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Abstract The Balancing number n and the balancer r are solution of the Diophantine equation 1 + 2 + - - - +
m—D=m+1D+m+2)+ .-+ (n+r). Itis well known that if n is balancing number, then 8n% 4 1is
a perfect square and its positive square root is called a Lucas-Balancing number. Let k > 2. A generalization
of the well-known Fibonacci sequence is the k-Fibonacci sequences. For these sequence the first k terms are
0,...,0, 1 and each term afterwards is the sum of the preceding k terms. In this manuscript, our main objective
is to find all k-Fibonacci numbers which are the product of two Balancing or Lucas-Balancing numbers.

Keywords k-Fibonacci numbers - Balancing numbers - Lucas-Balancing numbers - Linear form in logarithms -
Reduction method
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1 Introduction

The first definition of balancing numbers is essentially due to Finkelstein [9], although he called them numerical
centers. A positive integer n is called balancing number if

I424+...+-D=0+D)+0+2)+...+(n+7)

holds for some positive integer r. Then r is called balancer corresponding to the balancing number n. The n-th
term of the sequence of balancing numbers is denoted by B,,. A. Behera and G. K. Panda [1] proved that the
balancing numbers fulfil the recursive formulas relation

By=0, By=1, B,=6B,_|— B, foralln > 2.
The closed form (popularly known as Binet’s formula) for balancing numbers is the expression
s —3"
B, = W (1.1)

where 8 := 3 4+ 2+/2 and § := 3 — 24/2 are the roots of the characteristic equation x> — 6x + 1 = 0.
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340 S. E. Rihane

It is well known that if x is a balancing number, then 8x2 + 1 is a perfect square, and the positive square root
of 8x% + 1 is called a Lucas-balancing number which is denoted by C, (see [14]). The Lucas-balancing numbers
C,, satisfy the recurrence relation

Co=1, C;=3, C,=6C,_1—C,,—p foralln > 2.
The Binet’s formula for the Lucas-balancing numbers is given by

s+ 8
C, = er . (1.2)

The balancing and Lucas-balancing numbers are indexed in The Online Encyclopedia of Integer Sequences
(OEIS) as A001109 and A001541 respectively.

Let k > 2 be an integer. The k-generalized Fibonacci sequence (Fn(k))nz_(k_z) or, for simplicity, the k-
Fibonacci sequence is a linear recurrence sequence of order k given by :

F = =F"=0FY=1and F® = FY, + ...+ F\", forn > 2.
Note that when k = 2, it is the classical Fibonacci sequence.

In [10] K. Liptai has shown that 1 is the only Fibonacci number in the balancing sequence. This result was
generalized in [15]. We show that 1 and 6930 are the only balancing numbers in k-Fibonacci sequence whereas
1 and 3 are the only Lucas-balancing numbers k-Fibonacci sequence.

Motivated by [6] and [15], in the present work we study the problem of representing k-Fibonacci numbers
as product of two Balancing or Lucas-Balancing numbers. To be more precise, we show the following results.

Theorem 1.1 The Diophantine equation
Fn(k) = B¢ B, (1.3)

has no solution in positive integers n,m, £, and k withk > 3 and2 < £ < m.

Theorem 1.2 The Diophantine equation
Frfk) = CCpy (1.4)

has no solution in positive integers n,m, £, and k withk > 2 and?2 < £ < m.

We clarify that the condition m > ¢ > 2, in the above theorems, is only to avoid the k-Fibonacci which are
Balancing or Lucas-Balancing numbers.

To show our main results, we follow the following strategy: First, we rewrite equations (1.3) and (1.4) in
suitable ways in order to obtain two different linear forms in logarithms of algebraic numbers which are both
nonzero and small. Next,we use twice a lower bound on such nonzero linear forms in logarithms of algebraic
numbers due to Matveev to bound n polynomially in terms of k. When k is small, we use reduction algorithm due
to de Weger to reduce the upper bounds to a size that can be more easily handled. When £ is large, we use some
estimates from [4] based on the fact that the dominant root of F*) is exponentially close to 2, so one can replace
this root by 2 in future calculations with linear forms in logarithms and end up with absolute upper bounds for
all the variables, which we then reduce using again the de Weger algorithm.

2 Premilmeries and known results

This section is devoted to collect a few definitions, notations, proprieties and results which will be used in the
rest of this work.
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On k-Fibonacci numbers expressible... 341

2.1 Linear forms in logarithms

Let n be non-zero algebraic number of degree d over (Q, whose minimal polynomial over Z is a ]_[0}:1 (X — U )).
The logarithmic height of 7 is given by the formula '

d
1 .
h(n) == 7 log |a| + jgl log max (l, |n(f)|)

In particular, if n = p/q is a rational number with ged(p, g) = 1 and ¢ > 0, then h(n) = log max{|p]|, g}
The function logarithmic height 4 (-) verify the following properties :

Lemma 2.1 [17, Property 3.3] For algebraic numbers ny and n»,
h(nin2) < h(n1) + h(nz), 2.1
and
h(ni +mn2) < log2+h(n1) + h(n2). (2.2)
Moreover, for any algebraic number n # 0 and for any n € Z,
h(n") = |n| h(n). (2.3)

The next theorem due to Bugeaud, Mignotte, and Siksek [5], which is a consequence of the result of Matveev
[11].

