

(1) f (B) = B ′ and

(2) the following diagram commutes:
X \ B X ′ \ B ′

Sk Sk

f

π π ′

id

Definition 2.6 We say that two abstract k–open books (P1, φ1) and (P2, φ2) are equivalent if there exists a diffeo-
morphism f : P1 → P2 such that [ fφ2 ] = [φ1] in πk−1(Di f f∂ (P1, ∂ P1)), where fφ2 : Sk−1 → Di f f∂ (P1, ∂ P1)

is given by fφ2(x) = f −1 ◦ φ2(x) ◦ f.

Now, we have the following straightforward propositions:

Proposition 2.7 If two abstract k–open books (P1, φ1) and (P2, φ2) are equivalent, then the manifolds X(P1,φ1)

and X(P2,φ2) are diffeomorphic.

Proposition 2.8 There is a one to one correspondence between the equivalence classes of k–open books of a
closed manifold X and the equivalence classes of abstract k–open books of X.

3 Murasugi sum

In this section, we introduce the notion of a Murasugi sum of two abstract k–open books and give the proof of
the main theorem of this article.
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Murasugi sum of k–open books 269

Fig. 1 The above figure depicts the local picture of the Murasugi sum P1 ∗ P2 of 2n–dimensional manifolds P1 and P2. In the figure
Di denotes the properly embedded n–disc in Pi and Ri denotes its tubular neighborhood in Pi . The regions R1 and R2 are identified
to get P1 ∗ P2 from P1 and P2. The vertical boundary ∂v R and the horizontal boundary ∂h R of R are depicted by blue and red colors,
respectively

Definition 3.1 Let (P1, φ1) and (P2, φ2) be two abstract k–open books, where P1 and P2 are compact 2n–
manifolds. Let Dn

1 and Dn
2 be properly embedded discs in P1 and P2, respectively. Let R1 = (Dn × Dn)1 and

R2 = (Dn × Dn)2 be the tubular neighborhoods of Dn
1 and Dn

2 in P1 and P2, respectively such that

(1) for i = 1, 2, the discs Dn
i = (Dn × {0})i ,

(2) for i = 1, 2, the intersection of Ri and ∂ Pi is ∂ Dn
i × Dn .

Let f : R1 = (Dn × Dn)1 → R2 = (Dn × Dn)2 be the map given by f (x, y) = (y, x). Then the Murasugi sum
(P1, φ1)∗(P2, φ2)of the abstract k−open books (P1, φ1) and (P2, φ2) is an abstract k–open book (P1∗P2, φ1∗φ2),
where

P1 ∗ P2 = P1

⊔

f :R1→R2

P2

and the monodromy φ1 ∗ φ2 : Sk−1 → Di f f∂ (P1 ∗ P2, ∂(P1 ∗ P2)) is given by (φ1 ∗ φ2)(x) = ˜φ1(x) ◦ ˜φ2(x),
for all x ∈ Sk−1. Here, the map ˜φi (x) : P1 ∗ P2 → P1 ∗ P2 is the extension of φi (x) : Pi → Pi by the identity
map in the complement of Pi in P1 ∗ P2.

Now, we prove the main theorem of this article.

Theorem 3.2 Let (P1, φ1) and (P2, φ2) be two abstract k–open books, where P1 and P2 are compact
2n−manifolds. Then, the closed manifold X(P1∗P2,φ1∗φ2) associated to a Murasugi sum (P1, φ1) ∗ (P2, φ2)

is the connected sum of the closed manifolds X(P1,φ1) and X(P2,φ2), i.e.

X(P1∗P2,φ1∗φ2) = X(P1,φ1)#X(P2,φ2).

In order to prove Theorem 3.2, we need the following lemma.

Lemma 3.3 We denote Dn × Dn by �2n, where Dn is the unit Disc in R
n centered at the origin. We denote the

vertical boundary ∂ Dn × Dn and the horizontal boundary Dn × ∂ Dn of �2n by ∂v�
2n and ∂h�2n, respectively.

Consider the following subsets of R
2n+k+1 = R

k+1 × R
n × R

n,

�1 = Dk
S × Dn × Dn

⋃

Dk+1 × ∂ Dn × Dn

�2 = Dk
N × Dn × Dn

⋃

Dk+1 × ∂ Dn × Dn,

where Dk+1 is the unit disc in R
k+1 centered at the origin. Here, Dk

N and Dk
S are the Northern and the Southern

hemispheres of Sk = ∂ Dk+1, respectively. Then, for i=1,2 each �i is an embedded 2n + k–disc in R
2n+k+1 and

∂�1 = Sk−1 × �2n
⋃

Dk
N × ∂v�

2n
⋃

Dk
S × ∂h�2n

⋃

Dk+1 × ∂ Dn × ∂ Dn,

∂�2 = Sk−1 × �2n
⋃

Dk
N × ∂h�2n

⋃

Dk
S × ∂v�

2n
⋃

Dk+1 × ∂ Dn × ∂ Dn,

where Sk−1 = ∂ Dk
N = ∂ Dk

S is the (k − 1)–sphere in R
k × {0} ⊂ R

k+1. Hence, S = ∂�i is an embedded
(2n + k − 1)–sphere in R

2n+k+1.
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270 A. Ghanwat et al.

