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Abstract We study congruence properties of k-colored partition p−k(n) when k = 9t+3 and k = 9t+6 for some
integers t ≥ 0. In particular, we establish some dissection formulas for p−(9t+3)(n) when t ∈ {3r, 3r+1, 3r+2},
r = 0, 1, and for p−(9t+6)(n) where t ∈ {3r, 3r+1, 3r+2}, r = 0. Furthermore, we prove some infinite families
of congruences modulo powers of 3 for them. For example, for partition p−(9t+3)(n) when t = 1, we prove that
for any integer n ≥ 0 and α ≥ 1,

p−12

(
3αn + 3α + 1

2

)
≡ 0 (mod 3α+1),

and

p−12

(
3α+1n + 5× 3α + 1

2

)
≡ 0 (mod 3α+2).
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1 Introduction

A partition of a positive integer n is a nonincreasing sequence of positive integers whose sum is n. For convenience,
we use the following notation.

(a; q)∞ =
∞∏

n=0

(1− aqn), and fk = (qk; qk)∞.

A partition is called a k-colored partition if each part can appear as k colors. Let p−k(n) enumerate the
number of k-colored partitions of n, which satisfies

∞∑
n=0

p−k(n)qn = 1

f k
1

. (1.1)
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Congruences modulo powers of 3 for k-colored partitions 325

A number of congruences modulo powers of 2, 5, 7 and 11 enjoyed by partition p−k(n) have been found in
[2–8,11–14].

Recently, Hirschhorn [9] studied arithmetic properties of partition p−3(n) and proved an identity which is
analogous to Ramanujan’s “most beautiful identity” as follows.

∞∑
n=0

p−3(3n + 2)qn = 9
f 9
3

f 12
1

. (1.2)

He also established some infinite families of congruences modulo high powers of 3 for p−3(n) by using the
Jacobi’s identity. For example, for any integer n ≥ 0 and α ≥ 1,

p−3

(
32α+1n + 5× 32α+1 + 1

8

)
≡ 0 (mod 33α+2), (1.3)

and

p−3

(
32α+2n + 7× 32α+2 + 1

8

)
≡ 0 (mod 33α+4). (1.4)

We mainly study congruence properties of p−(9t+3)(n) and p−(9t+6)(n) modulo powers of 3 for some
integers t ≥ 0. Firstly, we propose two Theorems about some dissection formulas for partitions p−(9t+3)(n) and
p−(9t+6)(n). Furthermore, based on these dissection formulas, we prove some infinite families of congruences
modulo powers of 3 for them.

In particular, for partition p−(9t+3)(n) where t ∈ {3r, 3r + 1, 3r + 2}, r = 0, 1, we prove the following
congruences modulo powers of 3 for them shown in Table 1.

In Table 2, we establish some infinite families of congruences modulo powers of 3 for p−(9t+6)(n) when
t ∈ {3r, 3r + 1, 3r + 2}, r = 0.

Table 1 Theorems about congruences for p−(9t+3)(n) when t ∈ {0, 1, 2, 3, 4, 5}

t For any integer n ≥ 0 and α ≥ 1, we have

t = 0 See congruences (1.4)-(1.7) in [9].
t = 1 Theorem 1.1

p−12

(
3αn + 3α+1

2

)
≡ 0 (mod 3α+1), (1.5)

p−12

(
3α+1n + 5×3α+1

2

)
≡ 0 (mod 3α+2). (1.6)

t = 2 Theorem 1.2

p−21

(
32α−1n + 32α+7

8

)
≡ 0 (mod 3α+1), (1.7)

p−21

(
32αn + (8k+3)×32α−1+7

8

)
≡ 0 (mod 3α+3), k = 1, 2, (1.8)

p−21

(
32αn + 32α+7

8

)
≡ 0 (mod 3α+1), (1.9)

p−21

(
32α+1n + 17×32α+7

8

)
≡ 0 (mod 3α+2). (1.10)

t = 3 Theorem 1.3

p−30

(
32α−1n + 32α−1+5

4

)
≡ 0 (mod 32α), (1.11)

p−30

(
32αn + 5×32α−1+5

4

)
≡ 0 (mod 32α+1), (1.12)

p−30

(
32αn + 32α+1+5

4

)
≡ 0 (mod 32α+2), (1.13)

p−30

(
32α+1n + (4k+3)×32α+5

4

)
≡ 0 (mod 32α+5), k = 1, 2. (1.14)

t = 4 Theorem 1.4

p−39

(
32α−1n + 32α−1+13

8

)
≡ 0 (mod 3α+1), (1.15)

p−39

(
32αn + (8k+1)×32α−1+13

8

)
≡ 0 (mod 3α+2), k = 1, 2, (1.16)

p−39

(
32α+1n + (8k+3)×32α+13

8

)
≡ 0 (mod 3α+4), k = 1, 2. (1.17)

t = 5 Theorem 1.5
p−48 (3αn + 2) ≡ 0 (mod 32), (1.18)
p−48

(
3α+1n + k × 3α + 2

) ≡ 0 (mod 34), k = 1, 2. (1.19)
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326 X.-Q. Wen

