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Abstract Let f : R — R be an additive mapping and g be a function of R. If f (xy)=f (x)
y+g X)) f () =f (x)g(y)+xf (y)and fg (x) =gf (x)forall x, ye R then f is called a semi-derivation associ-
ated with g. Let R be a prime ring with characteristic different from two and A, i, o, T automorphisms of R. Letb
be anonzero elementof R and I, J, U be nonzero ideals of R such that g(I) # 0. If one of the following conditions
holds then R is commutative: f (1) CCy . (J), bf (R)CCrpu(R), fU,J),=0, [fU),J]s :CCip)
W), [f x),x]l,=0o0r[f(x),8(x)],1=0,forall xel, [f(),[f (R)], ,= 0. Moreover, we proved that
[f (I),al, ,=0ifand only if f[/,a], ,=0.
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1 Introduction

Let R be aring, o and T mappings of R. Forany x, y € R, we set[x, yl, ; = xo (y) — 7 (y)x and (x, y), ; =
xo (y) + 7 (¥) x. Aring R is said to be prime if for any elements 7 and s in R, rRs = 0 implies either r = 0
or s = 0. Let d be an additive mapping on R. If d (xy) = d (x) y + xd (y) for all xy € R then d is called a
derivation. As a generalization of derivations, Bergen introduced the following semi-derivation notion in [2]: Let
R be an associative ring. An additive mapping f : R — R is called a semi-derivation associated with a function
§:R—=>Rif, fay) = f(X)y+gx) f)=f0)gO+xf (), fegl) =gf) forallx,ye R.
Obviously, if g is an identity map of R, f is a derivation. J. C. Chang [4] proved that if R is a prime ring, then
the function g used in the semi-derivation f is a ring endomorphism. In this paper, we generalize some of the
results given in [1,3,4,6,7,9]. Throughout this paper, R denotes a prime ring with char R # 2, Z(R) denotes
the center of R and o, 7, @, B, A, i, y automorphisms of R.

We write  Cs 7 (R) = {ceR [lc,r]s,r =0, forall reR}. We often use the following commutator identities:

[x% Z]U,T =X [ya Z](T.‘[ + [-x’ T (Z)] y =X [y’ o (Z)] + [—xv Z]O,T y
(x,yZlpr =T W [x, 2 +[x, ¥]pr 0 (2)
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2 Results

Lemma 2.1 ([10], Lemma 3). Ifa prime ring contains a nonzero commutative right ideal, then it is commutative.

Definition 2.1 Let f : R — R be an additive mapping and g : R — R is afunctionand 1 : R — R is
identity mapping.

GO Iffxy)=fxy+gh) f(yforall x,y € R then f is called a (1, g)—derivation.
) If f(xy) = f(x)g(y)+xf (y)forall x,y € R then f is called a (g, 1)—derivation.

Remark 2.1 Every semi-derivation f : R — R associated with a function g is a (1, g)-derivation and a
(g, 1)—derivation both.

. ab ab 00 ab
Example 2.1 Let Z be the set of integers. Let R = {[Oc] |a,b,ceZ},f|:Oc] = |:0Ci|’g|:06i| =

a0 . . . . S . .
[0 0:|. Then f is a (1, g)-derivation associated with g but not a semi-derivation with g. Furthermore, f is not
a derivation.

Lemma 2.2 Ler f be a (1, g)-derivation of R associated with a function g : R — R and b € R. Let I be a
nonzero ideal of R.

(i) If f (I) =0then f =0.
(ii) If f(U)b=0,thenb=0o0r f =0.

Proof (1) If f (I) =0thentherelation0 = f (rx) = f(r)x+g@) f(x)=f(@)x,forall re R, xel,
gives that f(R)I = 0. Since the ring R is prime, it leads to f = 0.
(i1) If £ (I) b = 0 then we have, forallr € R, x € I,
O=fx)b=f(r)xb+g@) f(x)b= f(r)xbandso f(R)Ib = 0. Given that I is a nonzero ideal
and R is prime, we either have f =0orb = 0. O

Lemma 2.3 Let f be a nonzero (1, g)-derivation of R with a surjective function g : R — R and b € R.
Ifbf (R)y=0thenb=0o0r f=0.

