Indian J Pure Appl Math (2025) 56:295-304
https://doi.org/10.1007/s13226-023-00480-5

ORIGINAL RESEARCH

On triangle-free graphs with rank 7

Fang Duan

Received: 5 January 2022 / Accepted: 7 August 2023 / Published online: 25 August 2023
© The Indian National Science Academy 2023

Abstract If G does not contain triangle as induced subgraph, then G is called triangle-free. In this paper, by
using the congruent vertices of I-. II- and III-type, we give a complete characterization for the triangle-free graphs
with rank 7.
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1 Introduction

For an undirected and simple graph G, let V(G) and E(G) denote the vertex set and edge set of G, respectively.
The order |G| = n is the number of vertices of G. We write A(G) = (a;;) to denote the adjacency matrix of G,
where a;; = 1if v; and v; are adjacent, and a;; = 0 otherwise. Its eigenvalues, denoted by A1(G) > A2(G) >
-+ > Ay (G), are also called the eigenvalues of G. Let p(G), n(G) and 1(G) be the numbers of positive, negative
and zero eigenvalues (including multiplicities) of G, respectively. Traditionally p(G) (resp. n(G)) is called the
positive (resp. negative) inertia index of G and n(G) is called the nullity of G. The rank of a graph G, written
as r(G), is defined to be the number of nonzero eigenvalues of G. Obviously, r(G) =n — n(G).

The invariants of p(G), n(G) and n(G) have been broadly investigated in the last decades. For some results
on this topic, we refer the reader to [5-7], and references therein. In particular, the problem of characterizing
graphs with a comparatively small rank originates from the work of B.Cheng [4] who completely characterized
the graphs with rank 2 and 3. The classification of graphs with rank 4 and rank 5 can be found in [10] and also in
[2] and [3], respectively. Recently, Oboudi et.al [9] found all bipartite graphs with rank 6. Furthermore, L. Wang
et.al [11] and Duan [7] gave all triangle-free graphs with rank 6 in different ways. By the similar way to [7], we
will give a explicit characterization to the triangle-free graphs with rank 7 in this paper.

The remainder of the paper is organized as follows. In Sect. 2 we list some known results and fix additional
notation. In Sect. 3, the connected triangle-free graphs with rank 7 are divided into two classes. Sections 4 and
5 give the complete characterization of triangle-free graphs with rank 7, the main contribution of this paper. At
last, a recapitulation of the entire paper is given in Sect. 6.
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2 Preliminaries

In this section, we list some basic results mostly to make the paper more self-contained since all of them are
broadly known. As usual, we denote by K, . ,, the complete multipartite graph with / parts of sizes ny, ..., n,
and K,,, C,, P, the complete graph, cycle, path on n vertices, respectively.

Lemma 2.1 ( [5]) Let H be an induced subgraph of graph G. Then p(H) < p(G) and n(H) < n(G), and so
r(H) <r(G).

Considering the family of graphs G, G2, ..., G and the graph H with |H| = k, the graph G with V(G) =
U1 V(Gy) and E(G) = (Ul_; E(G)) U (Urseranuv : u € V(G),v € V(Gy)}), is called under
the designation of generalized composition of the graphs G, G2, ..., G; along the graph H and denoted by
G = H[Gy, Gy, ..., Gi] (see [1]). Let Oy, denote the empty graph of order m;. The following two lemmas
characterized the graphs with rank 2 and rank 3, respectively.

Lemma 2.2 ([4]) Suppose that G is a graph onn(n > 2) vertices and G has no isolated vertices. Thenr(G) = 2
if and only if G = K2[ Oy, Om,], where my, my > 0.

Lemma 2.3 ( [4]) Suppose that G is a graph on n (n > 3) vertices and G has no isolated vertices. Then
r(G) =3 ifand only if G = K3[ Oy, Omy, Om,), where my, ma, m3 > 0.

For two graphs G and H with disjoint vertex sets, G + H denotes the graph with the vertex set V(G)UV (H)
and edge set E(G) U E(H), is called the disjoint union of G and H. Lemma 2.4 and Lemma 2.5 characterized
the triangle-free graphs with rank 4 and rank 5, respectively.

Lemma 2.4 ( [2]) Let G be a triangle-free graph of order n. Then r(G) = 4 if and only if G =
H[Op,, Ony, ..o Oy 1 4 Oy, where H = 2K, Py or Ps.