Table 2 Theorems about congruences for p−(9t+6)(n) when t ∈ {0, 1, 2}

t For any integer n ≥ 0 and α ≥ 1, we have

t = 0 Theorem 1.6

p−6

(
32α−1n + 32α−1+1

4

)
≡ 0 (mod 32α−1), (1.20)

p−6

(
32αn + 5×32α−1+1

4

)
≡ 0 (mod 32α), (1.21)

p−6

(
32αn + 32α+1+1

4

)
≡ 0 (mod 32α+1), (1.22)

p−6

(
32α+1n + (4k+3)×32α+1

4

)
≡ 0 (mod 32α+3), k = 1, 2. (1.23)

t = 1 Theorem 1.7

p−15

(
32α−1n + 32α−1+5

8

)
≡ 0 (mod 3α), (1.24)

p−15

(
32αn + (8k+1)×32α−1+5

8

)
≡ 0 (mod 3α+1), k = 1, 2, (1.25)

p−15

(
32α+1n + (8k+3)×32α+5

8

)
≡ 0 (mod 3α+4), k = 1, 2. (1.26)

t = 2 Theorem 1.8
p−24 (3αn + 1) ≡ 0 (mod 3), (1.27)
p−24

(
3α+1n + k × 3α + 1

) ≡ 0 (mod 33), k = 1, 2. (1.28)

This paper is organized as follows. In Section 2, we establish some dissection formulas for partitions
p−(9t+3)(n) and p−(9t+6)(n) for some t ≥ 0 by proposing some important Lemmas. In Section 3, with the
aid of computer programs in the Appendix, we use some key Lemmas to complete the proof of Theorems
1.1-1.8. In Section 4, we consider more cases of the values of t, r for further study. In the Appendix, we show
the computer programs which are used in this paper.

2 Preliminaries

Following Hirschhorn [10], we introduce an operator H , which operates on a series by extracting those terms in
which the power of q is a multiple of 3. That is

H

( ∞∑
n=0

anqn

)
=
∞∑

n=0

a3nq3n . (2.1)

We need the following Lemma which was proved by Hirschhorn [9].

Lemma 2.1 [9, Eq.(2.23)] For any integer j ≥ 1,

H

(
1

ζ j

)
=
∞∑

k=1

m j,k T−k, (2.2)

where

ζ = f 3
1

q f 3
9

, and T = f 12
3

q3 f 12
9

.

The coefficients m j,k in (2.2) form a matrix M = (m j,k) j,k≥1. As shown in [9], the first three rows of M are
given by ⎛

⎝ 32 0 0 0 0 0 0 · · ·
2 · 3 35 0 0 0 0 0 · · ·

1 35 38 0 0 0 0 · · ·

⎞
⎠ (2.3)

and for j ≥ 4, m j,1 = 0, and k ≥ 2,

m j,k = 27m j−1,k−1 + 9m j−2,k−1 + m j−3,k−1. (2.4)

By induction, it follows that
(1) m j,k = 0, for j > 3k.
(2) m j,k = 0, for k > j .
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Congruences modulo powers of 3 for k-colored partitions 327

(3) m j,k = 1, for j = 3k.
Based on Lemma 2.1 and properties (1), (2), we propose the following Lemma which is the main ingredient

for proof of our results.

Lemma 2.2 For any integer j ≥ 1, we have

H

(
1

ζ j

)
=

j∑
k=
⌈

j
3

⌉m j,k T−k . (2.5)

Remark. According to the form of subscript k in (2.5), we can segment the values of j and conduct further
research.

2.1 Dissection formulas for p−(9t+3)(n) where t ∈ {3r, 3r + 1, 3r + 2}, r = 0, 1.

Considering the case k = 9t + 3 for partition p−k(n), we have

∞∑
n=0

p−(9t+3)(n)qn = 1

f 9t+3
1

. (2.6)

For t ∈ {3r, 3r + 1, 3r + 2}, r = 0, 1, we shall establish some dissection formulas for p−(9t+3)(n) by using
the following Lemmas.

Lemma 2.3 We define an infinite matrix X = (xα, j )α, j≥1 as follows.
For α = 1, t ≥ 0,

x1, j =
{

m3t+1, j+t , if j ≤ 2t + 2,

0, if j > 2t + 2.
(2.7)

For α ≥ 1, t ∈ {3r, 3r + 1, 3r + 2}, r = 0, 1,

xα+1, j =
{∑∞

i=1 xα,i m4i+4t,i+ j+t+r , if α is odd,∑∞
i=1 xα,i m4i+3t+4r+1,i+ j+t+r , if α is even,

(2.8)

and using the properties of m j,k and induction, we obtain

xα, j = 0 i f

{
j > 3α+2−11

8 · t + 3α+1−1
8 , α is odd,

j > 3α+2−9
8 · t + 3α+1−8r−3

8 , α is even.

Lemma 2.4 For any integer n ≥ 0, and t ∈ {3r, 3r + 1, 3r + 2}, r = 0, 1, we have

∞∑
n=0

p−(9t+3)(3n + 2)qn+1 = 1

f 3
3

2t+1∑
j=1

x1, j q
j f 12 j+3t

3

f 12 j+12t
1

, (2.9)

∞∑
n=0

p−(9t+3)(9n − 3t + 9r + 8)qn+1 =
9t−r+3∑

j=1

x2, j q
j f 12 j+12r

3

f 12 j+9t+12r+3
1

. (2.10)

Proof Multiplying (2.6) by q3t+1 and applying the operator H on the resulting expression, we have

∞∑
n=0

p−(9t+3)(3n + 2)q3n+3t+3 = 1

f 9t+3
9

H

(
1

ζ 3t+1

)
. (2.11)