Proof If bf (R) = 0 then we have for all r,s € R,
0=>bf(rs)=0bf (r)s +bg (r) f(s) =bg (r) f(s).

That is bRf (R) = 0. This means that » = 0 or f = 0 in prime rings.
A version of the theorem below can also be found in J. C. Chang’s work [[4], Theorem 1]. |

Theorem 2.1 If f : R — R is a nonzero (1, g)-derivation associated with a surjective function g : R — R
then g is a homomorphism.

Proof Forallr,s, t € R we have
f(r+)D=Ff+)1+g0r+s)fO)=FfT)t+f)t+gr+s) Q).
That is
fr+)=fE)t+f)t+g@+s)f@),forall r,s,t€R. 2.1
On the other hand, for all , s € R we have
fits)y=fr)t+g) f@)+ fs)i+g(s) fQ@). (2.2)

Using the relations (2.1) and (2.2) we obtain that
{g(r+s)—g@)—g(s)} f(R) =0. This means that
g(r+s)=g(@)+g(s) forallr,s € R by Lemma 2.3. Hence g is additive.
Now we want to show that the g function satisfies the multiplicative law.
We have, forallr,s,t € R

fris)=f@)st+g@) fst)=f(r)st+gr) fs)t+gr)gs) f)
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and so

faG)=f)st+g) f(s)t+gr)g(s) f@), forall r,s,t € R. (2.3)

On the other hand for all , s € R we have

fr))=fas)t+grs) f@)=f)st+g)f()t+grs) f@).
That is

frs))=fw)st+g) fs)t+g@s) f @), forallr s, t € R. 2.4)

Using the relations (2.3) and (2.4) we obtain that {g (rs) — g (r) g (s)} f (R) = 0.
This means that g (rs) = g (r) g (s), forall r, s € R by Lemma 2.3. Hence g satisfies the multiplicative law.
O

Lemma 2.4 Let I be a nonzero ideal of R with an automorphismy : R — R and a,b, c € R.

(i) fbyl,aly,=0or[l,al ;v (b)=0thenb=0o0r a € Z(R).
(ii) Ifcy U, aly b = 0 then (c =0or [b,yk(a)]b =O) and (b =Oorc[c, YL (a)] =0).

Proof (1) If by[l,a]) = 0then we have forallr € R, x € |

0=>bylxr,a]y,=by (X)YI[r, A (@] +bVI[X,a]y v @) =by (X)YI[r, A(a)].

Thatis by (I) Y[R, A (a)] = 0. Since y (I) is a nonzero ideal of R then we obtain thatb = 0 ora € Z(R).
If [1, ala .y (b) =0 then we have, forallr € R,x € I

0=1[rx,aly Yy @) =rlx,alx v ©®) +[r,n(@]xy () = [r,n(@)]xy ).

Thatis [R, i (a)] Iy (b) = 0. This gives that b = 0 ora € Z(R).
G1) Ifey I, a];\,ub = 0 then we get, forall x € I.

O=cylxy™'®).a], b=cy )y [y ®) . 2@]btcylxaly wbb=cy @y [y~ ®), 2 @]b.
Thatiscy (I)y [y_l b), x (a)] b = 0. Thus, we have ¢ = Qor [b, Yy A (a)] b = 0. Similarly, we have, for all
xel

0=cyly@xa]y, b=ceylxalb+cyly @, n@ly )b = cyly™ (). n@ly (x)b.
Thatis cy [y~ (¢), u(a)] y (I) b = 0. This gives thatb = 0 or ¢ [c, y i1 (a)] = 0. O
Remark 2.2 Let f be a nonzero (1, g)—derivation or (g, 1)—derivation of R such that g is an epimorphism. If /
is an ideal of R then g([) is an ideal of R.

