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Abstract Let R be a ring and n a fixed non-negative integer. C and D denote the classes of all left R-modules
with pure-injective dimension and pure-projective dimension at most n, respectively. It is proved that for any
cardinal number δ, there is a cardinal number κ such that for any left R-module L ∈ C (resp. L ∈ D), and any
left R-module M ≤ L with |M | ≤ δ, there is a pure submodule L ′ of L with M ≤ L ′, |L ′| ≤ κ and L ′, L/L ′ ∈ C
(resp. L ′, L/L ′ ∈ D). As applications, it is shown that every left R-module M admits a C -preenvelope, and
there exists an exact sequence 0 → M → D → D/M → 0 with D ∈ D⊥ and D/M ∈ D .

Keywords Pure-injective · Pure-projective · Dimension · Cotorsion pair · Cardinality
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1 Introduction

Envelopes, covers and cotorsion pairs are powerful tools for investigating modules over rings or algebras. Exis-
tence of envelopes and covers by certain classes F of modules is a fundamental problem in this regard. In the
case that F is the class of injective, projective and flat modules, respectively, some well-known results have
been established in the literature (see [5–7,20] etc.). There are several generalizations of injective modules and
projective modules. Two of them are the notions of pure-injective modules and pure-projective modules which
have attracted a wide interest. In model theory the notions of pure-injective modules and pure-projective modules
are more useful than that of injective modules and projective modules. These modules have been studied by many
authors (see [2,4,10,11,15–18] etc.).

In 2001, Aldrich et al.(see [1]) studied envelopes and covers by modules of finite injective and projective
dimensions. In 2013, Simson (see [16]) investigated the structure of pure-projective resolutions. In 2016, Fu et
al.(see [8]) proved ideal versions of Salce’s Lemma, Christensen’s Lemma and Wakamatsu’s Lemma for an exact
category, and considered the cotorsion module that has a coresolution of length n by pure-injective modules as
one of its applications. This motivates us to consider envelopes and covers by modules of finite pure-injective
and pure-projective dimensions.

Let F be a class of left R-modules and M a left R-module. Following [5], we say that a homomorphism
ϕ : M → F is an F -preenvelope if F ∈ F and the abelian group homomorphism Hom(ϕ, F ′) : Hom (F, F ′) →
Hom (M, F ′) is surjective for each F ′ ∈ F . An F -preenvelope ϕ : M → F is called an F -envelope if every
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Envelopes and covers by modules... 317

endomorphism f : F → F such that f ϕ = ϕ is an isomorphism. F -precover and F -cover are defined dually.
F -envelopes (F -covers) may not exist in general, but if they exist, they are unique up to isomorphisms.

Recall that the pure-injective dimension of a left R-module M (see [12,18]) is defined as the smallest
nonnegative integer such that there exists a pure exact sequence 0 → M → E0 → E1 → · · · → En → 0,
where Ei are pure-injective modules, i = 0, 1, · · · , n. Dually, the pure-projective dimension of a left R-module
N (see [9,11,16–18]) is defined as the smallest nonnegative integer such that there exists a pure exact sequence
0 → Pn → · · · → P1 → P0 → N → 0, where Pi are pure-projective modules, i = 0, 1, · · · , n.

Throughout this paper, R is an associative ring with identity and all modules are unitary. We write PE(M)

for the pure injective envelope of a module M . Pure-injective dimension and pure-projective dimension of M are
denoted by pinj.dimM and pproj.dimM , respectively. As usual, |X | stands for the cardinality of a set X . A union⋃

ξ<γ Mξ of submodules Mξ of M is well-ordered and continuous (see [11]) if γ is ordinal number, M0=(0),
Mξ ⊆ Mη for ξ < η < γ , and Mτ = ⋃

ξ<τ Mξ for any limit ordinal number τ ≥ γ .
In what follows, the symbols C and D will denote the classes of all modules with pure-injective dimension

and pure-projective dimension less than or equal to a fixed (but arbitrary) natural number n, respectively. We
write

C ⊥ = KerExt1(C ,−) = {L : Ext1(C, L) = 0, ∀C ∈ C },
D⊥ = KerExt1(D,−) = {L : Ext1(D, L) = 0, ∀D ∈ C },

It is clear that each of the classes C , C ⊥ and D⊥ contains all injective modules and D contains all projective
modules. Hence, C -preenvelopes (resp. C ⊥-preenvelopes, D⊥-preenvelopes) are injective when they exist.
Similarly, D-precovers are surjective if they exist.