By Lemma 2.2, we obtain

H

(
1

ζ 3t+1

)
=

3t+1∑
k=
⌈

3t+1
3

⌉m3t+1,k T−k =
2t+1∑
k=1

m3t+1,k+t T
−(k+t). (2.12)

Substituting (2.12) into (2.11), we get
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328 X.-Q. Wen

∞∑
n=0

p−(9t+3)(3n + 2)q3n+3t+3

= 1

f 9t+3
9

2t+1∑
k=1

m3t+1,k+t T
−(k+t)

= 1

f 3
9

2t+1∑
k=1

x1,kq3k+3t f 12k+3t
9

f 12k+12t
3

. (2.13)

Dividing by q3t from both sides of (2.13) and replacing q3 by q, we get (2.9).
Multiplying (2.9) by q4t and applying the operator H , we have

∞∑
n=0

p−(9t+3)(3(3n − t + 3r + 2)+ 2)q3n+3t+3r+3 = 1

f 9t+3
3

2t+1∑
j=1

x1, j q
3t T j+t H

(
1

ζ 4 j+4t

)
. (2.14)

In view of Lemma 2.2, we have

H

(
1

ζ 4 j+4t

)
=

4 j+4t∑
k=
⌈

4 j+4t
3

⌉m4 j+4t,k T−k =
3 j+3t−r∑

k=
⌈

j+t−3r
3

⌉m4 j+4t, j+k+t+r T−( j+k+t+r). (2.15)

Combining (2.14) and (2.15), using Lemma 2.3, we obtain

∞∑
n=0

p−(9t+3)(9n − 3t + 9r + 8)q3n+3t+3r+3

= 1

f 9t+3
3

2t+1∑
j=1

3 j+3t−r∑
k=
⌈

j+t−3r
3

⌉ x1, j m4 j+4t, j+k+t+r q3t T−(k+r)

= 1

f 9t+3
3

9t−r+3∑
k=
⌈

t−3r+1
3

⌉ x2,kq3k+3t+3r f 12k+12r
9

f 12k+12r
3

=
9t−r+3∑

k=1

x2,kq3k+3t+3r f 12k+12r
9

f 12k+9t+12r+3
3

. (2.16)

The last equality holds since k = ⌈ t−3r+1
3

⌉ = 1 when t ∈ {3r, 3r + 1, 3r + 2}, r = 0, 1. Dividing (2.16) by
q3t+3r and replacing q3 by q, we get (2.10). ��

We generalize (2.9), (2.10) and present the following Theorem.

Theorem 2.1 For any integer n ≥ 0, α ≥ 1 and t ∈ {3r, 3r + 1, 3r + 2}, r = 0, 1, we have

∞∑
n=0

p−(9t+3)

(
32α−1n + (5− t)× 32α−1 + 3t + 1

8

)
qn+1 = 1

f 3
3

Aα,t∑
j=1

x2α−1, j q
j f 12 j+3t

3

f 12 j+12t
1

, (2.17)

∞∑
n=0

p−(9t+3)

(
32αn + (8r − 3t + 7)× 32α + 3t + 1

8

)
qn+1 =

Bα,t∑
j=1

x2α, j q
j f 12 j+12r

3

f 12 j+9t+12r+3
1

, (2.18)

where

Aα,t := 32α+1 − 11

8
· t + 32α − 1

8
, and Bα,t := 32α+2 − 9

8
· t + 32α+1 − 8r − 3

8
.
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Congruences modulo powers of 3 for k-colored partitions 329

Proof It follows from (2.9) and (2.10) that (2.17) and (2.18) hold for α = 1. Assume (2.17) holds for some
α ≥ 1. Multiplying (2.17) by q4t and applying the operator H , we have

∞∑
n=0

p−(9t+3)

(
32α−1(3n − t + 3r + 2)+ (5− t)× 32α−1 + 3t + 1

8

)
q3n+3t+3r+3

= 1

f 9t+3
3

Aα,t∑
j=1

x2α−1, j q
3t T j+t H

(
1

ζ 4 j+4t

)
. (2.19)

The following operations are similar to the proof of (2.10). Therefore, using (2.15), for t ∈ {3r, 3r+1, 3r+2},
r = 0, 1, we obtain

∞∑
n=0

p−(9t+3)

(
32αn + (8r − 3t + 7)× 32α + 3t + 1

8

)
q3n+3t+3r+3

= 1

f 9t+3
3

Aα,t∑
j=1

3 j+3t−r∑
k=
⌈

j+t−3r
3

⌉ x2α−1, j m4 j+4t, j+k+t+r q3t T−(k+r)

=
Bα,t∑
k=1

x2α,kq3k+3t+3r f 12k+12r
9

f 12k+9t+12r+3
3

. (2.20)

Dividing by q3t+3r from both sides of (2.20) and replacing q3 by q, we get (2.18).
Suppose (2.18) holds for α ≥ 1. Multiplying (2.18) by q3t+4r+1 and applying the operator H , we have

∞∑
n=0

p−(9t+3)

(
32α(3n − r + 1)+ (8r − 3t + 7)× 32α + 3t + 1

8

)
q3n+3t+3r+3

= 1

f 9t+3
9

Bα,t∑
j=1

x2α, j q
3r T j+r H

(
1

ζ 4 j+3t+4r+1

)
. (2.21)

In view of Lemma 2.2, we find

H

(
1

ζ 4 j+3t+4r+1

)
=

4 j+3t+4r+1∑
k=
⌈

4 j+3t+4r+1
3

⌉m4 j+3t+4r+1,k T−k

=
3 j+2t+3r+1∑
k=
⌈

j+r+1
3

⌉ m4 j+3t+4r+1, j+k+t+r T−( j+k+t+r). (2.22)

