Indian J Pure Appl Math (2025) 56:357-366
https://doi.org/10.1007/s13226-023-00486-z

ORIGINAL RESEARCH

Evaluation of some sums involving powers of harmonic
numbers

Ce Xu@® - Xixi Zhang - Jianqgiang Zhao®

Received: 30 May 2023 / Accepted: 18 August 2023 / Published online: 30 August 2023
© The Indian National Science Academy 2023

Abstract In this note, we extend the definition of multiple harmonic sums and apply their stuffle relations
to obtain explicit evaluations of the sums R, (p,t) = >, _omPH}, fort = 2,3, 4, where H,, are harmonic
numbers. When ¢ < 4 these sums were first studied by Spie3 around 1990 and, more recently, by Jin and Sun.
Our key step first is to find an explicit formula of a special type of the extended multiple harmonic sums. This
also enables us to provide a general structural result of the sums R, (p, t) for all > 0.
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1 Introduction

We begin with some basic notations. Let N (resp. Z) be the set of positive integers (resp. integers) and Ny :=
N U {0}. A finite sequence k := (ky, ..., k) € N is called a composition. We define the weight and the depth
of k, respectively, by

k| :=ki+---+k- and dep(k) :=r.
Forany n € N and (ky, ..., k) € Z", we define the extended multiple harmonic sums by

1
Hy(ky, ... k) = > - (1.1)

ky
n>ny>-->n,>0 ny ny

We set H, () := 1 and H,(k;,..., k) :=0ifn <r.Whenr =1 and k > 0, H,(k) = Z?:l l/jk is the n-th
generalized harmonic number of order k (also denoted by H, (k) in the literature), and furthermore, if k = 1
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358 C. Xu et al.

then H, := H, (1) is the classical n-th harmonic number. Identities involving harmonic numbers and multiple
harmonic sums (i.e., when all k; > 0) have been extensively studied in the literature (see, e.g., [7] and the
references therein).

Let (kq, ..., k) € N". In this note, we are particularly interested in the sums of the form
1 n
Hy(—ki koo k)= 0 n)' e = Y mM Hy (k). (1.2)
n>ny>-->n,>0 2y m=1

Recall that there are two versions of Bernoulli numbers defined by the generating functions

te! " t X
=Y B,— and => By—. (1.3)
It is well-known that B; = B, if j # 1, B = 1/2 and B; = —1/2. By Faulhaber’s formula (see [2])

n p P ~
Z p+1\ Bj —j p+1\ Bj »

Hn(—P)= mp:Z< . )p—_’fln’”] J :l’lp+ E < . p—_:lan T, (14)
m=1

=0~ 7 =0~ 7

In [4], SpieB studied the summation

n
Ru(p, 1) := Z mPH! (neN,p,teNy (1.5)

m=0
and proved the following structure theorem (see [4, Thm. 30]).

Theorem 1.1 Let F(m) be a polynomial in m of degree d. Then for t = 1,2 or 3, there exist polynomials
qo(n), ..., q:(n) and C(n) of degree at most d + 1 such that

n 1
> Fm)Hy, =" qi(n)Hy + C(n)Hy(2), (1.6)
m=0 i=0

for all nonnegative integers n. Moreover, C(n) = Q0 whent =1, 2.

Spief also conjectured that Theorem 1.1 holds for any positive integert > 4. However, Jin and Sun [5] showed
that the sum R, (0,4) = >, _, H,‘,‘l cannot be represented by the form as conjectured by Spie3. Moreover, Jin

and Sun [5, Thms. 1.2 and 1.3] proved that

~

Ra(p,3) =Y mPHy = Hy(—p)H; + g0 Hy + g2 (n) Hy + q3(n) + %Hn@), (1.7)

m=1

where q1(n), g2(n) and g3(n) are polynomial in n of degree at most p + 1. They also provided similar formulas
for the sums

> FmH, and > m'H,Hy(Q2). (1.8)

m=0 m=0

Nevertheless, the explicit formula of the polynomials g1 (), g2(n), g3(n) were not found.