Lemma 2.5 Ler f : R — R be a nonzero (1, g)-derivation associated with a surjective function g and b € R.
Let I be a nonzero ideal of R.

(i) If[f (I),bl,  =0and g (I) # O thenb € Z (R) or fo (b) = 0.
(i) If f[I,bly.r =0 thenb € Z (R) or f7 (b) = 0.

Proof (i) By the hypothesis, we get for all x € 1
0=1[f(xo(),bly=1fx)o((b)+gx) fob),bly .= fx)[o(®),0dI+[f(x),bl, 0 b)+
gx)[fo(b),bls . +1gx).7(D)] fo (b)andso

g(x)[fo (b),bl, +[gx),t(b)] fo (b)=0forallx € I. (2.5)
Taking rx, r € R instead of x in (2.5) and using (2.5) we get, forall x € [ andr € R

0=gm)gx)[fo),bly . +gr)[gx), T )] fob)+I[gr),(b)]glx)fo(b)

That is [R, T (b)] g (I) fo (b) = 0. Considering that g(/) is a nonzero ideal of R we have b € Z (R) or
fo (b) =0.
(ii) If f[1, b],, = Othen we have for all x € 1
0= flt®)x,bly .= f(t®)[x,bly ) = fTb)[x,bly .+ gTt®b)f [x,bl, . = T(b)[x, b, .. Thatis
ft(b)[1,bl, . = 0. By Lemma 2.4(i), we arrive atb € Z (R) or ftr(b) =0.
O
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Lemma 2.6 Let [ be a nonzero semi-derivation of R associated with a surjective function g and b € R. Let |
be a nonzero ideal of R.

(i) If [ fU),bl, . =0and g (I) #0thenb € Z(R) or ft (b) =0.
(ii) If f 1, bls, =0thenb e Z(R) or fo (b) =0.
Proof (1) Bythehypothesis,wegetforallx € 10 =[f (z (b)x),bl, , =[fr(b)g (x) +1(b)f (x),D], . =
ft®) g x), o )]+ [ft),bls g (x) +TD)f (x),bls . +[t(D), T (b)] fo (x)andso
fr®)[g (x),o B+ [fr(D),bl, ;g (x)=O0forallx € I. (2.6)

Taking xr, r € R instead of x in (2.6) and using (2.6) we get, forallx € [ andr € R

0= fr)gx)[gr), o D)+ frD)[g(x),oB)g(r)+[fT1(]),bls g (x)g(r)
= ft®)gx)[g(r),o (b)].
Thisis ft(b)g(I) [R, o (b)] = 0. Considering g (/) is anonzeroideal of R we getb € Z (R)or ft (b) = 0.
(ii) If f[1, b],, ; = Othen we have for all x € 1

0 = flxo (b),bl,, = f([x,bls,r 0 (b)) = fLx,bls 80 (b) + [x,bly r fo (b) = [x,bls ¢ fo (b)
Thatis [/, bl, ; fo (b) = 0. By Lemma 2.4(i), we arrive ath € Z (R) or fo (b) =0. O

Lemma 2.7 Let f be a nonzero semi-derivation of R associated with a function g and letb € Z (R). Let I be
a nonzero ideal of R. If f [I,bl,  =0theno (b) —t(b) =0o0r (ft(b) =0and fo (b) =0).
Proof Since b € Z (R) then o (b), T (b) € Z(R).If f[I, b], ; = 0 then we have, forall x e[

0= flx0 (b), bl = f([x,bl,c 0 (b)) = fx,bls g0 (b) + [x,blo, ¢ fo (b)
= [x,bls, ¢ fo (b) = (x0 (b) =T (b)x) fo (b) = (o (b) —T(b)xfo (D).
Thatis (o (b) — 7 (b)) Ifo (b) = 0. This gives that o (b) — t (b) =0 or fo (b) =0.
Similarly
0= fltb)x,bly = f(t(®)[x,bls )= fT(b)[x,bl, ; + gt (b) f[x,bl, , = fr (b)[x,b], ,
= ft ) (xo(b) —t(b)x) = fr(b)x (o (b) — (D))
and so ft (b) I (o (b) — t (b)) = 0. We obtain that o (b) — t (b) =0or fr (b) =0. O