Combining (2.21) and (2.22), by Lemma 2.3, we obtain

∞∑
n=0

p−(9t+3)

(
32α+1n + (5− t)× 32α+1 + 3t + 1

8

)
q3n+3t+3r+3

= 1

f 9t+3
9

Bα,t∑
j=1

3 j+2t+3r+1∑
k=
⌈

j+r+1
3

⌉ x2α, j m4 j+3t+4r+1, j+k+t+r q3r T−(k+t)

= 1

f 3
9

Aα+1,t∑
k=
⌈

r+2
3

⌉ x2α+1,kq3k+3t+3r f 12k+3t
9

f 12k+12t
3
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= 1

f 3
9

Aα+1,t∑
k=1

x2α+1,kq3k+3t+3r f 12k+3t
9

f 12k+12t
3

. (2.23)

The last equality holds since k = ⌈ r+2
3

⌉ = 1 for r = 0, 1. Dividing by q3t+3r from both sides of (2.23) and
replacing q3 by q, we have

∞∑
n=0

p−(9t+3)

(
32α+1n + (5− t)× 32α+1 + 3t + 1

8

)
qn+1 = 1

f 3
3

Aα+1,t∑
k=1

x2α+1,kqk f 12k+3t
3

f 12k+12t
1

,

which implies (2.17) holds for α + 1. This completes the proof of Theorem 2.1 by induction. ��

2.2 Dissection formulas for p−(9t+6)(n) when t ∈ {3r, 3r + 1, 3r + 2}, r = 0.

We study the case k = 9t + 6 for partition p−k(n), we have

∞∑
n=0

p−(9t+6)(n)qn = 1

f 9t+6
1

. (2.24)

We need the following Lemmas to establish dissection formulas for p−(9t+6)(n) when t ∈ {3r, 3r+1, 3r+2},
r = 0.

Lemma 2.5 We define an infinite matrix Y = (yα, j )α, j≥1 as follows.
For α = 1, t ≥ 0,

y1, j =
{

m3t+2, j+t , if j ≤ 2t + 2,

0, if j > 2t + 2.
(2.25)

For α ≥ 1, t ∈ {3r, 3r + 1, 3r + 2}, r = 0,

yα+1, j =
{∑∞

i=1 yα,i m4i+4t,i+ j+t+r , if α is odd,∑∞
i=1 yα,i m4i+3t+4r+2,i+ j+t+r , if α is even,

(2.26)

and using the properties of m j,k and induction, we have

yα, j = 0 i f

{
j > 3α+2−11

8 · t + 3α+1−1
4 , α is odd,

j > 3α+2−9
8 · t + 3α+1−4r−3

4 , α is even.

Lemma 2.6 For any integer n ≥ 0, and t ∈ {3r, 3r + 1, 3r + 2}, r = 0, we have

∞∑
n=0

p−(9t+6)(3n + 1)qn+1 = 1

f 6
3

2t+2∑
j=1

y1, j q
j f 12 j+3t

3

f 12 j+12t
1

, (2.27)

∞∑
n=0

p−(9t+6)(9n − 3t + 9r + 7)qn+1 =
9t−r+6∑

j=1

y2, j q
j f 12 j+12r

3

f 12 j+9t+12r+6
1

. (2.28)

Proof Multiplying (2.24) by q3t+2, applying the operator H and using Lemma 2.2, we have

∞∑
n=0

p−(9t+6)(3n + 1)q3n+3t+3 = 1

f 9t+6
9

H

(
1

ζ 3t+2

)

= 1

f 9t+6
9

2t+2∑
k=1

m3t+2,k+t T
−(k+t)

= 1

f 6
9

2t+2∑
k=1

y1,kq3k+3t f 12k+3t
9

f 12k+12t
3

. (2.29)
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Congruences modulo powers of 3 for k-colored partitions 331

Dividing by q3t from both sides of (2.29) and replacing q3 by q, we get (2.27).
Multiplying (2.27) by q4t and applying the operator H , we have

∞∑
n=0

p−(9t+6)(3(3n − t + 3r + 2)+ 1)q3n+3t+3r+3 = 1

f 9t+6
3

2t+2∑
j=1

y1, j q
3t T j+t H

(
1

ζ 4 j+4t

)
. (2.30)

Substituting (2.15) into (2.30), and using Lemma 2.5, for t ∈ {3r, 3r + 1, 3r + 2}, r = 0, we obtain

∞∑
n=0

p−(9t+6)(9n − 3t + 9r + 7)q3n+3t+3r+3

= 1

f 9t+6
3

2t+2∑
j=1

3 j+3t−r∑
k=
⌈

j+t−3r
3

⌉ y1, j m4 j+4t, j+k+t+r q3t T−(k+r)

= 1

f 9t+6
3

9t−r+6∑
k=
⌈

t−3r+1
3

⌉ y2,kq3k+3t+3r f 12k+12r
9

f 12k+12r
3

=
9t−r+6∑

k=1

y2,kq3k+3t+3r f 12k+12r
9

f 12k+9t+12r+6
3

. (2.31)

Dividing by q3t+3r from both sides of (2.31), and replacing q3 by q, we get (2.28). ��
We generalize (2.28), (2.29) and propose the following Theorem about dissection formulas for p−(9t+6)(n)

where t ∈ {3r, 3r + 1, 3r + 2}, r = 0.

