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Abstract Let f : R → R be an additive mapping and g be a function of R. If f (xy) = f (x)

y+g (x) f (y) = f (x) g (y) +x f (y) and f g (x) =g f (x) for all x, y∈R then f is called a semi-derivation associ-
ated with g. Let R be a prime ring with characteristic different from two and λ,μ, σ , τ automorphisms of R. Let b
be a nonzero element of R and I, J , U be nonzero ideals of R such that g(I ) �= 0. If one of the following conditions
holds then R is commutative: f (I ) ⊂Cλ,μ (J ) , b f (R) ⊂Cλ,μ (R) , f [I ,J ]λ,μ = 0, [ f (I ) ,J ]σ, τ ⊂Cλ,μ)

(U ) , [ f (x) ,x]1,μ = 0 or [ f (x) ,g(x)]λ,1 = 0, for all xε I, [ f (I ) , f (R)]λ,μ = 0. Moreover, we proved that
[ f (I ) ,a]σ, τ = 0 if and only if f [I ,a]σ, τ= 0.
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1 Introduction

Let R be a ring, σ and τ mappings of R. For any x, y ∈ R, we set [x, y]σ,τ = xσ (y) − τ (y) x and (x, y)σ,τ =
xσ (y) + τ (y) x . A ring R is said to be prime if for any elements r and s in R, r Rs = 0 implies either r = 0
or s = 0. Let d be an additive mapping on R. If d (xy) = d (x) y + xd (y) for all xy ∈ R then d is called a
derivation. As a generalization of derivations, Bergen introduced the following semi-derivation notion in [2]: Let
R be an associative ring. An additive mapping f : R → R is called a semi-derivation associated with a function
g : R → R if, f (xy) = f (x) y + g (x) f (y) = f (x) g (y) + x f (y) , f g (x) = g f (x) for all x, y ∈ R.
Obviously, if g is an identity map of R, f is a derivation. J. C. Chang [4] proved that if R is a prime ring, then
the function g used in the semi-derivation f is a ring endomorphism. In this paper, we generalize some of the
results given in [1,3,4,6,7,9]. Throughout this paper, R denotes a prime ring with char R �= 2, Z(R) denotes
the center of R and σ, τ, α, β, λ, μ, γ automorphisms of R.
We write Cσ,τ (R) = {

cεR | [c, r ]σ, τ = 0, for all rεR
}
. We often use the following commutator identities:

[xy, z]σ,τ = x [y, z]σ,τ + [x, τ (z)] y = x [y, σ (z)] + [x, z]σ,τ y

[x, yz]σ,τ = τ (y) [x, z]σ,τ + [x, y]σ,τ σ (z)
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368 E. Güven

2 Results

Lemma 2.1 ([10], Lemma 3). If a prime ring contains a nonzero commutative right ideal, then it is commutative.

Definition 2.1 Let f : R → R be an additive mapping and g : R → R is a function and 1 : R → R is
identity mapping.

(i) If f (xy) = f (x) y + g (x) f (y)for all x, y ∈ R then f is called a (1, g)−derivation.
(ii) If f (xy) = f (x) g (y) + x f (y) for all x, y ∈ R then f is called a (g, 1)−derivation.

Remark 2.1 Every semi-derivation f : R → R associated with a function g is a (1, g)-derivation and a
(g, 1)−derivation both.

Example 2.1 Let Z be the set of integers. Let R =
{[

a b
0 c

]
| a, b, c ∈ Z

}
, f

[
a b
0 c

]
=

[
0 0
0 c

]
, g

[
a b
0 c

]
=

[
a 0
0 0

]
. Then f is a (1, g)-derivation associated with g but not a semi-derivation with g. Furthermore, f is not

a derivation.

Lemma 2.2 Let f be a (1, g)-derivation of R associated with a function g : R → R and b ∈ R. Let I be a
nonzero ideal of R.

(i) If f (I ) = 0 then f = 0.

(ii) If f (I ) b = 0, then b = 0 or f = 0.

Proof (i) If f (I ) = 0 then the relation 0 = f (r x) = f (r) x + g (r) f (x) = f (r) x, for all r ∈ R, x ∈ I,
gives that f (R)I = 0. Since the ring R is prime, it leads to f = 0.