The primary goal of this note is to establish explicit formulas of (1.7) and (1.8). Our main idea is to express
these sums using (1.2) for which we are able to derive an explicit formula in general (see Theorem 2.1). At the
end of the note, we present a result generalizing Theorem 1.1 to all # > 0 (see Theorem 2.16).
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Evaluation of some sums involving... 359

2 Explicit formulas of Spief3’s results

In this section we will study the sums of the form

n

> mPH],, 2.1)

m=1

for p, t > 0. We remark that this is slightly different from R, (p, t) (see (1.5)) considered by Spief [4] but they
are closely related, see Example 2.11 and Remark 2.14. The key idea to study (2.1) is to express H, by using
the extended multiple harmonic sums of the form (1.2) by applying the stuffle relations, also called quasi-shuffle
relations (see [1]). In fact, more generally, we know that for any composition k = (kq, ..., k), the product
H, (k1) --- H,(k;) can be expressed in terms of a linear combination of multiple harmonic sums (for the explicit
formula, see [6, Eq. (2.4)]), for example

H,H,(2) = H,(1)H,(2) = Hy(1,2) + H,(2, 1) + H, (3). 2.2)

2.1 Some explicit formulas of general MHSs

In what follows, we always set the binomial coefficients (Z) = 0if b < 0 ora < b. To derive the general
formula for H,(—p, k) where k = (ky, ..., k) € N, wesetk; = (k,...,k;) foralll <i <r,ko =0, and
|ki| = ko+---+k; forall0 <i < r with kg = 0. To state our results more concisely, we setk’ = (k’, ..., k),
jo =0,k =k-i1 =1land k; = k; forall/ < r.Forall/ <r we define the polynomials

_ +h+1—|k
(p) ! 1 (p llz-J—lhl thl)B”’“ pH =1k 1 |—ji]
a”kx) =" > ]_[ x 1=l

lii|<p+i—|k/| o P+ 1A+ 1 —Iknl = |jnl
vi<i<l |

r (p+h+1_—|kh\—|jh\)3jh 1
A2 (k; x) :=(=1)" Z (l_[ Jnt1 + ) e
h+1—1k,l —1j
<ot \i—o P TR+ 1= Knl = ljnl
Visi<r+1

Further, for all n € N we define the numbers

-1 (p+h+1' Ikh\—ljh\)th 1 -
n + .
" kin) =" (H s TR |>Hn(|kz|+uz|—l—p, Kii1)-
ilzpH+1—k| \i=o0 P Bl W
lir|<p+l—1—|kj—i|

The following main result of this note provides a recurrence relation which can be used to compute the
extended multiple harmonic sums when only the first component is negative.

Theorem 2.1 Let p € No, r € N, andk = (ky, ..., k) € N'. Then
r r
—
Hy(—p. &) =P (kim) =Y a” (ki m) Hy (Kp) + e} (ki ), 2.3)
=1 =1

where T;[ = (kiy ..., k) foralll <r.
Proof According to definition (1.2), we see that

Hy(=p.K) = ) mP Hy1(K) = Zm” (H (k) — Fn= 1(k2)>

m=1

S )~ 3 R (R

m=1 m=1
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> e l“‘”z Y (R

ni=1 m=nj ni=1
. Z n1 1(k2) <Z Zmp)
ni=1 m=1
p+1\ B & H, 1(K2) pi1e
=Hn(—p>Hn(k>—Zj< ) )IHZIZ_ ‘kl Y
j=0 n1=1
P 1\ B
=Hn<—p)Hn(k>—Z<p * ) p—1. K. 2.4)
0 J +1

Ifky >p+1in(24)thenk; +j—p—1eN,so H,(ki+j—p—1, ?2) is the classical multiple harmonic
sum. If 1 < k; < p + 1 then (2.4) can be rewritten in the following form

P
+1 —
Hy(=p,K) = Hy(—p)H, (K) — Z <p i ) —if 1 p—1, ky)

j=p+27k| '] p

p+1—k;
1 B;

-y (" * ) — 1K) 2.5)
J +1

j=0

which provides a recurrence relation. When r = 1 this implies the theorem by Faulhaber’s formula (1.4):

