Indian J Pure Appl Math (2025) 56:324-338
https://doi.org/10.1007/s13226-023-00483-2

ORIGINAL RESEARCH

Congruences modulo powers of 3 for k-colored partitions

Xin-Qi Wen®

Received: 10 May 2022 / Accepted: 14 August 2023 / Published online: 28 August 2023
© The Indian National Science Academy 2023

Abstract We study congruence properties of k-colored partition p_j (n) whenk = 9¢+3 and k = 97+ 6 for some
integers t > 0. In particular, we establish some dissection formulas for p_(9,43y(n) whent € {3r, 3r 41, 3r -2},
r =0, 1, and for p_(9;y6)(n) where t € {3r,3r +-1, 3r +2},r = 0. Furthermore, we prove some infinite families
of congruences modulo powers of 3 for them. For example, for partition p_(9;43)(n) when t = 1, we prove that
for any integern > O and o > 1,

3 4]
P_1n (3% + + ) =0 (mod 3*th,
and
5% 3% 4]
P <3°‘+1n + %) =0 (mod 3%2).
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1 Introduction

A partition of a positive integer # is a nonincreasing sequence of positive integers whose sum is . For convenience,
we use the following notation.

(@; Qoo = [ [(1 —ag™, and fi = (¢"; ¢")oo.
n=0

A partition is called a k-colored partition if each part can appear as k colors. Let p_j(n) enumerate the
number of k-colored partitions of n, which satisfies

ad 1
Y g = s (1.1)
n=0 1
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Congruences modulo powers of 3 for k-colored partitions 325

A number of congruences modulo powers of 2, 5, 7 and 11 enjoyed by partition p_(n) have been found in
[2-8,11-14].
Recently, Hirschhorn [9] studied arithmetic properties of partition p_3(n) and proved an identity which is

9. <6

analogous to Ramanujan’s “most beautiful identity” as follows.

o0 f9
> paBn+2)q" = 9f—f2. (1.2)
J1

n=0

He also established some infinite families of congruences modulo high powers of 3 for p_3(n) by using the
Jacobi’s identity. For example, for any integer n > O and o > 1,

5 32a+1 1
b (32“+1n + %) =0 (mod 3%*2), (1.3)
and
7 32a+2 1
p_3 (32‘”2;1 n X8—+) =0 (mod 334, (1.4)

We mainly study congruence properties of p_(9;43)(n) and p_(9;+6)(n) modulo powers of 3 for some
integers ¢ > 0. Firstly, we propose two Theorems about some dissection formulas for partitions p_9,3)(n) and
DP—9:+6) (n). Furthermore, based on these dissection formulas, we prove some infinite families of congruences
modulo powers of 3 for them.

In particular, for partition p_(9,43y(n) where t € {3r,3r 4+ 1,3r + 2}, r = 0, 1, we prove the following
congruences modulo powers of 3 for them shown in Table 1.

In Table 2, we establish some infinite families of congruences modulo powers of 3 for p_(9;+6)(n) when
te{3r,3r+1,3r+2},r =0.

Table 1 Theorems about congruences for p_(9;43)(n) whent € {0, 1,2, 3,4, 5}

t For any integer n > 0 and o > 1, we have
=0 See congruences (1.4)-(1.7) in [9].
=1 Theorem 1.1
o1 (3% + 327“) =0 (mod 3*1), (1.5)
prz 35+ + 255 = 0 (mod 3972), (1.6)
t=2 Theorem 1.2
par (3% 4+ F2) =0 (mod 3+, (1.7)
poot (320 + W) =0 (mod 3°*3), k=1,2, (1.8)
pan (3%n + FHT) =0 (mod 34+, (1.9)
p_oi 32041, + 17><382“+7> =0 (mod 3D(+2). (1.10)
t=3 Theorem 1.3
poso (32 'n + 32;&) =0 (mod 32%), (1.11)
pso (3%n + ZXES) = 0 (mod 32+, (1.12)
P30 (320 + %) =0 (mod 32¢+2), (1.13)
P30 (3%Hn + 7(4“3):32&*5) =0 (mod 3%, k=1,2. (1.14)
t=4 Theorem 1.4
psg (3% n 4+ FgHD) = 0 (mod 3+, (1.15)
p_s9 (3%n + w) =0 (mod 3%12), k=12, (1.16)
posg (3% n 4 BRI ) = 0 (mod 3¢+, k=1,2. (1.17)
t=5 Theorem 1.5
P48 (3% +2) =0 (mod 3?), (1.18)
p-4g (3T n +k x 3% +2) =0 (mod 3%), k=1,2. (1.19)
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326 X.-Q. Wen

