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Abstract In the present paper, we consider a variation of the hyperbolic Pascal pyramid where the three leg-
sequences (the constant 1 sequence) are replaced by the sequences {αn}n≥0, {βn}n≥0 and {γn}n≥0 with α0 =
β0 = γ0 = �, and we describe the values of elements. Then we give the recurrence relations associated to the
sums of the values on levels in the generalized hyperbolic Pascal’s pyramids. The order of these recurrences is
six.
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1 Introduction

There is an extensive literature on Pascal’s arithmetic triangle, and there are several approaches to generalize it
(see, e.g., [1,2,5,7,10]). One of its variations is based on the hyperbolic regular mosaic assigned by Schläfli’s
symbol {p, q}, where the positive integers p and q have the property (p − 2)(q − 2) > 4 (see [9]). Following
and generalizing the connection between Pascal’s classical triangle and the Euclidean regular square mosaic
{4, 4} to the case of a regular mosaic {p, q} on the hyperbolic plane, Belbachir et al [3] introduced the hyperbolic
Pascal triangles HPT . Details, figures, explanations and properties can be found in [3,4].
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306 H. Belbachir et al.

Fig. 1 Rows 0, 1, . . . , 5 of a GHPT linked to {4, 5}{Fn ,Fn }

Recently a new generalization of hyperbolic Pascal triangles, called generalized hyperbolic Pascal triangles
GHPT , which is structurally similar to the HPT family, was introduced by Belbachir et al [6]. This new
object consists in replacing the two leg-sequences of the triangle by arbitrary sequences {αn}n≥0 and {βn}n≥0.
Originally the legs were the constant 1 sequence. Figure 1 illustrates the GHPT when {p, q} = {4, 5}, and
{αn} = {βn} = {Fn}, the Fibonacci sequence. Here the base vertex has two edges, the leftmost and the rightmost
vertices have three, the others have q = 5 edges in graph theoretical sense.

We use the notation )n
k({αn ,βn} for the kth element in the nth row of GHPT generated by the sequences

{αn}n≥0 and {βn}n≥0 which are located on the left and right leg, respectively. In the figures, we denote vertices
of type A which have 2 ascendants and q − 2 descendants by red circles and vertices of type B which have 1
ascendant and q − 1 descendants by cyan diamonds, while the wingers are denoted by white diamonds.

The 3-dimensional analogue of the original Pascal’s triangle is the well-known Pascal tetrahedron. Its levels
are triangles and the numbers along the three edges of the nth level are the numbers of the nth row of Pascal’s
triangle. Each number inside in any level is the sum of the three adjacent numbers from the level above (see
[13] ). In the hyperbolic space based on the hyperbolic regular cube mosaic (cubic honeycomb) with Schläfli’s
symbol {4, 3, 5} was defined a hyperbolic Pascal pyramid (HPP) as a spatial generalization of the hyperbolic
Pascal triangle (HPT ) linked to mosaic {4, 5} and the classical Pascal pyramid (see [13]). Németh [14,15] gave
generalized Pascal pyramids in other spaces as well.

In this paper, we are interested in a variation of the hyperbolic Pascal pyramid, called generalized hyperbolic
Pascal’s pyramids (in short, GHPP), which is structurally identical with HPP and whose faces are the gen-
eralized hyperbolic Pascal’s triangles linked to {4, 5}{αn ,βn}, {4, 5}{βn ,γn}, and {4, 5}{γn ,αn} respectively. Figure 2
shows the graph of the first four layers of GHPP when {αn} = {βn} = {γn} = {Fn}, the Fibonacci sequence.
And Figures 3, 4, and 5 illustrate the connection between levels two, three, four and five in it.

2 Generalized hyperbolic Pascal pyramid

In contrast to the classical Pascal pyramid, in the hyperbolic case there are six types of elements. As the faces
of pyramid are the hyperbolic triangles, here are three types of vertices A, B and leg-elements. From all A and
B start one edge to inside of the pyramid, these edges differ from the types A and B, and they are denoted by C
(blue hexagons) and D (green pentagons). A vertex A on level i generates a vertex C inside of the pyramid with
three incoming edges, and a vertex B generates a vertex D with two incoming edges. Finally, the 6th and last
type of vertices is the inner vertex E (yellow squares), it can be reached from level i − 1 to level i by one edge.
Figures 6 and 7 illustrate the growing method in case of the faces and the inner vertices of GHPP , respectively.