Fig. 2 a Depicts MT (P12, ∂ P12, φ12). b Shows the mapping torus MT (P12, ∂ P12, φ12) together with the three pieces A1, A2,
A3 of the embedded (2n + k − 1)–sphere S depicted by the golden, red and blue colors, respectively. The fourth piece A4 of
S lies in the filling part Dk+1 × ∂ P12. c and d Show the closures of two components B1 = MT (P1, ∂ P1, φ1) \ ˜Dk

S × R and
B2 = MT (P2, ∂ P2, φ2) \ ˜Dk

N × R of MT (P12, ∂ P12, φ12) \ S, respectively

Proof We first show that �1 is a (2n + k)–disc. We write �1 as follows:

�1 = Dk
S × Dn × Dn

⋃

Dk+1 × (∂ Dn)N × Dn
⋃

Dk+1 × (∂ Dn)S × Dn,

where (∂ Dn)N and (∂ Dn)S are the Northern and the Southern hemispheres of the sphere Sn−1 = ∂ Dn ⊂ R
n ,

respectively. Since (∂ Dn)N and (∂ Dn)S are the (n − 1)–discs, each component in the above expression of �1 is
a (2n + k)–disc. Notice that Dk

S × Dn × Dn and Dk+1 × (∂ Dn)N × Dn intersect in Dk
S × (∂ Dn)N × Dn which

is a (2n + k − 1)–disc. Moreover,

Dk
S × (∂ Dn)N × Dn ⊂ (

∂(Dk
S × Dn × Dn)

⋂

∂(Dk+1 × (∂ Dn)N × Dn)
)

.

Therefore, the union

˜�1 = Dk
S × Dn × Dn

⋃

Dk+1 × (∂ Dn)N × Dn
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Murasugi sum of k–open books 271

is a (2n+k)–disc. Now, we write �1 = ˜�1∪Dk+1×(∂ Dn)S×Dn . Again, notice that ˜�1 and Dk+1×(∂ Dn)S×Dn

overlap in Dk
S × (∂ Dn)S × Dn which is a (2n + k − 1)–disc. Moreover,

Dk
S × (∂ Dn)S × Dn ⊂ (

∂˜�1

⋂

∂(Dk+1 × (∂ Dn)S × Dn)
)

.

Hence, �1 is a (2n + k)–disc. Similarly, we can prove that �2 is a (2n + k)–disc.
Now, we show that the boundary ∂�1 of �1 has the desired description.

∂(Dk
S × Dn × Dn) = ∂ Dk

S × Dn × Dn
⋃

Dk
S × ∂ Dn × Dn

⋃

Dk
S × Dn × ∂ Dn

∂(Dk+1 × ∂ Dn × Dn) = ∂Sk × ∂ Dn × Dn
⋃

Dk+1 × ∂ Dn × ∂ Dn

= Dk
N × ∂ Dn × Dn

⋃

Dk
S × ∂ Dn × Dn

⋃

Dk+1 × ∂ Dn × ∂ Dn

As we have seen that Dk
S × Dn × Dn and Dk+1 ×∂ Dn × Dn intersect along their boundaries in Dk

S ×∂ Dn × Dn ,
one can easily that ∂�1 has the desired description. Similarly, one can prove for ∂�2. 
�

Proof of Theorem 3.2 Let Di be a properly embedded disc in Pi for each i = 1, 2. Let Ri = (Dn × Dn)i ⊂ Pi
be a tubular neighborhood of Di in Pi along which the Murasugi sum (P1 ∗ P2, φ1 ∗ φ2) is constructed as in
Definition 3.1. We denote the compact manifold P1 ∗ P2 by P12 and the monodromy φ1 ∗ φ2 by φ12. First, note
that the dimension of each of the manifolds X(P12,φ12), X(P1,φ1) and X(P2,φ2) is 2n + k. In order to prove the
theorem, it is enough to find an embedded (2n + k − 1)– sphere S in X(P12,φ12) such that

X(P12,φ12) \ S = (X(P1,φ1) \ �1)
⊔

(X(P2,φ2) \ �2),

for some embedded (2n + k)–discs �1 and �2 in X(P1,φ1) and X(P2,φ2), respectively.
We regard the k–sphere Sk as Dk

S ∪ (Sk−1 × [−1, 1]) ∪ Dk
N , where Dk

S and Dk
N are the two k–discs such

that the boundary ∂ Dk
S of Dk

S is identified with Sk−1 × {−1} and the boundary ∂ Dk
N of Dk

N is identified with
Sk−1 × {1}. We consider the decomposition of the mapping torus MT Sk (P12, ∂ P12, φ12) as follows:

Dk
S × P12

⊔

I dP1∗φ2

(Sk−1 × [−1, 1]) × P12

⊔

φ1∗I dP2

Dk
N × P12, (1)

where

• the map I dPi : Sk−1 → Di f f∂ (Pi , ∂ Pi ) is given by I dPi (x) = idPi , the identity map on Pi , for i = 1, 2.
• the map I dP1 ∗ φ2 : ∂ Dk

S × P12 → (Sk−1 × {−1}) × P12.
• the map φ1 ∗ I dP2 : (Sk−1 × {1}) × P12 → ∂ Dk

N × P12.