Theorem 2.2 [5, Theorem 9.4] Let ny, . .., ns be areal algebraic numbers and let by, ..., bg be nonzero rational
integer numbers. Set K := Q(ny, ..., ns) anddg = [K: Q. If T := 17117' e n?s —1#0, then

IT| > exp(—1.4-30°" . s%3 . dZ (1 4 logdk)(1 +log B)A; - - - Ay),
where
Aj = max{dgh(n), |logn|,0.16} for j=1,...,s,
and

B > max{|by|, ..., |bs|}.

2.2 The de Weger reduction algorithm

Here, we discuss a computational method due to de Weger for reducing upper bounds for solutions of Diophantine
equations. This method is a variant of the reduction method of Baker and Davenport .
Let 91, v2, B € R be given, and let x1, xp € Z be unknowns. Let

A =B+ x101 + x207. 2.4)

Let ¢, § be positive constants. Set X = max{|x/[, |x2|}. Let Xo, ¥ be positive. Assume that
Al <c-exp(=6-7), (2.5)
Y < X < Xo. (2.6)

When 8 = 01in (2.4), we get
A = x101 + x207.
Put 9 = —19 /9. We assume that x| and x; are coprime. Let the continued fraction expansion of © be given by
[ao, a1, a2, .. .],

and let the kth convergent of ¥ be pi/qr for k = 0,1,2,.... We may assume without loss of generality that
|91] < |92] and that x; > 0. We have the following results.

O\
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Lemma 2.3 [16, Lemma 3.1]If (2.5) and (2.6) hold for x1, x, with X > 1 and B = 0, then (—x2, x1) = (Pk, qk)
for an index k that satisfies

log(1 4+ Xov/5)

k<—-14+ ———F+— =Y.
- lOg <1+2\/§) 0
Lemma 2.4 [16, Lemma 3.2] Let
A= .
If (2.5) and (2.6) hold for x1, xo with X > 1 and B = 0, then
1 A+2 1 1 A+2)X
Y < - log <M> + < logX < —log (u) . 2.7
8 [92] 8 ) [92]
When g8 # 01in (2.4), put ¥ = —1 /9, and y = B/>. Then we have
A v U+
— =Y —x X2.
9 1 2
Let p/q be a convergent of ¥ with ¢ > Xg. For a real number x we let ||x|| = min{|x — n|,n € Z} be the

distance from x to the nearest integer. We have the following result.

Lemma 2.5 [16, Lemma 3.3] Suppose that
2Xo
gy l> —.
q

Then, the solutions of (2.5) and (2.6) satisfy
1 2
Y < - log( 4< ) .
) |21 X0

2.3 Properties of k-generalized Fibonacci sequence

In this subsection, mention some facts about k-Fibonacci sequence which will be used later. The characteristic
polynomial of these sequences is

\I/k(x)zxk—xk_l—~-—x—l.

Wy (x) is irreducible over Q[x] and has just one root « (k) outside the unit circle (see, for example, [12], [13] and
[18]). It is real and positive so it satisfies a (k) > 1. The other root are strictly inside the unit circle. Furthermore,
In [18] Wolfram show that

201 —27%) <a(k) <2, forallk > 2. 2.8)

To simplify the notation, in general, we omit the dependence on k of «. For s > 2, let

x — 1
= . 2.9
LAy g T ) ¢
In [2], Bravo, Gomez and Luca proved that
1/2 < fu(a) <3/4 and ‘fk(a(i))‘ <1,2<i<k
hold, where « := oV, ..., a® are all the zeros of W (x). So, the number fr () is not an algebraic integer. In
addition, they proved that the logarithmic height of f satisfies

h(fr(o)) <log(k + 1) +log4 forall k > 2. (2.10)
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On k-Fibonacci numbers expressible... 343

With the above notation, Dresden and Du showed in [8] that

k
e 1
FO =3 fi@a™ ™ and |FP - fi@a""| < > @.11)
i=1
hold for all n > 1 and k > 2. Furthermore, for n > 1 and k > 2 it was showed in [3] that
o" 2 < FO < gl (2.12)

3 k-Fibonacci numbers as product of two Balancing numbers

This section is devoted to show Theorem 1.1.

