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Abstract We investigate the existence of a unique weak solution to a boundary value problem for a non-linear
parabolic integro-differential equation. This equation can model heat diffusion phenomena in the case when a
nonlinear dependence on a memory term is assumed.The proof of existence relies on a regularization — fixed
point — passage to the limit scheme, whereas uniqueness is proved via contractive estimates.

Keywords Existence and uniqueness - Weak solution - Semilinear partial differential equation - Memory kernel

1 Introduction
In this paper we are interested in the equation
ur — Au+ flkou +kxu) —ru =g, (1.1)

in (0, T) x €2, where 2 is a smooth bounded domain of R, d>1,and T > Ois a given reference time. Here
ko > 0, A is a given function of suitable regularity, and k * u denotes the convolution product over the time
interval (0, ¢), namely kxu(t) = fé k(t —s)u(s) ds, where k is a convolution kernel on (0, T') satisfying suitable
positivity and regularity conditions (see the next section for details). The function g represents a given forcing
term lying in an appropriate functional space. Equation (1.1) can be framed in the class of evolutionary problems
with memory effects; indeed, in a physical interpretation the variable u may represent the temperature of the body
2. The main novelty of (1.1) stands in the fact that the dependence on the past history of u is incorporated in the
semilinear term f (kou + k *u) (while in related models the convolution kernel is generally assumed to act either
on the diffusion term or on the time derivative u;). In this respect, and just for the sake of simplicity, we decided
to restrict our investigation to the model case when f : R — R is a power function of superquadratic type (and
consequently it does not satisfy a global Lipschitz condition). It is worth remarking that with small modifications
in the proof one could also treat the case when f is a more general nonlinear function with polynomial growth
at infinity, whereas the case of faster (e.g., exponential) nonlinearities may be mathematically more delicate to
deal with.
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274 G. Schimperna, A. S. Rafeeq

The above equation is complemented with the initial condition
Ulj—o = ug in (1.2)
and with the homogeneous Dirichlet boundary condition
ulpgg =0 on (0, 7) x 092. (1.3)

There are various motivations justifying our interest on the above problem. Indeed, in many physical phenomena
(e.g. viscoelasticity, heat flow in real conductors, population dynamics, phase separation, nuclear power reactors)
the actual evolution of the system may depend also on the past values of one or more of the variables in play
(see for instance [1-3]). Proper modeling of this type of processes naturally leads to differential equations with
memory and/or delay effects. In particular, in the case of heat diffusion models, the occurrence of memory effect
is an important issue and it now represents an active field of research (see, e.g., the book [4]). Some recent
progresses in the analysis of equations with memory can be found, e.g., in [5-7], to which we refer the reader
for a more extensive bibliography.

The nonlocal character of models accounting for memory effects represents a fundamental difficulty in
their mathematical analysis. Nowadays we know that an effective way to get around this difficulty consists in
restating the integro-differential problem as a generalized abstract ordinary differential equation in a proper
infinite dimensional space, where one can exploit the powerful tools of the theory of semigroups. On the other
hand, other approaches (like that based on variational methods in Hilbert spaces), are also effective for dealing
with such problems.

The existence, uniqueness and asymptotic behavior of the solutions to semilinear evolutionary equations
is a subject that has been studied extensively. General references are the textbooks [8—10], which include a
comprehensive survey of available results for the Cauchy problem
ui (1) = Au(t) + F@() + g(0), (14

u(0) =ug € X, ’

where X is a real Hilbert space, A : D(A) — X is a self-adjoint, strictly negative linear operator on X, F' is a
nonlinear X-valued map defined on the domain of (—A)'/2, and g is an X-valued function of time of suitable
regularity. A natural generalization of the above problem leads to the integro-differential equation

1(0) = wo. (1.5)

{u,m + [y et = $)us)ds = Au() + fy Bt — $)Au(s) ds + Fu(®) + g(0),
where o and g are given integrable functions on [0, 4+-oo[. This problem has been studied in several papers under
various types of assumptions. In particular, in the simpler case when F = 0, that is
{u;(t) + [t — s)ui(s)ds = Au(t) + [ B(t — $)Au(s)ds + g(1), ¢ >0, 06

u(0) = uo, '

a basic reference is the book by Priiss (see [11]), where the equation is treated assuming ug € D(A) and
g€ L*0,T; X).
The semilinear parabolic problem with nonlinear memory
u; = Au + u? fot ud (-, s)ds, (7
u(0) = uo,

complemented with Dirichlet boundary conditions, plays an important role in the theory of nuclear reactor
kinetics (see [2] for a physical motivation in the case p = g = 1). Actually, the global existence and long-time
behavior of solutions have been studied by several authors (see [12—-14]).