& p+1\ B
Hy(—=p. k) = Hy(—p)Hy (k1) — > ( ) ) - -p—1
1=p+2—ki /1 p
P*‘lszl P‘H*Zkl*fl <P + 1) ([7 42—k — Jl) le sznp+2fk1*j1*j2
e S—— 1 2 (P+D(pP+2—ki—j)
= —a\” (ky; ) H, (k) + P (kys n) + P (ky; m). 2.6)
By applying the above recurrence relation, one can prove the theorem by induction on r using (2.5). We leave
the detail to the interested reader. m]
To facilitate our computation, we set ¢; = 0 and for ey, ..., e, € Ny we define

o (pHimamhemiey g
i ! 1—e,—j1——jr
o= Y (]_[ +1_e__f " )xp+ er—ji——ir 2.7)
./1+_"'+./'r‘SI70—€r i=1 p ! 1 Ji—1
J1seendr 2!

In particular, we see that the subscript on the left-hand side is vacuous if r = 1 and in this case we define
CP(n) := H,(—p). Asa couple of examples, we can calculate the following values:

i) BB,

(p+D(p+1-—j1)

C(()p)(n) — Z pPt1=ii—j2,

J1ti2=p

J1,72=0
p+1\ (p+1=ji\(p+l=ji=2\p. p. p.
C(()po)(n) _ Z ( J1 )( 2 )( & )Bj BJZ.BB pPH=ii—j2=J3
’ j1+i+iz<p (p+Dp+1-jlp+1-7)
J1:J2:7320
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Corollary 2.2 For a compositionk = (ky, ..., k) and p € Ny, the sum H,(—p, K) can be expressed in terms
of a combination of products of polynomial in n of degree < p + 1 and multiple harmonic sums with depth < r.
In particular, if k = (1,) then we have

Hy(=p. 1,) = Hy(~p)H, (1>+Z< D'CS o) Hy(1,-), 2.8)
i=1 \z—’

i
where 1, means the string obtained by repeating 1 exactly r times.

Proof Observe that the [-th term in the second sum of (2.3) is vacuous if k; = 1. The rest of the proof is
straight-forward. O

Setting » = 2 in (2.8) and noting the fact that

Hy(1,1) = HTH@ (2.9)

we get the following corollary.
Corollary 2.3 For p € Ny,

H,(—p,1,1) = Hy(=p)H,(1,1) = C\" () H, JrC(p)(n)
Z%Hn(—p)(Hz H(2))—C(1’)(n)H +C(‘")(n) (2.10)

Taking r = 2 in (2.3) we can get the following corollary. It looks complicated at first glance but it clearly
shows the recursive structure of this type of extended multiple harmonic sums and has provided us the clue to
solve the general case. It will also be used crucially in our later computations.

Corollary 2.4 For positive integers ki, ko and nonnegative p, we have
1 u p+1 .
Hy(=p. ki ko) = Hy(=p) Hy (ki ko) = —— ( . )Ban(kl +j—p—1k)
P j=p+2—ki
p+1—k p+1—ki—ji (p+1)(p+2 ky— jl)

el DD .

Bj1B]2H (k1+k2+]1+]2_l7 2)

2—k
J1=0 jp=p+3—ki—ka—ji P+ =
+1—ki p+2—ki—ka—ji p+2—ki—ka—ji—j +1N (pH2—k1—j1\ (p+3—k1—ka—j1 —j
1 14 Lp 1—K2—J1 P 1—K2—J1— )2 (le )(P j21 Jl)(P 1j32 1 jz)
p+1 = = 00 (p+2—ki—jO(p+3—ki—kx—j1—j2)
x Bj, Bj, Bj3np+3—k1—k2—j1—j2—j3
p+1—ki p+l1—ki—j (pJ.rl)(p+27lk|*j)
J pH2—ki—j-lp.
—_———n BB H, (k>). 2.11
S D e S i a

=0

,,,,,,,,,,

calculus (see, e. g [3]) Setting (kl, kz) = (1,2) and (2, 1) in (2.11), respectively, we get the following two
formulas:

