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Abstract A k—open book of a closed n—manifold X is a way to express X as a fiber bundle 7 : X \ B — SK
over the k—sphere S in the complement of a (n — k — 1)—dimensional submanifold B of X. One can associate an
abstract k—open book to a given k—open book of a closed manifold. Given an abstract k—open book of a closed
manifold X and an abstract k—open book of a closed manifold X’, we define the notion of their Murasugi sum
and show that the closed manifold associated to the Murasugi sum is the connected sum of X and X’.
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1 Introduction

Most of the closed manifolds can be viewed as open books. This means that such a manifold is a locally trivial
fiber bundles over S' in the complement of a co-dimension—2 submanifold. For instance, every closed odd
dimensional manifold admits an open book, refer [1,3,7,8], and [S] and for m > 1, all 4m—dimensional simply
connected manifolds with zero signature also admit open book structures.

An open book decomposition of a closed n—manifold M is a pair (B, ), where B is a co-dimension 2
submanifold of M with trivial normal bundle and 7 : M \ B — S! is a locally trivial fiber bundle in the
complement of B such that the boundary of the closure of 7 ~!(6) is B, for each # € S! and the fibration 7 in
a tubular neighborhood of B looks like the trivial fibration of (D?* x B)\ {0} x B — §! sending (7,6, x) to 0,
where x € B and (r, ) are polar coordinates on D?. One can see that a manifold M with an open book (B, 7) is
determined by the closure P of the fiber of 7 and the monodromy ¢ of the fibration 7. The pair (P, ¢) is known
as an abstract open book of the manifold M.

In [4], a generalized notion of an open book decomposition, namely a k—open book of a closed manifold
is introduced. A k—open book of a closed n—manifold X is a way to express X as a locally trivial fiber bundle
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Murasugi sum of k—open books 267

7 : X\ B — S*in the complement of an oriented closed (n — k — 1)—dimensional submanifold B having
a trivial normal bundle in X such that the boundary of the closure of each fiber is B. For a precise definition,
refer Definition 2.1. The locally trivial fiber bundle 7 : X \ B — S* can be obtained by gluing two trivial
fiber bundles D x P over D along the fiber bundles restricted over d DX by a fiber preserving diffeomorphism
o : DK x P — aDF x P , Where P is the fiber of . Now, one can see that the fiber bundle 7 is determined
by the fiber P and the gluing map ¢. This leads to the notion of an abstract k—open book of the manifold X, for
more details, refer Sect. 2. The pair (P, ¢) is called an abstract k—open book of X.

In this article, we define the notion of a Murasugi sum of two abstract k—open books and show that the manifold
associated to the Murasugi sum of the abstract k—open books of the manifolds X and X’ is the connected sum
of the manifolds X and X’. When k = 1, this result boils down to Gabai’s result [2] for Murasugi sums of open
books.

2 Preliminaries

In this section, we discuss the notion of a k—open book of a closed n—manifold.
Definition 2.1 Let X be a closed smooth n—manifold. A k—open book OB (B, i) of X consists of

(1) aclosed (n — k — 1)-dimensional smooth submanifold B of X with a trivial normal bundle in X, called the
binding of OB (B, ),
(2) alocally trivial fiber bundle 7 : X \ B — S¥ such that
(a) the closure of each fiber of 7 is an embedded compact smooth (n — k)—submanifold P with the boundary
B, called a page.
(b) the fibration 7 in a neighborhood of B looks like the trivial fibration of (D**! x B)\ ({0} x B) — S*
sending (x, 0) to *—, where @ € B and x € D¥*1,

[lxll”

Let A (B) be a tubular neighborhood of B in X. Note that the restriction 7 : X \ N'(B) — Sk of the map 7
is a locally trivial fiber bundle with fiber P. One can see that X \ A/(B) can be obtained by gluing D’§ x P and

D]]‘V x P by a fiber preserving diffeomorphism ¢ : 3D’§ X P — 8D§‘V x P, where D’; and va are the Southern

and the Northern hemispheres in S¥, respectively. As the boundary of X \ A/(B) is diffeomorphic to S¥ x 9 P,
we can construct the fiber bundle X \ A (B) by gluing the two trivial fiber bundles D/; x P and DII‘V x P along

Sk=1 % P by an element [¢] € mx_1(Diff3(P,dP)). We call the map ¢ : S¥~! — mr_(Diffy(P,dP)) the
monodromy of the k—open book OBX(B, 7). This motivates the notion of an abstract k—open book.