On the other hand, Wang et al. [15] proved the local solvability of a large class of semilinear parabolic
equations with different nonlocal reaction terms, namely

(1.8)

u;=Au+F (u, fot f(.,s)) ds),
u(0) = uo,
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Well posedness for a heat equation 275

where also the boundary condition may have a nonlinear character and account for a memory effect. In the paper
[15], the above problem is studied in the framework of classical solutions. It is worth observing that both equation
(1.7) and (1.8) are very close to the problem studied here and may constitute a motivation for our research.

Further significant mathematical problems involving memory kernels arise in the theory of phase transitions.
In this framework the “heat” equation accounting for the memory effects is coupled with a further relation
describing the behavior of another unknown variable, namely the phase parameter x. The equation for y is
usually nonlinear parabolic and may also involve convolution terms. A significant example is given by the model
studied by Bonfanti, Colli, Grasselli and Luterotti in [16], taking the form

0 (0o +Yox +@x0 + ¥ * x) —koAV = f, in Qx(0,T),

adx + H ' (x) 3 B, %), in Qx (0, 7). 19
?(.,0) =119, x(,0) = xo in €, ’
9 =0, on 02 x (0, 7).

Here, ¢ and ¢ are memory kernels satisfying suitable regularity and positivity conditions, ¢, ¥, ko, & are
positive constants, and 8 and H are nonlinear functions. Other significant phase transition models including
convolution terms have been studied in [5,6, 17—-19] (see also the references therein). Focusing our attention on
the phase transition literature is important for our purposes in view of the fact that we are planning to apply the
results of this paper to some phase change model with nonlinear dependence on a memory term in a forthcoming
work.

Our main results will be devoted to proving well-posedness of the initial-boundary value problem for (1.1),
namely existence and uniqueness of a global in time weak solution belonging to an appropriate regularity class
in the setting of Sobolev spaces of parabolic type. To our knowledge, this is the first work where equation (1.1)
is studied by variational methods. Actually, we believe that our approach could also be adapted to treat other
types of parabolic equations with nonlinear dependence on a memory kernel. We are planning to address some
relevant problems related to the present one in future works. In particular, one could adapt our strategy to treat
the equation

ur — Au+kof(u) +kx f(u) —ru=g, (1.10)

(where f is a polynomial nonlinearity), which is very closely related to (1.7) and (1.8).

The strategy of proof will be relatively standard. Namely, we will first construct a regularization of our
system where the function f is replaced by a (globally) Lipschitz approximation f;. Existence of a unique local
solution u,, for the regularized problem will then be proved by means of a contractive fixed point argument. A
number of global a priori estimates, uniform with respect to the approximation parameter n, will then permit us
first of all to extend the approximating solutions up to the given final time 7 and then to take the limit n 7 co.
Indeed, assuming that f;, converges to f uniformly on compact subsets of R, we can demonstrate by compactness
methods that at least a subsequence of u,, tends in a suitable way to a limit function u solving the original problem
over (0, T).

Being the scheme of the proof rather standard, the main mathematical difficulty stands, of course, in the
presence of the semilinear term f (kou + k * u), which grows at infinity as a power of its argument. In order to
manage such a term, we will establish a proper set of a priori estimates, and, to this purpose, we need to rely on
some positivity (as in [16]) and regularity (similar to the corresponding assumption in [17], in particular the sole
summability seems not sufficient here) conditions on £ and on the monotonicity of f, which is at the basis of
the global in time character of the solution. Actually, we believe that, using more refined tools, our results could
be extended to much more general classes of nonlinear monotone functions f. This issue will also be addressed
in a forthcoming work.

The remainder of the paper is organized as follows: in the next section we present our assumptions on data,
introduce some notation, and state our main results in a rigorous form. Next, Section 3 contains the proof of
uniqueness and continuous dependence on the initial data. Finally, the proof of existence is carried out in the last
Section 4, where we also discuss the regularity properties of the solution.