In Section 2, it is proved that for any cardinal number δ, there is a cardinal number κ such that for any left
R-module L ∈ C , and any left R-module M ≤ L with |M | ≤ δ, there is a pure submodule L ′ of L with M ≤ L ′,
|L ′| ≤ κ and L ′, L/L ′ ∈ C (see Theorem 2.6). Some applications are given. The last section is devoted to
D⊥-preenvelopes. A dual version of Theorem 2.6 is proved.

2 C -preenvelope

We start with two set theoretical lemmas.

Lemma 2.1 [1, Proposition 2.1] Let X be any set. Then there exists a limit ordinal number λ such that if
{αx | x ∈ X} is a family of ordinal numbers with αx < λ for all x ∈ X, then there exists an ordinal number
λ′ < λ with αx < λ′ for all x ∈ X.

Lemma 2.2 [1, Corollary 2.2] Let X and λ be as in Lemma 2.1. If {Yα | α < λ} is a family of subsets of a given
set Y such that Y = ∪α<λYα where Yα ⊆ Yα′ if α ≤ α′, then for any map f : X → Y there exists an α < λ

satisfying f (X) ⊆ Yα .

Let {Uλ | λ ∈ �} be a set containing one isomorphic copy of each finitely presented right R-module. Set
U = ⊕λ∈�Uλ and define a ring S = { f : UR → UR | f (Uλ) = 0 for all but a finite number of λ ∈ �}. We note
that S is a ring without identity in case � is a infinite set.

Proposition 2.3 Let R be a ring. There exists a limit ordinal λ such that, if an R-module E = ∪α<λEα , where
each Eα is pure-injective and pure in Eα′ for all α ≤ α′ < λ, then E is also pure-injective.

Proof Let X = ⊕I ≤ ⊕S = M , where both sums are over all left ideals I of S, and let λ be as in Lemma 2.1.
Suppose E = ∪α<λEα is an R-module, where each Eα is pure-injective and pure in Eα′ for all α ≤ α′ < λ.
Then U ⊗R E = U ⊗R (∪α<λEα) = ∪α<λ(U ⊗R Eα), where each U ⊗R Eα is S-injective by [19, 52.3(6)]. Since
Eα is pure in Eα′ , U ⊗R Eα ⊆ U ⊗R Eα′ , for all α ≤ α′ < λ. In view of Lemma 2.2, we have the following
exact sequence

HomS(M,∪α<λ(U ⊗R Eα)) → HomS(X,∪α<λ(U ⊗R Eα)) → 0.

Hence U ⊗R E = ∪α<λ(U ⊗R Eα) is S-injective. Therefore, E is pure-injective by [19, 52.3(6)] again. 
�
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Lemma 2.4 Let

0 0 0

0 A1

f

B1

h

C1

θ

0

0 A2
g

B2 C2 0

0 A3
ϕ

B3

0 0

be a commutative diagram with exact rows and columns. Suppose that f , g and h are pure monomorphisms.
Then θ is pure if and only if ϕ is pure.

Proof Let M be a finitely presented right R-module. Note that f , g and h are pure monomorphisms. Consider
the following commutative diagram:

0 0

0 M ⊗ A1

idM ⊗ f

M ⊗ B1

idM ⊗h

M ⊗ C1

idM ⊗θ

0

0 M ⊗ A2
idM ⊗g

M ⊗ B2 M ⊗ C2 0

M ⊗ A3
idM ⊗ϕ

M ⊗ B3

0 0 .

By the Snake Lemma [14, Theorem 6.5], it is easy to see that idM ⊗ θ is monic if and only if idM ⊗ ϕ is monic.
Hence, θ is pure if and only if ϕ is pure. 
�
Lemma 2.5 Let M be any left R-module. If κ is an infinite cardinal number such that |M | ≤ κ , then |PE(M)| ≤
22κ

.

Proof If M is a module with |M | ≤ κ , then M+ = HomZ(M, Q/Z) is a right R-module with cardinality less
than or equal to 2κ . Thus |M++| ≤ 22κ

. Since M is pure in M++ and PE(M) is isomorphic to a direct summand
of M++, |PE(M)| ≤ 22κ

. 
�
Theorem 2.6 Let R be any ring and δ be a cardinal number. There is a cardinal number κ such that for any left
R-module L with pinj.dimL ≤ n for some natural number n, and any left R-module M ≤ L with |M | ≤ δ, there
is a pure submodule L ′ of L with M ≤ L ′, |L ′| ≤ κ , pinj.dimL ′ ≤ n, and pinj.dimL/L ′ ≤ n.