Table 2 Theorems about congruences for p_(9;46)(n) whent € {0, 1, 2}

t For any integer n > 0 and @ > 1, we have
=0 Theorem 1.6
pos (32"‘_171 + *Z;ﬁ) =0 (mod 32~1), (1.20)
poo (Fn + 2 ) = 0 (mod 3, (1.21)
p_s (3%n + ‘zjﬁ) =0 (mod 32+1), (1.22)
P—s (32°‘+1n + 7(4“3);3‘“*‘) =0 (mod 3*%3), k=1,2. (1.23)
t=1 Theorem 1.7
pois (3270 4+ Z55) = 0 (mod 39, (1.24)
pois (3%n + W) =0 (mod 3*+), k=1,2, (1.25)
pors (3210 4 BHRSTIS) = 0 (mod 34+, k=12, (1.26)
t=2 Theorem 1.8
P2 3%n+1) =0 (mod 3), (1.27)
P24 (3 n+k x3%+1) =0 (mod 3%), k=1,2. (1.28)

This paper is organized as follows. In Section 2, we establish some dissection formulas for partitions
P—©9:+3)(n) and p_(9;46)(n) for some ¢ > 0 by proposing some important Lemmas. In Section 3, with the
aid of computer programs in the Appendix, we use some key Lemmas to complete the proof of Theorems
1.1-1.8. In Section 4, we consider more cases of the values of ¢, r for further study. In the Appendix, we show
the computer programs which are used in this paper.

2 Preliminaries

Following Hirschhorn [10], we introduce an operator H, which operates on a series by extracting those terms in
which the power of ¢ is a multiple of 3. That is

(o9} o0
H (Z anq") =2 g™ @.1)
n=0 n=0

We need the following Lemma which was proved by Hirschhorn [9].

Lemma 2.1 /9, Eq.(2.23)] For any integer j > 1,

1 ad ~
H (E) = muTk, (2.2)

where

The coefficients m j x in (2.2) form a matrix M = (m; ;) jk>1. As shown in [9], the first three rows of M are
given by

32 000000---
2:3300000--- (2.3)
1 3°320000---
andfor j >4, m;; =0,and k > 2,
mjx=2Tmj_1 -1 +9m;_ox—1+mj_3j_1. 2.4

By induction, it follows that
()mjy =0, for j > 3k.
2)mjr=0,fork > j.
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Congruences modulo powers of 3 for k-colored partitions 327

3)mjx =1,for j = 3k.
Based on Lemma 2.1 and properties (1), (2), we propose the following Lemma which is the main ingredient
for proof of our results.

Lemma 2.2 For any integer j > 1, we have

1 / i
H (;_J) = Z mj T . (2.5)
i
Remark. According to the form of subscript k in (2.5), we can segment the values of j and conduct further
research.

2.1 Dissection formulas for p_9;43)(n) where t € {3r,3r +1,3r +2},r =0, 1.

Considering the case k = 9t + 3 for partition p_x(n), we have

- 1
ZP—(9:+3)(")61" = 3 (2.6)
n=0 fl

Fort € {3r,3r +1,3r 4+ 2}, r =0, 1, we shall establish some dissection formulas for p_(9,;+3)(n) by using
the following Lemmas.

Lemma 2.3 We define an infinite matrix X = (xq, j)q, j>1 as follows.
Fora=1,t>0,

_matr e i <2642,
M= {0, ifj>2t+2. (2.7

Fora > 1,1t € {3r,3r +1,3r + 2}, r =0, 1,

o . .

, D it X iM4i 4 41,i+j 147 if o is odd, o

Xap1 = { &igh e ST (2.8)
D e 1 XouiMai+3t4+4r+1,i+j+1+r> If @ is even,

and using the properties of m ;. and induction, we obtain

3a+2_]1 3ot+1_1

Jj > -t + , o is odd,
Xo,j =0 i o it
@ f{]>g+8—9.t+3+1_88r_3, o is even.
Lemma 2.4 For any integern > 0, and t € {3r,3r + 1,3r + 2}, r =0, 1, we have
2t+1 12/+3t
Zp O3 (3n +2)¢" ! = 7 Z x1.5q’ uﬁm, (2.9)
n=0 j=
oo 9t—r+3 f12/+12r
1
Zp_(9[+3)(9l’l —3t+9r + 8)qn+ = Z X2, jq m (210)

n=0
Proof Multiplying (2.6) by ¢3'*! and applying the operator H on the resulting expression, we have

oo
1 1
3n+3t+3 _
> P43 (Bn +2)g" f9’+3H<W)' (2.11)
n=0

By Lemma 2.2, we obtain

3141 241
a (§3z+1) Z m3rp1 kT Z m3gr gt T~ 6D (2.12)
e

Substituting (2.12) into (2.11), we get
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328 X.-Q. Wen

o]