2 Statement of the main result

Let us start with introducing some notation. Let 2 C R? be open, bounded and connected with the boundary
3 of class C*!. We set Q; := Q x (0, T) fort € (0, T1, Q := Qr, H := L*(Q), V := H} (Q). As usual, we
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276 G. Schimperna, A. S. Rafeeq

identify H with its dual space H' and recall that V C H C V' with dense and continuous injections. We denote
by (-, -) the duality pairing between V and V', or, more generally, between a Banach space X and its dual X'.
Moreover, || - ||y and || - ||« indicate the standard norms in V and V', while || - || and (-, -) stand for the norm and
scalar product of H, respectively. Next, we introduce the operator A : V — V' (i.e., the weak expression of the
Laplace operator with homogeneous Dirichlet boundary conditions) by means of the formula

(Au,v) = / Vu-Vv, Yu,veV. 2.1
Q

We denote by * the convolution product over the interval (0, ), namely
t
axb(t) = / a(t — s)b(s) ds, (2.2)
0

for, say, a, b € Ll(O, T). The above definition may be extended to the situation when either a or b takes values
into some Banach space X. Moreover, we recall the formulas (cf., e.g., [20])

axb=a(0)(1%xb)+a;x1xb, (a*b); =a0)b+ a; xb, (2.3)

which hold whenever they make sense, the well-known Young theorem

lla bliLro.1.x) < llallLeo,m)lbllLa©,7.x) (2.4)
holding for X Banach space, 1 < p,q,r < oo,a € LP(0,T),b € L1(0,T; X), % = % + ql — 1, and the
elementary inequality

2, Lo
2ab < ya®+ —b", Va,beR, y >0. (2.5)
14
We can now introduce our main hypotheses on coefficients and data. First of all, we assume
ke w0, T), ko> 0. (2.6)
Moreover, the following positivity condition is taken on k:

' 2 2
/ (kov(s) 4 (k * v)(s)v(s)) ds = el[vll72 g 2.7

o :

forall t € [0, T], whenever v € L2(0, T).
Remark 2.1 'We may notice that, as a consequence of inequality (2.4), we always have
' 2 2
/O (kov™(s) + (k % v)()v(5)) ds = (ko — Ikl L1(0.) V172 - (2.8)

Hence, a specific situation when (2.7) is satisfied occurs whenever the L'-norm of k is small compared to k.
We will also assume

fr) =|r|P " signr, p e (2,00), (2.9)

so that, in particular, f is increasingly monotone. We also set F(r) = |r|?/p in such a way that F'(r) = f(r).

We will denote by p’ the conjugate exponent to p.
We are now ready to state our main result:
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Theorem 2.2 Assume (2.6)-(2.7) and (2.9). Assume also

A e L0, T; L®(Q)), (2.10)
g€ L*0,T; H), (2.11)
uo € H. (2.12)

Then there exists a function u : (0, T) x Q — R with the regularity

ue L0, T; HYNL*0,T; V), (2.13)
w € L0, T; V') + LY (0, T; LY (), (2.14)
vi=kou+kxue LP0,T; LP(R)), (2.15)
f) e LY (0,T; LP (), (2.16)
which solves problem
ug + Au+ flou+k*u) —iu=g in L*0,T; V') + L0, T; L? (Q)), (2.17)
u(0) =ug a.e.in Q. (2.18)

Moreover, the solution u is unique in the above regularity class. More precisely, noting as uo.1 and ug 2 a pair
of initial data both satisfying condition (2.12), there holds the continuous dependence estimate

t
lur(t) — ua ()| < clluo.1 — uo2ll* exp (/0 (1 + kol IA() Il oo () ds) , (2.19)

where ¢ > 0 only depends on the given norms of k and A.

We may notice that the boundary condition (1.3) is incorporated in equation (2.17) by means of the operator A.
The proof of the theorem occupies the remainder of the paper and is split into the next sections.