3.1 Preliminary considerations

We begin our analysis of (1.3) for 2 < n < k + 1. In this case, it is known that F,fk) = 272 thus the equation
(1.3) transforms into

2""2 = B/B,,. (3.1)
But the only perfect powers in the Balancing sequence is 1 see [7]. Hence, we get that B,, = B, = l andn = 2.
Thus, (k,n,m, ) = (k, 2, 1, 1). From now, we suppose thatn > k 4+ 1 and son > 5.
Let us now get a relation between n and m + €. From the estimates (2.12) and
"' < B, < 5", (3.2)
one obtains
§"t2 < BB, = F® <o}
and
@"2 < F® = B,B,, = 5"+,

This leads us to the inequalities

loga loga
n—-2) <m+l<mn—-—1)|——|+2
log$ log$

By using this and taking into account that 7/4 < o < 2 for k > 3 (see (2.8)), it result

03n —0.64 <m+¢ < 0.4n+ 1.61. 3.3)

3.2 An inequality for n versus k

In this subsection, we find an upper bound on 7 in terms of k. Namely, we show the following lemma:
Lemma 3.1 If (k, £, m, n) is solution in integers of equation (1.3) withk > 3 andn > k + 2, then the inequality

n <5.89 x 103'k% log’ k (3.4)

@ Springer



344 S. E. Rihane

Proof To established (3.4) we will examine (1.3) in two different way. First, we use (1.1) to express it in the
form
5m+€ 1
> — Frgk) + 3_2 ((_1)m+15/é—m + (_1)l+18m—l + (_1)m+la—m—€) ) (35)

This and (2.11) gives that

gm+t 1 1
et G Ca At I
Dividing across 87" /32 yields
T <872 +672 46720 116570 < 1957, (3.6)
where
I =32 filw)-o"Los7m b 1. (3.7)

We wish to apply Theorem (2.2) on I'y. First we need to show that I'y # 0. If indeed it were zero, then
—(n—1) gm+¢

o 1)
Jela) = —

but f; () is not an algebraic integer although o=~ §"+¢ /32 is an algebraic integer, which is a contradiction.
We set in Theorem 2.2 :

(7711 bl) = (32fk(a)» 1)s (7729 b2) = (Ol, n— 1)7 (’737 b3) = (51 —m — ﬂ)

We have Q(n1, 72, 13) = Q(, v/2) and has dg < 2k. Since h(p) = (loga)/k < (log2)/k and h(n3) =
log §/2, it follows that

Ay = 2log2 = max{2kh(n2), |lognz|, 0.16}
and
Az = klogd = max{2kh(n3), |log n3|, 0.16}.

Next, we compute Aj. First, note that the fact that 1/2 < fi () < 3/4 imply that

1 1

m =32fi(@) <24 and 7' = e <16

On the other hand, by using the estimate (2.10) and the proprieties (2.1) together with (2.3), on gets for all k > 3

h(n1) <h@32) + h(fr(a)) < Tlog2 + log(k + 1) < 5.8logk.
Hence, we choose
Ay := 11.6klogk > max{2kh(ny), |logn|, 0.16}.

Finally, from the inequalities (3.3) and 0.4n +1.61 < n which hold for alln > 5, it seen that we can take B := n.
Therefore, Theorem 2.2 provides the lower bound

1| > exp (—1.432 A10M - (2K)%(1 4 log 2k) (1 + log n)(11.6k log k) (2 log 2) (k log 5)) . (3.8)
Inequalities(3.8) and (3.6) together imply
Clogd < 4.23 x 10k* log? k(1 + log n), (3.9)
where we have used the fact 1 + log 2k < 2.6 log k which hold for k > 3.

@ Springer



On k-Fibonacci numbers expressible... 345

Now, we return to equation (1.3) and we rewrite it as

<~m

N

= + . (3.10)
42 B 42
Thus, it result that
m o n—1 (k) _ n—1 —=m
O @ B @t <027
42 By By 42
Dividing through by 8” /4+/2, we obtain
44/2
IT>] <1.53-87" where I'p:= M cothosTm . 3.11)

By

In a similar manner used to show that I'y # 0 on can verify that I'> 7~ 0. In order to apply Theorem 2.2 on I';
we fix

(1. b1) == ((AV2fi(@)/Be. 1), (n2.b2) := (@.n— 1), (13,b3) := (8, —m).
Clearly that Q(n1, n2, n3) := Q(«, \/5) and has dg < 2k. As calculated before we choose
Ay :=2log2, Az:=klogé and B :=n.

We need to compute Aj. By the estimates (3.2), (2.10), (3.9) and the properties (2.2)—(2.3), we get that for all
k > 3 we have

h(n1) < h(4/2) + +h(Be) + h( fi(@))
< log4+/2 + £log 8 + log(k + 1) + log4
< 4.24 x 1083k*10g? k(1 + logn).

