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Abstract In this paper, we study some homological properties of edge rings of a class of bipartite graphs, known
as diamond snake graphs. We obtain combinatorial formulae for Castelnuovo-Mumford regularity, projective
dimension and N−graded Betti numbers in the linear strand of edge rings of these graphs.
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1 Introduction

Let S = K[x1, x2, . . . , xn] be the polynomial ring in n variables x1, x2, . . . , xn over an infinite field K with
standard degree grading. If I is a graded ideal in S with initial degree ≥ 2(see [20]), then, by the Hilbert’s syzygy
theorem, the quotient ring S/I has the minimal graded free resolution given as

0 −→ F�
ϕ�−→ · · · ϕi+1−→ Fi

ϕi−→ · · · ϕ2−→ F1
ϕ1−→ S −→ S/I −→ 0

where Fi =
bi⊕

j=i+1
S[− j]βi, j with S[− j] is a graded free S-module of rank one with generator in degree j whose

dth graded component S[− j]d = Sd− j , the (d − j)th graded component of S. The non-negative integer βi, j is
the number of generators of i th syzygy module of S/I in degree j , known as the i th graded Betti number of S/I
in degree j , written as βi, j (S/I ). The number

max{ j − i | βi, j (S/I ) �= 0}.
is called the Castelnuovo-Mumford regularity (or simply regularity) of S/I , written as reg(S/I ). From the
definition of the Castelnuovo-Mumford regularity and the minimal graded free resolution of S/I , it can be easily
seen that reg(S/I ) = reg(I ) − 1. The number

max{i : βi, j (S/I ) �= 0 for some j}
Communicated by Jayanthan A V.

P. Singh · R. Vats (B) · R. Verma
Department of Mathematics, Central University of Jammu, Rahya-Suchani(Bagla), Samba, J & K 181143, India
E-mail: richa.vats15nov@gmail.com

P. Singh
E-mail: pavinders@gmail.com

R. Verma
E-mail: rhtgm@yahoo.in

123



286 P. Singh et al.

is called the projective dimension of S/I , written as pd(S/I ).
For every finite simple graph G = (V, E), there is a quadratic square-free monomial ideal

I (G) = 〈xi x j | {xi , x j } ∈ E〉
in S (by identifying the vertex set V of G in bijection with the set of variables x1, x2, . . . , xn of the polynomial ring
S), called the edge ideal of G, and the quotient ring S/I (G) is known as the edge ring of G. It can be easily seen
that G �→ I (G) gives a natural one-to-one correspondence between the collection of all finite simple graphs on
vertex set V = {x1, x2, . . . , xn} and the collection of all quadratic square-free monomial ideals in the polynomial
ring S = K[x1, x2, . . . , xn]. It was Villarreal [19] who first introduced and studied the properties of edge ideals
in terms of associated combinatorial data. Many researchers have investigated the problem of computing the
homological invariants like graded Betti numbers, Castelnuovo-Mumford regularity, projective dimension of
edge ideals and their powers in terms of associated combinatorial data(see [4,7,10–12,14,17,19] and references
therein). We shall write βi, j (G), reg(G) and pd(G) for βi, j (S/I (G)), reg(S/I (G)) and pd(S/I (G)), respectively.
The graded Betti numbers of the form βi,i+1(G) are known as Betti numbers in the linear strand of edge ring of
G and have been studied by various authors (see [10,15,16,18] and references therein).

The Castelnuovo-Mumford regularity is another important homological invariant associated to a module
which, roughly, gives a measure of width of the minimal graded free resolution. Zheng [22] first characterized
the regularity and projective dimension of forests. Zheng’s characterization of regularity of forests was extended
to chordal graphs by Hà and Van Tuyl in [3], which was further extended to weakly chordal graphs by R.
Woodroofe in [21] and have shown that the regularity of weakly chordal graph is same as the largest size of set
of pairwise 3-disjoint edges in it. Kimura [8] extended the characterization of projective dimension of a forest
by Zheng [22] to chordal graphs, which was further extended by Nguyen-Vu [13] to weakly chordal graphs. For
more details on Castelnuovo-Mumford regularity and its connections to other invariants, we refer to [2].

In this paper, we shall compute the regularity (see Theorem 3.3) and projective dimension (see Theorem 3.6)
of edge rings of diamond snake graphs Dn . Also, we obtain the graded Betti numbers in the linear strand of the
minimal graded free resolution of edge ring S/I (Dn) (see Theorem 4.3).