Lemma 2.5 ( [3]) Let G be a triangle-free graph of order n. Then r(G) = 5 if and only if G =
C5[0m17 sy Oms] + Om-

Forany v € V(G) and W < V(G), let Ny (v) = {u € W | uv € E(G)}. Denoted by N(v) = Ng(v),
Nglv] = Ng(v)U{v}andd (v) = |Ng (v)| the neighborhood, closed neighborhood and degree of v, respectively.
And a vertex v € V(G) is said to be pendant if d(v) = 1.

Lemma 2.6 ( [8]) Let G be a graph containing a pendant vertex, and let H be the induced subgraph of G
obtained by deleting the pendant vertex together with the vertex adjacent to it. Then r(G) = r(H) + 2 and

n(G) = n(H).

3 Two classes of connected graphs in F,

First we introduce three types of congruent vertex defined in [6]. A vertex u of graph G is said to be congruent
vertex of I-type if there exists a vertex v ~ u such that N(u) = N(v). A vertex u of graph G is said to be
congruent vertex of Il-type if N (u) is a disjoint union of N (v) and N (w) for some v, w € V(G). A vertex u is
said to be congruent vertex of I1l-type if it is an isolate vertex in a graph G.

For Vi C V(G), we write G — V| for the graph obtained from G by removing all vertices in V; together
with all edges incident to them. And we write G — u instead of G — {u} if V| = {u}. Clearly, r(G) = r(G — u)
and n(G) = n(G — u) + 1 hold if u is a congruent vertex of III-type. And the following lemma holds for the
congruent vertex of I- or II-type.

Lemma 3.1 (/6]) Ifu is a congruent vertex of I- or II-type of G, thenr (G) = r(G —u) andn(G) = n(G—u)+1.

Let F,, be the set of triangle-free graphs on n vertices with rank 7. Denoted by F,, (1), F,(II) and F,(I111)
the sets of all graphs obtained by adding one congruent vertex of I, II- and III-type to some graphs of G’ € F,,_1,
respectively. Then F,, (1), F,(II), F,,(I111) C F, by Lemma 3.1. Furthermore, we will prove that F,, is a union
of F,(I), F(II), F,(I111) and 12 specific graphs as follows.

We firstly characterize the connected graph G € F;,. By 6(G) we mean the minimum degree of vertices of
G. Let v* € V(G) satisfy dg(v*) = §(G) = t,and set X = Ng(v*) and Y = V(G) — Ng[v*]. Then Y # ¢
since otherwise G = K, ¢ F,. If Y contains an isolated vertex of G[Y], say y, then Ng(v*) = Ng(y) since
d(y) > d(v*), and thus y is a congruent vertex of I-type, which implies G — u € F,,_1, and so G € F,(I).
Hence we only need to consider the case that G[Y] does not contain isolated vertices as follows.
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Fig. 1 The graphs G|-G5s

Lemma3.2 Let G € F, be a connected graph. If G[Y] contains no isolated vertices, then G[Y] =
H[Op,, Ony, ... Oy, |, where H = K5, 2K5, Py, Ps or Cs.

Proof By our assumption, v* is a pendant vertex of induced subgraph G[{v*, x} U Y] for any x € X. Then by
Lemma 2.1 and Lemma 2.6, we have 7 = r(G) > r(G[{v*,x} UY]) = r(G[Y]) + 2, and so r(G[Y]) < 5.
Clearly, r(G[Y]) > 2 since G[Y] contains no isolated vertices and r(G[Y]) # 3 by Lemma 2.3 since G[Y]
is triangle-free. Hence r(G) = 2 or r(G) = 4, 5. According to Lemma 2.2, Lemma 2.4 and Lemma 2.5,
G[Y] = H[Ow,, Opy, ..., Om, 1, where H = K>, 2K, P4 or Ps or Cs. O

Corollary 3.1 Let G € F, be a connected graph. If G[Y] has no isolated vertices, then either G[Y] contains
one of G1, Ga, G3, G4 and G5 (see Fig. 1) as an induced subgraph, or G[Y] = K2, P3, P4, Ps,2K>, K22, K13
or Cs.