Definition 2.2 An abstract k—open book is a pair (P, ¢), where

(1) P is a compact manifold with non-empty boundary 9 P.
() ¢ : ¥~ — Diffy(P, dP) is a continuous map such that ¢ (N) : P — P is the identity map of P, where
N is the North pole of ST (e, [¢] is an element of mx_1 (Diffy(P, 0 P)).

We call the map ¢ the monodromy and P the page of the abstract k—open book (P, ¢).

Remark 2.3 We can regard the monodromy ¢ : S*~! — Diff;(P, dP) as a fiber preserving diffeomorphism
@Sl xp s sklxp given by ®(x, y) = (x, ¢ (x)(y)) and vice versa. Therefore, we will not distinguish
between the monodromy ¢ and the fiber preserving diffeomorphism ®.

Given an abstract k—open book (P, ¢), we can associate a closed manifold X(p ) with a k—open book
(B(p.¢)> T(P.$)) as follows: First, we construct the mapping torus M7T g (P, 3P, $) over S¥ by gluing two
copies of the trivial fiber bundles D x P along aDk x P by an element [@] € wi_1(Diff3(P, dP)), i.e.

MT (P, 3P, ¢) = D& x P || Dk x P,
¢ : K1 Diff;F(P,oP)

Note that M7 ¢ (P, 3P, ¢) = S* x 3 P. The manifold X (p 4) can be constructed as follows:

X(p.p) = MT (P, 3P, ¢) |_| DMl s ap
id: SkxdP—SkxdP
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268 A. Ghanwat et al.

Notice that by the construction of the mapping torus M7 g (P, d P, ¢), the trivial fiber bundles 7y : D1§ X
P — Dlg and | : Dj‘v x P — D;‘V induce a locally trivial fiber bundle 7 : M7 (P, 3P, ¢p) — sk,
where 1 and 7| are the projections on the first factors D'§ and le\,, respectively. Observe that the map 7 :
IMT (P, P, ¢p) = SK x 9P — SK is given by T(x,y) = x, where x € S¥ and y € 9P. Let 7’ :
(D1 % 3P) \ ({0} x dP) — S* be the fibration given by 7’/(x, y) = Ty Note that both the fibrations 77
and 7’ agree on IMT (P, dP, $) = d(D**! x 3 P). Therefore, we can glue the fibrations 7 and 7’ to get
the fibration 7(p ¢y : X(p,4) \ ({0} x OP) — Sk, Thus, the pair (B(p,¢), T(p,¢)) is the desired k—open book of
X(p,¢), where Bp ) = {0} x 0 P. We say that a pair (P, ¢) is an abstract k—open book of a closed manifold X
if X is diffeomorphic to X p ).

Thus, one can see that given an abstract k—open book (P, ¢) of X, we can associate a k—open book of X
with the page P and the monodromy ¢ and vice versa. Hence, we do not generally distinguish between k—open
books and abstract k—open books.

Example 2.4 The closed manifold X (p,;4) associated to the abstract k—open book (P, Id) is diffeomorphic to
(D! x P). In particular, if P is the disc bundle DE (n) over S 2 with the Euler number 7, then we can see that

(1) X(p,14) is diffeomorphic to S2 x S¥+2 when n is even,
(2) X(p,14) is diffeomorphic to 2% §k*2 when n is odd

as follows:

Observe that D¥t! x DE(n) is diffeomorphic to the disc bundle of the rank—(k + 3) vector bundle $2 x
R¥*1 @ E(n) over $2, where S2 x R¥*! is the trivial rank—(k + 1) vector bundle over S and E (n) is the rank—2
vector bundle over S% with the Euler number n. We know that a rank—r vector bundle over S2 is determined
by an element of 71(SO(r, R)). Note that the rank-2 vector bundle E(n) is determined by g", where g is a
generator of 71 (SO (2, R)) = Z. Therefore, a rank—(k + 3) vector bundle S2x R E (n) is determined by
g"®id € m (SO (k + 3, R)) = Z,. We observe that g" @id is the identity element in 771 (SO (k + 3, R)) when n
iseven and g" @id is the generator of 771 (SO (k 43, R)) when n is odd. Thus, we deduce that $2 x R¥ 1 @ E(n)
is the trivial vector bundle when #n is even and the twisted vector bundle when n is odd. As we can consider
DM x DE(n) as the unit disc bundle D(S% x Rt @ E(n)) of a rank—(k + 3) vector bundle S x R2 @ E(n)
over §2, we get the required result.