Theorem 2.2 Let f : R — R be anonzero semi-derivation associated with a surjective function g : R — R and
b € R. Let I be a nonzero ideal of R such that g (I) # 0. Then [ f (I), bl, , = Oifand only if, f[I,bls - = 0.

Proof Letbbeanoncentral elementof R.If[ f (1), b], ; = Oor f [I, bl, ; = Othen ft (b) =0and fo (b) =0
by Lemma 2.5 and Lemma 2.6. Using these results we get, forall x € /

flx,blor =06 fxo(B)—th)x)=0& fx)od)+gw) fod)—frb)gx)— 1) fx)
=0 fXoB)-10) fX)=0<% [f®),.bl,,=0.

Thatis [ f (1), b], , = Oif and only if f [/, b]; ; = O.
Let b be a central element of R. Itis clear thato (b), T (b) € Z(R).If [f (1), b, , = 0 then we have for all
xel,

0=[f(x),bly . =f X))o ()= t(b) fx)=f(x)(0®b)— 1)) 2.7)

and so f (I) (o (b) — 7 (b)) = 0. This means that o (b) — 7 (b) = 0 by Lemma 2.2(ii). Using this we get, for
all x el

flx,blg = f(xo(b) — t(b)x) = f (x (o (b) — T (b)) =0.Thatis f[I, D],  =0.

On the other hand, if f [/, b], ; = 0 then

o () — t(b)=0or (f7(b) =0and fo (b) =0). 2.8)

ByLemma2.7.1f o (b) — 7 (b) = 0in (2.8) then we can show that [ f(/), b], ;, = 0asin(2.7).If f T (b) =0
and fo (b) = 0in (2.8) then we have, forall x €[

[f (x).Dlo: = f(x)o () — 1) f(x) = fx)o®)+gx) fod) —frb)gkx)— 1) fx) =
f o) — td)x) = flx,bly . =0.Thatis [ f(I), b], , = 0. This completes the proof of our theorem. O
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Corollary 2.1 ([1], Lemma 2) Let R be a prime ring, d : R — R a nonzero derivation and a € R. Then
[d (R),al =0ifand only ifd [R, a] = 0.

Remark 2.3 Let I be a nonzero ideal of Rand b € R.If b € Cy ,, (I) then b € C;, ;, (R).
Proof If b € Cy ;, (I) then we have, forallr € R, x €
0=1[b,xrl u=w@) b, rly,+1b,x] () =pn@)[b,r]; -
That is u(I) [b, R, , = 0and so b € C; ;, (R) is obtained. |

Theorem 2.3 Let f : R — R be a nonzero semi-derivation associated with a surjective function g : R — R
and be R. Let I be a nonzero ideal of R. If [ f (1), D], ; = O0theno (b) + 7 (b) € Z(R).

Proof It [f(I), b, . = Othen f [, b]; ; = 0 by Theorem 2.2 and so we get forall x, y € I,
0=[f(x[y.bly.).b], .= [f @) [y.bly +8) FLy.bly . b], = [F @) [y.bl..b] ,
=f ) [[yv b](r,r 0 (b)] +[f (), b]a,r Ly, b]a,r =fx [[y’ b]a,r O (b)]

Thatis f (1) [[y, bl ..o (b)] =0, forall y € I. This means that

[[y.bly. .0 ()] =0, forally € I. (2.9)
by Lemma 2.2(ii). Taking 7 (b) y instead of y in (2.9) we get forall y € 1
0=[[t(®) y.bly..0®]=[t®)[y.bl, .0 ®)]
=1() [y, bly... oB®)]+[x(®), oDy, bl, . =I[r®B), o ®]Ly.bl, ..