3 Continuous dependence and uniqueness

Starting with two solutions u (¢, x) and u> (¢, x) respectively emanating from the initial data ug,1, uo,> under the
assumptions of Theorem 2.2, we set # = u| — us. Then, due to (2.17), u satisfies

i, + Aii + f(kout +k % uy) — f(kous + k % un) — Adi = 0. 3.1)

Multiplying (3.1) by kot + k * & and integrating over (0, t), where ¢ € (0, T] is arbitrary, we obtain
t
/ (i + Au + f(kour + k xur) — f(koua + k * uz) — Aut, kot + k xu) = 0. (3.2)
0

Actually, it is worth noting that ko + k * i is an admissible test function in view of the regularity (2.13) and of
the property (2.4). Hence, the above duality pairing makes sense in a suitable functional couple (to be precise,
VNLP(Q)and V' + LY (£2)) and the procedure is rigorous with no need of performing any regularization. That
said, let us now develop the various integral terms. First of all, integrating by parts and applying (2.3), we deduce

t t t
/(ﬁt,komk*m:f <ﬁt,koﬁ>+/ (g, k% )
0

0 0
- o = s || [ = [ [
= WO = Fhiol* + | | F@kexi) - | | ki

k k t t
=—0||ﬂ(t)||2——0||b70||2+/ ﬁ(r)(k*ﬁ)(t)—/ /k(O)fﬂ—/ /ﬁ(k/*ﬁ). (3.3)
2 2 Q 0 Jao 0 Ja
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Next, using inequalities (2.4) and (2.5), we infer

‘/ G0k * )(1)
Q

- - ko . 1 B
< la@t DOl < o] + oI 01| F oo 0.1: 1)

ko - 2 1 2 ~ 2 ko - 2 b 2
< ZIEOI + K2 0 ) W20,y < ZIEON +e /0 i 1>. (3.4)

Here and below ¢ > 0 is a generic (computable) constant that may depend on k, A, and on the other parameters
of the problem. Explicit dependence on u and u» is not admitted. Next, we have

t
//(k’*ﬁ)zl
0JQ

~ ~ <02
< K s Ullz20,0m) Ul 220,05y = ”k/”Ll(O,z)”M”LZ(OJ;H)

t
<c f Nl ]| (3.5)
0

Then, by (2.7),
t t
/ (Au, kot + k = i) =/ / Vii - V(kou + k * i)
0 0 JQ

t
=/0 /Qva (ko Vil + k% Vi) = || Vil - (3.6)

Moreover, in view of the monotonicity of f, we have

t
/ (f(koutr + kxuy) — flkous +k *up), kot +k = it) > 0. 3.7)
0

t
/ (AL, kott)
0

Finally, owing to assumption (2.6) and to the Young inequality (2.5), we obtain

/t(m,k*ﬁ)
0

Next,

t
< /O Lz kol 12 (3.8)

< IAllz20,6; 00 1 220,112 1k * Wl oo (0,1, 2.2(2))

= A z20,1; 00 1l L20,0: 22 1Kk 200,00 12 220,15 22 (2))
t

<c [ e, (3.9)
0

for a suitable ¢ > 0 also depending on the norms of k and A.
Collecting (3.3)-(3.9), (3.2) gives

ko . ~ ko . ! ~
TNEOI + Vil pgpy = 5 ol +c/O (14 [kol | Al oo ) Il ]| (3.10)
By using Gronwall’s lemma, we finally get
t
a1 < cllioll* exp (/ (1+ lkol1A(9) () ds) , (3.11)
0
which may be rewritten in the form (2.19) and implies uniqueness in the case when up 1 = u¢ 2, and, more

generally, continuous dependence with respect to initial data.

4 Proof of existence

We prove here the existence part of Theorem 2.2. Our argument will be subdivided into several parts presented
in separate subsections.
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4.1 Approximation

In this part we will prove existence and uniqueness of a local in time solution to a suitable approximation of
our problem. In order to introduce our regularized statement, we consider a sequence of functions { fy},en
properly approximating the function f. For example we can construct f, by replacing f with its first order
Taylor expansion outside the interval [—n, n]. Namely, we set

f(r)=|r|P~ signr if |rl <n

nP~lsignr + (p — DnP~2(r —nsignr) if |r| > n.

fu(r) = 4.1)