These two figures have been adapted from [13], please refer to it for more detailed explanations and additional
figures about the construction and the growing method of the pyramid. Moreover, the author of [13] showed that
the sum of elements of type A, B, C , D and E noted by ân , b̂n , ĉn , d̂n , ên , respectively, as well as the sum of
all elements ŝn in a row of hyperbolic pyramid can be described by the same ternary homogeneous recurrence
relation

x̂n = 18x̂n−1 − 99x̂n−2 + 226x̂n−3 − 224x̂n−4 + 92x̂n−5 − 12x̂n−6, (n ≥ 7), (2.1)
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A generalization of the hyperbolic Pascal pyramid 307

Fig. 2 Generalized hyperbolic Pascal pyramid generated by the Fibonacci sequences

Fig. 3 Connection between levels two and three in the GHPP generated by the Fibonacci sequences

the initial values and explicit expressions are given in [13].
Our purpose is to generalize 2.1 when we vary the constant 1 sequence by arbitrary sequences {αn}n≥0,

{βn}n≥0 and {γn}n≥0 on the three legs of the pyramid.
Note that there is no importance if α0 �= β0 �= γ0, we replace all terms by � as an indeterminate object, and

we put σn = αn + βn + γn to facilitate our work.

Sum of the values on levels in the generalized hyperbolic Pascal pyramid

Now let ân , b̂n , ĉn , d̂n , ên , and ŝn denote the sum of elements type A, B, C , D, E , and sum of all elements of the
nth level, respectively. These sequences can be described as follows.

Theorem 1 If n ≥ 2, then

ân+1 = 2ân + 2b̂n + 2σn,
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308 H. Belbachir et al.

Fig. 4 Connection between levels three and four in the GHPP generated by the Fibonacci sequences

Fig. 5 Connection between levels four and five in the GHPP generated by the Fibonacci sequences
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A generalization of the hyperbolic Pascal pyramid 309

Fig. 6 Growing method in case of the faces of HPP

Fig. 7 Growing method in case of the inner vertices

b̂n+1 = ân + 2b̂n,

ĉn+1 = ân + 3ĉn + 2d̂n,

d̂n+1 = b̂n + 3ĉn + 4d̂n + 5ên,

ên+1 = 3ĉn + 4d̂n + 6ên,

and

ŝn+1 = ân+1 + b̂n+1 + ĉn+1 + d̂n+1 + ên+1 + σn+1

with the initial values â1 = b̂1 = ĉ1 = d̂1 = ê1 = 0 and ŝ1 = σ1.

Proof Theorem 1 results directly from the construction rule of the pyramid, and the definition of the sequences
above. For examples, from Figure 6 we see that all vertices type A, B, and winger elements on level i generate
two vertices type A on level i +1 it gives the first equation of the theorem. All vertices type A on level i generate
one vertex of type B on level i + 1 and all vertices type B on level i generate two vertices of type B on level
i + 1 which gives us the second equation of the theorem.

It can be seen that these sequences are given by a non-homogeneous system of linked linear recurrences of
order 1. We say "linked" because each variable depends on previous values of the other variables as well as of
itself. Systems of recurrences where each recurrence is of order 1 have been studied, see e.g. the works [8,11,12]
and the references given there.

The authors of [12] showed that it is always possible to reduce such systems to a single linear equation in
one variable. This reduction is illustrated by an example. Consider the system of the two linked recurrences {ân}
and {b̂n} in Theorem 1: {

ân+1 = 2ân + 2b̂n + 2σn,

b̂n+1 = ân + 2b̂n .
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310 H. Belbachir et al.