Proof We adopt the idea in the proof of [1, Proposition 2.5]. Let κβ = max(|R|, |M |) and

0 L
θ0

E0 θ1
E1 θ2 · · · θn

En 0

be a pure-injective resolution of L , where each Imθ i → Ei is a pure inclusion map. Let us denote by κβ(1) the

cardinal number 22κβ
and by κβ(n) the cardinal 22κβ(n−1)

for n ≥ 2.
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Envelopes and covers by modules... 319

If M is any submodule of L and |M | ≤ δ, then there is a submodule A pure in L , M ≤ L and |A| ≤ κβ

by [6, Lemma 5.3.12]. Consider the pure-injective envelope of A, say A
θ0

1
E0

1 , where θ0
1 = θ0|A, we get

that E0
1 ≤ E0. Since |A| ≤ κβ , we know by the previous lemma that |E0

1 | ≤ κβ(1), so also |Im(θ1|E0
1
)| ≤ κβ(1).

Consider the map

θ1
1 = θ1|E0

1
: E0

1 → Im(θ1|E0
1
) ↪→ A0

1 ↪→ E1
1 ,

where A0
1 is a pure submodule of Kerθ2 such that |A0

1| ≤ κβ(1) by [6, Lemma 5.3.12] and E1
1(≤ E1) is the

pure-injective envelope of A0
1, we get that |E1

1 | ≤ κβ(2). In a similar way, we consider the maps

θ i
1 = θ i |Ei−1

1
: Ei−1

1 → Im(θ i |Ei−1
1

) ↪→ Ai−1
1 ↪→ Ei

1,

where Ai−1
1 is a pure submodule of Kerθ i+1 such that |Ai−1

1 | ≤ κβ(i) and Ei
1 (≤ Ei ) is the pure-injective envelope

of Ai−1
1 for i = 1, 2, . . . , n. Thus, each Ei

1 is a direct summand of Ei by [18, Proposition 6] and |Ei
1| ≤ κβ(i+1),

for i = 0, 1, . . . , n. We then get a (possibly not exact) sequence

(S0) 0 A
θ0

1
E0

1

θ1
1

E1
1

θ2
1 · · · θn

1
En

1 0.

But we know that the kernel of θ1
1 is L ∩ E0

1 , so the sequence

(S1) 0 L ∩ E0
1

θ0
2

E0
1

θ1
1

E1
1

θ2
1 · · · θn

1
En

1 0

is exact at L ∩ E0
1 and E0

1 . Furthermore M ≤ L ∩ E0
1 and of course |L ∩ E0

1 | ≤ κβ(1).
Note that θ1(E0

1) ⊆ A0
1, |E0

1 | ≤ κβ(1) and |A0
1| ≤ κβ(1), so we can take a submodule B0 ≤ E0 such that

E0
1 ≤ B0, |B0| ≤ κβ(1) and θ1(B0) = A0

1. Consider the map θ1
2 = θ1|B0 . Then we have the following sequence

(S2) 0 L ∩ E0
1

θ0
2

B0
θ1

2
E1

1

θ2
1

E2
1

θ3
1 · · · θn

1
En

1 0,

where Imθ1
2 = A0

1 is pure in E1
1 .

While θ2
1 θ1

2 = 0 is obvious, we do not know whether Kerθ2
1 ⊆ Imθ1

2 . Since θ1(B0) = A0
1 ⊆ Kerθ2

1 ,
|B0| ≤ κβ(1) and |Kerθ2

1 | ≤ |E1
1 | ≤ κβ(2), we can take a submodule C0 ≤ E0 with |C0| ≤ κβ(2) such that

B0 ≤ C0 and θ1(C0) = Ker(θ2
1 ). Let θ1

3 = θ1|C0 . Then we have a sequence

(S3) 0 L ∩ E0
1

θ0
2

C0
θ1

3
E1

1

θ2
1

E2
1

θ3
1 · · · θn

1
En

1 0,

which is exact at E1
1 .