(ii) If f (I ) b = 0 then we have, for all r ∈ R, x ∈ I ,
0 = f (r x) b = f (r) xb + g (r) f (x) b = f (r) xb and so f (R) I b = 0. Given that I is a nonzero ideal

and R is prime, we either have f = 0 or b = 0. ��
Lemma 2.3 Let f be a nonzero (1, g)-derivation of R with a surjective function g : R → R and b ∈ R.

If b f (R) = 0 then b = 0 or f = 0.

Proof If bf (R) = 0 then we have for all r, s ∈ R,

0 = b f (rs) = b f (r) s + bg (r) f (s) = bg (r) f (s) .

That is bRf (R) = 0. This means that b = 0 or f = 0 in prime rings.
A version of the theorem below can also be found in J. C. Chang’s work [[4], Theorem 1]. ��

Theorem 2.1 If f : R → R is a nonzero (1, g)-derivation associated with a surjective function g : R → R
then g is a homomorphism.

Proof For all r, s, t ∈ R we have

f ((r + s) t) = f (r + s) t + g (r + s) f (t) = f (r) t + f (s) t + g (r + s) f (t) .

That is

f ((r + s) t) = f (r) t + f (s) t + g (r + s) f (t) , for all r, s, t ∈ R. (2.1)

On the other hand, for all r, s ∈ R we have

f (r t + st) = f (r) t + g (r) f (t) + f (s) t + g (s) f (t). (2.2)

Using the relations (2.1) and (2.2) we obtain that
{g (r + s) − g (r) − g (s)} f (R) = 0. This means that
g (r + s) = g (r) + g (s) for all r, s ∈ R by Lemma 2.3. Hence g is additive.
Now we want to show that the g function satisfies the multiplicative law.
We have, for all r, s, t ∈ R

f (r(st)) = f (r) st + g (r) f (st) = f (r) st + g (r) f (s) t + g (r) g (s) f (t)
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and so

f (r(st)) = f (r) st + g (r) f (s) t + g (r) g (s) f (t), for all r, s, t ∈ R. (2.3)

On the other hand for all r, s ∈ R we have

f ((rs)t)) = f (rs) t + g (rs) f (t) = f (r) st + g (r) f (s) t + g (rs) f (t) .

That is

f ((rs)t)) = f (r) st + g (r) f (s) t + g (rs) f (t) , for all r, s, t ∈ R. (2.4)

Using the relations (2.3) and (2.4) we obtain that {g (rs) − g (r) g (s)} f (R) = 0.
This means that g (rs) = g (r) g (s), for all r, s ∈ R by Lemma 2.3. Hence g satisfies the multiplicative law.

��
Lemma 2.4 Let I be a nonzero ideal of R with an automorphism γ : R → R and a, b, c ∈ R.

(i) If b γ [I, a]λ,μ = 0 or [I, a]λ,μ γ (b) = 0 then b = 0 or a ∈ Z(R).

(ii) If c γ [I, a]λ,μ b = 0 then
(
c = 0 or

[
b, γ λ (a)

]
b = 0

)
and (b = 0 or c

[
c, γμ (a)

] = 0 ).

Proof (i) If b γ [I, a]λ,μ = 0 then we have for all r ∈ R, x ∈ I

0 = b γ [xr, a]λ,μ =bγ (x)γ [r, λ (a)] +b γ [x, a]λ,μ γ (r)=bγ (x) γ [r, λ (a)] .

That is bγ (I)γ [R, λ (a)] = 0. Since γ (I ) is a nonzero ideal of R then we obtain that b = 0 or a ∈ Z(R).

If [I, a]λ,μ γ (b) = 0 then we have, for all r ∈ R, x ∈ I

0 = [rx, a]λ,μγ (b) = r [x, a]λ,μ γ (b) + [r,μ (a)] xγ (b) = [r,μ (a)] xγ (b) .

That is [R, μ (a)] Iγ (b) = 0. This gives that b = 0 or a ∈ Z(R).

(ii) If c γ [I, a]λ,μ b = 0 then we get, for all x ∈ I .
0 = c γ

[
xγ −1(b), a

]
λ,μ

b = c γ (x) γ
[
γ −1 (b) , λ (a)

]
b+c γ [x, a]λ,μ bb = c γ (x) γ

[
γ −1 (b) , λ (a)

]
b.