2 Preliminaries

Now, we shall recall some terminology and fix some notations for their use in forthcoming sections.

2.1 Graphs and simplicial complexes

Let G = (V, E) be a finite simple graph (a graph without multiple edges and loops). For W ⊆ V , the induced
subgraph G[W ] is a graph with vertex set W and edge set E ′ = {{xi , x j } ∈ E | xi , x j ∈ W }. Two vertices
u, v ∈ V are called adjacent in G if there is an edge between them in G. If any two vertices in G are adjacent,
then G is a called a complete graph on n = |V | vertices, written as Kn .

A path (or run) of length r in G is a subgraph with vertex set {xi1 , xi2 , . . . , xir } and edge set consisting of
the edges {xi j , xi j+1}; j = 1, 2, . . . , r − 1.

An r-cycle Cr , (r ≥ 3), is a subgraph of G with vertex set {xi1 , xi2 , . . . , xir } and edge set {{xi1 , xi2},{xi2 , xi3}, . . . , {xir , xi1}}.
For a graph G = (V, E), the complement of G, denoted by Gc, is a graph whose vertex set is same as the

vertex set V of G and edge set E(Gc) = E(Kn) \ E , where E(Kn) is the edge set of Kn .
If every induced cycle in a graph G is of length 3, then G is called a chordal graph. However, if every induced

cycle in G and its complement Gc is of length at most 4, then G is called a weakly chordal graph.
A subset C ⊂ V is called a clique of size m = |C | if the induced subgraph G[C] is the complete graph Km .

A subset T ⊂ V (G) is called an independent set if no two vertices in T are adjacent in G.
If the vertex set V of G can be written as the disjoint union of two non-empty independent subsets, say V1

and V2, then G = (V (G), E(G)) is called a bipartite graph. If G is a bipartite graph with vertex set V = V1 ∪V2,
where V1 and V2 are independent subsets of V , and there is an edge between each x ∈ V1 and each y ∈ V2, then
G is called a complete bipartite graph of type (r, s), where r = |V1| and s = |V2|, denoted by Kr,s .

Two distinct edges e = {xi , x j } and e′ = {xk, x�} are said to be 3-disjoint if {xi , x j } ∩ {xk, x�} = ∅
and the induced subgraph G[W ], for W = {xi , x j , xk, x�}, is a disjoint union of edges e and e′. A subset
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{e1, e2, . . . , em} ⊂ E(G) of edges is said to be pairwise 3-disjoint subset, if ei and e j ; 1 ≤ i �= j ≤ m, are
3-disjoint.

A matching in a graph G is a subset M of E(G) such that no two edges in M have a common vertex. If no
two vertices belonging to any two given edges of a matching of a graph G are adjacent, then such a matching is
said to be an induced matching. For an induced matching M in a graph G, the number of edges in M is called
its size and, M is called maximum if it has maximum size among all other possible induced matchings in G.
The largest positive integer m such that G has a induced matching of size m is known as the induced matching
number of G, written as ind(G).

In any finite simple graph G, an induced matching of size m can also be viewed as an induced subgraph of
G which consists of 2m vertices and m disjoint edges, denoted by mK2.

Definition 1 A collection � of subsets of V = {x1, . . . , xn}, called faces, is called a simplicial complex on
vertex set V if {xi } ∈ � for all 1 ≤ i ≤ n and if F ∈ � and G ⊆ F then G ∈ �.

A face F ∈ � of cardinality i + 1 is called a face of dimension i or an i-face of �. The maximum of
dimension of all faces of � is called dimension of �, written as dim(�). If � is a simplicial complex on the
vertex set V = {x1, x2, . . . , xn} contains every subset of V , then � is called a (n − 1)-simplex. For a subset W
of the vertex set of a simplicial complex �, the collection

�[W ] = {F ∈ � | F ⊂ W }.
is a simplicial complex on vertex set W , called the induced subcomplex of �.

Definition 2 Let � be a simplicial complex on the vertex set {x1, x2, . . . , xn}. The Stanley-Reisner ideal of �

is a squarefree monomial ideal I� of S = K[x1, x2, . . . , xn] generated by all monomials xi1 xi2 · · · xir such
that {xi1, xi2 , . . . , xir } is a non-face of �. The quotient ring K[�] = S/I� is called the Stanley-Reisner ring of
the simplicial complex � and the map sending � �→ I� is a natural one-to-one correspondence between the
collection of all squarefree monomial ideals in the polynomial ring K[x1, x2, . . . , xn] and the collection of all
simplicial complexes on vertex set {x1, x2, . . . , xn}.