Proof According to Lemma 3.2, G[Y] = H[Oyu,, Op,, ..., O, |, where H = K>, 2K, P4, Ps or Cs. At first,
assume that G[Y] = K[ Oy, Op,]. Without loss of generality, set my > my. If m; > 4, then G[Y] contains G5
as induced subgraph. If m| = 3 and m, > 2, then G[Y] contains G4 as induced subgraph. It remains to consider
the cases m| = 3, my = 1 and m| < 2, mp < 2, which implies G[Y] = K 3, K22, P3 or K».

Assume that G[Y] = 2K2[ Oy, Omys Oy, Oyl I m; > 2 for some i € {1, 2, 3, 4}, then G[Y] contains
G as induced subgraph. It remains to consider the case m| = my = m3 = ma = 1, which implies G[Y] = 2K>.

Assume that G[Y] = P4[Oyy, Omy» Omy, O, ], where Py = vivav3vs. Then G[Y] contains G, as induced
subgraph if m; > 2 or my > 2, and G[Y] contains G3 as induced subgraph if m, > 2 or m3 > 2. It remains to
consider the case m| = my = m3z = m4 = 1, which implies G[Y] = Pj.

Assume that G[Y] = P5[Op,, Omy, Omys Omy, Opsl, where Ps = vivpv3vavs. Then G[Y] contains G as
induced subgraph if m; > 2 fori € {1, 2, 4, 5} and G[Y] contains G3 as induced subgraph if m3 > 2. It remains
to consider the case m| = my = m3 = mg = ms5 = 1, which implies G[Y] = Ps.

At last, assume that G[Y] = Cs[Oy,y, Omys Opy, Omy, Omsl. If m; > 2 for some i € {1, 2, 3,4, 5}, then
G|[Y] contains G as induced subgraph. It remains to consider the case m| = my = m3 = myqg = ms = 1, which
implies G[Y] = Cs. |

Remark 1 Note that all vertices of O,,; have the same neighbourhood in H[O,,,, Op,, ..., O, ] by the definition.
According to the proof of Corollary 3.1, we may assume that Ny (u1) = Ny (up) for uy,ur € V(Gy1), V(G»),
V(G3); Ny(u1) = Ny(uz) and Ny (u3) = Ny(us4) = Ny(us) for uy, uz, uz, uq, us € V(Gg); and Ny (u1) =
Ny (u2) = Ny (u3) = Ny (uq) for uy, u, uz, ug € V(Gs) (see Fig. 1).

Let G be a connected graph of F,,. Corollary 3.1 characterizes the induced subgraph G[Y], from which we
can divide the connected graphs of F,, into two classes in accordance with the following two situations:

(a) G[Y] contains one of G1, G2, G3, G4 and G5 as an induced subgraph;
(b) G[Y] = K», P3, P4, Ps,2K>, K72, K13 0r Cs.

4 The characterization of graphs in case (a)

In this section, we will prove that the connected graph of F,, illustrated in case (a) belongs to F, (1) or F,(I1).
Firstly, we consider a special case in following lemma.

Lemma 4.1 If G[Y] contains G1, Gy or G3 as induced subgraph and Nx(u1) = Nx(u») (see Fig. 1), then
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Fig. 2 The graphs C¢, H and H1—Hg

Proof Recall that Ny (u1) = Ny (up) foruy, up € V(G1) by Remark 1. We have Ng(11) = Ng(u2) if and only
if Nx(u1) = Nx(uz). Thus u; is a congruent vertex (with respect to up) of I-type. Then r(G) = r(G — u) and
n(G) = n(G —uy) + 1 by Lemma 3.1. Therefore G — u; € F,_1,and so G € F,(I). m|

Lemma 4.2 [f G[Y] contains G as induced subgraph and Nx(u1) # Nx(u2) (see Fig. 1), then G € F,(11]).

Proof By our hypothesis, one of Ny (u2)\ Nx(u1) and Nx (u1) \ Nx (u2) is not empty. Without loss of generality,
assume that vo € Ny (u2) \ Nx(u1) # @, i.e., vo ~ up and v ~ uj. Suppose that vy € Nx(u;) # @. Then
ViU, v1Uug, vius and vaug, vous would be possible edges of G. Note that G[v*, vy, va, uy, uz, u3] = Ce¢ or H
(see Fig. 2) by distinguishing the edge viuy appearance. If u4 (or us) is not adjacent to vy and vy, then uy (or
us) is a pendent vertex of G[v*, vy, vp, uy, ua, us, uq, us). Hence

r(G) = r(G[v*, vi, v, uy, us, uz, ug, usl) = r(G[v*, vi, vo, uy, us, u3]) +2 =38

by Lemma 2.1 and Lemma 2.6, a contradiction. Therefore, we may assume u4 ~ vy and us ~ v; since G
is triangle-free. By distinguishing the edge vju, appearance, we get that G[v*, vy, v, uy, Uz, us, ug, us] is
isomorphism to forbidden induced subgraph H; or H; of G illustrated in Fig. 2. Hence Nx (u1) = ¢.