That is c γ (I ) γ
[
γ −1 (b) , λ (a)

]
b = 0. Thus, we have c = 0 or

[
b, γ λ (a)

]
b = 0. Similarly, we have, for all

x ∈ I
0 = c γ

[
γ −1(c)x, a

]
λ,μ

b = c cγ [x, a]λ,μ b + c γ [γ −1(c), μ (a)]γ (x) b = c γ [γ −1(c), μ (a)]γ (x) b.

That is c γ
[
γ −1 (c) , μ (a)

]
γ (I ) b = 0. This gives that b = 0 or c

[
c, γμ (a)

] = 0. ��
Remark 2.2 Let f be a nonzero (1, g)−derivation or (g, 1)−derivation of R such that g is an epimorphism. If I
is an ideal of R then g(I ) is an ideal of R.

Lemma 2.5 Let f : R → R be a nonzero (1, g)-derivation associated with a surjective function g and b ∈ R.
Let I be a nonzero ideal of R.

(i) If [ f (I ) , b]σ, τ = 0 and g (I ) �= 0 then b ∈ Z (R) or f σ (b) = 0.

(ii) If f [I, b]σ, τ = 0 then b ∈ Z (R) or f τ (b) = 0.

Proof (i) By the hypothesis, we get for all x ∈ I
0 = [ f (xσ (b)) , b]σ, τ = [ f (x) σ (b) + g (x) f σ (b) , b]σ, τ = f (x) [σ (b) , σ (b)]+[ f (x) , b]σ, τ σ (b)+
g (x) [ f σ (b) , b]σ, τ + [g (x) , τ (b)] f σ (b) and so

g (x) [ f σ (b) , b]σ, τ + [g (x) , τ (b)] f σ (b) = 0 for all x ∈ I. (2.5)

Taking r x , r ∈ R instead of x in (2.5) and using (2.5) we get, for all x ∈ I and r ∈ R

0 = g (r) g (x) [ f σ (b) , b]σ, τ + g (r) [g (x) , τ (b)] f σ (b) + [g (r) , τ (b)] g(x) f σ (b) .

That is [R, τ (b)] g (I ) f σ (b) = 0. Considering that g(I ) is a nonzero ideal of R we have b ∈ Z (R) or
f σ (b) = 0.

(ii) If f [I, b]σ, τ = 0then we have for all x ∈ I
0 = f [τ (b) x, b]σ, τ = f

(
τ(b) [x, b]σ, τ

) = f τ(b) [x, b]σ, τ + gτ(b) f [x, b]σ, τ = τ(b) [x, b]σ, τ . That is
f τ(b) [I, b]σ, τ = 0. By Lemma 2.4(i), we arrive at b ∈ Z (R) or f τ(b) = 0.

��
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Lemma 2.6 Let f be a nonzero semi-derivation of R associated with a surjective function g and b ∈ R. Let I
be a nonzero ideal of R.

(i) If [ f (I ) , b]σ, τ = 0 and g (I ) �= 0 then b ∈ Z (R) or f τ (b) = 0.

(ii) If f [I, b]σ, τ = 0 then b ∈ Z (R) or f σ (b) = 0.

Proof (i) By the hypothesis, we get for all x ∈ I 0 = [ f (τ (b) x) , b]σ, τ = [ f τ(b)g (x) + τ(b) f (x) , b]σ, τ =
f τ(b) [g (x) , σ (b)] + [ f τ(b), b]σ, τ g (x) + τ(b) [ f (x) , b]σ, τ + [τ(b), τ (b)] f σ (x) and so

f τ(b) [g (x) , σ (b)] + [ f τ(b), b]σ, τ g (x) = 0 for all x ∈ I. (2.6)

Taking xr , r ∈ R instead of x in (2.6) and using (2.6) we get, for all x ∈ I and r ∈ R

0 = f τ(b)g(x) [g (r) , σ (b)] + f τ(b) [g (x) , σ (b)] g (r) + [ f τ(b), b]σ, τ g (x) g (r)

= f τ(b)g(x) [g (r) , σ (b)] .