Note that 2σn is the non-homogeneous part of the recurrence. The above equations can be rewritten as follows
using the shift operator E (recall that E pxi = xi+p for p ≥ 0):

(E − 2)ân − 2b̂n = 2σn,

(E − 2)b̂n − ân = 0.

Eliminating ân , we obtain

(E − 2)2b̂n − 2b̂n = 2σn,

Which is equivalent to

b̂n+2 − 4b̂n+1 + 2b̂n = 2σn . (2.2)

As a result, we were able to reduce the provided system to only one equation. A similar transformation enables
us to obtain the equation involving â only

ân+2 − 4ân+1 + 2ân = 2σn+1 − 4σn . (2.3)

Although the procedure described above is quite general, it may be hard to separate the variables and found
a recurrence for each variable in some cases (as the case of the system presented in Theorem 1). But it could be
easier to study this sort of problems by matrix methods as Kelley and Peterson did in [11].

Unfortunately, neither of the preceding methods are suitable for direct use in our case. Therefore, we present a
general solution technique for this class of recurrences, we first solve the homogeneous system using an interesting
matrix method introduced by Németh [13] and once the general solution of the homogeneous equation has been
found, we seek a particular solution to the complete system: by linearity, it is sufficient to find any solution of the
complete equation, sum the general solution of the homogeneous equation and impose that the initial conditions
hold. This is the so-called superposition principle (see [11]).

Theorem 2.1 (A) Let the real linear homogeneous recurrence sequences a( j) embedded in each other be given
in the following way (k ≥ 2, i ≥ 0, j = 1, 2, . . . , k)

a(1)
i+1 = m1,1a(1)

i + m1,2a(2)
i + · · · + m1,ka(k)

i

a(2)
i+1 = m2,1a(1)

i + m2,2a(2)
i + · · · + m2,ka(k)

i

...

a(k)
i+1 = mk,1a(1)

i + mk,2a(2)
i + · · · + mk,ka(k)

i ,

with initial values a( j)
0 ∈ R and ri+1 = u1a(1)

i + u2a(2)
i + · · · + uka(k)

i , r0 ∈ R. In a shorter form we have

ai+1 = Mai ,

ri+1 = uTai ,

where M = {mi, j }k×k , ai =
[
a(1)

i a(2)
i · · · a(k)

i

]T
, u = [

u1 u2 · · · uk
]T

, and rank(M) = k.

If λi ∈ R and

ri = λ1ri−1 + λ2ri−2 + · · · + λkri−k, (i ≥ k)

then λi are the coefficients of the characteristic polynomial of the matrix M. Moreover, if the matrix M has
� distinct eigenvalues with one algebraic multiplicity and m j (1 ≤ j ≤ �) are the coefficients of minimal
polynomial of M, then

ri = m1ri−1 + m2ri−2 + · · · + m�ri−� (i ≥ k ≥ �).

Proof The proof of Theorem 2.1 (A) is addressed in [13].

123



A generalization of the hyperbolic Pascal pyramid 311

We note that Lemma 2.1 in [16] provides an extended version of Theorem 2.1 (A).

Theorem 2 Each of the six sequences {ân}, {b̂n}, {ĉn}, {d̂n}, {ên}, and {ŝn} satisfies the recurrence relation

x̂n = 17x̂n−1 − 82x̂n−2 + 144x̂n−3 − 80x̂n−4 + 12x̂n−5 + wn−5 (n ≥ 6), (2.4)

where the sequence {wn} is given by

wn =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

24σn − 124σn+1 + 108σn+2 − 30σn+3 + 2σn+4, if x̂n = ân;
−12σn + 56σn+1 − 26σn+2 + 2σn+3, if x̂n = b̂n;
−40σn + 52σn+1 − 24σn+2 + 2σn+3, if x̂n = ĉn;
48σn − 36σn+1 + 8σn+2, if x̂n = d̂n;
−12σn − 4σn+1 + 6σn+2, if x̂n = ên;
−4σn + 24σn+1 − 72σn+2 + 56σn+3 − 15σn+4 + σn+5 if x̂n = ŝn .