On the other hand, suppose that Nx (u2) # X, and set up ~ vy € X. Then G[v*, vy, vp, uy, us, u3, usg, us)
has a pendant vertex u#| and G[v*, vy, v2, us, u4, us] has a pendant vertex u,. By Lemma 2.6, we have

r(G[v*, v, va, u1, uz, u3, us, us]) = r(Gv*, vi, va, ua, us, us]) + 2 = r(Gv*, vy, ua, us]) + 4.

Since G is triangle-free, v; maybe adjacent to exactly one of u4 and us. Then G[v*, vy, ua, us] = 2K, or Py,
and so r(G[v*, vy, ug, us]) = 4, which implies r(G) > r(G[v*, v, vp, uy, uz, usz, usg, us]) = 8 by Lemma 2.1,
a contradiction. Hence Nx (13) = X. Then Ng(u2) = Nx(u3) U Ny (uz) = X U Ny (u1) = Ng(v*) U Ng(u1)
is a disjoint union. Thus u» is a congruent vertex (with respect to v* and 1) of II-type, which implies r(G) =
r(G —up) and n(G) = n(G — uy) + 1 by Lemma 3.1. It gives G —up € F,,_1,and so G € F,,(I1). |

Lemma 4.3 [f G[Y] contains G as induced subgraph and Nx(u1) # Nx(u2) (see Fig. 1), then G € F,(II).

Proof By our hypothesis, one of Ny (u2)\ Nx(u1) and Nx (u1) \ Nx (u2) is not empty. Without loss of generality,
assume that vo € Ny (u2) \ Nx(u1) # 0, i.e., v ~ up and v ~ uj. Suppose that v € Nx(u;) # @. Then
VU2, V1U4, V1us5 and voug, vous would be possible edges of G. By distinguishing the edge viu» appearance, we
have G[v*, vy, vp, uy, up, us] = Cg or H (see Fig. 2). If us is not adjacent to vy and v, then us is a pendent
vertex of G[v*, vi, vo, uy, ua, us, us4, us]. Hence

r(G) = r(G[v*, vi, va, uy, uz, uz, us, usl) = r(G[v*, vy, va, uy, uz, u3]) +2 =38

by Lemma 2.1 and Lemma 2.6, a contradiction. Thus us is adjacent to vy or vo. By distinguishing the number of
the above five edges appearance, we obtained that G[v*, vy, va, uy, un, u3, ug, us] is isomorphic to forbidden
induced subgraphs H3 — Hg of G illustrated in Fig. 2, Hence Nx (u1) = 0.
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On the other hand, suppose that Ny (u3) # X and set uy ~ vy € X. Then G[v*, vy, vo, uy, ua, u3, ug, us)
has a pendant vertex u; and G[v*, vy, v2, U, us, us] has a pendant vertex u,. By Lemma 2.6, we have

r(G[v*, v, va, uy, uz, u3, us, us]) = r(Gv*, vi, va, ua, us, us]) + 2 = r(Gv*, vy, ua, us]) + 4.

Since G is triangle-free, v; maybe adjacent to exactly one of u4 and us. Then G[v*, vy, ua, us] = 2K, or Py,
and so r (G[v*, vy, ug, us]) = 4, which implies 7(G) > r(G[v*, v, v2, uy, uz, u3, ug, us]) = 8 by Lemma 2.1,
a contradiction. Hence Nx (1#3) = X. Then Ng(u3) = Nx(u3) U Ny (uz) = X U Ny (u1) = Ng(v*) U Ng(u1)
is a disjoint union. Thus u» is a congruent vertex (with respect to v* and 1) of II-type, which implies r(G) =
r(G —up) and n(G) = n(G — uy) + 1 by Lemma 3.1. It gives G —up € F,,—1,and so G € F,,(I1). |

Lemma 4.4 If G[Y] contains G3 as induced subgraph and Nx (u1) # Nx(u2) (see Fig. 1), then G € F,(11).