This is f τ(b)g(I ) [R, σ (b)] = 0. Considering g(I ) is a nonzero ideal of R we get b ∈ Z (R) or f τ (b) = 0.
(ii) If f [I, b]σ, τ = 0then we have for all x ∈ I

0 = f [xσ (b) , b]σ, τ = f
(
[x, b]σ, τ σ (b)

) = f [x, b]σ, τ gσ (b) + [x, b]σ, τ f σ (b) = [x, b]σ, τ f σ (b)

That is [I, b]σ, τ f σ (b) = 0. By Lemma 2.4(i), we arrive at b ∈ Z (R) or f σ (b) = 0. ��
Lemma 2.7 Let f be a nonzero semi-derivation of R associated with a function g and let b ∈ Z (R). Let I be
a nonzero ideal of R. If f [I, b]σ, τ = 0 then σ (b) − τ (b) = 0 or ( f τ (b) = 0 and f σ (b) = 0 ) .

Proof Since b ∈ Z (R) then σ (b), τ (b) ∈ Z (R). If f [I, b]σ, τ = 0 then we have, for all x ∈ I

0 = f [xσ (b) , b]σ, τ = f
(
[x, b]σ, τ σ (b)

) = f [x, b]σ, τ gσ (b) + [x, b]σ, τ f σ (b)

= [x, b]σ, τ f σ (b) = (xσ (b) − τ (b) x) f σ (b) = (σ (b) − τ (b)) x f σ (b) .

That is (σ (b) − τ (b)) I f σ (b) = 0. This gives that σ (b) − τ (b) = 0 or f σ (b) = 0.
Similarly

0 = f [τ (b) x, b]σ, τ = f
(
τ (b) [x, b]σ, τ

) = f τ (b) [x, b]σ, τ + gτ (b) f [x, b]σ, τ = f τ (b) [x, b]σ, τ

= f τ (b) (xσ (b) − τ (b) x) = f τ (b) x (σ (b) − τ (b))

and so f τ (b) I (σ (b) − τ (b)) = 0. We obtain that σ (b) − τ (b) = 0 or f τ (b) = 0. ��
Theorem 2.2 Let f : R → R be a nonzero semi-derivation associated with a surjective function g : R → R and
b ∈ R. Let I be a nonzero ideal of R such that g (I ) �= 0. Then [ f (I ) , b]σ, τ = 0 if and only if, f [I, b]σ, τ = 0.

Proof Let b be a noncentral element of R. If [ f (I ), b]σ, τ = 0 or f [I, b]σ, τ = 0 then f τ (b) = 0 and f σ (b) = 0
by Lemma 2.5 and Lemma 2.6. Using these results we get, for all x ∈ I

f [x, b]σ, τ = 0 ⇔ f (xσ (b) − τ (b) x) = 0 ⇔ f (x) σ (b) + g (x) f σ (b) − f τ (b) g (x) − τ (b) f (x)

= 0 ⇔ f (x) σ (b) − τ (b) f (x) = 0 ⇔ [ f (x) , b]σ, τ = 0.

That is [ f (I ), b]σ, τ = 0 if and only if f [I, b]σ, τ = 0.
Let b be a central element of R. It is clear that σ (b) , τ (b) ∈ Z(R). If [ f (I ), b]σ, τ = 0 then we have for all

x ∈ I,

0 = [ f (x), b]σ, τ = f (x) σ (b) − τ (b) f (x) = f (x) (σ (b) − τ (b)). (2.7)

and so f (I ) (σ (b) − τ (b)) = 0. This means that σ (b) − τ (b) = 0 by Lemma 2.2(ii). Using this we get, for
all x ∈ I

f [x, b]σ, τ = f (xσ (b) − τ (b) x) = f (x (σ (b) − τ (b))) = 0. That is f [I, b]σ, τ = 0.
On the other hand, if f [I, b]σ, τ = 0 then

σ (b) − τ (b) = 0 or ( f τ (b) = 0 and f σ (b) = 0) . (2.8)

By Lemma 2.7. If σ (b)− τ (b) = 0 in (2.8) then we can show that [ f (I ), b]σ, τ = 0 as in (2.7). If f τ (b) = 0
and f σ (b) = 0 in (2.8) then we have, for all x ∈ I

[ f (x) , b]σ, τ = f (x) σ (b) − τ (b) f (x) = f (x) σ (b) + g (x) f σ (b) − f τ (b) g (x) − τ (b) f (x) =
f (xσ (b) − τ (b) x) = f [x, b]σ, τ = 0. That is [ f (I ), b]σ, τ = 0. This completes the proof of our theorem. ��
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Corollary 2.1 ([1], Lemma 2) Let R be a prime ring, d : R → R a nonzero derivation and a ∈ R. Then
[d (R) , a] = 0 if and only if d [R, a] = 0.