And so [t (b), o (b)][I, b], = 0. This gives that be Z (R) or [t (b), o (b)] = 0, by Lemma 2.4(i). Finally,
we obtain for any cases,

o)t (b)=1(b)o (). (2.10)
Using (2.9) and (2.10), we get 0 = [[y, b, ., 0 (b) ]
=[yo (b) =t (b)y,0 (b)] = yo (b)o (b) —t (b) yo (b) — 0o (b) yo (b) + 0o (b)T (b)y

yo (b)o (b) =t (b) yo (b) —o (b) yo (b) + T (b)o (b)y
[y, o (D))o (b) =T (D) [y, 0 (b)] = [y, 0 (b)], D], ;

which leads to [[y, o (b)], b]a’ : =0, forall y € I. Replacing y by y¢,¢ € I in this equation, we have

0=I[lyt,o (b)],bly . =Iylt,o (B)]+ [y, 0 (D)]t,Dly . = yIlt,0 (B)],Dls -
+ [y, D]t 0 D)y, o D)][t,0 D)+ [y, 0 (B)],Dly ot = [y, T (B)][t, 0 (D) + [y, 0 (b)][t, 0 ()]
=[y.o )+ (B[, 0 (D).

Thatis [/, 0 (b) + T (b)][1, 0 (b)] = 0. Considering Lemma 2.4(i) we get

beZ(R)yorob)+tb)ezZ(). (2.11)
If we use Remark 2.3 in (2.11) we obtain that o (b) + t (b) € Z (R) for any cases. |

Corollary 2.2 Let f : R — R be a nonzero semi-derivation associated with a surjective function g : R — R
and b € R. Let I be a nonzero ideal of R such that g(I) # 0. If f [1,D], ; = 0theno (b) + 7 (b) € Z(R).

Proof It f[I,b], ; = Othen [f(]), D], ; = 0 by Theorem 2.2 and so o (b) + 7 (b) € Z (R) is obtained by
Theorem 2.3. o

Corollary 2.3 ([9], Theorem 3) Let R be a prime ring of characteristic different from two, d : R — R a nonzero
derivationand a € R. Ifd [R,al, ; =0theno (a) +t(a) € Z(R).
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Lemma 2.8 Let f : R — R be a nonzero (1, g)-derivation associated with a surjective function g and I a
nonzero ideal of R such that g (I) # 0. If [ f(x), x]; ,, = 0, for all x € I then R is commutative.

Proof Replacing x by x + y in hypothesis we get
L), vl + ), x]y , =0, forall x,y el (2.12)

Taking xy instead of x in (2.12) and using (2.12) we get, forall x,y e I,0=[f (x)y+ g x) f()), Y+
LfOD,xyly =@y I+, v, y+8 @ LD, vl +18 ), T f () +m () LF ), vl +
L), xly ey =18 ), uWMIf(y). And so [g (), n(y)] f (y) = 0, forall y € I. This gives that, for any
yel, yeZR) or f(y) =0 by Lemma 2.4(i) and Remark 2.3. The sets K = {y € I |y € Z(R)} and
L ={yel]|f(y)=0}are subgroups of /. Since a group cannot be the union of proper subgroups, according
to Brauer’s trick, either / C Z(R)or f (I) = 0. Considering that f # 0 and Lemma 2.2(i), we obtain that
I C Z(R). This means that R is commutative by Lemma 2.1. O

Lemma 2.9 Let f : R — R be a nonzero (1, g)-derivation associated with a surjective function g and I a
nonzero ideal of R such that g (I) # 0. If [ f (x), g(x)]1;,; =0, for all x € I then R is commutative.