(2.5)

The sequences {ân} and {b̂n} can be also described by

x̂n = 4x̂n−1 − 2x̂n−2 + wn−2 (n ≥ 3), (2.6)

where the sequence {wn} is given by

wn =
{

2σn+1 − 4σn, if x̂n = ân;
2σn, if x̂n = b̂n .

The initial values are given in Table 1.

n 0 1 2 3 4

ân 0 0 2σ1 4σ1+2σ2 12σ1+4σ2+2σ3

b̂n 0 0 0 2σ1 8σ1+2σ2
ĉn 0 0 0 2σ1 10σ1+2σ2

d̂n 0 0 0 0 8σ1
ên 0 0 0 0 6σ1
ŝn � σ1 2σ1+σ2 8σ1+2σ2+σ3 44σ1+8σ2+2σ3+σ4

Proof From Theorem 1 we have the system of linear non-homogeneous recurrence sequences (n ≥ 2)

ân+1 = 2ân + 2b̂n + 2σn,

b̂n+1 = ân + 2b̂n,

ĉn+1 = ân + 3ĉn + 2d̂n,

d̂n+1 = b̂n + 3ĉn + 4d̂n + 5ên,

ên+1 = 3ĉn + 4d̂n + 6ên .

Table 1 Initial values n = 0, . . . , 5

n 5

ân 40σ1+12σ2+4σ3+2σ4

b̂n 28σ1+8σ2+2σ3
ĉn 58σ1+10σ2+2σ3

d̂n 100σ1+8σ2
ên 98σ1+6σ2
ŝn 324σ1+44σ2+8σ3+2σ4+σ5
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312 H. Belbachir et al.

We introduce the vector equation

ai+1 = Mai + pi , (2.7)

where M =

⎡
⎢⎢⎢⎣

2 2 0 0 0
1 2 0 0 0
1 0 3 2 0
0 1 3 4 5
0 0 3 4 6

⎤
⎥⎥⎥⎦, a j = [âi b̂i ĉi d̂i êi ]T , pi = [2σi 0 0 0 0]T and rank(M) = 5. As explained

above, we first study the homogeneous equation ai+1 = Mai using Theorem 2.1 (A) we gain that λ1 = 17,
λ2 = −82, λ3 = 144, λ4 = −80, λ5 = 12. Once the general solution of the homogeneous system has been
found, we turn our attention to the complete equation (2.7). Formally, the solution of (2.7) is given by

ai+1 = Mi a1 +
i∑

k=1

Mi−k pk .

The solution of the entire system (2.7) is nothing more than the solution of the homogeneous system plus a linear
combination of pk , the system’s non-homogeneous component. Based on the above information, we can write
the solution of (2.7) in the form

x̂n = 17x̂n−1 − 82x̂n−2 + 144x̂n−3 − 80x̂n−4 + 12x̂n−5 +
5∑

k=1

Ckσn−k (n ≥ 6), (2.8)

where Ck (k = 1, 2, . . . , 5) are coefficients depend on the corresponding sequence of ân , b̂n , …, ŝn (see in (2.5)).
By plugging the first values, calculated with the help of Theorem 1, we obtain a recurrence relation for each of
the sequences ân , b̂n , ĉn , d̂n , ên and ŝn .

As ân+1 and b̂n+1 are independent from ĉn , d̂n , and ên , they form a system of non-homogeneous recur-

rence equations again with Mab =
[

2 2
1 2

]
. Following the machinery above, it leads right away to (2.6) (which

corresponds to the results (2.2) and (2.3) given using the method of Levy and Lessman [12]).

Suppose that the root element � equals 0. Then it is easy to check that taking the values

σ0 = 0, â0 = b̂0 = ĉ0 = d̂0 = ê0 = ŝ0 = 0 (2.9)

recurrence (2.4) even holds for n = 5, where

w0 =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

−124σ1 + 108σ2 − 30σ3 + 2σ4, if x̂n = ân;
56σ1 − 26σ2 + 2σ3, if x̂n = b̂n;
52σ1 − 24σ2 + 2σ3, if x̂n = ĉn;
8σ2 − 36σ1, if x̂n = d̂n;
6σ2 − 4σ1, if x̂n = ên;
24σ1 − 72σ2 + 56σ3 − 15σ4 + σ5, if x̂n = ŝn,

(2.10)

and recurrence (2.6) holds for n = 2, where

w0 =
{

2σ1, if x̂n = ân;
0, if x̂n = b̂n .