Remark 2.3 Let I be a nonzero ideal of R and b ∈ R. If b ∈ Cλ,μ (I ) then b ∈ Cλ,μ (R).

Proof If b ∈ Cλ,μ (I ) then we have, for all r ∈ R, x ∈ I

0 = [b, xr ]λ,μ = μ (x) [b, r ]λ,μ + [b, x]λ,μ λ (r) = μ(x) [b, r ]λ,μ .

That is μ(I ) [b, R]λ,μ = 0 and so b ∈ Cλ,μ (R) is obtained. ��
Theorem 2.3 Let f : R → R be a nonzero semi-derivation associated with a surjective function g : R → R
and b∈ R. Let I be a nonzero ideal of R. If [ f (I ), b]σ, τ = 0 then σ (b) + τ (b) ∈ Z (R) .

Proof If [ f (I ), b]σ, τ = 0 then f [I, b]σ, τ = 0 by Theorem 2.2 and so we get for all x, y ∈ I ,

0 = [
f
(
x [y, b]σ, τ

)
, b

]
σ, τ

= [
f (x) [y, b]σ, τ + g (x) f [y, b]σ, τ , b

]
σ, τ

= [
f (x) [y, b]σ, τ , b

]
σ, τ

= f (x)
[
[y, b]σ, τ , σ (b)

] + [ f (x) , b]σ, τ [y, b]σ, τ = f (x)
[
[y, b]σ, τ , σ (b)

]
.

That is f (I )
[
[y, b]σ, τ , σ (b)

] = 0, for all y ∈ I . This means that

[
[y, b]σ, τ , σ (b)

] = 0, for all y ∈ I. (2.9)

by Lemma 2.2(ii). Taking τ (b) y instead of y in (2.9) we get for all y ∈ I

0 = [
[τ (b) y, b]σ, τ , σ (b)

] = [
τ (b) [y, b]σ, τ , σ (b)

]

= τ(b)
[
[y, b]σ, τ , σ (b)

] + [τ(b), σ (b)] [y, b]σ, τ = [τ (b) , σ (b)] [y, b]σ, τ .

And so [τ (b) , σ (b)] [I, b]σ, τ = 0. This gives that b∈ Z (R) or [τ (b) , σ (b)] = 0, by Lemma 2.4(i). Finally,
we obtain for any cases,

σ (b) τ (b) = τ (b) σ (b) . (2.10)

Using (2.9) and (2.10), we get 0 = [
[y, b]σ, τ , σ (b)

]

= [yσ (b) − τ (b) y, σ (b)] = yσ (b) σ (b) − τ (b) yσ (b) − σ (b) yσ (b) + σ (b) τ (b) y

= yσ (b) σ (b) − τ (b) yσ (b) − σ (b) yσ (b) + τ (b) σ (b) y

= [y, σ (b)] σ (b) − τ (b) [y, σ (b)] = [[y, σ (b)] , b]σ, τ

which leads to [[y, σ (b)] , b]σ, τ = 0, for all y ∈ I . Replacing y by yt , t ∈ I in this equation, we have

0 = [[yt, σ (b)] , b]σ, τ = [y [t, σ (b)] + [y, σ (b)] t, b]σ, τ = y [[t, σ (b)] , b]σ, τ

+ [y, τ (b)] [t, σ (b)] [y, σ (b)] [t, σ (b)] + [[y, σ (b)] , b]σ, τ t = [y, τ (b)] [t, σ (b)] + [y, σ (b)] [t, σ (b)]

= [y, σ (b) + τ (b)] [t, σ (b)] .

That is [I, σ (b) + τ (b)] [I, σ (b)] = 0. Considering Lemma 2.4(i) we get

b ∈ Z (R) or σ (b) + τ (b) ∈ Z (I ) . (2.11)

If we use Remark 2.3 in (2.11) we obtain that σ (b) + τ (b) ∈ Z (R) for any cases. ��
Corollary 2.2 Let f : R → R be a nonzero semi-derivation associated with a surjective function g : R → R
and b ∈ R. Let I be a nonzero ideal of R such that g(I ) �= 0. If f [I, b]σ, τ = 0 then σ (b) + τ (b) ∈ Z (R) .