Proof Replacing xby x + yin hypothesis we get
Lf (), gL+ 1 (), 8], =0, forallx, y € I. (2.13)

Taking xy instead of y in (2.13) and using (2.13) we have, for all x,y € I,0=[f(x),g(x)g (M +
) y+8X) f(), 81 = @), et + [ x), g 1Ag ) + f(x)[y, 28 ()] +

[f ), g 1y+8@)f (), g 1+[g(x), g ()] f ()= f(x)[y, rg (x)] Thatis f (x) [1, 1g (x)] =
0, forall x € I.Using Lemma 2.4 (i) and Remark 2.3 we get, for any x € I,

f@x)=0org(x) e Z(R). (2.14)

Considering the same arguments as in the proof of Lemma 2.8 and applying Brauer’s trick to (2.14) we get
fU)=0org(I) C Z(R).Since [ # 0 then we have g (/) C Z(R) and so Ris commutative by Lemma 2.1. O

Theorem 2.4 Let f be a nonzero (1, g)-derivation of R, g is surjective and b € R.

(i) If bf (R) C Cy ; (R) and fg(r) =gf(r) for all r € R then b = 0 or R is commutative.
(ii) If f(R)b C Cy u (R) then b = 0 or R is commutative.

Proof (i) If bf (R) C Cj, , (R) then we have, forall 7, s € R

0=[br (f 937 @] =[brF )5 +bef ) f 9.7 6]

A A
= b 1.1+ (b7 027 O] s b1 @51 [bg ) 27 )] F )
= bfg (L] (), 51

That is bf (R)[f (s),s] = 0, for all s € R. Since bf(R) C Cj , (R) then we have bf (R) = 0 or

[f (s),s]=0,foralls € R. Using Lemma 2.3 and Lemma 2.8, we obtain that » = 0 or R is commutative.

(i) If f(R)b C Cy . (R) then using the relation 0 = [ f (sf () b, n™' g (S)]x,u for all r, s € R and consid-

ering as above we get f (R)b = O or [f (s),g(s)] =0, foralls € R.If [f (s), g(s)] = O then R is
commutative by Lemma 2.9. If f (R) b = 0 then we have b = 0 by Lemma 2.2(ii).

O

Corollary 2.4 ([4], Theorem 3) Let f be a nonzero semi-derivation of R associated with a surjective function
gandleta € R be such that af (R) C Z (R). Then a = 0 or R is commutative.

Lemma 2.10 [6, Lemma 2] Let I be a nonzero ideal of R and a,b € R. If [[a, 157, b]a g = 0 then b €
Z(R) or [a.t7'B ()], , =0.

Lemma 2.11 Let I, J be nonzero ideals of R and b € R. If [b, I, C Cy ,(J) then b € Cs - (R) or R is
commutative.
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Proof If [b, I, ; C Cj ,(J) then we have [[b, Iy ¢ ,x])\ u = 0 for all x € J. Using Lemma 2.10
we obtain, for any x € J x € Z(R) or [b, r_lu(x)](” =0.Let K = {xeJ|xeZR)} andL =

[x eJ| [b.t7luw], = 0}. Applying Brauer’s trick we get
JCZ@Ryor [b,Uly =0 2.15)

where U = r_lu (J) is a nonzero ideal of R.
If J C Z(R) in (2.15) then R is commutative by Lemma 2.1. On the other hand [b, U], ; = 0 means that
beCys . (U)andsob € Cq 1 (R) is obtained by Remark 2.3. O

Theorem 2.5 Let f : R — R be a nonzero (1, g)-derivation associated with a surjective function g and I, J, U
be nonzero ideals of R such that g (I) # 0.

(i) If f(I) C Cq, 1 (J) then R is commutative.
(ii) If[f (D), J1y. o C Cx,u (U) then R is commutative.
(iii) If f[1, J1yr = O then R is commutative.

Proof (i) If f (1) CCq, . (J)then we have [f (I), x], ; = O forall x € J. Using Lemma 2.5(i) we get, for
any x € J,

xeZ(R)or fo(x)=0. (2.16)

Considering the same argument as in the proof of Lemma 2.8 and applying Brauer’s Trick to (2.16) we
have J C Z(R) or fo (J) = 0. Since f # 0 then fo (J) # 0 by Lemma 2.2(i). On the other hand,
J C Z(R) means that R is commutative by Lemma 2.1.