Hy(—p.1,2) = Hy(=p)Hy(1,2) + DP(B)H, — Ci" () Ha (2) + ) (), (2.12)
Hy(—p.2,1) = Hy(=p)Hy (2, 1) — B, H, (1, 1) — C{” () H, + C {7 (). (2.13)
For p = 0, 1 in (2.12) and (2.13), we get
Hy(0,1,2) = nHy(1,2) — nHy(2) + Hy,

H?2 — H,(2
H,(0,2,1) =nH,(2,1) — T()
nn+1) nn+3) , 1
H,(—-1,1,2) = —H, (1,2 ——H,; H,
n( £ E) ) 2 n( ) ) 4 +4 +4n
1 1 1 1
Hy(—1,2, 1)=@Hn<2, 1)—Z<H2 Hy(2) = SnHy + Sn.
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2.2 Explicit formulas of Spief3’s results

We now present some explicit evaluations of Spief3’s results on harmonic numbers.

Theorem 2.5 For p € Ny, we have

n
> mPHyoy = CP ) H, — g (n).

m=1

Proof Taking k = 1 in (2.6) we see that

n
> mP Hy_y = Hy(=p. 1) = Hy(=p)H, — Cg" (n)

m=1
as desired. m]

Theorem 2.6 (cf. Theorem 1.1) For p € Ny, we have
n
S mPHL | = CPm)HE — 2C (1) + By)H, +2C¢) (1) — C1P (). (2.14)
m=1

Proof By the stuffle relation (2.9) we have

n

> mPHp | =2H,(—p.1, 1)+ Hy(—p.2).

m=1
Taking k = 2 in (2.6) we see that
Hy(—p.2) = Hy(—p)H,(2) — ByH, — C\" (n). (2.15)
Combining the above with (2.10), we arrive at (2.14) immediately. O
Example 2.7 Letting p = 0, 1 in (2.14) we get
n
Z H? | =nH?— (Q2n+ )H, +2n,
m=1

n

) nn+1) 5, n?>+3n+1 n(n+5)
> mH, 5 Hi - S Hit =

m=1
Theorem 2.8 For p € Ny, we have
n B p
3 Hy 1 Hy12) = (= p)Hy () = S2HY + <D(”)(B) Py - EBP1> H,
m=1
B

- (Cé’” (n) + 7”) Hy(2) + C) ) + €17 (n) — ¢ (). (2.16)
Proof Applying identities (2.2), (2.6), (2.12) and (2.13), we obtain the explicit evaluation of sum ZZ:] mP
H,,_1H;,—1(2) by a direct calculation. |

Example 2.9 Letting p = 0, 1 in (2.16) we recover the last two formulas in [5]. More generally, when p > 2
the relation between our formula and that of [5] is

S P H ) = Y w? (142 ) (Hn @) 4 )

@ Springer



Evaluation of some sums involving... 363

n n n
=D ' Hy i Hy @)+ ) mP ey @) + ) mP Hyy + Hy G~ p)

m=1 m=1 m=1
n
=D m HyotHy 1) + Hy(1 = p.2) + Hy2 = p. 1) + Hy 3 = p).
m=1
Setting p = 2 and then using (2.15), Theorems 2.5 and 2.8, we get

H,H,(2) — 36 H,(2)

n 3 2
nn+1D)2n+1) 4n°> —3n“—n+3
§ m? Hy Hy (2) = —

m=1
1 e 6n2 —12n — 17H N n(5n — 22)
127" 36 " 36
Theorem 2.10 For p € Ny, we have

" B B
> mPH) | =H,(~p)H} — 3<C(()p)(n) + 7”)1{3 + 7”11,,(2)
m=1
(») PRy _ 3Py _ P
+(6C%o () + 3DV (B) = 3C{" () = T By ) Hy

— 641 o) +3C57 ) + 3¢ () — € ().