To every finite simple graph G on the vertex set {x1, x2, . . . , xn}, one can associate two simplicial complexes
given as follows:

(i) the independent complex �(G), whose faces are the independent subsets of the vertex set of G, that is,

�(G) = {{xi1, xi2 , . . . , xir } ⊂ V (G) | no {xi j , xik } is an edge of G}.
(ii) the clique complex �G , whose faces are the cliques of G.

Remark 2.1 It can be easily seen that the edge ideal I (G) of G and the Stanley-Reisner ideal I�(G) of the
independent complex �(G) are same.

From now onwards, whenever � is used in reference to a simple graph G, it denotes the independence
complex of G.

2.2 Hochster’s Formula

Now we recall Hochster’s formula, a well-known formula, for computing the graded Betti numbers of the
Stanley-Reisner ring K[�].
Theorem 2.2 [5, Hochster’s Formula] The ith N−graded Betti number of the Stanley-Reisner ring K[�] = S/I�
is given by

βi, j (K[�]) =
∑

W⊆V,|W |= j

dimK H̃ j−i−1(�[W ]; K), (2.1)

where H̃ j−i−1(�[W ]; K) are the ( j − i − 1)th reduced homology groups of the induced complex �[W ] over
the field K, j > i .
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Fig. 1 Dn

3 Regularity and projective dimension of diamond snake graphs

In this section, we recall the notion of diamond snake graphs, compute the regularity and projective dimension
of edge rings of these graphs.

Definition 3 The diamond snake graph Dn , n ≥ 1, is a simple connected graph with vertex set V (Dn) =
{x1, x2, . . . , xn, y1, y2, . . . , yn+1, z1, z2, . . . , zn} and edge set E(Dn) = {{yi , xi }, {xi , yi+1}, {yi , zi }, {zi , yi+1} |
1 ≤ i ≤ n}.

A diamond snake graph Dn is obtained by joining n 4-cycles such that between two consecutive 4-cycles
there is exactly one common vertex as shown in Fig. 1.

In other words, the diamond snake graph Dn is a linear strand of 4−cycles connected by a vertex. The graded
Betti numbers in the linear strand, regularity and projective dimension for ladder graphs have been computed in
[18]. The ladder graph is a linear strand of 4−cycles such that any two consecutive 4−cycles have an edge in
common. Thus, it is interesting to study these homological invariants for diamond snake graphs.

A 4−cycle in Dn is called a block. Note that the diamond snake graph Dn has 3n + 1 vertices and 4n edges,
where n is the number of blocks in diamond snake graph.

Note that each cycle in Dn is of length 4. Also, since Dn is a bipartite graph, it follows that each cycle in the
complememt of Dn is of length at most 4. Thus, Dn is a weakly chordal graph.

Lemma 3.1 The induced matching number of diamond snake graph Dn given in Definition 3 is given by

ind(Dn) = ⌈ 2n
3

⌉
.

Proof Let E be the maximum 3-disjoint subset of E(Dn). Since the induced subgraph on the vertex set of any
two disjoint edges in a block(i.e., a 4−cycle) in Dn is a 4−cycle, it follows that each block of Dn can contribute
at most one edge to any pairwise 3−disjoint subset of E(Dn). Again, since the induced subgraph on the vertex
set of any three disjoint edges of two consecutive blocks(or a doublet of blocks) in Dn is a 4−cycle and an edge
connected to 4−cycle by a vertex, it follows that any two consecutive blocks can contribute at most two edges to
any pairwise 3-disjoint subset of E(Dn). Also, since the induced subgraph on the vertex set of any three disjoint
edges of three consecutive blocks(or a triplet of blocks) in Dn has at most two connected components, it follows
that any triplet of blocks of Dn contributes at most two edges to any pairwise 3-disjoint subset of E(Dn). Now,
we have the following three cases to consider:
Case 1. If n ≡ 0 (mod 3), then n = 3s for some positive integer s, so Dn has exactly s = n

3 distinct consecutive
triplets of blocks. Since each triplet of blocks of Dn contribute at most two edges to any paiwise 3−disjoint
subset of E(Dn), it follows that |E | ≤ 2s = ⌈ 2n

3

⌉
. Also, we see that

s⋃

k=1

{x3k−2 y3k−2, x3k−1 y3k}

is a family of pairwise 3−disjoint subset of E(Dn) having 2n
3 = 2s = ⌈ 2n

3

⌉
elements, in such a case. Thus, we

must have |E | = ⌈ 2n
3

⌉
, if n ≡ 0 (mod 3).