(i) I [f ),y C Cap (U) then we have f(I) C Co ; (R) or R is commutative by Lemma 2.11. On the
other hand, f(I) C Cs r (R) means that R is commutative by (i).

(iii) If £ [, x]y, =0forallx € J, then we have for any x € J,

xeZ(R)or fr(x) =0 2.17)

by Lemma 5 (ii). Considering as above and applying Brauer’s Trick to (2.17) we get J C Z(R) or ft (J) = 0.
Since f # 0then ft (J) # 0 by Lemma 2.2 (i). Also, J/ C Z(R) means that R is commutative by Lemma 2.1.
]

Corollary 2.5 ([3],Lemma3) Let R be aprime ring, f a semi-derivation of R (g is onto) suchthat f (R) C Z (R),
then f = 0 or R is commutative.

Corollary 2.6 ([3], Theorem 5 (ii)) Let f be a semi-derivation of R (g is onto). If [ f (x),y] € Z(R) for all
X,y € R then R is commutative.

Lemma 2.12 Let f be a nonzero (1, g)-derivation of R and g is a surjective function such that fg (x) = gf (x),
forall x € I. Let I be a nonzero ideal of R such that g (I) # 0. If f>(I) = 0 then f = 0.

Proof By the hypothesis, we have, forall x, y € 1

0=f>@) =f(f@y+g@fFON=Fr@y+gf @) fO)+ fg@) fO)+g* @) 2 ()
=2fg(x) f ().

Thatis fg (I) f (I) = 0. Since g () is a nonzero ideal than using Lemma 2.2(ii) and Lemma 2.2 (i) we obtain
that f = 0. O

Theorem 2.6 Let f be a nonzero (1, g)-derivation (g is surjective) of R and b € R. Let I be a nonzero ideal of
R such that g (1) #0and fg (x) = gf (x), forall x € I.

(i) If [b, f(D]y,, =0thenb € Cy 1 (R).
(ii) If [ f (D), f(R)]A,M = 0 then R is commutative.
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Proof (i) Let [b, f(x)], u = 0 for all x € I. Then we have for all x,y € I 0=1[b, f(xy)]w =

by f () y+8 () fFDyp = 1f () [by Yy +Ibs f () k() 418 () [y f D]y o 1Dy g (]
M () = wf ()b, ¥l + b, g ()], Af () and'so

wf ) [b, ¥l 0 + 10,8 ()], Af () =0forallx, y € I. (2.18)
Replacing yf(z),z € I by y in (2.18) and using (2.18) 1 x, y,z € I

0= puf ) [b, F@L, + wf @) [b, Y1, W Af @) +[b.g (), Af ) Af (2)
+1b, g () 28 M AfZ (2) = [b. g (D], kg A2 (2).

Thatis [b, g (I)]ML rg () Afz (I) = 0. Here, Ag (I) is a nonzero ideal of R. Hence
b, g (D], = 0or f2(1) =0 (2.19)

is obtained. Since f# 0 then fZ(I) # 0 by Lemma 2.12. If [b, g (I)]x,u = 0 in (2.19) then we have
b € Cy . (g(1)). Since g(I) is a nonzero ideal then we obtain b € C;_;, (R) by Remark 2.3.

() IFLfCD, f(R)]y,,, =0then f(I) C C; u (R) by (i) and so is R commutative by Theorem 2.5 (i).

O

Corollary 2.7 ([4], Theorem 4) Let f be a semi-derivation of R associated with a surjective function g, a € R
and [a, f (R)] =0. Then a € Z(R).

Corollary 2.8 ([7], Theorem 2) If R is a prime ring admitting a nonzero derivation d such [d (x),d (y)] =0
forall x,y € R and char R # 2 then R is commutative.
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