Now, we define the notion of an equivalence of k—open books and an equivalence of abstract k—open books.

Definition 2.5 Let X and X' be two closed n-manifolds. We say that a k—open book OBy (B, ) of X and a
k—open book OBy (B’, n) of X’ are equivalent if there is a diffeomorphism f : X — X’ such that
(1) f(B) = B’ and

X\ B L5 x'\ B
(2) the following diagram commutes: lﬂ J,”/

sk 14 s

Definition 2.6 We say that two abstract k—open books ( Py, ¢1) and (P2, ¢») are equivalent if there exists a diffeo-
morphism f : P — P, suchthat[fy,] = [¢1]inm_1(Dif f(P1, dP1)), where fy, : Sk=1 5 Diffy(P,0Pr)
is given by f4,(x) = floga(x) o f.

Now, we have the following straightforward propositions:

Proposition 2.7 If two abstract k—open books (P, ¢1) and (P2, ¢2) are equivalent, then the manifolds X p, ¢,)
and X p, 4,) are diffeomorphic.

Proposition 2.8 There is a one to one correspondence between the equivalence classes of k—open books of a
closed manifold X and the equivalence classes of abstract k—open books of X.
3 Murasugi sum

In this section, we introduce the notion of a Murasugi sum of two abstract k—open books and give the proof of
the main theorem of this article.
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Fig. 1 The above figure depicts the local picture of the Murasugi sum P; * P> of 2n—dimensional manifolds P; and P». In the figure
D; denotes the properly embedded n—disc in P; and R; denotes its tubular neighborhood in P;. The regions R and R, are identified
to get Py x P, from P; and P,. The vertical boundary 9, R and the horizontal boundary 9, R of R are depicted by blue and red colors,
respectively

Definition 3.1 Let (P, ¢1) and (P2, ¢») be two abstract k—open books, where P; and P, are compact 2n—
manifolds. Let D{ and D} be properly embedded discs in Py and P, respectively. Let Ry = (D" x D"); and
Ry = (D" x D"); be the tubular neighborhoods of D and D} in P and P,, respectively such that

(1) fori =1, 2, the discs D;’ = (D" x {0});,
(2) fori =1, 2, the intersection of R; and 9 P; is 8Df’ x D",

Let f: Ry = (D" x D)1 — Ry = (D" x D"); be the map given by f(x, y) = (y, x). Then the Murasugi sum
(P1, ¢1)*%(P2, ¢2) of the abstract k—open books ( Py, ¢1) and (P2, ¢7) is an abstract k—open book ( Py Pa, ¢1%x¢2),
where

P xP,= P I_l P
fiR1—>R>

and the monodromy ¢ * ¢, : Sk:l — Diffy(P1 x Py, 3(P1 x Py)) is given by (@1 * ¢o)(x) = ¢~1 (x) o q?z(x),
for all x € SK~1. Here, the map ¢;(x) : Py * P — P % P, is the extension of ¢; (x) : P, — P; by the identity
map in the complement of P; in Py *x P,.

Now, we prove the main theorem of this article.

Theorem 3.2 Let (Py, ¢1) and (P2, ¢2) be two abstract k—open books, where Py and P, are compact
2n—manifolds. Then, the closed manifold X (p,«p, ¢ +¢,) associated to a Murasugi sum (P, ¢1) * (P2, ¢2)
is the connected sum of the closed manifolds X p, ¢,) and X (p, ¢,), i.e.

X(Prpr.grign) = X(PronHX (Pr.g)-
In order to prove Theorem 3.2, we need the following lemma.