Proof If f [I, b]σ, τ = 0 then [ f (I ), b]σ, τ = 0 by Theorem 2.2 and so σ (b) + τ (b) ∈ Z (R) is obtained by
Theorem 2.3. ��
Corollary 2.3 ([9], Theorem 3) Let R be a prime ring of characteristic different from two, d : R → R a nonzero
derivation and a ∈ R. If d [R, a]σ, τ = 0 then σ (a) + τ (a) ∈ Z (R) .
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Lemma 2.8 Let f : R → R be a nonzero (1, g)-derivation associated with a surjective function g and I a
nonzero ideal of R such that g (I ) �= 0. If [ f (x), x]1,μ = 0, for all x ∈ I then R is commutative.

Proof Replacing x by x + y in hypothesis we get

[ f (x), y]1,μ + [ f (y), x]1,μ = 0, for all x, y ∈ I. (2.12)

Taking xy instead of x in (2.12) and using (2.12) we get, for all x, y ∈ I , 0 = [ f (x) y + g (x) f (y), y]1,μ +
[ f (y), xy]1,μ = f (x) [y, y] + [ f (x), y]1,μ y + g (x) [ f (y), y]1,μ + [g (x) , μ(y)] f (y)+μ(x) [ f (y), y]1,μ +
[ f (y), x]1,μ y = [g (x) , μ(y)] f (y) . And so [g (I ) , μ(y)] f (y) = 0, for all y ∈ I . This gives that, for any
y ∈ I, y ∈ Z(R) or f (y) = 0 by Lemma 2.4(i) and Remark 2.3. The sets K = {y ∈ I | y ∈ Z(R)} and
L = {y ∈ I | f (y) = 0} are subgroups of I . Since a group cannot be the union of proper subgroups, according
to Brauer’s trick, either I ⊂ Z(R)or f (I ) = 0. Considering that f �= 0 and Lemma 2.2(i), we obtain that
I ⊂ Z(R). This means that R is commutative by Lemma 2.1. ��
Lemma 2.9 Let f : R → R be a nonzero (1, g)-derivation associated with a surjective function g and I a
nonzero ideal of R such that g (I ) �= 0. If [ f (x) , g(x)]λ,1 = 0, for all x ∈ I then R is commutative.

Proof Replacing xby x + yin hypothesis we get

[ f (x) , g(y)]λ,1 + [ f (y) , g(x)]λ,1 = 0, for all x, y ∈ I. (2.13)

Taking xy instead of y in (2.13) and using (2.13) we have, for all x, y ∈ I, 0 = [ f (x) , g(x)g (y)]λ,1 +
[ f (x) y + g (x) f (y), g (x)]λ,1 = g (x) [ f (x) , g(y)]λ,1 + [ f (x) , g (x)]λ,1 λg (y) + f (x) [y, λg (x)] +
[ f (x) , g (x)]λ,1 y +g (x) [ f (y) , g(x)]λ,1 +[g (x) , g (x)] f (y) = f (x) [y, λg (x)] That is f (x) [I, λg (x)] =
0, for all x ∈ I.Using Lemma 2.4 (i) and Remark 2.3 we get, for any x ∈ I ,

f (x) = 0 or g (x) ∈ Z(R). (2.14)

Considering the same arguments as in the proof of Lemma 2.8 and applying Brauer’s trick to (2.14) we get
f (I ) = 0 or g (I ) ⊂ Z(R). Since f �= 0 then we have g (I ) ⊂ Z(R) and so Ris commutative by Lemma 2.1. ��
Theorem 2.4 Let f be a nonzero (1, g)-derivation of R, g is surjective and b ∈ R.

(i) If b f (R) ⊂ Cλ,μ (R) and f g(r) =gf(r) for all r ∈ R then b = 0 or R is commutative.
(ii) If f (R)b ⊂ Cλ,μ (R) then b = 0 or R is commutative.