On the other hand, we observe that
4V2fi(@) 332 and -] By st
= < = < .
" B, 6 T A2 22

This means that
llog | < £logs < 4.23 x 103k*1og? k(1 + logn),
where we have used (3.9). So,
max{2kh(n), llogn1|, 0.16} < 8.48 x 1013k log? k(1 + logn) := A;.
Applying Theorem 2.2 to I'; and using the inequality (3.11) we produce
m < 5.06 x 10°°4% log® k log® n,

where we have used the facts 1 + log2k < 2.6logk and 1 +logn < 1.71logn which hold for k > 3 and n > 5.
By the inequality (3.3), the last inequality turns into

n

— < 3.38 x 10k log’ k. (3.12)
log”n

It is easy to check that the inequality

—— < Aimplies x < 4A log2 A, whenever A > 100. (3.13)
log” x
Thus, taking A := 3.38 x 10?748 log? k in inequality (3.13) and using 63.4 + 8 logk + 3 loglogk < 66logk
which holds for all £ > 3, one gets

n < 4(3.38 x 1027k8 log> k) (log(3.38 x 107k® log? k))?
< 1.352 x 10%k8 log? k) (63.4 + 8logk + 3loglog k)?
< 5.89 x 103148 10’ k.

Hence the result follows. m]
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3.3 The case 3 < k <425

In this subsection, we treat the cases when k € [3, 425]. To handle these cases, we consider

Ap:=log(1+1)=m—1)loga — (m + £)log s + log(32 fr (). (3.14)
We see from (3.6) that "] < 19 - §~% < 0.02. It is known that (see Lemma 2.2 in [16] )
. . —log(1 —a)
if |x| <awithO < a < 1, then |log(l + x)| < ———|x]|. 3.15)
a
Thus, we get
—10g0.98
A < 2770 Py < 192 - exp(—3.52 - 0). (3.16)
0.02
In view to apply Lemma 2.5 to A, we set
log(32
ci=190, 5:=3.52, y o= EG2/@)
log
1
— 8% 5 —loga, 0= —logs, B :=log32fi(@)).
log

For each k € [3, 425], we find a good approximation of « and a convergent py/q, of the continued fraction of ¢
such that ¢, > X, where Xo = |5.89 x 103148 log’ k|, which is is an upper bound of max{n — 1, m + £} from
Lemma 3.1. After doing this, we use Lemma 2.5 on inequality (3.16). A computer search with Mathematica

1
revealed that the maximum value of {5 log(qzc /1021 X O)J overall k € [3,425]is85.2913.. ., which according

to Lemma 2.5, is an upper bound on ¢.
Now, we fix 2 < £ < 85 and let

Ay :=log(l'y+1)=m—1)loga —mlogé + log(4«/§fk(a)/84). (3.17)
By (4.6), we have |I'2| < 1.53 - 872 < 0.05 and from (3.15), we obtain
—1og 0.95
[Ar| < ———— - |I'2| < 1.57exp(—1.76 - m). (3.18)
0.05
To apply Lemma 2.5 to Ay, we set
log(4+/2 B
cim 157, 8= 176, 1= & V2fi(@)/B) (2 <t <85),
log
logx
= @, V i=loga, U= —logd, PBr:= 10g(4\/§fk(d)/3g) (1 < <85).

Again, for each (k, £) € [3,425] x [2, 85], we find a good approximation of & and a convergent p¢/q of the
continued fraction of ¥ such that gy > X, where X = [5.89 x 10314%1og’ k], which is is an upper bound of
max{n—1, m} from Lemma 3.1. After doing this, we use Lemma 2.5 on inequality (3.18). A computer search with

1
Mathematica revealed that the maximum value of 3 log(qzc/ || XO)J overallk € (k, ¢) € [3,425] x[1, 85]

is 83.3918.. . ., which according to Lemma 2.5, is an upper bound on m.

Hence, we deduce that the possible solutions (k, £, m, n) of the equation (1.3) for which k € [3, 425] have
1 <€ < m < 83, therefore we use inequalities (3.3) to obtain n < 600.

Lastly, we write a program in Mathematica to compare F,fk) and B¢B,, for the range 5 < n < 600 and
2 <t <m <83, withm+ € < 0.4n + 1.61. This program reveals that the equation (1.3) has no solutions in
this range.

3.4 The case k > 425

In this subsection, we analyse the case k > 425.
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On k-Fibonacci numbers expressible... 347

3.4.1 An absolute upper bound on k

Lemma 3.2 If (k, £, m, n) is a solution of the Diophantine equation (1.3) with k > 425 and n > k + 2, then k
and n are bounded as

k <6.93 x 102 and n < 4.05 x 107" (3.19)
Proof For k > 425, it is easy to check that

n <589 x 10348 log® k < 24/2.