Case 2. If n ≡ 1 (mod 3), then n = 3s + 1 for some non-negative integer s, so Dn consist of s = n−1
3 distinct

consecutive triplets of blocks, whose edges are given by

{x3k+1 y3k+1, x3k+1 y3k+2, y3k+1z3k+1, y3k+2z3k+1, x3k+2 y3k+2, x3k+2 y3k+3, y3k+2z3k+2,

y3k+3z3k+2, x3k+3 y3k+3, x3k+3 y3k+4, y3k+3z3k+3, y3k+4z3k+3}; k = 0, 1, . . . , s − 1;
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and a block (or a 4-cycle) whose edge are x3s+1 y3s+1, x3s+1 y3s+2, y3s+1z3s+1, y3s+2z3s+1. Since each triplet of
blocks of Dn contributes atmost two edges and a block of Dn can contribute at most one edge to any paiwise
3−disjoint subset of E(Dn), it follows that |E | ≤ 2s + 1. Now, since 2n

3 = 2(3s+1)
3 = 2s + 2

3 , it follows that
⌈ 2n

3

⌉ = 2s + 1. This shows that |E | ≤ ⌈ 2n
3

⌉
.

Also, we see that
(

s⋃

k=1

{x3k+1 y3k+1, x3k+2 y3k+3}
)
⋃

{x3s+1 y3s+1}

is a family of pairwise 3-disjoint subset of E(Dn) having 2s + 1 = ⌈ 2n
3

⌉
elements. This shows that |E | = ⌈ 2n

3

⌉
,

if n ≡ 1 (mod 3).
Case 3. If n ≡ 2 (mod 3), then n = 3s + 2 for some non-negative integer s. In this case, Dn consist of s = n−2

3
consecutive triplet of blocks with edges

{x3k+1 y3k+1, x3k+1 y3k+2, y3k+1z3k+1, y3k+2z3k+1, x3k+2 y3k+2, x3k+2 y3k+3, y3k+2z3k+2,

y3k+3z3k+2, x3k+3 y3k+3, x3k+3 y3k+4, y3k+3z3k+3, y3k+4z3k+3}; k = 0, 1, . . . , s − 2;
and a doublet of blocks(or two consecutive 4-cycles) with edges

x3s+1 y3s+1, x3s+1 y3s+2, y3s+1z3s+1, y3s+2z3s+1, x3s+2 y3s+2, x3s+2 y3s+3, y3s+2z3s+2, y3s+3z3s+2.

Since each triplet of blocks and each doublet of blocks of Dn can contribute at most two edges to any paiwise
3−disjoint subset of E(Dn), it follows that |E | ≤ 2s + 2. Now, since 2n

3 = 2(3s+2)
3 = 2s + 4

3 , it follows that
⌈ 2n

3

⌉ = 2s + 2. This shows that |E | ≤ ⌈ 2n
3

⌉
.

Also, note that
(

s⋃

k=1

{x3k+1 y3k+1, x3k+2 y3k+3}
)
⋃

{x3s+1 y3s+1, x3s+2 y3s+3}

is a family of pairwise 3-disjoint subset of E(Dn) having 2s + 2 = ⌈ 2n
3

⌉
elements. Thus, |E | = ⌈ 2n

3

⌉
, if n ≡ 2

(mod 3).
Therefore, we have |E | = ⌈ 2n

3

⌉
, by taking all the cases together. Hence ind(Dn) = ⌈ 2n

3

⌉
. ��

The following theorem gives the regularity of edge ideals of weakly chordal graphs in terms of its induced
matching number.

Theorem 3.2 [21, Theorem 14] If G is a weakly chordal graph, then reg(G) = ind(G).

Theorem 3.3 The regularity of diamond snake graph Dn as given in Definition 3 is given by

reg(Dn) = ⌈ 2n
3

⌉
.

Proof Since a diamond snake graph Dn is a weakly chordal graph, the statement follows from Theorem 3.2 and
Lemma 3.1. ��

In order to compute the projective dimension of edge ideal of a diamond snake graph, we will use the notion
of strongly disjoint family of complete bipartite subgraphs introduced by Kimura [9].

Definition 4 A family F = {T1, T2, . . . , Tk} of complete bipartite subgraphs of a finite simple graph G is said
to be strongly disjoint if V (Ti ) ∩ V (Tj ) = ∅, for 1 ≤ i �= j ≤ k, and there exists an induced matching
{e1, e2, . . . , ek} in G with ei ∈ E(Ti ) for 1 ≤ i ≤ k.