Proof (i) If b f (R) ⊂ Cλ,μ (R) then we have, for all r, s ∈ R

0 =
[
b f ( f (r) s) , λ−1 (s)

]

λ,μ
=

[
b f 2 (r) s + bg f (r) f (s) , λ−1 (s)

]

λ,μ

= b f 2 (r) [s, s] +
[
b f 2 (r) , λ−1 (s)

]

λ,μ
s + b f g (r) [ f (s) , s] +

[
b f g (r) , λ−1 (s)

]

λ,μ
f (s)

= b f g (r) [ f (s) , s] .

That is b f (R) [ f (s) , s] = 0, for all s ∈ R. Since b f (R) ⊂ Cλ,μ (R) then we have b f (R) = 0 or
[ f (s) , s] = 0, for all s ∈ R. Using Lemma 2.3 and Lemma 2.8, we obtain that b = 0 or R is commutative.

(ii) If f (R)b ⊂ Cλ,μ (R) then using the relation 0 = [
f (s f (r)) b, μ−1g (s)

]
λ,μ

for all r, s ∈ R and consid-
ering as above we get f (R) b = 0 or [ f (s) , g(s)] = 0, for all s ∈ R. If [ f (s) , g(s)] = 0 then R is
commutative by Lemma 2.9. If f (R) b = 0 then we have b = 0 by Lemma 2.2(ii).

��
Corollary 2.4 ([4], Theorem 3) Let f be a nonzero semi-derivation of R associated with a surjective function
g and let a ∈ R be such that a f (R) ⊂ Z (R). Then a = 0 or R is commutative.

Lemma 2.10 [6, Lemma 2] Let I be a nonzero ideal of R and a, b ∈ R. If
[
[a, I ]σ,τ , b

]
α,β

= 0 then b ∈
Z (R) or

[
a, τ−1β (b)

]
σ,τ

= 0.

Lemma 2.11 Let I, J be nonzero ideals of R and b ∈ R. If [b, I ]σ, τ ⊂ Cλ,μ (J ) then b ∈ Cσ, τ (R) or R is
commutative.
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Proof If [b, I ]σ, τ ⊂ Cλ,μ (J ) then we have
[
[b, I ]σ,τ , x

]
λ,μ

= 0 for all x ∈ J . Using Lemma 2.10

we obtain, for any x ∈ J x ∈ Z(R) or
[
b, τ−1μ (x)

]
σ,τ

= 0. Let K = {x ∈ J | x ∈ Z(R)} and L =
{

x ∈ J | [
b, τ−1μ (x)

]
σ,τ

= 0
}

. Applying Brauer’s trick we get

J ⊂ Z(R) or [b, U ]σ, τ = 0 (2.15)

where U = τ−1μ (J ) is a nonzero ideal of R.
If J ⊂ Z(R) in (2.15) then R is commutative by Lemma 2.1. On the other hand [b, U ]σ, τ = 0 means that

b ∈ Cσ, τ (U ) and so b ∈ Cσ, τ (R) is obtained by Remark 2.3. ��
Theorem 2.5 Let f : R → R be a nonzero (1, g)-derivation associated with a surjective function g and I, J, U
be nonzero ideals of R such that g (I ) �= 0.

(i) If f (I ) ⊂ Cσ, τ (J ) then R is commutative.
(ii) If [ f (I ), J ]σ, τ ⊂ Cλ,μ (U ) then R is commutative.

(iii) If f [I, J ]σ,τ = 0 then R is commutative.

Proof (i) If f (I ) ⊂Cσ, τ (J )then we have [ f (I ) , x]σ, τ = 0 for all x ∈ J . Using Lemma 2.5(i) we get, for
any x ∈ J ,

x ∈ Z(R) or f σ (x) = 0. (2.16)

Considering the same argument as in the proof of Lemma 2.8 and applying Brauer’s Trick to (2.16) we
have J ⊂ Z(R) or f σ (J ) = 0. Since f �= 0 then f σ (J ) �= 0 by Lemma 2.2(i). On the other hand,
J ⊂ Z(R) means that R is commutative by Lemma 2.1.

(ii) If [ f (I ) , J ]σ,τ ⊂ Cλ,μ (U ) then we have f (I ) ⊂ Cσ,τ (R) or R is commutative by Lemma 2.11. On the
other hand, f (I ) ⊂ Cσ,τ (R) means that R is commutative by (i).