Thus, from [4], F,fk) can be expressed as

_ 1
F® =2"2(1 4+ ¢), where ¢ < S (3.20)
Inserting (3.20) in (3.5), to find
g 2 2 1 ¢ Lgm—t +e+1 ¢
— 22— 2120 (= 1)t 4 (= 1)t 4 (1l g
2 ¢ -3 (=D + (=1 + (=1 )
22 1 ¢ ¢ ¢
—m m— —m—
D (85m 4+ 8m=t +6 ).
The above inequality and the facts that §"+¢=2 < ¢"~! < 2"~ together with n > k + 2 show that
1 3.2 74
a2y (3.21)

<t g e < o

where A := min{k/2,6¢} and 6 := 21ogé/ log 2.
We will apply Theorem 2.2 to obtain a lower bound to the left-hand side of inequality (3.21). Setting

r:= 2’ (nlvbl) = (27 _n_3)a (712,b2) = (65m+£)7
and
[ :=8"tt. 273 1,

Let us assume, if possible, that I's = 0, then §”+¢ = 2"*3 ¢ Z, which is false. Therefore I'3 # 0.
We have Q(171, 72) := Q(+/2), and so dg = 2. We can choose B := n + 3 because m + £ < n + 3. Also,
the fact that

h(n)) =log2 and h(n3) =logé/2,
imply that we can choose
Ay :=2log2 and A3z :=logé.
Therefore, due to Theorem 2.2 we get
T3] > exp (—1.28 % 10110g n) , (3.22)
where we have use the fact that 1 4+ log(n + 3) < 2logn for all n > 5. Putting (3.21) with (3.22) yields
A < 1.85 x 10'%1logn. (3.23)

Now, we consider tow cases according to A.
Case 1 : & = k/2. In this case it result from (3.23) and Lemma 3.1 that

k <27 % 10" log (5.89 x 10318 10g3 k) .
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This equation entails
k <6.03x 10" and n <2.28 x 10" (3.24)
Case 2 : A = 6¢. In this case it result from (3.23) that
£ < 3.64 x 10° logn. (3.25)

We return to equation (3.10) and we use (3.20) to get

2n72(§- +1) N gm §m

By 42 42’
which show that
2n—2 sm gm 2n—2§- 1 2n—2
- = + < +* 5
By 42| |4y2  Be 42 242By

k
Consequently, by using the facts that n > k 4+ 2 and 6¢ < 5 we get

By
ZLogmon
V2

We apply Theorem 2.2 by setting

st 1 1+1/4V2 12

= —\/5~2” 72 < 22 < k2 (3.26)

t:=3, (n,b1) = (Bz/ﬁ, D, (n,b2):=Q2,—n), @3,b3):= (5, m),
and
B
[y = —L.gm.0™n_ 1.

/2

Suppose that 'y = 0, we then get that §2” = 22”“/35 € Q, which is false. This show that I'y # 0. As seen
before, we take

dg =2, Ay:=logé, Az:=2log2 and B :=n.
Moreover, from (3.25), we have
h(n1) < h(v/2) + h(Bg) < logn/2 4 £logs < 6.42 x 10° logn.

So, we take A := 1.29 x 10'°log 1. Due to Theorem 2.2 and inequality (3.26) it comes

exp(—6.12 x 102 (logn)?) < %
We thus have
k < 1.77 x 105 (logn)>.
The last inequality and and Lemma 3.1, tell us that

k<693 x 10" and n < 4.05 x 1071, (3.27)

So, in all cases inequalities (3.27) hold. Whence the result. O
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On k-Fibonacci numbers expressible... 349

3.4.2 Reducing the bound on k

The obtained upper bounds on n and k in Lemma 3.2 are too large to carry out meaningful computation. Thus,
we need to reduce them. To do so, we consider

Az = (m+4€)logs — (n—3)log2 =log(I's + 1).

7.4
From (3.21), one has |A3| < 720 < 0.01. Hence, (3.15) gives us

log(0.99
1Az < —% T3] < 7.5 - exp (—0.69 - 1) (3.28)
We are in situation to apply Lemma 2.4 with the data
log v/2

c:=175, p:=0.69, ¢ :=

v = —log2, U :=1logé
logé

Further, the fact that m + £ < n + 3 and n < 4.05 x 107! (see Lemma 3.2), imply that we can take Xo :=
4.06 x 107!, Let

lao, a1, a2,a3,...]=10,2,1,1,5,3,2,1,22,1,5,38, 1, ...]
be the continued fraction of ©. By Lemma 2.3, we have
log(1 4+ /5 x 4.06 x 10271)
log <1+T\f5)

Since max {a;} = ajr40 = 341548, then according to Lemma 2.4 it result
1<t<1300

Yo=—-1+ = 1300.3114. ...

A

1 7.5 x 341550 x 4.06 x 10%7!
< -In < 927.
0.69

Case 1: A = k/2. In this case we get that

logé

k < 1854, (3.29)
Case 2 : . = 6¢. In this case we obtain that £ < 183. Now, we consider

Ay :=mlogd —nlog2 + log(B/v2) = log(T4 + 1).
Since k > 425., then from (3.26) we have |I'4| < 0.01. Hence by (3.15), we deduce that

10g(0.99
ITy| < —% JA4] < 1.3exp (—0.34 x k) (3.30)
For 2 < ¢ < 183, we apply Lemma 2.5 with the data
log(Be /N2
ci=13, §:=034, Y= log(B¢/V2)
log s
log 2
9 = %, 91 = —log2, 0 :=logs, B :=Ilog(Be/v2).
og

Further, Lemma 3.2 implies that we can take Xy := 4.05 x 10271, Using Mathematica, we find that gsyy ~
2.87 x 10777 satisfies the hypotheses of Lemma 2.5 and according to Lemma 2.5 we obtain k < 1918.
With this new upper bound on k, we get

n < 2.663 x 102,
The second run of the reduction method above with Xo = 2.67 x 102, yields k < 470 and then
n < 1.237 x 107",

In the third application with Xo = 1.24 x 10°7 , we get that k < 422, which is a contradiction as k > 425. This
completes the proof of Theorem 1.1.
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4 k-Fibonacci numbers as product of two Lucas-Balancing numbers

This section is devoted to show Theorem 1.2. The proof of Theorem 1.2 is similar to that of Theorem 1.1. For
the sake of completeness, we will give some details.