Proof By our hypothesis, one of Nx (u2)\ Nx (1) and Nx (u1) \ Nx (u2) is not empty. Without loss of generality,
assume that vy € Ny (u2) \ Nx(u1) # 9, 1i.e., va ~ up and vy ~ uy. Suppose that v € Nx(u1) # 0. Since G is
triangle-free, we see that viu, vius and vous would be possible edges of G. By distinguishing the number of
these three edges appearance, it leads, up to isomorphism, seven forbidden induced subgraphs of G illustrated
in Fig. 3, i.e.,

Hoy no edge;

Hiy or Hyp one edge;

G[v*, vy, vo, uy, uos, U3, ua, us] = ’
[ 1 V2, U1, U2, U3, U, Us] Hy,, Hi3 or Hyg two edges;
His three edges.

Hence Ny (u1) = #. On the other hand, suppose that Nx (u2) # X, setup ~ vy € X. Then viu3, viug, vius and
vous would be possible edges of G. By distinguishing the number of these four edges appearance, it leads, up to
isomorphism, twelve forbidden induced subgraphs of G illustrated in Fig. 3, i.e.,

Hie no edge;
Hy7, Hig, Hy9 or Hpg one edge;
H>1, Hy, Hy3, Hy4 or Hys two edges;
Hyg or Hy; three edges.

Gv™, v1, v2, uy, ua, uz, us, us] =

Hence Nx(u2) = X. Then Ng(u2) = Nx(uz) U Ny(up) = X U Ny(u;) = Ng(v*) U Ng(uy) is a disjoint
union. Thus u» is a congruent vertex (with respect to v* and u) of II-type, which implies r(G) = r(G — u3)
and n(G) = n(G — up) + 1 by Lemma 3.1. It gives G — uy € F,—1,andso G € F,(I1). O

Lemma 4.5 [f G[Y] contains G4 as induced subgraph, then G belongs to F,(I).

Proof Recall that Ny (u1) = Ny(uz) and Ny(u3) = Ny(ua) = Ny(us) for uy, uz, uz, us,us € V(Gsg) by
Remark 1. Suppose that Nx (1) = Nx(u3z). Then Ng(u;) = Ng(uz), and so u is a congruent vertex (with
respecttous) of I-type. Thus r (G) = r(G—u1) and n(G) = n(G—u1)+1byLemma3.1.Itgives G—uy € F,—1,
which implies G € F,(I). Similarly, we also have G € F,(I) if Nx(u;) = Nx(u;) for some i, j € {3,4,5}
and i # j.

Suppose that Ny (u1) # Nx(u2) and Nx(u;) # Nx(u;) forany i, j € {3,4,5} and i # j. Then one of
Nx(u2) \ Nx(up) and Nx(u1) \ Nx(uz) is not empty. Without loss of generality, assume that vy € Ny (u3) \
Nx(uy) #9,ie.,v2 ~ upand vy ~ uy. Similarly, since Ny (u;) # Nx(u;) foranyi, j € {3,4,5}andi # j, we
may assume vy 7 v3 € Nx(u3)\Nx(usq) and vs € Ny (uq). Suppose thatvy € Nx(u1) # . Then viuy would be
possible edge of G since G is triangle-free. It leads the forbidden subgraph G[v*, vy, va, v3, Uy, uo, u3, us] = Hog
or Hyg of G illustrated in Fig. 4, a contradiction. Hence Nx («1) = . However, note that v4u3 would be possible
edge of G, we have G[v*, va, v3, V4, U1, U2, U3, ug] = Hip or Hij illustrated in Fig. 4, a contradiction. m]

Lemma 4.6 If G[Y] contains Gs as induced subgraph, then G belongs to F, (I).

Proof Recall that Ny (u1) = Ny(uz) = Ny(u3) = Ny(ua) for uy, uz, u3z, us € V(Gs) by Remark 1. Assume
that Ny (u;) = Nx(u;) fori, j € {1,2,3,4} and i # j. Then Ng(u;) = Ng(u;), and so u; is a congruent
vertex (with respect to u ;) of I-type. Thus 7 (G) = r(G —u;) and n(G) = n(G —u;) + 1 by Lemma 3.1. It gives
G — u; € F,—1, which implies G € F,(I).