For a finite simple graph G, Nguyen and Vu [13], introduced a number d(G) associated to G, given as

d(G) = max

{
k∑

i=1

|V (Ti )| − k

}

,

where the maximum is taken over all the strongly disjoint families {T1, T2 . . . , Tk} of complete bipartite subgraphs
of G.
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Lemma 3.4 If Dn is the diamond snake graph as given in Definition 3, then d(Dn) = ⌈ 7n
3

⌉
.

Proof For any strongly disjoint family G = {G1, G2, . . . , Gk} of complete bipartite subgraphs of Dn , we set

t =
k∑

i=1

|V (Gi )| − k.

We claim that t = ⌈ 7n
3

⌉
. Since each vertex in Dn; n ≥ 2, has degree either 2 or 4 and each vertex of degree

4 is connected to a vertex of degree 2, it follows that K1,1, K1,2, K1,3, K2,2 and K1,4 are the only choices for
complete bipartite subgraphs of Dn . Since any single block of Dn can contribute one of the three complete
bipartite subgraphs, viz., K1,1, K1,2 and K2,2, to a strongly disjoint family of complete bipartite subgraphs of
Dn , of which K2,2 contibutes maximum, i.e., |V (K2,2)|−1 = 3, to the value of t , it follows that any single block
of Dn can contribute at most 3 to the value of t by any strongly disjoint family of complete bipartite subgraphs
of Dn .

Since any two consecutive blocks(or a doublet of blocks) in Dn can contribute any one of the following
families

{K1,1,K1,1}, {K1,1,K1,2}, {K1,2,K1,2}, {K1,2,K2,2}, {K1,4}
of complete bipartite graphs to a strongly disjoint family of complete bipartite subgraphs of Dn and among all
of them {K1,2,K2,2} contribute maximum (i.e., |V (K1,2)| + |V (K2,2)| − 2 = 5) to the value of t , it follows that
any doublet of blocks in Dn can contribute at most 5 to the value of t by any strongly disjoint family of complete
bipartite subgraphs of Dn .

Also, since any three consecutive blocks(or a triplet of blocks) in Dn can contribute any one of the following
families

{K1,1,K1,1}, {K1,1,K1,2}, {K1,2,K1,2}, {K1,2,K2,2}, {K2,2,K2,2}, {K1,4,K2,2}
of complete bipartite graphs to a strongly disjoint family of complete bipartite subgraphs of Dn and among all
of them {K1,2,K2,2} contribute maximum (i.e., |V (K1,4)| + |V (K2,2)| − 2 = 7) to the value of t , it follows that
any doublet of blocks in Dn can contribute at most 7 to the value of t by any strongly disjoint family of complete
bipartite subgraphs of Dn .

Now, we have the following three cases to consider.
Case 1. If n ≡ 0 (mod 3), then n = 3s for some positive integer s. In this case, Dn contains exactly s = n

3
consecutive triplet of blocks such that any two of them has at most one common vertex. Since each such triplet
of blocks contribute at most 7 to the value of t , so t ≤ 7s = ⌈ 7n

3

⌉
.

Further more, the family F = {T1, T2, . . . , T2s−1, T2s} of induced subgraphs of Dn with vertex sets
V (T2i−1) = {x3i−2, y3i−2, z3i−2, y3i−1} and V (T2i ) = {x3i−1, y3i , z3i−1, x3i , z3i }; 1 ≤ i ≤ s = n

3 . is a
strongly disjoint family of exactly 2n

3 complete bipartite subgraphs of Dn such that {T1, T3, T5, . . . , T2s−1}
are complete bipartite subgraphs K2,2 of type (2, 2) and {T2, T4, T6, . . . , T2s} are complete bipartite subgraphs
K1,4 of type (1, 4) with an induced matching {e1, e2, . . . , e 2n

3
}, where e2i−1 = {x3i−2, y3i−2} ∈ E(T2i−1) and

e2i = {x3i−1, y3i } ∈ E(T2i ); 1 ≤ i ≤ s = n
3 . Now, for this family F of strongly disjoint complete bipartite

subgraphs of Dn , we have

2n
3∑

i=1

|V (Ti )| − 2n

3
= 4

(n

3

)
+ 5

(n

3

)
− 2n

3
= 7n

3
.

Thus, we have t = 7n
3 , if n ≡ 0 (mod 3).