4.1 Preliminary considerations

We start our study of (1.4) for 2 < n < k 4 1. In this case, one has F,fk) = 2"=2 g0 the equation (1.4) becomes
2"2 = CyChp. (4.1)

But the only perfect powers in the Balancing sequence is 1 see [7]. Hence, we get that C,,, = Cy; = l etn = 2.
Thus, (k,n,m, ) = (k, 2, 1, 1). From now, we suppose thatn > k 4+ 1 and son > 4.
Next, we give a relation on the size of m + £ in terms of n. Using estimates (2.12) and

sl <, <8, (4.2)
we get
st - c,Cp = F,fk) <ol
and
"2 < FP =cy -, ="t

The last two inequalities gives us

(n—2)<llzﬂ> <m+€<(n—1)<10ga>+2

28 logé
This and the fact that 3/2 < o < 2 for k > 2 (see (2.8)), tell us that
0.23n — 047 <m+ £ < 0.4n + 1.61. 4.3)

4.2 An inequality for n versus k

Now, we show the following lemma:
Lemma 4.1 [f (k, £, m, n) is solution in integers of equation (1.4) withk > 2 andn > k + 2, then the inequality
n < 5.64 x 10328 log5 k 4.4)

hold.
Proof We express the equation (1.4) in the form
8m+£

T — Fyik) _ % ((_l)mgé—m + (_1)€8m—f + (_I)M-‘rfs—m—l) ) (45)

This and estimate (2.11) leads us to

m+{ | |
4 fel@a" | < i (8‘3_’” +omt 4 5—‘5—’") +5
We divide both sides by 87" /4 to arrive at
ITs| < 8~ 4 572 4 §720m+0 | gs=(m+0) _ 5. 52 o

where

s :=4f(a) o 1.s7m 1.
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We show that I's # 0, using the same manner used to show I'; # 0. To apply Theorem 2.2 to I'5 given by (4.7),
we set

(1, b1) == @G fi(a), 1), (n2,b2) == (a,n—1), (n3,b3) := (6, —m — ¥).
We have Q(n1, 72, 13) := Q(a, /2) and dg < 2k. As seen before, we can take
Ar:=2log2 and Aj:=klogs.

Next, we estimate A. By using the estimate (2.10) and the proprieties (2.1) together with (2.3), it result that for
allk >2:

h(n) <h@) 4+ h(fr(a)) < 2logd + log(k + 1) < 5.6logk.
Moreover, since 1/2 < fi(a) < 3/4, then we have 1 < 3 and nfl < 1/2. Thus, we deduce that
Aq = 11.2klogk > max{2kh(n1), |logni|, 0.16}.

Finally, the fact that 0.4n + 1.61 < n hold for all n > 4 and the inequality (4.3), imply that we can take B := n.
Therefore, due to Theorem 2.2 one obtains

|T's| > exp (—1.432 .10 (2k)2(l +log 2k)(1 + logn)(11.2k log k)(21og 2) (k log 8)) . 4.8)
Comparing (4.8) with (4.6) entails that
£logs < 5.49 x 103 k*1og? k(1 + logn), (4.9)

where we have used the fact 1 + log 2k < 3.5logk which hold for k > 2.
We go back to equation (1.4) and we express it as

o FO 5
T T (4.10)
which yields
8" fi@ "' || FY — fi@a! R
2 Co B Co 2|7
Dividing through by 8™ /2, we get
2
ITg| <2-86~™ where T ::@-o/’_1 28T — 1. 4.11)
¢

We show that I'¢ # 0 by a similar method used to show that I'; # 0. Now, we will apply Theorem 2.2 to I'g by
setting
(1, b1) := Qfi()/C, 1), (n2,b2) = (,n = 1), (13, b3) := (8, —m).
We have Q(11, 72, 13 = Q(a, v/2) and has dx = 2k. As calculated before we take
Ay :=2log2, Az:=klogéd and B :=n.