It is worth noting that other regularizations of f could be alternatively used. Anyway, with the position (4.1),
the following properties of f;, can be easily checked by direct computations:

fn € C*'(R; R), |fo(r)| <c, VneN, andforae.r € R, 4.2)
Ja(0) = f(0) =0, (4.3)
fa — f uniformly on compact subsets of R, (4.4)

where ¢, > 0 depends on n and goes to infinity as n  co. Moreover, f, satisfies the following property which
is crucial for the sake of obtaining a-priori estimates independent of the regularization index n:

dkp > 0 suchthat f,(r)r > lcl,|f,,(r)|p/, 4.5)

where the above actually holds for all » € N and r € R with «,, independent of n. Noting that (4.5) is evident
(withk, = 1)asr € [—n, n], letus checkit, e.g., for 7 > n.Indeed, in that case, using that p > 2andr > r —n,
we have

p—2 1

fu)r = r(np_l +(p—DnP72(r — n)) >nP 40T (r —n)7-1(p — DnP~2(r — n)
r(p=2) P

>nP 4+n T (r—n)rr. (4.6)

On the other hand, thanks to (4.1) and still for » > n we have

r(p=2)

| Fu 7T < cp(n? +n' 7T (r —n)7T), (4.7)

where ¢, > 0 depends only on p. Hence, (4.5) follows easily by comparing (4.6) with (4.7). Let us also notice
that, still for r > n,

far =r(n?' + (p— D 2(r — n)) = nP7%r?, (4.8)
whence easily follows that
far)r>r*—1 VneN, VreR. (4.9)

We now recall a classical result on linear parabolic equations. The reader is referred, e.g., to [21, Thm. 7.6]
for a proof (actually here we have the additional term A, which however, under the regularity assumption (2.10),
does not affect the argument):

Theorem 4.1 Let (2.10), (2.12) hold together with
heL*0,T, H). (4.10)

Let Ty € (0, T]. Then there exists a unique function u : (0, To) x Q — R with the regularity

ue HY0, To; V) N L*®(0, Ty; H) N L*(0, Ty; V), 4.11)

which solves problem
u+Au—ru=nh inV', anda.e. in (0, Tp), (4.12)
u(0) =ug a.e in Q. 4.13)
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The above result will be applied in order to prove existence to our regularized problem via a fixed point argument.
Namely, we fix u € LZ(O, Ty; H), with Ty € (0, T'] to be chosen at the end, and define

hy = g — fu(kol + k % 7). (4.14)
Then, recalling (4.2)-(4.3) and using (2.4), it is easy to check that
Whnllr20,19: 1) < 1812200, 70: 1y + 1 fn (ko + &k xw) — fu(O) || 20, 70: b
< cnllkou + k xullp2¢0.75. 5y + ¢
< cukoll@ll 120, 79: 1y + kIl L1 0, 70) 14 200, 700: 1) + € < +00. (4.15)

As a consequence we can apply Theorem 4.1 and deduce that, for each n € N, there exists a function u of the
regularity (4.11) solving problem (4.12)-(4.13). This allows us to define the fixed point map

T:L*0,Ty; H) — L*0,To; H), T:ur—u (4.16)

(of course, in view of (4.11), the output space of 7 is better than L?). Let us now show that, at least if 7p is
chosen small enough (and the value of 7 may in fact depend on the approximation parameter n), then 7 is a
contraction with respect to the L?-norm. This will permit us to apply Banach’s contraction principle in order to
obtain a fixed point of 7.

Let us consider a couple of functions uy, u#, both lying in L2(O, To: H) and let us set u; := 7 (uy), up :=
T (u3). Let us also put, for simplicity, u := u; — up and u := u; — uy. Hence, u solves the equation

ur + Au + fn(kouy +k xuy) — fn(kouz + k xuz) — Au =0, “4.17)
together with the initial condition u(0) = 0. Testing (4.17) by u and integrating over 2 x (0, ), we then infer

t t
IIM(t)||2+||VMIIiz(Ot.H)S//Ifn(koﬁl+k>x<ﬁ1)—fn(koﬁ2+k*ﬁz)llul+//I)»qu, (4.18)
. 0 JQ 0 JQ

and the terms on the right hand side can be estimated as follows:
t
/ / [ fn(kout + k x uy) — fu(kouz + k x uz)|ul < cnllkow +k *ull 200 4. 1l £20.1: 1)
0 Ja