Now let D0 be a pure submodule in E0 such tht C0 ≤ D0 and |D0| ≤ κβ(2) by [6, Lemma 5.3.12]. Let E0
2

be the pure injective envelope of D0 and repeat the process we followed with M to get the sequence:

(S4) 0 L ∩ E0
2

θ0
2

E0
2

θ1
4

E1
2

θ2
2

E2
2

θ3
2 · · · θn

2
En

2 0

with |E0
2 | ≤ κβ(3), |Ei

2| ≤ κβ(l(i)) for some natural numbers l(i), i = 1, 2, . . . , n, and all Ei
2 pure-injective.

If we repeat this procedure we get sequences (Sm) for m ≥ 0 of the form

(Sm) 0 Mm
δ0

G0
m

δ1
G1

m
δ2 · · · δn

Gn
m 0

such that each of the following sets is cofinal in N:

(1) {m | (Sm) is exact at Mm};
(2) {m | Mm is pure in L};
(3) {m | (Sm) is exact at Gi

m}, 1 ≤ i ≤ n;
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320 Y. Zeng

(4) {m | Gi
m is pure-injective}, 1 ≤ i ≤ n;

(5) {m | Gi
m is pure in Ei }, 1 ≤ i ≤ n;

(6) {m | Imδi is pure in Gi
m}, 1 ≤ i ≤ n.

For the limit ordinal ω0 we consider the sequence

(Sω0) 0 ∪m≤0 Mm ∪m≤0G0
m ∪m≤0G1

m · · · ∪m≤0Gn
m 0.

Then using the same procedure that we used to construct (S1) from (S0), we construct (Sω0+1) from (Sω0) and
then all (Sω0+m) for m ≥ 0. Then for any ordinal λ we can construct a continuous chain of sequences (Sα) for
α < λ

(Sα) 0 Mα
d0

G0
α

d1

G1
α

d2 · · · dn

Gn
α 0

so that each of the following sets is cofinal in {α | α < λ}:
(1) {α | (Sα) is exact at Mα};
(2) {α | Mα is pure in L};
(3) {α | (Sα) is exact at Gi

α}, 1 ≤ i ≤ n;
(4) {α | Gi

α is pure-injective}, 1 ≤ i ≤ n;
(5) {α | Gi

α is pure in Ei }, 1 ≤ i ≤ n;
(6) {α | Imdi is pure in Gi

α}, 1 ≤ i ≤ n.

Furthermore, for each α < λ we can find a cardinal number, say κσ(α), such that all the terms of (Sα) have
cardinality less than or equal to κσ(α).

Now let (Sλ) be the union of the sequences (Sα) for α < λ where we choose λ as in Proposition 2.3. Then
the sequence

(Sλ) 0 → L ′ → J 0 → · · · → J n → 0

is pure exact with each J i pure-injective. Let κ = lim→ κσ(α)(α < λ) then |L ′| ≤ κ . Note that the cardinal number

κ which we have found is independent of the choice of L and M ≤ L .
To prove that pinj.dim L/L ′ ≤ n, we just have to see the exact complex

0 L/L ′ E0/J 0 E1/J 1 · · · En/J n 0

which is the quotient of the pure exact complex

0 L
θ0

E0 θ1
E1 θ2 · · · θn

En 0 (1)

by the pure exact subcomplex

0 L ′ θ0
J 0 θ1

J 1 θ2 · · · θn

J n 0 . (2)

In fact, L ′ is pure in L , and J i is pure in Ei for each i . From the above steps and Lemma 2.4, we see that the
quotient complex is again a pure exact complex with Ei/J i pure-injective for all i , which gives a pure-injective
resolution of L/L ′. 
�
Corollary 2.7 Let R be any ring. There exists a cardinal number κ such that for any left R-module L with
pinj.dimL ≤ n for some natural number n, and any x ∈ L, there is a pure submodule L ′ of L with x ∈ L ′,
|L ′| ≤ κ , pinj.dimL ′ ≤ n, and pinj.dimL/L ′ ≤ n.

Lemma 2.8 C is closed under direct products.