Z P43 (3n + 2)g> I3
n=0
1 21+1

f9r+3 Z Mgtk T~

241 fles
k43t
3 Z X1.kq f12k+12t (2.13)

Dividing by ¢ from both sides of (2.13) and replacing ¢> by ¢, we get (2.9).
Multiplying (2.9) by ¢* and applying the operator H, we have

o0 2t+1
1 1
> poor43)(BBn — 1+ 3r +2) +2)g I = Z x1,¢2 T/ H (W (2.14)

9t+3
n=0 f j=

N———"

In view of Lemma 2.2, we have

1 4j+4t 3j+3t—r
—k —(j+k
" (W) - Z majyar kT " = Z Ma it jrkrpr T~ HHAD, (2.15)

5] s

Combining (2.14) and (2.15), using Lemma 2.3, we obtain

o0
Z p7(9t+3) (9]1 _ 3t + 9,, + 8)q3n+3t+3r+3
n=0

2t4+1 3j+3t—r

3t p—(k+r

f91+3 Z Z X1, jmajsar, jrkrrrrq T8
1 +1-3
Jj= kﬁ’VJ . r-‘

1 91—r+3 f12k+12r
Z o 1 K33
f9z+3 2.k4 R

3

t=3r+1
3

9t—r+3 f12k+12r

343143
D X2 12k+0r+12r+3 ° (2.16)
k=1 /3

The last equality holds since k = [#1 = 1whent € {3r,3r +1,3r +2},r =0, 1. Dividing (2.16) by

¢33 and replacing ¢> by ¢, we get (2.10). i
We generalize (2.9), (2.10) and present the following Theorem.

Theorem 2.1 For any integern >0, o > landt € {3r,3r + 1,3r + 2}, r =0, 1, we have

00 2a—1 Aa,t 12]+3t
2a—1 5—1)x3 +3r+1

Y oy (3 “n+ g q"! 7 ZXZa 1jq’ 12!+12,, (2.17)

n=0 3 j=1
© 2a 12j+12r

) @r —3t+7) x 3 +3t+1 f3
Y P (3 “n+ s q"" Z’Qa ja’ PR (2.18)
n=0
where
32a+1 —11 32(1 —1 32a+2 —9 320t+1 —8 —3
Ag, = 3 e and By, := : 4 .
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Congruences modulo powers of 3 for k-colored partitions 329

Proof 1t follows from (2.9) and (2.10) that (2.17) and (2.18) hold for « = 1. Assume (2.17) holds for some
o > 1. Multiplying (2.17) by ¢*' and applying the operator H, we have

5—1)x3% 4341
ZP*(%H) (32“_1(311 —t+3r+2)+ ( ) X g
n=0

Aa,t

. 1
3t +t
9t+3 sza Lig T/ H <§4j+4[) . (2.19)
Jj=

3n+3t+3r+3
)a

The following operations are similar to the proof of (2.10). Therefore, using (2.15), for ¢ € {3r, 3r+1, 3r+2},
r =0, 1, we obtain

o0 2
S poorsn (32an n 8r—3t417) ; 37 43t + 1) g
n=0

Agyr 3j4+3t—r

3t p—(k
9,+3Z > Xt jmajrajikiirrgs 6D
j=1

f k= " Jjtt— 3r—‘
3
Bo,t f12k+12r
_ 3k+3143r
=D Xk 12k+91+12r 13 ° (2.20)
k=1 e

Dividing by ¢**3" from both sides of (2.20) and replacing ¢> by ¢, we get (2.18).
Suppose (2.18) holds for & > 1. Multiplying (2.18) by ¢ T**+! and applying the operator H, we have

8r —3t+7) x 32 43t + 1
8

00
Z P—(9143) (320( BGn—r+1)+

3n+43t+3r+3
)a
n=0

Ba,
1 3t 1
f9[+3 ZXZ(X /q rT] VH (§4j+3t+4r+1) . (221)