Theorem 2.2 For any integer n ≥ 0, α ≥ 1 and t ∈ {3r, 3r + 1, 3r + 2}, r = 0, we have

∞∑
n=0

p−(9t+6)

(
32α−1n + (2− t)× 32α−1 + 3t + 2

8

)
qn+1 = 1

f 6
3

Cα,t∑
j=1

y2α−1, j q
j f 12 j+3t

3

f 12 j+12t
1

, (2.32)

∞∑
n=0

p−(9t+6)

(
32αn + (8r − 3t + 6)× 32α + 3t + 2

8

)
qn+1 =

Dα,t∑
j=1

y2α, j q
j f 12 j+12r

3

f 12 j+9t+12r+6
1

, (2.33)

where

Cα,t := 32α+1 − 11

8
· t + 32α − 1

4
, and Dα,t := 32α+2 − 9

8
· t + 32α+1 − 4r − 3

4
.

Proof From (2.27) and (2.28), we find that (2.32) and (2.33) hold for α = 1. Suppose (2.32) holds for some
α ≥ 1. Multiplying (2.32) by q4t and applying the operator H , we have

∞∑
n=0

p−(9t+6)

(
32α−1(3n − t + 3r + 2)+ (2− t)× 32α−1 + 3t + 2

8

)
q3n+3t+3r+3

= 1

f 9t+6
3

Cα,t∑
j=1

y2α−1, j q
3t T j+t H

(
1

ζ 4 j+4t

)
. (2.34)

Substituting (2.15) into (2.34), by Lemma 2.5, for t ∈ {3r, 3r + 1, 3r + 2}, r = 0, we obtain

∞∑
n=0

p−(9t+6)

(
32αn + (8r − 3t + 6)× 32α + 3t + 2

8

)
q3n+3t+3r+3

= 1

f 9t+6
3

Cα,t∑
j=1

3 j+3t−r∑
k=
⌈

j+t−3r
3

⌉ y2α−1, j m4 j+4t, j+k+t+r q3t T−(k+r)
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=
Dα,t∑
k=1

y2α,kq3k+3t+3r f 12k+12r
9

f 12k+9t+12r+6
3

. (2.35)

Dividing by q3t+3r from both sides of (2.35) and replacing q3 by q, we get (2.33).
Suppose (2.33) holds for α ≥ 1. Multiplying (2.33) by q3t+4r+2 and applying the operator H , we have

∞∑
n=0

p−(9t+6)

(
32α(3n − r)+ (8r − 3t + 6)× 32α + 3t + 2

8

)
q3n+3t+3r+3

= 1

f 9t+6
9

Dα,t∑
j=1

y2α, j q
3r T j+r H

(
1

ζ 4 j+3t+4r+2

)
. (2.36)

By Lemma 2.2, we find

H

(
1

ζ 4 j+3t+4r+2

)
=

4 j+3t+4r+2∑
k=
⌈

4 j+3t+4r+2
3

⌉m4 j+3t+4r+2,k T−k

=
3 j+2t+3r+2∑
k=
⌈

j+r+2
3

⌉ m4 j+3t+4r+2, j+k+t+r T−( j+k+t+r). (2.37)

Combining (2.36) and (2.37), in view of Lemma 2.5, we obtain for r = 0,

∞∑
n=0

p−(9t+6)

(
32α+1n + (2− t)× 32α+1 + 3t + 2

8

)
q3n+3t+3r+3

= 1

f 9t+6
9

Dα,t∑
j=1

3 j+2t+3r+2∑
k=
⌈

j+r+2
3

⌉ y2α, j m4 j+3t+4r+2, j+k+t+r q3r T−(k+t)

= 1

f 6
9

Cα+1,t∑
k=1

y2α+1,kq3k+3t+3r f 12k+3t
9

f 12k+12t
3

. (2.38)

Dividing by q3t+3r from both sides of (2.38) and replacing q3 by q, we get

∞∑
n=0

p−(9t+6)

(
32α+1n + (2− t)× 32α+1 + 3t + 2

8

)
qn+1 = 1

f 6
3

Cα+1,t∑
k=1

y2α+1,kqk f 12k+3t
3

f 12k+12t
1

,

which is the case α + 1 of (2.32). This completes the proof of Theorem 2.2 by induction. ��

3 Congruences for partitions p−(9t+3)(n) and p−(9t+6)(n)

In this section, we shall prove some Theorems about congruences modulo powers of 3 for p−(9t+3)(n) and
p−(9t+6)(n) shown in Tables 1-2 by using two Theorems in the former section and the following Lemmas.

By the binomial theorem, for any positive integer k and any prime p,

f pk

1 ≡ f pk−1

p (mod pk). (3.1)

For any integer n ≥ 0, let ν3(n) be the highest power of 3 which divides n. Note that ν3(0) = +∞. We need
the following Lemma to estimate ν3(m j,k), ν3(xα, j ) and ν3(yα, j ).
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Lemma 3.1 [1, Eq.(4.1)] For any integer j, k ≥ 1, we have

ν3(m j,k) ≥
⌊

9k − 3 j − 1

2

⌋
. (3.2)

We consider the arithmetic properties of the coefficients of dissection formulas in Theorem 2.1 and 2.2.
In particular, for partitions p−(9t+3)(n) and p−(9t+6)(n), t ≥ 0, with the aid of computer programs in the
Appendix, we can obtain the corresponding matrix N = (ν3(xα, j ))α, j≥1 or T = (ν3(yα, j ))α, j≥1 for each
partition. Furthermore, combining with Lemma 3.1, we prove the corresponding Lemma for each partition as
shown in Tables 3-4.