123



Envelopes and covers by modules... 321

Proof Let I be a set and U be any finitely presented right R-module. Consider the following pure exact sequences
with each G j

i (i ∈ I, j = 1, 2, . . . , n) pure-injective:

0 → Mi → G0
i → G1

i → · · · → Gn
i → 0,

we get the following diagram with exact rows:

0 U ⊗ ∏
i∈I Mi

∼=

U ⊗ ∏
i∈I G0

i

∼=

U ⊗ ∏
i∈I G1

i

∼=

· · · U ⊗ ∏
i∈I Gn

i

∼=

0

0
∏

i∈I U ⊗ Mi
∏

i∈I U ⊗ G0
i

∏
i∈I U ⊗ G1

i · · · ∏
i∈I U ⊗ Gn

i 0,

where each ∼= follows by [3, Lemma 1.2.1]. Note that U is any finitely presented right R-module. It follows that

0 →
∏

i∈I

Mi →
∏

i∈I

G0
i →

∏

i∈I

G1
i → · · · →

∏

i∈I

Gn
i → 0,

is a pure exact sequence. Thus pinj.dim(
∏

i∈I Mi ) ≤ n because the class of pure-injective modules is closed
under direct products. It follows that C is closed under direct products. 
�
Proposition 2.9 Every left R-module has a C -preenvelope.

Proof Let M be a left R-module and ϕ : M → L (L ∈ C ) be any morphism. Set |ϕ(M)| = δ. By Theorem 2.6,
there exists a cardinal number κ and a pure submodule L ′ of L with ϕ(M) ≤ L ′, |L ′| ≤ κ and pinj.dim L ′ ≤ n.
Hence, ϕ has a factorization M → L ′ → L with L ′ ∈ C and |L ′| ≤ κ . Thus every left R-module has a
C -preenvelope by [6, Proposition 6.2.1]. 
�
Remark 2.10 (1) As the reader can see, Theorem 2.6, Proposition 2.9 are parallel to the results [1, Proposition
2.5, 3.1]. But the proof of our Theorem 2.6 is not just a copy of that of [1, Proposition 2.5]. In fact, by an argument
similar to our version, one can reform [1, Proposition 2.5] as follows: “ Let R be any ring and δ be a cardinal
number. There exists a cardinal number κ such that for any left R-module L with inj.dimL ≤ n for some natural
number n, and any left R-module M ≤ L with |M | ≤ δ, there is a submodule L ′ of L with M ≤ L ′, |L ′| ≤ κ ,
inj.dimL ′ ≤ n, and inj.dimL/L ′ ≤ n.” Accordingly, [1, Proposition 3.1, Theorem 3.2 and 3.3] hold true without
the hypothesis that the base ring R is left noetherian.

(2) When n = 0, C ={pure injective modules}. If (⊥C , C ) is a cotorsion theory, then pure injective modules
are closed under extension. This implies that {pure injective modules}={cotorsion modules} by [20, Theorem
3.5.1], and the cotorsion theory(⊥C , C ) is a complete hereditary cotorsion theory by [13, Theorem 3.9].

3 D-precover

Let R be a ring and H a representative set of finitely presented left R-modules.

Theorem 3.1 Let R be any ring and δ be a cardinal number. There is a cardinal number κ such that for any left
R-module L with pproj.dimL ≤ n for some natural number n, and any left R-module M ≤ L with |M | ≤ δ,
there is a pure submodule L ′ of L with M ≤ L ′, |L ′| ≤ κ , pproj.dimL ′ ≤ n, and pproj.dimL/L ′ ≤ n.

Proof First, let Fi (i = 0, 1, · · · , n) be as follows.
F0 = ⊕P∈H P(Hom(P,L)) with the natural epimorphism θ0 : F0 → L and K1 = Kerθ0;
Fi = ⊕P∈H P(Hom(P,Ki )) with the natural epimorphism θi : Fi → Ki and Ki+1 = Kerθi (i = 1, · · · , n − 2);
F ′

n−1 = ⊕P∈H P(Hom(P,Kn−1)) with the natural epimorphism θ ′
n−1 : F ′

n−1 → Kn−1 and K ′
n = Kerθn−1.

Thus K ′
n is a direct summand of some module Q, which is a direct sum of finitely presented modules by [12,15].

Set Q = H ⊕ K ′
n and Q′ = H ⊕ K ′

n ⊕ H ⊕ K ′
n ⊕ H ⊕ K ′

n ⊕ · · · be the direct sum of ℵ0 copies of Q. Let
Fn = K ′

n ⊕Q′. It follows that Fn(∼= Q′) is also a direct sum of finitely presented modules. Let Fn−1 = F ′
n−1⊕Q′,