In view of Lemma 2.2, we find

! 4j+3t4+4r+1
_ . —k
H <§4j+31+4r+1) = Z m4j+3t+4r+l,kT
k_’>4j+3t+4r+l W
= 3

3j4+2t43r+1

—(j+k+t
= E M4 j4304dr41, jker T~ TR, (2.22)
j4r+1

Combining (2.21) and (2.22), by Lemma 2.3, we obtain

20+1
2o+, (5 —1x3 3041\ 30304343
Z P—(91+3) <3 q
n=0 8

But 3j4+2143r+1

- A . 3rp—(k+1)
_THZ Z X, jI4j 43t +4r+1, j+k+t4rq” T

1 Aat1,e 12k+3t
3k+31+3
— Z X2a41.kq +3t+3r

)

12k+12t
13
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330 X.-Q. Wen

Agi,e 12k+3t
1 3k+31+3r fo

= — X20+1,k9 (2.23)
3 ) 12k+121
f9 k=1 f3 e

The last equality holds since k = [“+2] = 1 for r = 0, 1. Dividing by ¢**+3" from both sides of (2.23) and
replacing ¢ by ¢, we have

00 2041 Ag1,t 12k+3t
5—-1)x3 +3t+1
YRS <32a+1” + 3 ¢! = Z oat1kq" 12k+12t’
n=0
which implies (2.17) holds for « + 1. This completes the proof of Theorem 2.1 by induction. O

2.2 Dissection formulas for p_(9;46)(n) whent € {3r,3r +1,3r +2},r = 0.

We study the case k = 9t + 6 for partition p_j(n), we have

— 1
Y poemq" = —5- (2.24)
n=0 f

‘We need the following Lemmas to establish dissection formulas for p_9;+)(n) whent € {3r, 3r+1, 3r 42},
r=0.
Lemma 2.5 We define an infinite matrix Y = (Yq,j)a, j>1 as follows.

Fora=1,t>0,

| maiyn g, if j <2t 42,
i = {o, if > 242, (2:25)

Fora>1,te€ {3r,3r +1,3r +2}, r =0,

o0 . .
= M 4; i , if a is odd,
Vil = { 2651 Va,iM4i+4t i+ j+t+r f (2.26)

i1 Yor,iM4i+314+4r42,i+j+1+r, If O IS even,

and using the properties of m ;. and induction, we have

at+2 oa+1_ .
. ]>3 “~t—|—34 1, o is odd,

yot,j =0 lf . 3et+2_g 3atl_g4p_3 .
J > g 1+ 7 , o 1Lseven.

Lemma 2.6 For any integern > 0, and t € {3r,3r + 1,3r 4+ 2}, r = 0, we have

00 2142 12]+3z
> ot (Bn+ D"t = 75 Z v1.jq’ mm,, 2.27)
n=0 3 =
[} 9t—r+6 f12/+12r
Z PO = 3t +9r +7)g" ! = Z .54’ f12/+9z+12r+6 (2.28)
n=0

Proof Multiplying (2.24) by ¢*'*2, applying the operator H and using Lemma 2.2, we have

1 1
343143 _
ZP ©46)(3n + g™t f9t+6H <§31+2>
n=0

| U2
(k+1)
f9’+6 Z m3e2, k41T

2t+2 12k+-3t¢

3430 So
6 Z Yi.kq 12k+12t (229
k=1
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Dividing by ¢ from both sides of (2.29) and replacing ¢> by ¢, we get (2.27).
Multiplying (2.27) by ¢*' and applying the operator H, we have

00 2142

1 1
> o6 BB — 1+ 3 +2) + g I = T Z v T H <—§4 Mt) . (230)
n=0 j=

Substituting (2.15) into (2.30), and using Lemma 2.5, for t € {3r, 3r + 1, 3r 4+ 2}, r = 0, we obtain

o0
Z P—(91+6) (97’1 —3t4+9r + 7)q3n+3t+3r+3
n=0

2t+2 3j43t—r

9z+6 Z Z Y1, jM4j 4t j+k+t+rg
+1—3,
j= k ’71 . r—‘
1 d—r+6 flerizr
Z 3k+31+3r
9146 Y2.kq T
f 1

1=3r+l
3

3t Tf(k+r)

9 —r+6 ares f12k+12r
+3r+
D v ' FIRAOITTIG 2.31)
k=1 3
Dividing by ¢>*3" from both sides of (2.31), and replacing ¢> by ¢, we get (2.28). O

We generalize (2.28), (2.29) and propose the following Theorem about dissection formulas for p_(9;46) (1)
where t € {3r,3r +1,3r +2},r =0.