Lemma 3.3 We denote D" x D" by A*", where D" is the unit Disc in R" centered at the origin. We denote the
vertical boundary d D" x D" and the horizontal boundary D" x 3 D" of A*" by 8, A*" and 9, A*", respectively.
Consider the following subsets of R+l — RK+1 5 R x R”,

Ay = D§ x D" x D" | D' x 9D" x D"
Ay = D x D" x D" JD**' x D" x D",
where DtV is the unit disc in R¥*1 centered at the origin. Here, DII‘V and D§ are the Northern and the Southern
hemispheres of S* = dD*T1, respectively. Then, for i=1,2 each A; is an embedded 2n + k—disc in R*" %1 and
aAy =S x AP | DY x 8,47 ) DY x 9,47 | ) D*T! x 9D" x 9 D",
00y = S x AP (] DY, x 9y A% ) D§ x 8, ] D*T! x 9D" x 9 D",

where S¥—1 = BDﬁ‘v = 8D§ is the (k — 1)—sphere in Rk x {0} C RK*L Hence, S = 9A; is an embedded
(2n + k — 1)—sphere in R¥Hk+1,
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Fig. 2 a Depicts M7 (P12, d P12, ¢12). b Shows the mapping torus M7 (P12, d P12, ¢12) together with the three pieces Aj, A,
Aj of the embedded (2n + k — 1)-sphere S depicted by the golden, red and blue colors, respectively. The fourth piece A4 of
S lies in the filling part D¥t1 % 9Pp5. ¢ and d Show the closures of two components By = MT (P, 0P, ¢1) \ D§ x R and

By = MT (P, 0P, ¢2) \ 5’1‘\, X R of MT (P12, 0P12, ¢12) \ S, respectively

Proof We first show that A is a (2n + k)—disc. We write A as follows:

Ay =D x D" x D" JD*! x 9D")y x D" J DM x (9D™)s x D",
where (9 D")y and (3 D™)g are the Northern and the Southern hemispheres of the sphere S*~! = D" c R”,
respectively. Since (0 D)y and (9 D")g are the (n — 1)—discs, each component in the above expression of Aj is

a (2n + k)—disc. Notice that Dlg x D" x D" and D¥*t! x (9 D)y x D" intersect in Dlg x (0D™)ny x D" which
is a (2n + k — 1)—disc. Moreover,

Df x (9D™)y x D" C (3(D% x D" x D") ﬁa(pk“ x (3D")y x DM)).
Therefore, the union

Ay = D§ x D" x D" D' x (9D")y x D"
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isa (2n—+k)—disc. Now, we write A} = A;UDK1 x (9D") g x D". Again, notice that A | and D¥t! x (9 D") g x D"
overlap in D”; x (0D")s x D" whichis a (2n + k — 1)—disc. Moreover,

D x (aD")s x D" C (0A; [ (D! x (9D")s x D™)).

Hence, Aj is a (2n + k)—disc. Similarly, we can prove that A; is a (2n + k)—disc.
Now, we show that the boundary d A of A1 has the desired description.

d(D§ x D" x D") = dD§ x D" x D" | J D§ x aD" x D"|_J D§ x D" x aD"
(D! x 9D" x D) = 35" x 90" x D" JD*' x 9D" x 9D"
=D}, x aD" x D" | D% x aD" x D" J DMt x D" x D"

As we have seen that D’§ x D" x D™ and D¥*! x 9 D" x D" intersect along their boundaries in Dlg x dD" x D",
one can easily that d A1 has the desired description. Similarly, one can prove for 9 A;. O

Proof of Theorem 3.2 Let D; be a properly embedded disc in P; foreachi = 1,2.Let R; = (D" x D"); C P;
be a tubular neighborhood of D; in P; along which the Murasugi sum (P; * P>, ¢1 * ¢2) is constructed as in
Definition 3.1. We denote the compact manifold P; * P> by Pj2 and the monodromy ¢; * ¢ by ¢12. First, note
that the dimension of each of the manifolds X (p,, ¢1,), X(p;,¢;) and X(p, ¢,) is 2n + k. In order to prove the
theorem, it is enough to find an embedded (2n + k — 1)— sphere S in X(p,,.4,,) such that

X(Pio.gi \ S = Xpyon \ AD || Xprpm) \ A2),

for some embedded (2n + k)—discs Ay and Aj in X(p, ¢,) and X (p, ¢,), T€SpEctively.