Proof By the stuffle relation we have
n
> mPHy = 6H,(—p, 1,1, 1) +3H,(=p,1,2) + 3H,(=p, 2, 1) + Hy(=p, 3).
m=1

Taking k = 3 in (2.6) we see that

p+i\(p=1-jn\p. p.
O BB o,
(p+D(p—1-=j1)

Hy(=p.3) = Hy(=p)H, () = By Hy @) = By By = Y

J1tj2=p=2
J1:J2=0

= Hy(=p)Hy(3) = ByH,(2) = 2By 1 Hy — C3 ().
Combining the above with (2.8) (taking r = 3), (2.12) and (2.13), we can complete the proof of the theorem by
a straight-forward simplification. O

Example 2.11 Taking p = 0, 1, 2 in Theorem 2.10 and using the relation

n n
> mPHY =nPH}+ ) (m—1)PH) |

m=0 m=1
we can confirm the first three examples in the last section of [5]. Setting p = 3 we get

n

n’(n + 1)2H3 _n(* = 1H3n -2 2

3173
oty = 16 "
m=0
N In* — 14n> + 1502 — 10n — 12H n(27n3 — 74n® + 141n — 238)
96 " 1152
In the following, we continue our umbral calculus convention so that every B/ should be replaced by the
Bernoulli number B;. Given co, ..., cq € Q we define the following polynomials of degree at most d + 1:
a p
P(x) = Z;)cp( — 2D (B) + EB,,_l),
p:
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d
Qo) =2 (24C(()”70)~0>0(x) — 12310, (0 = 12637 (0) — 1217 ()
p=0
+4CHH @) +6C17 ) +4C ) - € (),
d
Qi) =3 ¢ ( 24C 0 o (0) — 12D (B) + 12C7) (x) + 12C\7) (x)
p=0
d 6 D(P) — B 1
129 pwwy|  + 6D (x) — By) 40P () — p(p )B,,_2>,
dx B X g 6
d
020 = Y e (12636)+ 67 (8) = 6€{” ) = pBy ).
p=0
d
0s(0) = Y cp((—4C @) —2B,).
p=0

Theorem 2.12 For every polynomial F(x) = Zp —_ocpx? € Qlx] we have

3

Y FmHy_ | =H} Y Fm)+ Y Q;m)H; + P(n)H,(2) +2F(B)H, (2. 1) + F(B)Hy(3).
m=1 m=0 j=0

Proof We first consider Y » _, m? H;Ll for any p € Ny. By Theorem 2.1

Hy(—=p. 14) = Hy(—p) Hy(14) — C§" (0) Hy (13) + Clo () Hy (12) — Cglo o () Hy + C§l9 g o ().
Hy(=p, 1,1,2) = Hy(=p)H,(1,1,2) = CP () Hy (1, 2) + Cily () Ha (2) = DG (BYH,, — Cly (),
Hy(—=p.1.2.1) = Hy(—p)Hy(1,2, 1) = C¢” (0) Hy 2. 1) + D'V (B) Hy (1) + C) () H, — C7 (),
Hy(=p,2,1,1) = Hy(=p)Hy (2, 1, 1) = By H,(13) = C () Hy (1) + C{R () H,, — €1 (),

Hy(—p.1.3) = Hy(—p)Hy(1,3) — CP () Hy3) + DP(BYH, (2) + %%D(m(x) Hy + C ),
x=B
(p) _
H,(=p,2,2) = Hy(—p)Hn(2,2) — B, Hy(1,2) — C\" (0) H,(2) + D) +C ),
x= B
Hy(—p,3,1) = Hy(—p)H, (3, 1) — By H,(2, 1) — BB,,_lﬂn(lz) CP () Hy + C3R) (n),
p(p—1)

H,(—p,4) = H,(—p)H,(4) — B,H,(3) — —Bp 1 Hy(2) — By,_2H, — C" (n).

6
The theorem now follows directly from the three stuffle relations: (2.9) and
Hy} = 6H,(13) + 3H,(1,2) + 3H,(2, 1) + Hy (3),
H* = 24H,(14) + 12(Hn(1, 1,2) 4+ Hy(1,2,1) + Hy (2, 1, 1))
+6H,(2,2)+4H,(1,3)+4H,(3,1) + H,(4).
This concludes the proof of the theorem. O

In order to see the consistence of our result with that of Jin and Sun in [5], with umbral calculus convention
we may rewrite the two versions of Bernoulli numbers defined by (1.3) as