Theorem 2.2 For any integern > 0, o« > l and t € {3r,3r + 1,3r + 2}, r = 0, we have

oo 2a—1 Ca.t 12j+3t
_ 2—-1)x3 +3t+2 1
> Pt (32" 'n + o q" = 76 2 Y G4 S 232)
— 3 j=1 fl
00 20 D 12]+]2r
5 @r—3t4+6) x3°“ +3t+2
Z P-(1+6) (3 “n+ 3 9" Z Y2a, 1‘1 12]+9t+12r+6’ (2.33)
n=0
where
320!+] —11 3201 —1 32a+2 -9 32a+1 —4r —3
Ca’[ = 3 -+ 2 s and Da’[ = 3 -t 4+ 4

Proof From (2.27) and (2.28), we find that (2.32) and (2.33) hold for ¢ = 1. Suppose (2.32) holds for some
a > 1. Multiplying (2.32) by ¢* and applying the operator H, we have

> 20—1
- 2—1t)x3 +3t+2
Z P—(91+6) <32”‘ 'Gn—14+3r4+2)+ ( ) ) PEAAEIEEAE!

n=0 8
1 Ca.t 1
L3ttt
9146 Zna—l,f‘l T'"H (W) : (2.34)
3 j=1

Substituting (2.15) into (2.34), by Lemma 2.5, for r € {3r, 3r + 1, 3r + 2}, r = 0, we obtain

— 2a
8r —3t+6) x 3% +3t+2
Z P—(91+6) <32an + g3

n=0 8
Coyr 3j+3t—r
3t p—(k+r
f9t+6Z Z Yaa—1,jmajiarjrksiirg T~
=l "/+t 3;"
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Das flawzr

_ 3k43143r

=D vk FIRFOFT2HE” (2.35)
k=1 3

Dividing by ¢>*3" from both sides of (2.35) and replacing ¢° by ¢, we get (2.33).
Suppose (2.33) holds for & > 1. Multiplying (2.33) by ¢**#*+2 and applying the operator H, we have

2u
8 —3t+6 3¢ L3+ 2
§ :p—(9t+6) <32a(3n -+ (®r ) ; >q3n+3t+3r+3
n=0

Dot
1 3ot 1
f9t+6 ZyZan "M H (m) (2.36)

By Lemma 2.2, we find

| 4j431+4r42
_ . —k
H (§4j+3t+4r+2) = Z Maj+3par42k T

k| 4it3itArt2
= 3

3j42043r42
—(j+k+t+
= Z M4 j430ar42,jkier T Y ", (2.37)

o 52

Combining (2.36) and (2.37), in view of Lemma 2.5, we obtain for r = 0,

> 20+1
) (2—1) x3*H 43142
P—(91+6) (32a+1n + q3n+3t+3r+3

n=0 8

Dyt 3j+2t4+3r+2
3rgp—(k+t
9116 Z Z V2o, jM4j 430 +4r 42, j+k+i+rq T (k)

f J=1,_ "1+g+2"‘
1 Cot1 f12k+3t
3k+3t+43r
=7 Z Vaat1.kq P (2.38)
= 3

Dividing by ¢>*3" from both sides of (2.38) and replacing ¢> by ¢, we get

0 20+1
2—1t)x3 +3t+2
E P—(91+6) (32‘”1” + ( ) 3
n=0

Cot11 12k+3z
n+1 __
) = 6 Z Vaa+1kq" f12k+12t

which is the case o + 1 of (2.32). This completes the proof of Theorem 2.2 by induction. O

3 Congruences for partitions p_(9;43)(n) and p_(9s46)(n)

In this section, we shall prove some Theorems about congruences modulo powers of 3 for p_(9;43)(n) and
P—9:+6) (n) shown in Tables 1-2 by using two Theorems in the former section and the following Lemmas.
By the binomial theorem, for any positive integer k and any prime p,

= mod ph. 3.1)

For any integer n > 0, let v3(n) be the highest power of 3 which divides n. Note that v3(0) = +00. We need
the following Lemma to estimate v3(m  x), V3(Xe, ;) and v3(yg, ;).
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Congruences modulo powers of 3 for k-colored partitions 333

Lemma 3.1 [/, Eq.(4.1)] For any integer j, k > 1, we have

9%k —3j — 1
TJ 3.2)

v3(mj ) = {

We consider the arithmetic properties of the coefficients of dissection formulas in Theorem 2.1 and 2.2.
In particular, for partitions p_(9;+3)(n) and p_(9;46)(n), t > 0, with the aid of computer programs in the
Appendix, we can obtain the corresponding matrix N = (V3(Xg,j))a,j=1 OF T = (V3(ya,j))a,j>1 for each
partition. Furthermore, combining with Lemma 3.1, we prove the corresponding Lemma for each partition as
shown in Tables 3-4.