As shown in Table 5, we classify Lemmas in Tables 3-4 into three typical cases and give three representative
examples to show the proof of Lemmas and Theorems about them.

First, we point that the congruence properties of partition p−(9t+3)(n) for t = 0 had been studied by
Hirschhorn [9]. Setting r = 0, t = 0 in Theorem 2.1, we can obtain some dissection formulas for p−3(n).
Moreover, we can prove congruences for it by using (4.2) and (4.3) in [9].
Case 1:
We take the partition p−(9t+3)(n) when t = 1 as an example to show the proof of Lemma 3.2 and Theorem 1.1.

Table 3 Lemmas for p−(9t+3)(n) when t ∈ {0, 1, 2, 3, 4, 5}

t For any integer j, k ≥ 1, we have

t = 0 See (4.2) and (4.3) in [9].
t = 1 Lemma 3.2

ν3(x j,k) ≥ j + 1+ ⌊ 9k−9
2

⌋
. (3.3)

t = 2 Lemma 3.3
ν3(x2 j−1,k) ≥ j + 1+ ⌊ 9k−9

2

⌋
, k ≥ 1. (3.4)

ν3(x2 j,k) ≥
{

j + 1, k = 1,

j + 1+ ⌊ 9k−10
2

⌋
, k ≥ 2.

(3.5)

t = 3 Lemma 3.4

ν3(x2 j−1,k) ≥
{

2 j, k = 1,

2 j + ⌊ 9k−10
2

⌋
, k ≥ 2.

(3.6)

ν3(x2 j,k) ≥ 2 j + 2+ ⌊ 9k−9
2

⌋
, k ≥ 1. (3.7)

t = 4 Lemma 3.5

ν3(x2 j−1,k) ≥
{

j + 1, k = 1,

j + 1+ ⌊ 9k−10
2

⌋
, k ≥ 2.

(3.8)

ν3(x2 j,k) ≥ j + 2+ ⌊ 9k−9
2

⌋
, k ≥ 1. (3.9)

t = 5 Lemma 3.6

ν3(x j,k) ≥
{

2, k = 1,

2+ ⌊ 9k−10
2

⌋
, k ≥ 2.

(3.10)

Table 4 Lemmas for p−(9t+6)(n) when t ∈ {0, 1, 2}

t For any integer j, k ≥ 1, we have

t = 0 Lemma 3.7

ν3(y2 j−1,k) ≥
{

2 j − 1, k = 1,

2 j − 1+ ⌊ 9k−10
2

⌋
, k ≥ 2.

(3.11)

ν3(y2 j,k) ≥ 2 j + 1+ ⌊ 9k−9
2

⌋
, k ≥ 1. (3.12)

t = 1 Lemma 3.8

ν3(y2 j−1,k) ≥
{

j, k = 1,

j + ⌊ 9k−10
2

⌋
, k ≥ 2.

(3.13)

ν3(y2 j,k) ≥ j + 1+ ⌊ 9k−9
2

⌋
, k ≥ 1. (3.14)

t = 2 Lemma 3.9

ν3(y j,k) ≥
{

1, k = 1,

1+ ⌊ 9k−10
2

⌋
, k ≥ 2.

(3.15)
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Table 5 Lemmas Classification Table

Three typical cases of Lemmas For partition p−(9t+3)(n) For partition p−(9t+6)(n)

Case 1: eg. Lemma 3.2 t = 1
Case 2: eg. Lemma 3.3 t = 2, 3, 4 t = 0, 1
Case 3: eg. Lemma 3.6 t = 5 t = 2

Proof of Theorem 1.1. Setting r = 0, t = 1 in Theorem 2.1, we find that p−12(n) satisfies the following
dissection formula. For any integer n ≥ 0 and α ≥ 1,

∞∑
n=0

p−12

(
3αn + 3α + 1

2

)
qn+1 =

∞∑
j=1

xα, j q
j f 12 j

3

f 12 j+12
1

. (3.3)

With the help of computer programs in the Appendix, for r = 0, t = 1, we obtain the first seven rows of
N = (ν3(xα, j ))α, j≥1 as follows. ⎛

⎜⎜⎜⎜⎜⎜⎜⎝

2 7 11∞∞∞∞ · · ·
3 8 12 16 21 25 34 · · ·
4 9 13 17 22 26 35 · · ·
5 10 14 18 23 27 36 · · ·
6 11 15 19 24 28 37 · · ·
7 12 16 20 25 29 38 · · ·
8 13 17 21 26 30 39 · · ·

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(3.4)

Now, we give the proof of Lemma 3.2. From matrix (3.4), we find (3.3) holds for j = 1. Assume that (3.3)
holds for some j ≥ 1. By the definition of xα, j in Lemma 2.3 and Lemma 3.1, we have

ν3(x j+1,k) = ν3

( ∞∑
i=1

x j,i m4i+4,i+k+1

)

≥ ν3(x j,1)+ ν3(m8,k+2)

≥ j + 1+
⌊

9k − 7

2

⌋

≥ j + 2+
⌊

9k − 9

2

⌋
,

which implies (3.3) holds for j + 1. This completes the proof of Lemma 3.2 by induction.
By (3.3), since ν3(xα,1) ≥ α + 1, we obtain (1.5). Moreover, using (3.1), we get