' -
e B I B

=e =e
el —1 ’ el —1

where in the expansion of the right-hand side we understand B/ (resp. B/ ) as Bj (resp. B j) forall j € Ny. This
notation scheme helps us to prove the next lemma in a straight-forward manner.
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Lemma 2.13 Let F(x) € R[x]. Then F(g) =0ifandonlyif F(B—1) =0.
Proof With umbral calculus notation we have

t

00 i o j
1 te t ~. 1

_ 1N _ (B-Dt _ Bt —t __ Lt _ [
E(B 1)i!—e =een = _ef—l_g Bi!'
i=0 i=0

Thus (B — 1)' = B forall i € Ny. The lemma follows immediately. o

Remark 2.14 1If F(B) = 0 holds in Theorem 2.12 then we can recover an essentially equivalent form of [5,
Theorem 1.3] by Lemma 2.13 since

> Fm)Hy = F(m)H, + Y Fm—1)H,_,.

m=0 m=1
We point out that the Bernoulli numbers in [5] are denoted by §i in the current note.

By the examples at the end of [5]

n n
neither Z(Zk +1H} nor Z(3k2 + k) HY
k=0 k=0

involves H, (2, 1) or H,(3). This can also follow easily from 2B 1+ Eo =0and 3l~?2 + §1 = 0 by [5, Theorem
1.3]. This is consistent with our result since

n n

D @k + DHH =Qn+ DH, + Y @m—1DH, . (2.17)
k=0 m=1

n n
> G+ H =@n* + n)H, + Y (3m* = 5m +2)H, |, (2.18)
k=0 m=1

and
2By — By =0, 3By —5B; +2By =0.
Thus by Theorem 2.12 we see that neither (2.17) nor (2.18) involves H, (2, 1) or H,(3).

Example 2.15 As examples that cannot be evaluated by the method of [5], we can use our Theorem 2.12 to find
that

n n
> kPHE =n*H}+ ) (m—1DPHy .
k=0 m=1

Setting p = 0, 1, 2 we find that

n
> Hy = (n+DH,} —2Qn+ 1)(H, —3H; + 6H,) — 2H,(2) + 2H, (2, 1) + H,(3) + 24n,

m=0

n

4 nn+1) 174 2 3, 3n2=9n—=5 172 3n2=21n—11
> mHpy ="V Y — (0 —n — DH) 4 S gy el g,
m=0

+ Hy(2) — Hy (2, 1) — 1 H,(3) + 219

n

274 _ n(4+DQ@n+1) g4 4’ —3n2—n43 1y3 | 803 —15n2425n+15 772 _ 16n3—57n24203n+111
> m’H, = A H . H? + - H? = H,
m=0

2_
— §H\(2) + 1Hy(2, 1) + § Hy (3) + 2E2— ),
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366 C. Xu et al.

By looking back at Theorem 2.12 and Remark 2.14, we find that not only Spie8’s conjecture fails in general
as shown by Jin and Sun in [5] but also linear combinations of multiple harmonic sums with coefficients given
by rational polynomials of n should suffice to express R,(d, t) for all d,t € N. We now conclude our note by
the following general theorem.

Theorem 2.16 Suppose n € N, t € Ny, and the polynomial F(x) € Q[x] has degree d. Put S,(F) =
Y =1 F(m) and denote by V,(d, t) the Q-vector space generated by P(n)H,(K) for all P(x) € Q[x] of
degree less than d + 2 and compositions K of depth less than t. Then we have

> Fm)Hy, .Y F(m)H,, € S,(F)H} + V,(d.1). (2.19)
m=1

m=0

Proof Observe that

> Fm)H), = F()H} + Y F(m—1)Hj},_,.

m=0 m=1

It suffices to prove the theorem for an=1 F(m)H ,’n_ 1» which can be further reduced to the case when F'(m) = m”
for some p < d. By the stuffle relation have

n
Y omPH, = t!Hy(=p. 1) = Y ckHu(=p.K)
=1 k:dep(k) <, |k|=t

for some suitable integer coefficients cx. We see by Theorem 2.1 that each term on the right-hand side of the
above lies inside V,,(d, t). This concludes the proof of the theorem. O
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