As shown in Table 5, we classify Lemmas in Tables 3-4 into three typical cases and give three representative
examples to show the proof of Lemmas and Theorems about them.

First, we point that the congruence properties of partition p_(9;4+3)(n) for + = 0 had been studied by
Hirschhorn [9]. Setting » = 0, r = 0 in Theorem 2.1, we can obtain some dissection formulas for p_3(n).
Moreover, we can prove congruences for it by using (4.2) and (4.3) in [9].

Case 1:
We take the partition p_(9;43)(n) when t = 1 as an example to show the proof of Lemma 3.2 and Theorem 1.1.

Table 3 Lemmas for p_(9,13)(n) whent € {0, 1,2,3,4,5}

t For any integer j, kK > 1, we have
=0 See (4.2) and (4.3) in [9].
t=1 Lemma 3.2
v = j+ 1+ %2, (3.3)
=2 Lemma 3.3
vi(ajr) = j+ 14+ |22, k=1 (3.4)
j+1, k=1,
cr) > 3.5
U3(X2/.k)7 j+1+|_9k;10J7 kZZ ( )
t=3 Lemma 3.4
27, k=1,
; >
U3(X21—],k) = 2j + Lgk;lOJ’ k> 2. (3.6)
v3(x2j) = 2j +24 |22, k=1 3.7)
t=4 Lemma 3.5
J+ 1 k=1,
; >
l)3(x2]—],k) =)j+1+ LngmJ k> (3.8)
vi(j) = j+24+ | 252, k=1 (3.9)
t=5 Lemma 3.6
2, k=1,

Table 4 Lemmas for p_(9;16)(n) whent € {0, 1,2}

t For any integer j, k > 1, we have
t=0 Lemma 3.7
2j—1, k=1,
i > 3.11
U3(yZJ l,k) =l2j—1+ Lgk;loJ k=2 ( )
v3i(ju) = 2j +1+ |22 ], k=1 (3.12)
t=1 Lemma 3.8
Js k=1,
v i > 3.13
3(32j-1.4) = [j+L9k;10J’ k>0, (3.13)
vi(vk) = j+ 1+ [22], k=1 (3.14)
t=2 Lemma 3.9
1, k=1,
U3(yj,k)2 {1+L9k210J, k>2. (3.15)

@ Springer



334 X.-Q. Wen

Table 5 Lemmas Classification Table

Three typical cases of Lemmas For partition p_(9;43)(n) For partition p_(9;46) (1)
Case 1: eg. Lemma 3.2 t=1

Case 2: eg. Lemma 3.3 t=2,3,4 t=0,1

Case 3: eg. Lemma 3.6 t=5 t=2

Proof of Theorem 1.1. Setting » = 0, ¢t = 1 in Theorem 2.1, we find that p_j,(n) satisfies the following
dissection formula. For any integer n > O and o > 1,

12]

30{
Zp 12 <3a” + —) Zx“ ja’ 12]+12 3.3)

n=0

With the help of computer programs in the Appendix, for r = 0, + = 1, we obtain the first seven rows of
N = (13(Xq,j))q, j=1 as follows.
7 11 00 00 00 00 - - -
8 1216212534 --.
9 1317222635 ---
01418232736 --- (3.4)
6111519242837 ---
7121620252938 --.
8131721263039 ---

Now, we give the proof of Lemma 3.2. From matrix (3.4), we find (3.3) holds for j = 1. Assume that (3.3)
holds for some j > 1. By the definition of x, ; in Lemma 2.3 and Lemma 3.1, we have

o0
V3(Xj41.k) = V3 (Z xj,im4i+4,i+k+l>

i=1

2
3
4
51

v

v3(x;j1) + v3(msg k+2)
. 9% —7
>j+1+ | =
. 9% — 9
>j+24+ T ,

which implies (3.3) holds for j + 1. This completes the proof of Lemma 3.2 by induction.
By (3.3), since v3(xq,1) > o + 1, we obtain (1.5). Moreover, using (3.1), we get

> 3¢ 41
> ron (3% +— ) q" =xg1fy (mod 3972), 3.5)
n=0

which implies (1.6). This completes the proof of Theorem 1.1. O

Case 2:

In this case, we take the partition p_(9;+3)(n) when t = 2 as an example to show the proof of Lemma 3.3 and
Theorem 1.2 about congruences for it.