(iii) If f [I, x]σ,τ =0 for all x ∈ J , then we have for any x ∈ J ,

x ∈ Z(R) or f τ (x) = 0 (2.17)

by Lemma 5 (ii). Considering as above and applying Brauer’s Trick to (2.17) we get J ⊂ Z(R) or f τ (J ) = 0.
Since f �= 0 then f τ (J ) �= 0 by Lemma 2.2 (i). Also, J ⊂ Z(R) means that R is commutative by Lemma 2.1.
��
Corollary 2.5 ([3], Lemma 3) Let R be a prime ring, f a semi-derivation of R (g is onto) such that f (R) ⊂ Z (R),
then f = 0 or R is commutative.

Corollary 2.6 ([3], Theorem 5 (ii)) Let f be a semi-derivation of R (g is onto). If [ f (x) , y] ∈ Z(R) for all
x, y ∈ R then R is commutative.

Lemma 2.12 Let f be a nonzero (1, g)-derivation of R and g is a surjective function such that f g (x) = g f (x),
for all x ∈ I . Let I be a nonzero ideal of R such that g (I ) �= 0. If f 2 (I ) = 0 then f = 0.

Proof By the hypothesis, we have, for all x, y ∈ I

0 = f 2 (xy) = f ( f (x) y + g (x) f (y))= f 2 (x) y + g f (x) f (y) + f g (x) f (y) + g2 (x) f 2 (y)

= 2 f g (x) f (y) .

That is f g (I ) f (I ) = 0. Since g (I ) is a nonzero ideal than using Lemma 2.2(ii) and Lemma 2.2 (i) we obtain
that f = 0. ��
Theorem 2.6 Let f be a nonzero (1, g)-derivation (g is surjective) of R and b ∈ R. Let I be a nonzero ideal of
R such that g (I ) �= 0 and f g (x) = g f (x), for all x ∈ I.

(i) If [b, f (I )]λ,μ = 0 then b ∈ Cλ,μ (R) .

(ii) If [ f (I ), f (R)]λ,μ = 0 then R is commutative.
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Proof (i) Let [b, f (x)]λ,μ = 0 for all x ∈ I . Then we have for all x, y ∈ I 0 = [b, f (xy)]λ,μ =
[b, f (x) y + g (x) f (y)]λ,μ = μ f (x) [b, y]λ,μ+[b, f (x)]λ,μ λ (y)+μg (x) [b, f (y)]λ,μ+[b, g (x)]λ,μ

λ f (y) = μ f (x) [b, y]λ,μ + [b, g (x)]λ,μ λ f (y) and so

μ f (x) [b, y]λ,μ + [b, g (x)]λ,μ λ f (y) = 0 for all x, y ∈ I. (2.18)

Replacing y f (z), z ∈ I by y in (2.18) and using (2.18) l x, y, z ∈ I

0 = μ f (x)μ(y) [b, f (z)]λ,μ + μ f (x) [b, y]λ,μλ f (z) + [b, g (x)]λ,μ λ f (y) λ f (z)

+ [b, g (x)]λ,μ λg (y) λ f 2 (z) = [b, g (x)]λ,μ λg (y) λ f 2 (z) .

That is [b, g (I )]λ,μ λg (I ) λ f 2 (I ) = 0. Here, λg (I ) is a nonzero ideal of R. Hence

[b, g (I )]λ,μ = 0 or f 2 (I ) = 0 (2.19)

is obtained. Since f �= 0 then f 2(I) �= 0 by Lemma 2.12. If [b, g (I )]λ,μ = 0 in (2.19) then we have
b ∈ Cλ,μ (g(I )). Since g(I ) is a nonzero ideal then we obtain b ∈ Cλ,μ (R) by Remark 2.3.

(ii) If [ f (I ), f (R)]λ,μ = 0 then f (I ) ⊂ Cλ,μ (R) by (i) and so is R commutative by Theorem 2.5 (i).
��

Corollary 2.7 ([4], Theorem 4) Let f be a semi-derivation of R associated with a surjective function g, a ∈ R
and [a, f (R)] =0. Then a ∈ Z(R).

Corollary 2.8 ([7], Theorem 2) If R is a prime ring admitting a nonzero derivation d such [d (x) , d (y)] = 0
for all x, y ∈ R and char R �= 2 then R is commutative.
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