θn−1 : Fn−1 → Kn−2 via θn−1(a +b) = θ ′
n−1(a), ∀a ∈ F ′

n−1, b ∈ Q′. Thus we find a pure-projective resolution

(1) 0 Fn
θn

Fn−1
θn−1 · · · θ1

F0
θ0

L 0
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322 Y. Zeng

of L , where each Fi , i = 0, 1, . . . , n is a direct sum of finitely presented modules.
Set κβ = max{|H|, |R|, |M |}. By [6, Lemma 5.3.12], there exists a pure submodule N of L such that M ≤ N

and |N | ≤ κβ . Let us denote by κβ(1) the cardinal number 22κβ
and by κβ(n) the cardinal 22κβ(n−1)

for n ≥ 2.
Let X0 = ⊕P∈H P(Hom(P,N )). Since P is finitely presented, then |X0| ≤ κβ(1). Let θ1

0 : X0 → N be the natural
epimorphism and A1 = Kerθ1

0 . Then X1 = ⊕P∈H P(Hom(P,A1)) has cardinality |X1| ≤ κβ(2). Similarly, we have
the natural epimorphism θ1

1 : X1 → A1 with A2 = Kerθ1
1 . We continue applying this argument until we find

Xn−1 = ⊕P∈H P(Hom(P,An−1)) with |Xn−1| ≤ κβ(n) and the natural epimorphism θ1
n−1 : Xn−1 → An−1 with

An = Kerθ1
n−1. Now we have the following commutative diagram with exact rows:

0 An

⊆

Xn−1

⊆

· · · X0

⊆

N

⊆

0

0 Fn
θn

Fn−1
θn−1 · · · θ1

F0
θ0

L 0

Note that |An| ≤ κβ(n) and Fn is a direct sum of some finitely presented modules, say Fn = ⊕i∈I Pi ,
where {Pi | i ∈ I } is an indexed set of finitely presented modules. We can select a subset J of I such that
An ≤ Yn = ⊕ j∈J Pj and |Yn| ≤ κβ(n). Similarly, we can choose a direct summand Yn−1 in Fn−1 such that
|Yn−1| ≤ κβ(n) and θn(Yn) ⊆ Yn−1. Continue this process until we obtain the following commutative diagram
with exact rows

0 An

⊆

Xn−1

⊆

· · · X0

⊆

N

⊆

0

0 Yn

⊆

Yn−1

⊆

· · · Y0

⊆

M1

⊆

0

0 Fn
θn

Fn−1
θn−1 · · · θ1

F0
θ0

L 0,

where M1 = θ0(Y0) and |M1| ≤ κβ(n).
Again, by [6, Lemma 5.3.12], there exists a pure submodule N1 of L such that M1 ≤ N1 and |N1| ≤ κβ(n).

Repeat this zig-zag procedure and eventually one can construct the following pure exact subsequence of (1) by
taking direct limit:

(2) 0 Gn Gn−1 · · · G0 L ′ 0,

which is a pure-projective resolution of L ′. Let κ = ∑∞
i=1 κβ(i). It can be seen that |L ′| ≤ κ and pproj.dimL ′ ≤ n.

Now the quotient of the sequence (1) by the subsequence (2) is clearly a pure projective resolution of L/L ′.
Hence pproj.dimL/L ′ ≤ n. 
�
Corollary 3.2 Let R be any ring. There is a cardinal number κ such that for any left R-module L with
pproj.dimL ≤ n for some natural number n, and any x ∈ L, there is a pure submodule L ′ of L with x ∈ L ′,
|L ′| ≤ κ , pproj.dimL ′ ≤ n, and pproj.dimL/L ′ ≤ n.

As in the case of Theorem 3.1, we see that any module L with pproj.dimL ≤ n can be written as the direct union
of a continuous chain of submdodules {Lα | α ≤ λ} for some ordinal number λ such that pproj.dimL0 ≤ n,
|L0| ≤ κ , pproj.dim(Lα+1/Lα) ≤ n whenever α + 1 ≤ λ, and |Lα+1/Lα| ≤ κ whenever α + 1 ≤ λ. Set
D⊥ = KerExt1R(D,−) = {M | Ext1R(D, M) = 0, ∀D ∈ D}. Therefore, we see by [6, Theorem 7.3.4] that the
pair (D,D⊥) is cogenerated by a set.

Proposition 3.3 For any left R-module M there exists an exact sequence

0 → M → D → D/M → 0

with D ∈ D⊥ and D/M ∈ D

Proof It is clear by [7, Theorem 3.1.5]. 
�
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Remark 3.4 From [6, Definition 7.1.6] and Proposition 3.3, any left R-module has a special D⊥-preenvelope.
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