(2.11)

In the sequel, when it is comfortable, we refer Theorem 2 with the condition n ≥ 5.
In order to found explicit formulae we are going to use a practical theorem proved in [6] under specific

circumstances. Given a positive integer k and complex numbers f0, f1, . . . , fk−1. Define

fn = A1 fn−1 + A2 fn−2 + · · · + Ak fn−k (n ≥ k), (2.12)
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A generalization of the hyperbolic Pascal pyramid 313

where the coefficients A1, . . . , Ak−1, 0 �= Ak are fixed complex numbers. Moreover suppose that {wn}n≥0 ∈ C
∞

is an arbitrary sequence. Based on the notation above we construct the linear recurrence

Gn = A1Gn−1 + A2Gn−2 + · · · + Ak Gn−k + wn−k (n ≥ k), (2.13)

assuming that the complex initial values G0, G1, . . . , Gk−1 are also given. Note that formulae (2.12) and (2.13)
essentially differ only in the diverting sequence {wn}.
Theorem 2.2 (B) For n ≥ k the terms of the sequences { fn}, {wn}, and {Gn} satisfy the identity

k−1∑
j=0

f j Gn+k− j =
k−1∑
j=0

k−1− j∑
i=0

fn− j A j+1+i Gk−1−i +
k−2∑
j=0

k−1− j∑
i=1

f j Ai Gn+k− j−i

+
n∑

j=0

fn− jw j .

(2.14)

Proof The proof of Theorem 2.2 (B) is addressed in [6].

The coefficients of A1, . . . , Ak in the definition of { fn} are important in the sense that they, together with
{wn} also establish the sequence {Gn}. But, generally, the initial values f0, . . . , fk−1 can be chosen as simple
as possible. Therefore it is natural, if there is no other reason, to put f0 = · · · = fk−1 = 0, fk−1 = 1. The next
corollary describes this situation.

Corollary 1 Assume that f0 = · · · = fk−2 = 0, and fk−1 = 1. Then (2.14) simplifies to

Gn+1 =
k−1∑
j=0

k−1− j∑
i=0

fn− j A j+1+i Gk−1−i +
n∑

j=0

fn− jw j . (2.15)

Assume that

fn = 17 fn−1 − 82 fn−2 + 144 fn−3 − 80 fn−4 + 12 fn−5, (n ≥ 5) (2.16)

with f0 = f1 = f2 = f3 = 0 and f4 = 1.

Corollary 1 when k = 5, together with Theorem 2 and sequence { fn} imply the following explicit formulae.
It is useful to define σ j = 0, ∀ j ≤ 0 for the sake of simplicity.

Theorem 3 If n ≥ 0, then we have

ân+1 =
n∑

j=−3

fn− j (24σ j − 124σ j+1 + 108σ j+2 − 30σ j+3 + 2σ j+4),

b̂n+1 =
n∑

j=−2

fn− j (−12σ j + 56σ j+1 − 26σ j+2 + 2σ j+3),

ĉn+1 =
n∑

j=−2

fn− j (−40σ j + 52σ j+1 − 24σ j+2 + 2σ j+3),

d̂n+1 =
n∑

j=−1

fn− j (48σ j − 36σ j+1 + 8σ j+2),

ên+1 =
n∑

j=−1

fn− j (−12σ j − 4σ j+1 + 6σ j+2),

ŝn+1 =
n∑

j=−4

fn− j (−4σ j + 24σ j+1 − 72σ j+2 + 56σ j+3 − 15σ j+4 + σ j+5).
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Table 2 Initial values n = 0, . . . , 6