Assume that Nx(u;) # Nx(u;) forany i, j € {1,2,3,4} andi # j.If one of Nx(u;) C Nx(u;) and
Nx(u;) C Nx(u;) holds for any i, j € {1,2,3,4} and i # j, then we may assume Nx(u4) C Nx(u3) C
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Fig. 3 The graphs Ho—H>;

Nx(uz) C Nx(u1), and so G must contain the forbidden induced graph G[v*, vy, va, v3, U1, uz, u3, us] = Hsp
illustrated in Fig. 4, a contradiction. Hence Nx (u;) ¢ Nx(u;) and Nx(u;) ¢ Nx(u;) hold for some i, j €
{1,2,3,4} and i # j. Without loss of generality, let vi € Nx(u1) \ Nx(u2) and vy € Nx(uz) \ Nx(uy).
Suppose that u3 (or u4) is adjacent to exactly one of v and vo. Without loss of generality, let u3 € Ny (v2) \
Ny (v1). Recall that Nx (u2) # Nx(u3), we may assume v3 € Nx(u3) \ Nx(u2). Then vzu; would be possible
edge of G since G is triangle-free, it leads the forbidden subgraph G[v*, vy, va, v3, uy, us, uz, us] = Hzz or Hzy
of G illustrated in Fig. 4, a contradiction. Suppose that #3 and u4 are not adjacent to vy and v, at the same time.
Recall that Ny (u3) # Nx(u4), we may assume v3 € Nx(u3) # ¢. Note that vzu; and vzur would be possible
edges of G since G is triangle-free, it leads the forbidden subgraph G[v*, vy, vo, v3, uy, uz, us, us] = Hss, Hzg
or H37 (see Fig. 4) of G, a contradiction. At last, suppose that 3 and u4 are adjacent to v and v, at the same
time. Recall that Nx (#3) # Nx(u4), we may assume vz € Ny (u3) \ Nx(u4). Note that vzu, would be possible
edge of G, we have G[v*, vy, v2, v3, U, U3, ua, us] = Hag or Hig (see Fig. 4), a contradiction. O

5 The characterization of the graphs in case (b)

In this section, we will characterize the graphs in case (b) and find the 11 specific graphs of F,, which are not in
Fun(I) and F, (I1).

Lemma 5.1 If G € F, is connected and G|Y] = K>, P3, K13 or K22, then G € F,,(I).

Proof Clearly, r(G) < |V(G)|] < 6if §(G) = 1. Hence let §(G) > 2 as follows. Assume that G[Y] = K.
Since G is triangle-free, each vertex of X is exactly adjacent to one vertex of Y. Then §(G) = |X| = 2 and so
r(G) < |V(G)| = 5, a contradiction.

Assume that G[Y] = Pz and let Y = {uq, uo, us}, where dy (u1) = 2. Since G is triangle-free, each vertex
of X is at most adjacent to two vertices of Y. Hence §(G) < 3. Clearly, r(G) < |V(G)| = 6if §(G) = | X| = 2.
Then §(G) = |X| = 3, and so v ~ uj, u3 for any v € X, which implies N (u2) = N(u3) = X U {u1}. Thus
G e F,(I).

Assume that G[Y] = K3 and let Y = {uy, ua, u3, ua}, where dy (u1) = 3. Since G is triangle-free, each
vertex of X is at most adjacent to three vertices of Y. Hence §(G) < 4. If §(G) = |X| = 4, then v ~ us, u3, uyg

@ Springer



On triangle-free graphs with rank 7 301

0 0 i «—J i A ul w ) 3
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" \ V3 Vi vy Vi vy VI vy V1 Boow '
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u 3 u
: v) u3 “ u3 ! ‘ u3 : u3 ‘o "
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14 =053 A=1 Ay =0.52 Ay =027 Ay = 0.44 Ay =030
As = —0.53 As =—1 Ag = —0.52 As = —0.27 As = —0.44 A5 = —0.30
Fig. 4 The graphs Hys—H3g
o V* V* 0 ¥ 1% P
Vi v Y Vi V3 Vi V3 V1 V2 Vi V2
u 5ouy 5 up s u u4 u ha
ui Uusq Uq
= u e Us u A Uy b 0l u 3
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Ay =041 A4 = 0.41 A3 =0.80 A3 =0.62 Ay = 0.47
A5 = —0.41 A5 = -0.59 Ay = =0 As = -1
A5 = —0.56 A5 = -0.26