Case 2. If n ≡ 1 (mod 3), then n = 3s + 1, for some integer s ≥ 0. In this case, Dn contains exactly s = n−1
3

consecutive triplet of blocks such that any two of them has atmost one common vertex and a single last block.
Since each such triplet of blocks contribute atmost 7 and a single block contribute atmost 3 to the value of t , so
t ≤ 7s + 3 = ⌈ 7n

3

⌉
.

Now, to prove other way inequality, consider the family

F ′ = {T1, T2, . . . , T2n−2
3

, T2n+1
3

}
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of induced subgraphs of Dn with vertex set V (T2i−1) = {x3i−2, y3i−2, z3i−2, y3i−1}; 1 ≤ i ≤ n+2
3 and

V (T2i ) = {x3i−1, y3i , z3i−1, x3i , z3i }; 1 ≤ i ≤ n−1
3 . Note that F ′ is a strongly disjoint family of exactly

2n+1
3 complete bipartite subgraphs, of which n+2

3 subgraphs T2i−1; 1 ≤ i ≤ n+2
3 , are complete bipartite

of type (2, 2) and n−1
3 subgraphs T2i ; 1 ≤ i ≤ n−1

3 , are complete bipartite of type (1, 4), together with
an induced matching {e1, e2, . . . , e 2n+1

3
}, where e2i−1 = {x3i−2, y3i−2} ∈ E(T2i−1); 1 ≤ i ≤ n+2

3 and

e2i = {x3i−1, y3i } ∈ E(T2i ); 1 ≤ i ≤ n−1
3 . Note that each pair {Ti , Ti+1} (i = 2k − 1, k = 1, 2, . . . , n−1

3 ) in
F ′ is contained in a distinct triplet of blocks in Dn and T2n+1

3
is contained in the single last block of Dn . Now,

for this family F ′ of strongly disjoint complete bipartite subgraphs of Dn , we have
2n+1

3∑

i=1

|V (Ti )| − 2n + 1

3
= 4

(
n + 2

3

)

+ 5

(
n − 1

3

)

− 2n + 1

3
= 7n + 2

3
=
⌈

7n

3

⌉

This shows that t = ⌈ 7n
3

⌉
, if n ≡ 1 (mod 3).

Case 3. If n ≡ 2 (mod 3), then n = 3s + 2 for some integer s ≥ 0. In this case, Dn contains exactly s = n−2
3

consecutive triplet of blocks such that any two of them has atmost one common vertex and a doublet of blocks
in the last. Since each such triplet of blocks contribute atmost 7 and a doublet of blocks contribute atmost 5 to
the value of t , so t ≤ 7s + 5 = ⌈ 7n

3

⌉
.

Now, in order to prove the other way inequality, consider the family

F ′′ = {T1, T2, . . . , T2n−4
3

, T2n−1
3

, T2n+2
3

}
of induced subgraphs of Dn with

V (T2i−1) = {x3i−2, y3i−2, z3i−2, y3i−1}; 1 ≤ i ≤ n + 1

3
,

V (T2i ) = {x3i−1, y3i , z3i−1, x3i , z3i }; 1 ≤ i ≤ n − 2

3

and V (T2n+2
3

) = {xn, yn+1, zn}. Then F ′′ is a strongly disjoint family of exactly 2n+2
3 complete bipartite sub-

graphs of Dn such that n+1
3 subgraphs T2i−1; 1 ≤ i ≤ n+1

3 , are complete bipartite of type (2, 2), n−2
3 sub-

graphs T2i ; 1 ≤ i ≤ n−2
3 , are complete bipartite of type (1, 4) and T2n+2

3
is complete bipartite of type (1, 2)

with an induced matching {e1, e2, . . . , e 2n+2
3

}, where e2i−1 = {x3i−2, y3i−2} ∈ E(T2i−1); 1 ≤ i ≤ n+1
3 ,

e2i = {x3i−1, y3i } ∈ E(T2i ); 1 ≤ i ≤ n−2
3 and e 2n+2

3
= {xn, yn+1} ∈ E(T2n+2

3
). Note that each pair

{Ti , Ti+1} (i = 2k − 1, k = 1, 2, . . . , n−2
3 ) of complete bipartite subgraphs in F ′′ is contained in a dis-

tinct triplet of Dn and {T2n−1
3 , 2n+2

3
} is contained in the last doublet of Dn . Now for the family F ′′ of strongly

disjoint complete bipartite subgraphs in Dn , we have
2n+2

3∑

i=1

|V (Ti )| − 2n + 2

3
= 4

(
n + 1

3

)

+ 5

(
n − 2

3

)

+ 3 − 2n + 2

3
= 7n + 1

3
=
⌈

7n

3

⌉

.