Proof of Theorem 1.2. Letr = 0,7 = 2 in Theorem 2.1. The partition p_,;(n) satisfies the following dissection
formulas. For any integern > O and o« > 1,

() 3 121+3
S poa (32a—1n " ) Z’% Ljq’ 12;+24’ (3.6)
n=0

o] 320( Baz f12j

> pa <32a” + > Z %244’ 12/+21 (.7

n=0
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With the aid of computer programs in the Appendix, for r = 0, t = 2, we obtain the first seven rows of
N = (13(xq,j))a, j=1 as follows.
281116200000 ---
271017202729 ..
371217212530 ---
381118213030 --- (3.8)
481318222631 ---
491219223131 ---
591419232732 --.

Now, we prove Lemma 3.3 by induction. It follows from (3.8) that (3.4) and (3.5) hold for j = 1. Assume
that (3.4) holds for some j > 1. According to the definition of x,, ; in Lemma 2.3 and properties (1), (3) of m  t,
we consider k = 1 of (3.5),

o0
v3(x25,1) =13 (ZX2j—1,im4i+8,i+3> = v3(xzj-1,1m12,4) = v3(x2j-1,1) = j + 1.

i=1

For k > 2, we have

o0
v3(x2jk) = V3 (Z X2j—1,im4i+8,i+k+2)

i=1
> v3(x2j—1,1) + v3(Mm12,k+3)
9%k — IOJ

zj+1+L

This shows that if (3.4) holds for some j then (3.5) also holds for that j.
Now, suppose (3.5) holds for some j > 1. According to Lemma 2.3 and Lemma 3.1, we get

o0
V3(X2j+1,k) = V3 (Z x2j,im4i+7,i+k+2>

i=1
> v3(x2j,1) + va(mi1 x+3)

) 9% —17
>j+1+ 5

) 9% —9
>j+2+ |

This shows (3.4) holds for j 4 1. This completes the proof of Lemma 3.3.
By (3.6), since v3(x2¢—1.1) > o + 1, we have (1.7). Moreover, in view of (3.1), we get

- w1, 34+ 3 3
> pea (3 ) g 1 (moa 398 (39)
n=0

which implies (1.8).
By (3.7), since v3(x2q,1) > o + 1, we get (1.9). Furthermore, utilizing (3.1), we have

= 2 3% 47 2
ZP—ZI (3 “n+ T) q" =x20,1f3 (mod 3*T2), (3.10)
n=0

which implies (1.10). This completes the proof of Theorem 1.2.

As shown in Table 5, the cases of p_(9;43)(n),t = 3,4 and p_(9;46)(n),t = 0, 1 are similar to p_(9;13)(n),
t = 2. So we omit proof details of Theorems 1.3, 1.4, 1.6 and 1.7. O
Case 3:
In this case, we prove Lemma 3.6 and Theorem 1.5 for p_(9;43)(n) whent = 5.
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Proof of Theorem 1.5. Letr = 1,¢ = 5 in Theorem 2.1. The partition p_4g(n) satisfies the following dissection
formula. For any integer n > O and o > 1,

12j+12

5
Zp 18 (3%n+2)¢" = Zxajq P (3.11)
n=0

With the aid of computer programs in the Appendix, for r = 1, ¢ = 5, we obtain the first seven rows of
N = (v3(xq,j))a, j>1 as follows.
281116212829 --.
291217202729 ---
291217202729 ---
291217202729 --- (3.12)
291217202729 ---
291217202729 ---
291217202729 ---

We offer the proof of Lemma 3.6 by induction. Combining the above matrix, we find (3.10) holds for j = 1.
Suppose (3.10) also holds for some j > 1. According to the definition of x, ; in Lemma 2.3 and properties (1),
(3) of m x, we consider k = 1 of (3.10),

o0
v3(Xj41,1) = V3 <Z Xj,im4i+2o,i+7) = v3(xj1m24,8) = v3(xj1) > 2.
i=1

For k > 2, we find

o0
v3(Xjt1,k) = V3 (Z xj,im4i+20,i+k+6>

i=1
> v3(xj1) + v3(ma4 x+7)

9% — 10
>2 ,
> 24| 22|

which implies (3.10) holds for j + 1. This completes the proof of Lemma 3.6.
By (3.11), since v3(xq,1) > 2, we obtain (1.18). Furthermore, utilizing (3.1), we get

o0
Y pas(3“n+2)q" =xo1 (mod 3%, (3.13)
n=0

which implies (1.19). This completes the proof of Theorem 1.5.
As shown in Table 5, we classify the case of partition p_(9;+¢)(n) when ¢ = 2 into Case 3, and we omit the
details of the proof of Theorem 1.8. O

4 Conclusions

As shown in the proof of Theorem 2.1 and Theorem 2.2, one of the most important tools is Lemma 2.2.
Theoretically, by Lemma 2.2, we could limit the values of ¢, r to obtain more results about dissection formulas
for p_(9:+3)(n) and p_(9;46)(n) for other cases of ¢, r. Furthermore, we could establish congruences for these
partitions.