We need to compute A;. The estimates (2.10), (4.9) and the proprieties (2.2)—(2.3), gives that for all £ > 2 we
have

h(m) = h(2) + h(fi(@)) + h(Ce)

< 2log4 +log(k + 1) 4+ £logé
< 5.5 x 1083k*10g? k(1 4 logn).
We also have that
2 fi(e) 3 -1 Cy ¢

<- and 9, =
Ce 2 2 fi(a)

n =
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and by using (4.9), it follows that
llogni| < £logs < 5.5 x 103k* log? k(1 + logn).
So, we can take
max{2kh(n1), logni|,0.16} < 1.1 x 10"k> log? k(1 + logn) := A;.

Due to Theorem 2.2 and inequality (4.11) together with 1 +log2k < 3.5logk and 1 +1log?2n < 2.31logn which
hold for k > 2 and n > 4, we get

m < 1.62 x 10°7k8 logSkloan,

After using the inequality (4.3), the last inequality becomes

N <141 x 105K log3 k. (4.12)

log?n

By (3.13) with A := 1.41 x 10?843 1og> k and using 64.82 + 8logk + 3loglogk < 1001logk which holds for
all k > 2 we obtain

n < 4(1.41 x 1028 1og3 k) (log(1.41 x 10?8k log? k))?
< 5.64 x 10%8k8 log? k) (64.82 4 8logk + 3 loglog k)?
< 5.64 x 1032k3 log’ k.

This establishes (4.4) and finishes the proof. O

4.3 The case 2 < k <450

In this subsection, we treat the cases when k € [2, 470]. Setting
As:=log(l’s +1) = —1)loga — (m + £)log§ + log(4 fi (®)). 4.13)
Since £ > 1, then by (4.6), we have |I's| < 0.15. By (3.15), we obtain

—1log0.85
IA] < ggT (7| < 5.5exp(=3.52 - 0). (4.14)

In view to apply Lemma 2.5 to As, we fix

log(4
c:=55, §:=352, ¢ := log(4i(@))
log é
1
= Oga’ 7.91 = lOgOl, 192 = —loga’ ﬁ = log(4fk((¥))
log é

For each k € [2, 450], we find a good approximation of & and a convergent p; /g, of the continued fraction of ¥
such that g, > X, where Xo = |5.64 x 1032k8 log’ k|, which is is an upper bound of max{n — 1, m + £} from
Lemma 4.1. After doing this, we use Lemma 2.5 on inequality (4.14). A computer search with Mathematica

1
revealed that the maximum value of Lg log(qzc /1021 X O)J overall k € [2,450]1is 85.7248 .. ., which according

to Lemma 2.5, is an upper bound on £.
Now, we take 2 < £ < 85 and let

Ag :=log(lTg+ 1) =(n — 1)loga —mlogd + log(2 fi (w)/Cy). 4.15)
Since m > 1, by (4.6), we have |I'g| < 0.35. Hence, by (3.15), we obtain

—1020.65
|Ag| < % Tl < 2.5 - exp(—1.76 - m).
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With the aim to apply Lemma 2.5 to A¢ we set

_ log2fi(@)/Co)

=2.5, §:=1.76, :
¢ v logé

(1=¢€=85),

__ loga
" logs’

91 :=loga, v :=—logd, P¢:=1og2fr(x)/Cy) (1 <€ <285).

Again, for each (k, £) € [2,450] x [2, 85], we find a good approximation of & and a convergent p;/q of the
continued fraction of ¢ such that gy > X, where Xo = [5.64 x 1032k810g> k|, which is is an upper bound of
max{n—1, m} from Lemma4.1. After doing this, we use Lemma 2.5 on inequality (4.16). A computer search with

1
Mathematica revealed that the maximum value of LE log(qzc / 92| XO)J overallk € (k, ¢) € [2,470] x [2, 61]

s 169.632 . . ., which according to Lemma 2.5, is an upper bound on m.
Hence, we deduce that the possible solutions (¢, m, n, k) of the equation (1.4) for which k € [2, 470] have
2 < ¢ <m < 169, therefore we use inequalities (4.3) to obtain n < 734.

Finally, we used Mathematica to compare L,(qk) and Py P, fortherange4 <n <734 and2 < ¢ <m < 169,
withm + ¢ < 0.79n 4 4.79 and checked that the equation (1.4) has no solutions in this range.

4.4 The case k > 450

In this subsection, we analyse the case k > 450.

4.4.1 An absolute upper bound on k

Lemma 4.2 [f (k, £, m, n) is a solution of the Diophantine equation (1.4) with k > 450 and n > k + 2, then k
and n are bounded as

k<1.9x 10 and n < 1.34 x 10?70, (4.17)
Proof For k > 450, it is easy to see that
n < 5.64 x 1028 log® k < 24/2.
So, the identity (3.20) hold. Replacing (3.20) in (4.5), it follows that

5@+m 1
1 _ 2n—2 — 2}1—2;— _ Z ((_l)m(sl—m + (—I)KSM_Z + (_l)m+la—m—l)
22 1 l 4 l
- —m m— —m—
Szk/2—|-4(8 + o5t

The above inequality and the facts that §"+¢=2 < 2a"~! < 2"~ together with n > k + 2 entails that

1 382 52

‘8m+e '2—}1 _ 1‘

where A := min{k/2,6¢} and 6 := 21og/log 2.
Next, we apply Theorem 2.2 to obtain a lower bound to the left-hand side of inequality (4.18). We fix

t:=2, (m,b1): =06, m+L), (,by):=(2,—n)
and
[y =8". 27" _ 1.