We have the following decomposition of X(P12,φ12):

X(P12,φ12) = MT Sk (P12, ∂ P12, φ12)
⊔

id : Sk×∂ P12→Sk×∂ P12

Dk+1 × ∂ P12 (2)

Now, we are ready to describe the required embedded (2n + k − 1)–sphere S in X(P12,φ12) by using the
decomposition of X(P12,φ12) and the decomposition of MT Sk (P12, ∂ P12, φ12) given by Equations (1) and (2).
Let R = Dn × Dn be the region in P1 ∗ P2 obtained by identifying R1 = (Dn × Dn)1 ⊂ P1 and R2 =
(Dn × Dn)2 ⊂ P2 as in Definition 3.1. Here, Dn × {0} = (Dn × {0})1 and {0} × Dn = (Dn × {0})2. Note that
φ1 ∗ I dP2(x) restricted to the vertical boundary ∂v R = ∂ Dn × Dn is the identity map for all x in ∂ Dk

S = Sk−1 and
I dP1 ∗ φ2(x) restricted to the horizontal boundary ∂h R = Dn × ∂ Dn is the identity map for all x in Sk−1 × {1}.
Let ˜Dk

S = Dk
S ∪ (Sk−1 × [−1, 0]) and ˜Dk

N = (Sk−1 × [0, 1]) ∪ Dk
N be two k-discs in Sk . Now, we consider

S = A1 ∪ A2 ∪ A3 ∪ A4,

where

A1 = (Sk−1 × {0}) × R = (Sk−1 × {0}) × (Dn × Dn) ⊂ Sk−1 × P12,

A2 = ˜Dk
S × ∂h R = ˜Dk

S × (Dn × ∂ Dn) ⊂ ˜Dk
S × P12,
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272 A. Ghanwat et al.

A3 = ˜Dk
N × ∂v R = ˜Dk

N × (∂ Dn × Dn) ⊂ ˜Dk
N × P12,

A4 = Dk+1 × (∂v R ∩ ∂h R) = Dk+1 × (∂ Dn × ∂ Dn) ⊂ Dk+1 × ∂ P12.

By Lemma 3.3, we can see that S is an embedded (2n + k − 1)–sphere in X(P12,φ12). Now, from the description
of the mapping torus MT (P12, ∂ P12, φ12) given by Equation (1), we can see that S cuts the mapping torus
MT (P12, ∂ P12, φ12) into following two pieces:

B1 = (

Dk
S × P1

⊔

I dP1

(Sk−1 × [−1, 1]) × P1

⊔

φ1

Dk
N × P1

) \ ˜Dk
S × R

= MT (P1, ∂ P1, φ1) \ (˜Dk
S × R)

B2 = (

Dk
S × P2

⊔

φ2

(Sk−1 × [−1, 1]) × P2

⊔

I dP2

Dk
N × P2

) \ ˜Dk
N × R

= MT (P2, ∂ P2, φ2) \ (˜Dk
N × R)

where P1 and P2 are the canonical copies of P1 and P2 in P1 ∗ P2, respectively.
Note that by the construction of S, the sphere S splits the filling part Dk+1 × ∂ P12 along A4 = Dk+1 ×

(∂v R ∩ ∂h R) into Dk+1 × (∂ P1 \ ∂v R) and Dk+1 × (∂ P2 \ ∂h R).

Therefore, one can see that

X(P12,φ12) \ S = (X(P1,φ1) \ �1)
⊔

(X(P2,φ2) \ �2),

where
�1 = ˜Dk

S × R1

⋃

Dk+1 × ∂v R1

=
(

˜Dk
S × (Dn × Dn)1

⋃

Dk+1 × (∂ Dn × Dn)1

)

⊂ X(P1,φ1)

∩ ∩
˜Dk

S × P1 Dk+1 × ∂ P1

�2 = ˜Dk
N × R2

⋃

Dk+1 × ∂v R2

=
(

˜Dk
N × (Dn × Dn)2

⋃

Dk+1 × (∂ Dn × Dn)2

)

⊂ X(P2,φ2)

∩ ∩
˜Dk

S × P2 Dk+1 × ∂ P2

Here, ∂v R1 = (∂ Dn × Dn)1 is the vertical boundary of R1 = (Dn × Dn)1 and ∂v R2 = (∂ Dn × Dn)2
is the vertical boundary of R2 = (Dn × Dn)2. By Lemma 3.3, it is clear that �1 and �2 are the embedded
(2n + k)–discs in X(P1,φ1) and X(P2,φ2), respectively. This completes the proof of the theorem. 
�
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