2 1
= e (ko + 1kl 0.0) 17720 oy + 714032 0,000 (4.19)

t t
/ / I < f Il o 2. (4.20)
0JQ 0

Replacing (4.19)-(4.20) into (4.18), we then arrive at

t
2, 1
@I + 1Vull320 1.1y < €n (ko + 1kl L1 0,0) 11T 20,11y + /0 (||x||Loo<m+Z)||u||2, 4.21)

whence, applying Gronwall’s lemma, we obtain

t

2 1 _
lu@)I* < cp(ko + llkllL10.7))” exp ( /0 (||A||Loo<9) + Z))nuuizmm

=: Ky [@ll7 (4.22)

0.t;H)
where it is worth observing that the constant K, depends on time only through the final time 7', which is assigned
from the very beginning. Taking now the supremum with respect to ¢ € (0, Tp] we easily deduce

170,70 1y < TollulZoo o751y < KnTONTNZ 20 7. 1) (4.23)

Hence, choosing Ty (possibly depending on n, as remarked above) so small that K,,7p < 1, we deduce that
7T is a contraction mapping; hence, it admits a unique fixed point u, (we stress here the dependence on the
approximation parameter n) which turns out to solve

Uns + Ay + fo(koun +k % uy) — iy, = g in V', andae.in (0, Tp), (4.24)
u,(0) =ug a.e.in Q. (4.25)

Moreover, u, enjoys (at least) regularity properties analogous to (4.11) over the time interval (0, Tp).
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Well posedness for a heat equation 281

Remark 4.2 1If the initial datum ug is also regularized, then it is not difficult to prove that u,, satisfies additional
regularity properties. We omit the details just for the sake of brevity; however we may observe that we can assume
that the approximate solution u,, satisfies all the regularity conditions that are needed in order for the a-priori
estimates performed below to make sense.

4.2 A priori estimates

In this part, we derive a number of a-priori estimates holding for the solution u,, to (4.24)-(4.25). In the course
of this procedure, the symbol ¢ will denote a generic computable positive constant depending only on the given
data and coefficients of the problem. In particular, c is allowed to depend neither on the approximation parameter
n nor on the final time Tj. On the other hand, the value of ¢ may vary on occurrence.

First estimate. We test (4.24) by v, := kou,, + k * u,, and integrate both in space and in time over the generic
time interval (0, ¢). A priori, we shall assume ¢ < Ty where (0, Ty), with Ty possibly depending on n, is the
lifespan of the approximating solution provided by the fixed point argument. At the end, we will see that the
deduced estimates will allow us to extend solutions up to the original final time 7. That said, we obtain

t t t t t
/ / Up,tUn +/ / (koVu, + k % Vuy,) - Vuy, +f / Jo(uv, = / / A, vy, +/ / gu,. (4.26)
0 JQ 0JQ 0JQ 0JQ 0JQ

Using the positivity condition (2.7), we obtain
1
fo fg(kown + ko Vi) - Vi = @l Vg 720 - 4.27)
Next, thanks to (4.5) and (4.9), we infer

13
Kp I 1 2
[ [ 5n0m = U0 iy + 5100 ) = (428)

Moreover, the terms on the right hand side of (4.26) can be controlled as follows. Firstly, using Holder’s inequality,
we deduce

t t 1 t
2 2 2
/O /Q Mty < /0 Il o el < 5 om0y + € /0 102 gl I (4.29)

Next, owing to assumption (2.11),

! 1
/ / 8vn = I8l 20,0, 1Vnll 20,01y = §||Un||i2(0,.H) +c. (4.30)
0JQ e

Finally, we have to treat the first term on the left hand side of (4.26). Integrating by parts and recalling the second
of (2.3) we obtain

! ko 2 ko 2 ! 2 ! ’
/ / Up Uy = — up (O — = lluoll +/ u () (k *up)(t) — / / kO)u;,, — / / (k" up)uy
0 Ja 2 2 Q 0Ja 0Ja

(4.31)
and we need to estimate a number of terms. Proceeding as in (3.4) and (3.5), we obtain
ko 2 ' 2
un (1) (k * up)(1)| < Z”Mn(t)” +c f lluall”, (4.32)
Q 0
t 1
[ [ ] < [ e (433)
0JQ 0
Then, collecting (4.27)-(4.33), (4.26) translates into the inequality
ko 2 2 Kp P 1 2
PO+ Vil gy + LU iy + 31002000
t kO
<c+ c/o (14 15O + Ao ) e * + = ol (4.34)
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The above relation is a differential inequality to which Gronwall’s lemma can be applied. As a consequence,
there exist suitable constants ¢ > 0 independent of the approximation parameter n such that

lleenll Loeo,: 1) + ||Mn||L2(0,;;V) =c (4.35)
lonll 220,01y < €5 (4.36)
”fn(vn)”Lp’(()’t;Lp’(Q)) =c. “4.37)

In addition to that, it is clear from (4.34) that ¢ does not depend on the time 7 provided by the fixed point
argument. As a consequence of this fact, a simple continuation argument entails that, for every n € N, u,
can be extended up to the original final time T keeping the same regularity properties. Moreover, the bounds
(4.35)-(4.37) keep holding with T in place of 7.