n 0 1 2 3 4 5 6

ân 0 0 2σ 6σ 18 σ 58σ 194σ

b̂n 0 0 0 2σ 10σ 38σ 134σ

ĉn 0 0 0 2σ 12σ 70σ 484σ

d̂n 0 0 0 0 8σ 108σ 1200σ

ên 0 0 0 0 6σ 104σ 1266σ

ŝn � σ 3σ 11σ 55σ 379σ 3279σ

Proof We use (2.15) in direct manner when k = 5. Now A1 = 17, A2 = −82, A3 = 14, A4 = −80, and
A5 = 12. { fn} has just been fixed before the theorem, and {Gn} is ân , b̂n , ĉn , d̂n , ên and ŝn , respectively with
the initial values described in Theorem 1, with the extensions (2.9) and (2.10). The corresponding diverting
sequences {wn} are also given in Theorem 2.

In particular, if the leg-sequences are constant sequences, so αn = α, βn = β, and γn = γ for all n ≥ 1, then
we have

Theorem 4 Each of the six sequences {ân}, {b̂n}, {ĉn}, {d̂n}, {ên}, and {ŝn} satisfies the recurrence relation

x̂n = 18x̂n−1 − 99x̂n−2 + 226x̂n−3 − 224x̂n−4 + 92x̂n−5 − 12xn−6 (n ≥ 7). (2.17)

The sequences {ân} and {b̂n} can be also described by

x̂n = 5x̂n−1 − 6x̂n−2 + 2x̂n−3 (n ≥ 4). (2.18)

The initial values are given in Table 2 where σ = α + β + γ .

Proof As the leg-sequences are constant sequences and σ = α + β + γ , then from Theorem 1 we have

ân+1 = 2ân + 2b̂n + 2σ,

b̂n+1 = ân + 2b̂n,

ĉn+1 = ân + 3ĉn + 2d̂n,

d̂n+1 = b̂n + 3ĉn + 4d̂n + 5ên,

ên+1 = 3ĉn + 4d̂n + 6ên,

and

ŝn+1 = ân+1 + b̂n+1 + ĉn+1 + d̂n+1 + ên+1 + σ.

Let v̂n = σ (n ≥ 0) be a constant sequence and substitute it into the first equation of the system. Then we have
the homogeneous system of linked linear recurrences of order one (n ≥ 2)

ân+1 = 2ân + 2b̂n + 2v̂n,

b̂n+1 = ân + 2b̂n,

ĉn+1 = ân + 3ĉn + 2d̂n,

d̂n+1 = b̂n + 3ĉn + 4d̂n + 5ên,

ên+1 = 3ĉn + 4d̂n + 6ên,

v̂n+1 = v̂n,

and

ŝn+1 = ân+1 + b̂n+1 + ĉn+1 + d̂n+1 + ên+1 + v̂n+1.
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A generalization of the hyperbolic Pascal pyramid 315

Using the result of Theorem 2.1(A) when

M =

⎡
⎢⎢⎢⎢⎢⎣

2 2 0 0 0 2
1 2 0 0 0 0
1 0 3 2 0 0
0 1 3 4 5 0
0 0 3 4 6 0
0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎦ ,

a j = [
âi b̂i ĉi d̂i êi v̂i

]T
, and rank(M) = 6 we gain that λ1 = 18, λ2 = −99, λ3 = 226, λ4 = −224, λ5 = 92,

λ6 = −12. The characteristic polynomial of M is x6 = 18x5 − 99x4 + 226x3 − 224x2 + 92x − 12 and its
solutions ui (i = 1, . . . , 6) are very complicated.

As ân+1, b̂n+1 and v̂n+1 are independent from ĉn , d̂n , and ên , they form a system of homogeneous recurrence

equations again with Mab =
⎡
⎣2 2 2

1 2 0
0 0 1

⎤
⎦. Using the result of Theorem 2.1(A) we gain λ1 = 5, λ2 = −6 and

λ3 = 2, so the equation (2.18) holds. From the characteristic polynomial of Mab the sequences ân and b̂n could
be given in exact explicit forms once the constant sequences which represent the leg-sequences are fixed.

Remark 1 For αn = 1, βn = 1 and γ1 = 1 Theorem 4 returns the well known result of [13].
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