Fig. 5 The graphs C7 and T1-Ti2

for any v € X, which implies N(up) = N(u3) N(ug) = X U{ur}. Thus G € F,(I). If 6(G) = 3
and let X = {vq, v2, v3}, then we may assume 2 < dy(v3) < dy(v2) < dy(v1) < 3. Hence G € F,(I)
or G maybe isomorphic to one of 73 and 74 (see Fig. 5). If §(G) = 2 and let X = {vy, vz}, then we may
assume 1 < dy(v2) < dy(vy) < 3. Hence G € F,(I) or G maybe isomorphic to 75 (see Fig. 5). However
r(T3), r(Ty) = 8 and r(T5) = 6, a contradiction.

At last, assume that G[Y] = Ky and let Y = {uy, ua, u3, ua}, where u; ~ up and uz ~ us. Since G is
triangle-free, each vertex of X is at most adjacent to two vertices of Y. Hence §(G) < 3. If §(G) = 3, then
N(v;) = N(vj) for some v;,v; € X, which implies G € F,(I). If §(G) = 2 and let X = {vy, vy}, then
G € F,(I) or G is isomorphic to T¢ (see Fig. 5). However r(T¢) = 6, a contradiction. O

Lemma 5.2 If G[Y] = 2K, then G € F,,(I) or G = T7.

Proof Let Y = {uy, uo, us, us}, where ujuy and usuy is a pair of independent edges. Then §(G) > 1 for
otherwise r(G) < |V(G)| = 6. Since G is triangle-free, each vertex of X is at most adjacent to two vertices of
Y.Hence §(G) <3.If§(G) = |X| =3,then G € F,(I). If §(G) = 2 and let X = {v1, v2}, then G € F,(I) or
G = Ty (see Fig. 5) by a simple observation. O
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Fig. 6 The graphs Cg and T13-T3;

Lemma 5.3 I[fG[Y] = Py, then G € F,,(I) or G = C7, Ty or T1a.

Proof LetY = {uy, up, u3, us} and Py = ujuousuy. Then 6(G) > 1 for otherwise r(G) < |V (G)| = 6. Since
G is triangle-free, each vertex of X is at most adjacent to two vertices of Y. Hence 6(G) < 3.

Suppose that §(G) = 3 and let X = {vq, v2, v3}. Then dy (v1) = dy(v2) = dy(v3) = 2. Hence G = Ty
(see Fig. 5), a contradiction. Suppose that 6(G) = 2 and let X = {v, v2}. Without loss of generality, let
1 <dy(v2) <dy(vy) <2.Then G € F,(I) or G maybe isomorphic to one of C7, Ty, T1¢, 711 and 77> (see Fig.
5). However r(T1g), r(T11) = 6. Thus G = C7, Ty or T5. |

Lemma 5.4 [fG[Y] = Ps, then G € F,,(I) or G = Ty7, Trs or Tas.

Proof Let Y = {uy,us, u3,uq,us} and Ps = ujuruzuqus. If §(G) = 1, then r(G) = r(P5) +2 = 6 by
Lemma 2.6. Furthermore, each vertex of X is at most adjacent to three vertices of Y since G is triangle-free.
Thus §(G) < 4. Suppose that §(G) = | X| = 4. Then N (v) = {uy, up, uz, v*} forany v € X,andso G € F,(I).

Suppose that §(G) = 3 and let X = {vy, v2, v3}. We may assume 2 < dy(v3) < dy(v2) < dy(vy) < 3.
If dy(v)) = dy(v2) = 3,1.e., v, v2 ~ uy,us, us,then G € F,(I). If dy(vy) = 3 and dy (vp) = dy(v3) = 2,
then G maybe isomorphic to one of 773 and Tj4 (see Fig. 6), a contradiction. At last, if dy(v;) = 2, then
dy(v2) = dy(v3) = 2, which implies dg (u;) < 2 for some i € {1, 2, 3,4, 5}, a contradiction.