We regard the k—sphere Sk as Dlg U (Sk_1 x [—1,1]) U DX , Where Dlg and lev are the two k—discs such
that the boundary 8D§ of Dlg is identified with S¥~1 x {—1} and the boundary 8DI]‘\, of D],‘V is identified with
Sk=1 % {1}. We consider the decomposition of the mapping torus MT (P12, d P12, ¢12) as follows:

Dix Py | | $*'x[-L1)x Py || DfxPo. (1
IdPl *¢2 ¢1*IdP2

where
e the map Idp, : Sk=1 — Diffy(P;, dP;) is given by Idp,(x) = idp,, the identity map on P;, fori =1, 2.
e the map Idp, * ¢ : 8D§ X Py — (Sk_1 x {—1}) x Pia.
e the map ¢ * Idp, : (S*~! x {1}) x P1» — dDX x Py,.

We have the following decomposition of X (p;, ¢,,):

X(Pip.pi) = MT 51 (P12, 9 P12, ¢12) |_| DMl s o Py, )
id : Skx3dPp—Skxd Py

Now, we are ready to describe the required embedded (2n + k — 1)—sphere S in X(p,, 4,,) by using the
decomposition of X (p, ¢,,) and the decomposition of M7 g (P12, 9 P12, ¢12) given by Equations (1) and (2).
Let R = D" x D" be the region in Py * P, obtained by identifying Ry = (D" x D"); C P; and R, =
(D" x D™), C P, as in Definition 3.1. Here, D" x {0} = (D" x {0}); and {0} x D" = (D" x {0});. Note that
@1 1dp, (x) restricted to the vertical boundary d, R = d D" x D" is the identity map for all x in 8D1§ = S land
Idp, * ¢(x) restricted to the horizontal boundary 95 R = D" x 9 D" is the identity map for all x in Sk=1 5 {1).
Let 5§ = DX U (S¥1 x [~1,0]) and 5]1‘\, = (%=1 x [0, 11) U D% be two k-discs in S¥. Now, we consider

S=A1UAUA3U Ay,

where

Al = (ST x{0) x R= (S x {0) x (D" x D") c $¥ ! x Py,
Ay = l~)§ X R = l~)’§ x (D" x aD™) C l~)§ x Pia,
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272 A. Ghanwat et al.

Az = D% x 8,R = DX, x (8D" x D") c DX, x Py,
Ay = DM x (3, RN, R) = D¥T! x (3D" x aD") c DM x 9 Ps.
By Lemma 3.3, we can see that S is an embedded (2n + k — 1)—sphere in X (p,, 4,,). Now, from the description
of the mapping torus M7 (P2, d P12, ¢12) given by Equation (1), we can see that S cuts the mapping torus
MT (P13, 3 P12, ¢12) into following two pieces:
By = (D§ x P | |5 x =11 x P | | DY x Pi)\ D§ x R
Idpl @1
= MT(P1.dPy. ¢1) \ (D§ x R)
By = (D§ x Py| [(8*7' x [=1.1) x P, | | D} x P)\ D% x R
[ ldp,
= MT (P2, 0Py, ¢2) \ (D} x R)

where P; and P, are the canonical copies of Py and P, in P; * P, respectively.

Note that by the construction of S, the sphere S splits the filling part D**! x § Py, along Ay = DM x
(8, R N 3, R) into DX x (3P \ 3,R) and D*T! x (9P, \ 9, R).

Therefore, one can see that

XPpgi) \ S = Xp g \ A1 |_| (X (Pp.gp) \ A2),

where
Ay = DY x R | DM x oy R,

_ (5{; x (D" x D" | D! x (9D" x D")l) C Xrron)
N N
Dk x Py DML ap

Ay = Dy x Ry| DM x 0,R,
_ (5’;\, x (D" x D" | J DM x (9D" x D")2> C X(prir)
n n
Dk x Py DM % 3P

Here, 9,R; = (D" x D"); is the vertical boundary of Ry = (D" x D"); and d,R, = (D" x D");
is the vertical boundary of R, = (D" x D"),. By Lemma 3.3, it is clear that A| and A, are the embedded
(2n + k)—discs in X (p, 4,) and X (p, ¢,), respectively. This completes the proof of the theorem. O
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