Consequences. Recalling (2.10) and the first (4.35), we readily obtain

IAunllz20, 7,8y = 1M 220,720 1UnllL0,7: 1) < €. (4.38)
Moreover, using that A is linear and continuous from V to V’ with the second of (4.35), we obtain
lAunli200.7:v7y < cllunliz2o.r:vy < c- (4.39)

Hence, recalling (4.37), a comparison of terms in (4.24) yields

”ul’l,l ”L”,(O,T;LP/(Q))—i-LZ(O,T;V’) <c. (440)

This is the last estimate we need in order to take the limit n * co and remove the approximation.

4.3 Passage to the limit

In this section we let the approximation parameter n go to oo and prove by compactness argument that, then, u,
tends in a suitable way to a limit function u solving our problem in the sense specified in Theorem 2.2. Note that,
a priori, the following convergence relations will be proved to hold just for (non-relabelled) subsequences of
n /' 00. On the other hand, the uniqueness of solution for the limit problem will entail at the end that convergence
holds in fact for the whole sequence {u,}. That said, we start observing that, from (4.35)-(4.37) (recall that they
hold over the whole interval (0, T'), as observed before) and (4.40), there follows

u, — u weakly starin L°(0, T; H) N L2(O, T,V), 4.41)
vy — v weakly in L%(0, T; H), (4.42)
Uns — u; weaklyin L? (0, T; LP (Q)) + L*(0, T; V). (4.43)

As a consequence, we can apply the Aubin-Lions compactness lemma (see, e.g., [21, Thm. 8.1, p. 214]) to
deduce

u, — u strongly in CO([O, T;VHn LZ(O, T, H). (4.44)

We now see that the above relations are sufficient for taking n * oo in (4.24). First of all, from (2.10) and (4.44),
it follows

A, — Au strongly in L'(0, T; L2(Q)). (4.45)

Moreover we can observe that the limit term Au lies in L2(0, T; H) because of A € L%(0, T; L*®(S2)) and
u € L°°(0, T; H). Next, thanks to (2.4),

”k * Uy — k = u”Lz(O,T;H) < ”k”Ll(O,T) ||Mn — M”LZ(O,T;H) — 0. (446)
As a consequence, it follows

v, = kouy + k xu, — kou + k % u strongly in L2(0, T, H), 4.47)

@ Springer



Well posedness for a heat equation 283

whence, comparing the above with (4.42), we obtain v = kou + k * u; moreover, we have established that the
strong convergence may replace the weak one in (4.42). As a further consequence of this fact, we deduce that,
at least for a subsequence of n 7 oo, there holds

v, — v almost everywhere in (0, 7) x Q. (4.48)
In view of property (4.4), this fact clearly implies
fa(uy) — f(v) = |v|1’71 signv almost everywhere in (0, 7) x . (4.49)

Hence, recalling (4.37), observing that p’ > 1, and applying a well-known generalized version of the Lebesgue
dominated convergence theorem (cf. [21, Lemma 8.3, p. 218]) , we deduce

fu(vp) = f(v) weakly in Lp/(O, T; Lp/(Q)) and strongly in LI(O, T; LI(Q)). (4.50)

The above relations are sufficient in order to take n ' oo in (4.24) and get back (2.17). Notice also that the
regularity conditions (2.13), (2.14) follow respectively from (4.41) and (4.43). On the other hand, from the first
(4.50) we deduce that f(v) = [v|?~'signv € L? (0, T; L”' (2)), which implies both (2.15) and (2.16). Finally,
from the first of (4.44), we get

up = u,(0) — u(0) strongly in V', (4.51)

which entails the validity of the Cauchy condition (2.18). This concludes the proof of the existence part of
Theorem 2.2.
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