∞∑
n=0

p−12

(
3αn + 3α + 1

2

)
qn ≡ xα,1 f 4

3 (mod 3α+2), (3.5)

which implies (1.6). This completes the proof of Theorem 1.1. ��
Case 2:
In this case, we take the partition p−(9t+3)(n) when t = 2 as an example to show the proof of Lemma 3.3 and
Theorem 1.2 about congruences for it.
Proof of Theorem 1.2. Let r = 0, t = 2 in Theorem 2.1. The partition p−21(n) satisfies the following dissection
formulas. For any integer n ≥ 0 and α ≥ 1,

∞∑
n=0

p−21

(
32α−1n + 32α + 7

8

)
qn+1 =

Aα,2∑
j=1

x2α−1, j q
j f 12 j+3

3

f 12 j+24
1

, (3.6)

∞∑
n=0

p−21

(
32αn + 32α + 7

8

)
qn+1 =

Bα,2∑
j=1

x2α, j q
j f 12 j

3

f 12 j+21
1

. (3.7)
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With the aid of computer programs in the Appendix, for r = 0, t = 2, we obtain the first seven rows of
N = (ν3(xα, j ))α, j≥1 as follows. ⎛

⎜⎜⎜⎜⎜⎜⎜⎝

2 8 11 16 20∞∞ · · ·
2 7 10 17 20 27 29 · · ·
3 7 12 17 21 25 30 · · ·
3 8 11 18 21 30 30 · · ·
4 8 13 18 22 26 31 · · ·
4 9 12 19 22 31 31 · · ·
5 9 14 19 23 27 32 · · ·

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(3.8)

Now, we prove Lemma 3.3 by induction. It follows from (3.8) that (3.4) and (3.5) hold for j = 1. Assume
that (3.4) holds for some j ≥ 1. According to the definition of xα, j in Lemma 2.3 and properties (1), (3) of m j,k ,
we consider k = 1 of (3.5),

ν3(x2 j,1) = ν3

( ∞∑
i=1

x2 j−1,i m4i+8,i+3

)
= ν3(x2 j−1,1m12,4) = ν3(x2 j−1,1) ≥ j + 1.

For k ≥ 2, we have

ν3(x2 j,k) = ν3

( ∞∑
i=1

x2 j−1,i m4i+8,i+k+2

)

≥ ν3(x2 j−1,1)+ ν3(m12,k+3)

≥ j + 1+
⌊

9k − 10

2

⌋
.

This shows that if (3.4) holds for some j then (3.5) also holds for that j .
Now, suppose (3.5) holds for some j ≥ 1. According to Lemma 2.3 and Lemma 3.1, we get

ν3(x2 j+1,k) = ν3

( ∞∑
i=1

x2 j,i m4i+7,i+k+2

)

≥ ν3(x2 j,1)+ ν3(m11,k+3)

≥ j + 1+
⌊

9k − 7

2

⌋

≥ j + 2+
⌊

9k − 9

2

⌋
.

This shows (3.4) holds for j + 1. This completes the proof of Lemma 3.3.
By (3.6), since ν3(x2α−1,1) ≥ α + 1, we have (1.7). Moreover, in view of (3.1), we get

∞∑
n=0

p−21

(
32α−1n + 32α + 7

8

)
qn ≡ x2α−1,1 f 3

3 (mod 3α+3), (3.9)

which implies (1.8).
By (3.7), since ν3(x2α,1) ≥ α + 1, we get (1.9). Furthermore, utilizing (3.1), we have

∞∑
n=0

p−21

(
32αn + 32α + 7

8

)
qn ≡ x2α,1 f3 (mod 3α+2), (3.10)

which implies (1.10). This completes the proof of Theorem 1.2.
As shown in Table 5, the cases of p−(9t+3)(n), t = 3, 4 and p−(9t+6)(n), t = 0, 1 are similar to p−(9t+3)(n),

t = 2. So we omit proof details of Theorems 1.3, 1.4, 1.6 and 1.7. ��
Case 3:
In this case, we prove Lemma 3.6 and Theorem 1.5 for p−(9t+3)(n) when t = 5.
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Proof of Theorem 1.5. Let r = 1, t = 5 in Theorem 2.1. The partition p−48(n) satisfies the following dissection
formula. For any integer n ≥ 0 and α ≥ 1,

∞∑
n=0

p−48
(
3αn + 2

)
qn+1 =

∞∑
j=1

xα, j q
j f 12 j+12

3

f 12 j+60
1

. (3.11)

With the aid of computer programs in the Appendix, for r = 1, t = 5, we obtain the first seven rows of
N = (ν3(xα, j ))α, j≥1 as follows. ⎛

⎜⎜⎜⎜⎜⎜⎜⎝

2 8 11 16 21 28 29 · · ·
2 9 12 17 20 27 29 · · ·
2 9 12 17 20 27 29 · · ·
2 9 12 17 20 27 29 · · ·
2 9 12 17 20 27 29 · · ·
2 9 12 17 20 27 29 · · ·
2 9 12 17 20 27 29 · · ·

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(3.12)

We offer the proof of Lemma 3.6 by induction. Combining the above matrix, we find (3.10) holds for j = 1.
Suppose (3.10) also holds for some j ≥ 1. According to the definition of xα, j in Lemma 2.3 and properties (1),
(3) of m j,k , we consider k = 1 of (3.10),

ν3(x j+1,1) = ν3

( ∞∑
i=1

x j,i m4i+20,i+7

)
= ν3(x j,1m24,8) = ν3(x j,1) ≥ 2.