If T'7 = 0, then 8¢ = 2" € 7, which is false. Therefore 'y # 0.
Since n1, n2, 13 € K := Q(«/i), then dg = 2. Further, we can choose B := n because m + £ < n. On the
other hand since

h(m) =logé/2 and h(n) = log2,
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then we can take
Ap:=logé and A; :=2log?2.
Therefore, due to Theorem 2.2, we obtain

|T'7] > exp (—2.94 x 1010 log n) , (4.19)

where we have use the fact that 1 + log2n < 2.3logn for all n > 4. If we compare(4.18) together with (4.19)
one gets

A < 4.25 x 10'%1logn. (4.20)

Now, we consider to cases according to A.
Case 1: A = k/2. In this case it result from (4.20) and Lemma 4.1 that

k <85 x 10" log (5.64 x 10328 10g3 k)

and so
k<151 x 10" and n <3.93 x 10'¥. 4.21)
Case 2 : A = 6¢. In this case it follows from (4.20)
£ < 8.36 x 10°logn. (4.22)
We go back to equation (4.10) and we use (3.20) to get
2@y
Cy 2 27
thus
on=2  gm " o2 1 on—2
c. 2|72 e |2t ey
and so
8t 1 1.5

‘Ce D e 1‘ <

k
where we have used the facts that n > k 42 and 6¢ < 3 To apply Theorem 2.2 we fix

t:=3, (,by):=(Ce, 1), (n2,b2):=(,m), (3,b3) =2, —n+1),
and
[g:=Cp-8m- 27" 1.
n—1

2
If 's =0, then §" = C € Q, which is false. Therefore I's # 0. As calculated before, we take
4

dg =2, Ay:=logds, Az:=2log2 and B :=n.
Further, from (4.22), it comes

h(ny) =logCy < £logd < 1.48 x 101010gn.
Hence we take Aj := 2.96 x 10'%log n. By Matveev’s theorem and inequality (4.23) we conclude that

exp(—1.62 x 1023(10gn)2) < %
Consequently, it follows that
k < 4.68 x 107 (logn)>.
From this and Lemma 4.1, we find that
k<19x10*° and n < 1.34 x 10*7°. (4.24)

So, in all cases inequalities (4.24) hold. Whence the result.
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4.4.2 Reducing the bound on k

Now, we lower the bound on n and k. We define
A7 :=(m+£€)logd —nlog2 =log(I'; + 1).
Suppose that £ > 2. Thus, from (4.18), we have |A7| < 0.05. Therefore by (3.15), we have

log(0.95)

A
1Ml < =005

-’71 < 53.4 - exp (—0.69 - 1) (4.25)

Applying Lemma 2.4 with the data

log?2
c:=534, p:=0.69, v;:=—log2, v,:=logs, U :

- logé

The facts that m 4+ € < n and n < 1.34 x 10%7¢ by Lemma 4.2, imply that we can take X := 1.34 x 1027 and
by Lemma 2.3, we get Yo = 1321.9327 .. .. Let

lao,a1,az,a3,...1=10,2,1,1,5,3,2,1,22,1,5,38,1,1,1,8...]

be the continued fraction of . We have maxj <1321 a; = aj240 = 341548, then by Lemma 2.4 we obtain

A

1 4 x 341 1.34 x 10276
<069.1n(53 x 341550 x 1.34 x 10 )<945.

log s
Case 1 : 1 = k/2. In this case we get that
k < 1890. (4.26)
Case 2 : . = 6¢. In this case we obtain that £ < 372. Now let
Ag:=mlogé — (n —1)log2 +logCy = log(I's + 1).

Since k > 450, then from (4.23), we have |I's| < 0.01. Therefore by (3.15), we obtain that

1og(0.99
ITg| < —% |Ag] < 1.6 - exp (—0.34 - k) 4.27)
We apply Lemma 2.5 with the data
log C
=16, 5:=034, yp=—2"L 1<p<372,
log 6
log?2
U= ——, ¥1:=-—log2, vp:=logs, P :=logCy.
log 6

Further, Lemma 4.2 implies that we can take X := 1.34 x 10276, By using Mathematica, it seen that ggrg ~
1.328 x 10*? satisfies the hypotheses of Lemma 2.3. Furthermore, from Lemma 2.3 we obtain k < 3888. So
k < 3888 holds always.

With this new upper bound on &, we obtain

n < 1.14 x 10,
We now proceed as we did before but with Xg = 1.14 x 109 | we obtain that k < 492. Hence we get
n<1.78 x 10°8.

In the third application with Xo = 1.78 x 10 | we get that k < 444, which contradict our assumption k > 450.
This completes the proof of Theorem 1.2.
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