Suppose that 6(G) = 2 and let X = {vy, vp}. We may assume 1 < dy(v2) < dy(vy) < 3. If dy(vy) = 3,
then G € F,(I) or G maybe one of T15 — T>1 (see Fig. 6). If dy (v1) = 2,then 1 < dy(v2) < 2. Hence G maybe
one of Th» — T31 (see Fig. 6). At last, if dy (v1) = 1, then dy(v2) = 1, and so G = Cg. By a simple operation,
we have G = T7, Trs or Trg. |

Lemma 5.5 [fG[Y] = Cs, then G € F,(I) or G = Ty, Ta, T34 or T3s.

Proof LetY = {uy, uz, u3, uq, us} and Cs5 = uyususuqus. If §(G) = 1 and we may set X = {v1},then G = T
or T, (see Fig. 5). Hence set §(G) > 2 as follows. Since G is triangle-free, each vertex of X is at most adjacent
to two vertices of Y. Hence §(G) < 3.
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up u3 uy U3
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Ay =047 Aq4 =0.59
A5 =0 As = -=0.45
g = —1.41

Fig. 7 The graphs T3;-T39

Suppose that §(G) = 3 and let X = {vy, v2, v3}. Then dy (v3) = dy(v2) = dy(v1) = 2,and so G = T3; (see
Fig. 7). Suppose that §(G) = 2 and let X = {v1, vp}. Without loss of generality, let 1 < dy(v2) < dy(vy) < 2.
If dy(vy) = 2,then 1 < dy(vy) < 2,and so G € F,(I) or G maybe one of 733 — T37 (see Fig. 7). At last, if
dy(vy) = 1, thendy(v2) = 1,and so G € F,,(I) or G = T3g or T39. By a simple operation, we have G = T34
or T3g. O

6 Conclusion

In this section, we will determine the disconnected graphs of F,,. Furthermore, we will give a recapitulation of
the entire paper.

Theorem 6.1 A graph G € F, is disconnected if and only if G = H + K|, where H € F,_1, or G =
CS[Oml s 0m29 cees 0m5] + K2[0n17 0n2]~

Proof Clearly, all the graphs displayed in Theorem 6.1 have rank 7. Now we prove the necessity. Let G be
a disconnected graph of F,. If G has an isolated vertex, say G = H + Ki, then r(H) = r(G) = 7 and
|[V(H)| = |V(G)| — 1 = n — 1, which implies H € F,_1. Suppose that G has no isolated vertices, and let
Hy, H>, ..., H, (k > 2) be all the nontrivial components of G. Then k = 2 or k = 3 since r(H;) > 2 and
r(G) =7.If k = 2, then G = H; + H,. Note that r(H;) # 3 fori = 1,2 by Lemma 2.3. We may assume
r(Hy) =5 and r(Hy) = 2. Hence Hy = C5[Oyy, Opy,s ..., Omsl, and Hy = K>[Op,, Oy, ] by Lemma 2.2 and
Lemma 2.5. At last, if k = 3, then one of r(Hy), r(H3), r(H3) must be 3, which contradict Lemma 2.3 since G
is triangle-free. O

Remark 2 According to Theorem 6.1, if G = H + K|, where H € F,_1, then G clearly belongs to F,(I11).
If G = C5[Omys Omy,s .., Omsl + K2[ Oy, Oy, ], then G € F, (1) except for G = Cs + Ko.

By a simple observation, we obtain that 775 is isomorphic to 77, T34 is isomorphic to 777 and 73g is isomorphic
to T»g. Hence the graphs in F;, are complete characterized in the following theorem by Lemmas 4.1-4.6, Lemmas
5.1-5.5 and Theorem 6.1.

Theorem 6.2 A graph G € F,, ifand only if G € F,(I), Fo(I11), F,(I111), or G is isomorphic to one graph of
Cs + Ky, C7, T, T2, T7, Ty, Ti7, Tos or Tas.

Remark 3 According to Theorem 6.2, we find 9 special graphs in F,, such that the other graphs of F,, can be
constructed from these 9 graphs by adding some congruent vertices of I-, II- or III-type. Furthermore, by adding
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all possible congruent vertices of II-type to these 9 graphs, and recursively to add congruent vertices of II-type
on the obtained graph until no more can be added, we can find £ = {L1, L2, ...L;} such that a connected graph
G € F, if and only if G is obtained from one graph of £ by adding congruent vertices of /-type, where ¢ is a
finite integer.
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