For k ≥ 2, we find

ν3(x j+1,k) = ν3

( ∞∑
i=1

x j,i m4i+20,i+k+6

)

≥ ν3(x j,1)+ ν3(m24,k+7)

≥ 2+
⌊

9k − 10

2

⌋
,

which implies (3.10) holds for j + 1. This completes the proof of Lemma 3.6.
By (3.11), since ν3(xα,1) ≥ 2, we obtain (1.18). Furthermore, utilizing (3.1), we get

∞∑
n=0

p−48
(
3αn + 2

)
qn ≡ xα,1 (mod 34), (3.13)

which implies (1.19). This completes the proof of Theorem 1.5.
As shown in Table 5, we classify the case of partition p−(9t+6)(n) when t = 2 into Case 3, and we omit the

details of the proof of Theorem 1.8. ��

4 Conclusions

As shown in the proof of Theorem 2.1 and Theorem 2.2, one of the most important tools is Lemma 2.2.
Theoretically, by Lemma 2.2, we could limit the values of t, r to obtain more results about dissection formulas
for p−(9t+3)(n) and p−(9t+6)(n) for other cases of t, r . Furthermore, we could establish congruences for these
partitions.

For partition p−(9t+3)(n), we propose the following two cases for further study.

1. t ∈ {3r, 3r + 1}, for r = 2, 3, 4.
2. t ∈ {3r}, for r = 5, 6, 7.

Similarly, for partition p−(9t+6)(n), we consider the following cases.

1. t ∈ {3r, 3r + 1}, for r = 1, 2, 3.
2. t ∈ {3r}, for r = 4, 5, 6.
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Appendix

We obtain the matrix N = (ν3(xα, j ))α, j≥1 for p−(9t+3)(n) or T = (ν3(yα, j ))α, j≥1 for p−(9t+6)(n) for some
t ≥ 0 by Maple. For example, for partition p−(9t+3)(n) when t = 1, we obtain matrix (3.4) by conducting the
following computer programs.
with(linalg);
h0 := 1: h1 := −3: h2 := 9:
gena :=proc(h, m, T ) # Calculate H( 1

ζ j ), j = 1..m.
local n, ls, i ;

n := nops(h);
ls := [seq(h[n − i + 1], i = 1..n)];
for i from 1 to m do

ls :=
[
op(ls), expand

(
ls[i]·1+ls[i+1]·9+ls[i+2]·27

T

)]
;

od:
return([seq(ls[i], i = 4..m + 3)]);
end proc:
pow :=proc(n, p) # Calculate νp(n).
local i, t ;

if n = 0 then
return(infinity);

fi;
i := 0; t := n;
while (mod (t, p) = 0) do

i := i + 1; t := t
p ;

od:
return(i);
end proc:
# Calculate vector s1=(x1,1, x1,2, · · · ), where x1, j := mat+b, j+t , j = 1..(a − 1) · t + b.
M := proc(h, T, ab)

local a, t, b, ls, A;
a := ab[1]; t := ab[2]; b := ab[3];
ls := gena(h, a · t + b, T );
A := [seq(coe f f (ls[a · t + b], T,−( j + t)), j = 1..(a − 1) · t + b)];

end proc:
s1 := M([h0, h1, h2], T, [3, 1, 1]):
Mmat := proc(h, s, T, ab) # Calculate matrix mc·i+d·t+e·r+l,i+ j+t+r .
local m, c, d, t, e, r, l, ls, A;

m := nops(s);
c := ab[1]; d := ab[2]; t := ab[3]; e := ab[4]; r := ab[5]; l := ab[6];
ls := gena(h, c · (m + 10), T );
A := matri x([seq([seq(coe f f (ls[c · i + d · t + e · r + l], T,−(i + j + t + r)), j = 1..15)], i = 1..m)]);

end proc:

# Multiplication of vectors and matrices. (By the definition of xα, j in Lemma 2.3).
# U1: α is odd←→ the matrix mc1·i+d1·t+e1·r+l1,i+ j+t+r ←→ [c1, d1, t, e1, r, l1].
# U2: α is even←→ the matrix mc2·i+d2·t+e2·r+l2,i+ j+t+r ←→ [c2, d2, t, e2, r, l2].
U1 :=proc(x)

local n, u;
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n := nops(x);
u := evalm([seq(x[i], i = 1..n)]& ∗ Mmat ([h0, h1, h2], x, T, [4, 4, 1, 0, 0, 0]));

end proc:
U2 :=proc(x)

local n, u;
n := nops(x);
u := evalm([seq(x[i], i = 1..n)]& ∗ Mmat ([h0, h1, h2], x, T, [4, 3, 1, 4, 0, 1]));

end proc:
S := proc(s, m) # Calculate the first 2m + 1 rows of matrix N = (ν3(xα, j ))α, j≥1.
local z, i, j ;

z[1] := s;
for i from 1 to m do

z[2i] := convert (U1(z[2i − 1]), ‘ list ‘ ):
z[2i + 1] := convert (U2(z[2i]), ‘ list ‘ ):

od:
for i from 1 to 2m + 1 do

for j from 1 to nops(z[i]) do
z[i][ j] := pow(z[i][ j], 3):

od:
od:

return matri x([seq([seq(z[i][ j], j = 1..min(2m + 1, nops(z[i]))), in f ini t y$(2m + 1 − nops(z[i]))], i =
1..2m + 1)]);
end proc:
S(s1, 3); ��
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