This shows that t = ⌈ 7n
3

⌉
if n ≡ 2 (mod 3). Thus, taking all the cases together, we have t = ⌈ 7n

3

⌉
. Hence

d(Dn) = ⌈ 7n
3

⌉
. ��

For weakly chordal graphs, the following theorem proved in [13, Theorem 7.7] gives the relation between
projective dimension and the number d(G).

Theorem 3.5 If G is a weakly chordal graph, then the projective dimension of R/I (G) is given by

pd(G) = d(G).

Theorem 3.6 The projective dimension of edge ring of diamond snake graph Dn is given by

pd(Dn) = ⌈ 7n
3

⌉
.

Proof Since Dn is a weakly chordal graph. Then by Theorem 3.5, the projective dimension of Dn is same as
d(Dn). Also by Lemma 3.4, we have d(Dn) = ⌈ 7n

3

⌉
. Thus, we see that pd(Dn) = ⌈ 7n

3

⌉
. ��
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4 On Betti numbers in the linear strand

In this section, we use Hochster’s formula to compute N−graded Betti numbers in the linear strand of edge rings
of diamond snake graphs. Before proceeding further, we shall prove the following lemma for its use in computing
the Betti numbers in the linear strand of edge rings of diamond snake graphs.

Lemma 4.1 Let Dn be a diamond snake graph as given in Definition 3. Then dimK H̃0(�[W ]; K) = 0 for all
W ⊂ V (Dn) with |W | > 5.

Proof We shall prove the lemma by contradiction. For, assume that dimK H̃0(�[W ]; K) �= 0 for some W ⊂
V (Dn) with |W | ≥ 6. Since

dimK H̃0(�[W ]; K) = number of connected components of �[W ] − 1,

it follows that �[W ] has more than one connected component. Also, note that �[W ] has at most two connected
components, otherwise Dn will contain a clique of size more than two, which is not true. We claim that �[W ]
has exactly one connected component. For, we have the following two cases to consider:
Case 1. If �[W ] has two connected components such that one component is an isolated vertex, then the other
component of �[W ] has at least 5 vertices. Thus, in such a case, the corresponding induced subgraph Dn[W ]
will contain a vertex of degree at least five, which is not true in a diamond snake graph.
Case 2. Suppose that �[W ] has two connected components such that each connected component has at least two
vertices. Now, it can be easily seen that if �[W ] is connected for each W ⊆ V (Dn) with |W | = 6, then �[W ′]
is connected for each W ′ ⊆ V (Dn) with |W ′| ≥ 6. Thus, it suffices to prove the claim for W ⊆ V (Dn) with
|W | = 6. In this case, there is a one component of �[W ] which has either 2 or 3 vertices. Therefore, Dn must
contain a subgraph either isomorphic to K2,4 or K3,3, which is a contradiction.

Hence, dimK H̃0(�[W ]; K) = 0 for all W ⊂ V (Dn) with |W | > 5. ��
Before proceeding further, we state the following lemma given by Jacques [6] for its use in the main result

on Betti numbers in the linear strand.

Lemma 4.2 [6] Given a finite simple graph G on vertex set V (G), then for any subset W of V (G) such that
G[W ] is a run of length 3, we have

dimK H̃i (�[W ]; K) =
{

1 i f i = 0
0 i f i �= 0.

The following theorem gives the Betti numbers in the linear strand of edge rings of diamond snake graphs.

Theorem 4.3 Let Dn be the diamond snake graph as given in Definition 3. Then the Betti numbers βi,i+1(Dn)

in the linear strand are given by

βi,i+1(Dn) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

4n if i = 1
8n − 4 if i = 2
5n − 4 if i = 3
n − 1 if i = 4
0 i f i ≥ 5.