For partition p_(9;43)(n), we propose the following two cases for further study.

1. t € {3r,3r + 1}, forr =2,3,4.
2.t €{3r},forr =5,6,7.

Similarly, for partition p_(9;+6)(n), we consider the following cases.

1. t € {3r,3r + 1}, forr =1, 2, 3.
2. t € {3r},forr =4,5,6.
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Appendix

We obtain the matrix N = (v3(xq,j))a, j>1 for p_43)(n) or T = (v3(ya,j))a,j=1 fOr p_(9;16)(n) for some
t > 0 by Maple. For example, for partition p_(9,43)(n) when ¢ = 1, we obtain matrix (3.4) by conducting the
following computer programs.
with(linalg);
hO:=1:hl:=-3:h2:=9:
gena :=proc(h,m,T) # Calculate H(é),j =1.m.
local n, Is, i;
n := nops(h);
Is :=[seq(hln —i 4+ 1],i = 1..n)];
for i from 1 to m do
Is = [op(ls), expand
od:
return([seq (Is[i], i = 4..m + 3)]);
end proc:
pow :=proc(n, p) # Calculate v, (n).
local i, ¢;
if n = 0 then
return(infinity);
fi;
1:=0;1:=n;
while (mod (¢, p) = 0) do
=it L=
od:
return(i);
end proc:
# Calculate vector s1=(x1,1, X1,2, - - - ), where x1 j := maryp,j11, j = 1..(a — 1) -t + b.
M = proc(h, T, ab)
local a, t, b, s, A;
a :=ab[l1];t := ab[2]; b := ab[3];
ls :=gena(h,a-t+b,T);
A = [seq(coeff(sla-t+b],T,—(j+1),j=1.(a—1)-t+Db)];
end proc:
sl := M([hO, h1, h2], T, [3,1,1]):
Mmat = proc(h,s, T,ab) # Calculate matrix mc.;yq.c+er+i,i+j+i+r-
localm,c,d,t,e,r,1,ls, A;
m = nops(s);
c:=ab[l];d :=ab[2];t :=ab[3]; e := ab[4]; r := ab[5];] := ab[6];
ls == gena(h,c-(m+10),T);
A :=matrix([seq([seq(coeff(s[c-i+d-t+e-r+I],T,—(+j+t+r)),j=1.15]i=1..m)]);
end proc:

(ls[i].1+1s[i+1].9+1s[i+2].27)].
T

bl

# Multiplication of vectors and matrices. (By the definition of x,, ; in Lemma 2.3).
#U1L: ais odd <— the matrix me,.i1dy.14e;riy,itj+e4r < lc1,d1, t, e1, 7, 11].
# U2: o is even <— the matrix me,.jtdy-1+ey-rtbs,i+j+t4r < [C2,d2, 1, €2,7,2].
U1 :=proc(x)

local n, u;
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n = nops(x);
u = evalm([seq(x[il,i = 1..n)]& x Mmat ([hO, h1, h2],x,T,[4,4,1,0,0,0]));
end proc:
U2 :=proc(x)
local n, u;
n = nops(x);
u = evalm([seq(x[il,i = 1..n)]& * Mmat ([hO, h1, h2],x,T,[4,3,1,4,0, 1]));
end proc:
S :=proc(s, m) # Calculate the first 2m + 1 rows of matrix N = (v3(Xq,;))q, j>1-
local z, i, j;
z[1] :=s;
for i from 1 to m do
z[2i] := convert(U1(z[2i — 1]), ‘list °):
z[2i 4+ 1] := convert(U2(z[2i]), ‘list “):
od:
fori from 1 to 2m + 1 do
for j from 1 to nops(z[i]) do
z[i][j] == pow(z[i][/j], 3):
od:
od:
return matrix([seq([seq(z[i1[j], ] = 1.min(2m + 1, nops(z[i]))), infinity$2m + 1 — nops(z[i]))],i =
1.2m + 1)]);
end proc:
S(s1,3); |
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