Proof By Hochster’s formula, we have

βi,i+1(Dn) =
∑

W⊆V,|W |=i+1

dimK H̃0(�[W ]; K),

where � = �(Dn). Also, we have dimK H̃0(�[W ]; K) = number of connected components of �[W ] − 1.
Therefore, βi,i+1(Dn) is non-zero if the number of connected components of �[W ] is greater than one. We have
already seen in the proof of Lemma 4.1 that �[W ] has at most two connected components for any subset W of
V (Dn). Thus W ⊆ V (Dn) with |W | = i + 1; i ≥ 1 has a non-zero contribution to βi,i+1(Dn) iff �[W ] has
two connected components and, in such a case, contributes 1 to βi,i+1(Dn). Now, we have the following cases
to consider:

123



Some homological properties of edge rings of diamond snake graphs 293

Fig. 2 G

Fig. 3 G ′

Case 1. For i = 1, we see that β1,2(Dn) is the number of all subsets W ⊂ V (Dn) with |W | = 2 such that �[W ]
has two connected components which is same as the number of edges in Dn . Thus, we have β1,2(Dn) = 4n.
Case 2. For i = 2, we count all the subsets W of V (Dn) with |W | = 3 such that �[W ] has two
connected components. For W ⊂ V (Dn) with |W | = 3, the induced complex �[W ] has two con-
nected components iff the induced subgraph on W is a path of length 3(see Proposition 4.2). Since
{xk, yk, yk+1},{yk, zk, yk+1}, {xk, yk, zk}, {xk, yk+1, zk}; 1 ≤ k ≤ n and {xk, yk+1, xk+1}, {zk, yk+1, zk+1},
{xk, yk+1, zk+1}, {zk, yk+1, xk+1}; 1 ≤ k ≤ n − 1 are the only subsets of V (Dn) for which induced subgraph
is a path of length 3. The number of subsets of the above form is given by 4n + 4(n − 1) = 8n − 4. Therefore,
β2,3(Dn) = 8n − 4.

Case 3. For i = 3, we need to count all subsets W of V (Dn) with |W | = 4 such that �[W ] has two connected
components. Now, it can be easily seen that, for W ⊆ V (Dn) with |W | = 4, �[W ] has two connected compo-
nents (i.e., non-zero 0th reduced homology) if and only if W is either of form {xk, yk, zk, yk+1}; 1 ≤ k ≤ n
(in such a case Dn[W ] is isomorphic to the diamond snake graph D1 and hence �[W ] will consist of two
components) or one of the four forms {xk, yk+1, xk+1, zk}, {xk, yk+1, xk+1, zk+1}, {xk, yk+1, zk+1, zk} and
{xk+1, yk+1, zk, zk+1}; 1 ≤ k ≤ n − 1 (in such a case Dn[W ] is

isomorphic to the graph G given in Fig. 2 and hence �[W ] will consist two connected components). Therefore,
if W is any of the above form, it will contribute 1 to β3,4(Dn). Hence, β3,4(Dn) = n + 4(n − 1) = 5n − 4.
Case 4. If i = 4, then, for W ⊂ V (Dn) with |W | = 5, �[W ] has two conected components (i.e., non-zero 0th
reduced homology) if and only if W is of the form {xk, yk+1, zk, xk+1, zk+1}; 1 ≤ k ≤ n − 1, and, in such a
case, Dn[W ] is isomorphic to the graph G ′ given in Fig. 3.
In this case, �[W ] will consist of two connected components (a tetrahedron and a vertex) and hence contribute
1 to β4,5(Dn). Therefore, β4,5(Dn) = n − 1.

Case 5. If i ≥ 5, then, we see that βi,i+1(Dn) = 0; for all i ≥ 5, in view of Lemma 4.1. ��
Example 4.4 Consider the diamond snake graph D2 with the vertex set V (D2) = {x1, x2, y1, y2, y3, z1, z2}.
Then, we compute the graded Betti numbers βi,i+1(D2); i = 1, 2, 3, 4 in the linear strand of the edge ring of
D2), by using Theorem 4.3, as follows:

β1,2(D2) = 4 × 2 = 8,

β2,3(D2) = 8 × 2 − 4 = 12,

β3,4(D2) = 5 × 2 − 4 = 6,

β4,5(D2) = 2 − 1 = 1.

Also, the minimal graded free resolution of R/I (D2) computed using Singular 2.0 [1] is given as follows:

0 → R[−7] →
R[−6]5

⊕
R[−5]

→
R[−5]8

⊕
R[−4]6

→
R[−4]4

⊕
R[−3]12

→ R[−2]8 → R → 0.

Note that the graded Betti numbers βi,i+1(D2); i = 1, 2, 3, 4 computed using Theorem 4.3 and in the Betti table
of the minimal graded free resolution of R/I (D2) computed using Singular 2.0 [1] given below:

0 1 2 3 4 5
0: 1 - - - - -
1: - 8 12 6 1 -
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2: - - 4 8 5 1
total: 1 8 16 14 6 1

read as follows:

0 1 · · · i · · ·
-----------------

0:
...

j: βi,i+ j (D2)

...

are same.
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