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Abstract Shintani constructed the inverse mapping W of Shimura correspondence ® from a cusp form F(z)
of half-integral weight to the cusp form f(z) of integral weight. The Fourier coefficients of the cusp form
Fy(z) = W(f(z)) are explicitly expressed in terms of periods of a cusp form f(z). Using the reduction theory
of integral binary quadratic forms and calculations of periods of f(z), we shall decide an effective algorithm of
a calculation of the Fourier coefficients of F's(z) lifted by an cusp form f(z) of small level. Moreover, when
f(z) is a cusp form of level 2 and of weight 8, we shall prove that F'¢(z) is a certain product of some classical
theta series of level 4 and of weight 1/2 and certain Dedekind eta functions.
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Introduction

Shimura [11] established a correspondence & from modular forms F(z) of half-integral weight to those f(z)
of integral weight. Furthermore, he proposed the following problem in [11, Section 4]; how can the Fourier
coefficients of the cusp form F(z) of half-integral weight are recovered from a cusp form f (z) of integral weight
(see also [13, Section 4, VII]). Using the Weil representation associated with a quadratic form, Shintani [16]
constructed the converse mapping W of the Shimura correspondence ®. Interestingly, the Fourier coefficients of
the cusp form F'(z) determined by this Shintani mapping W are closely related to ideal groups and fundamental
units of certain real quadratic fields and are explicitly expressed in terms of periods of a cusp form f (z). Moreover,
applying Manin’s results in [6], he obtained an effective algorithm of computations of the Fourier coefficients
of F(z) in terms of fundamental periods of modular curves if the weight of f(z) is two. When the level of f(z)
is one, Kohnen and Zagier [2] provided an algorithm of the decision of the Fourier coefficients of cusp forms
F(2) of half-integral weight by means of fundamental periods of an elliptic cusp form f(z) of integral weight
and level one (See (1.18) for our definition of fundamental periods of modular forms). Kojima [3] proved that
the Fourier coefficients of F (z) with arbitrary level given by the Shintani lift W are represented by critical values
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376 H. Kojima, H. Sakata

of several twisted L-series by Dirichlet characters attached to f(z). We feel that it is not meaningless to decide
whether the Fourier coefficients of F'(z) are expressed by means of the fundamental periods of modular forms
of integral weight as main component parts.

The purpose of this paper is to explore an answer for this question in the case of cusp forms with small level
and to find an effective algorithm of an expression of the Fourier coefficients of F'(z) given by the Shintani lift
W. To execute this, we apply the reduction theory of integral binary quadratic forms and explicit computations
of the Eichler-Shimura cohomology group associated with a modular group.

Section 0 is a preliminary section.

In section 1, we shall study periods of cusp forms. We give an effective algorithm of computations of Eichler-
Shimura cohomology groups related to a modular group with small level by using of fundamental periods of cusp
forms. Since methods used in [2] are not directly applicable to our case, we need to choose skilful generators of
this modular group. The lemma 1.1 is a key for our later arguments. Perhaps we think that we can not establish
this using only our fundamental periods of cusp forms in the arbitrary level. Furthermore, by means of Hecke
operators, we determine explicitly the image of the period mapping of cusp forms of level 2.

In section 2, we shall prepare the reduction theory of integral binary quadratic forms with positive discrimi-
nant. This is important for our later discussions. Using this reduction of quadratic forms, we define the Shintani
lift & from a cusp form f(z) of integral weight to the cusp form F(z) of half-integral weight. Importantly, the
Fourier coefficients of F(z) = W(f(z)) are expressed in terms of fundamental periods of f(z) in the case
where the level of f(z)is 1, 2 or 3 (see Theorem 2.6).

In section 3, applying the results of section 1 and section 2, we determine explicitly the Fourier coefficients
of F(z) given by the cusp form f(z) of weight 8 and of level 2 in terms of several fundamental periods of f(z).
As an application of this result, using some results about the image of the period map discussed in section 1, we
deduce that the above cusp form F'(z) equals a certain product of classical theta series of weight 1/2 and of level
4 and Dedekind eta functions.

Finally, we mention that in Kojima [4], we obtained an another proof of the fact that the Shintani lift commutes
with the action of Hecke operators.

0 Notation and preliminaries

This section is devoted to summarizing several fundamental facts which we need later. First, we prepare some
notations. We denote by Z, Q, R and C the ring of rational integers, the rational number field, the real number
field and the complex number field, respectively.

For an associative ring R with identity element, we denote by R* the group of all its invertible elements
and by R} the module of all m x n matrices with entries in R. We put R" = R{", M, (R) = Rj, and
GL,,(R) = M, (R)* for simplicity. Denote by I, the identity matrix of M,,(R). When R is commutative,
SL,,(R) denotes the special linear group of degree m over R. For each positive integer N, put

Fo(N) = {(i Z) € SLy(Z)

¢ =0 (mod N)} and H={z € C | J(z) > 0}.

Let k be an positive integer, N be a positive integer divisible by 4, and x be a character modulo N. We consider
a cusp form f(z) satisfying

PO = 1@, @) forevery y = (41) € o) and z <

where y(2) = (az + b)/(cz +d), j(y,2) = 9(¥(2))/P(2) with #(z) = ¥,y e[n?z] and e[z] = 2™V~ I=,
Denote by S, 1 (N, x) the complex vector space of all such forms f. For a positive integer / and a Dirichlet

character ¢ modulo M, we also denote by S;(M, ¢) the complex vector space of all cusp forms of integral weight
[, level M and Dirichlet character ¢. Let T, , ( p2) (resp. 77,4 (p)) be the Hecke operator acting on S, + (N, x)

(resp. S;(M, ¢)) defined in Shimura [11] (resp. [10]) for each prime p.

@ Springer



On calculations of the Fourier... 377

1 The periods of cusp forms and Eichler-Shimura cohomology groups

In this section, we discuss periods of cusp forms and the Eichler-Shimura cohomology group of a modular group.
We first prove a necessary lemma through our later arguments.

Lemma 1.1 Suppose that 1 < N < 4 and y is an arbitrary element of I'y(N). Then there exist integers
mi, ny, my, no, - - - My, Ny, satisfying

y ="y (1.1)

with y1 = <(1) i) and y» = < 11] (1)> This algorithm of a determination of these integers is effective.

Proof We prove only the assertion in the case of N = 4. Take y = (fc 2) € Ip(4). Since it is sufficient to

verify the case where 0 < b, we assume that 0 < b. When b = 0, we obtain

[ a 0 . e ,
V= <4c d) =¢y, “ forsomeeande” € {£1}.

Next we consider the case where b = 1. We put y = (4ac (11) Ifd =1 (mod 4), we choose an integer n with
4n+d = 1.Thenwehave y =y, "y1y3" €. If d = 3 (mod 4), we take an integer n with 4n +d = —1. Then
we obtain y = —(y1y2) "'y, (@n+¢) Now we prove our claim by the mathematical induction. Suppose that our

assertion holds for b = 1,2,3,--- k. Take b = k+ 1 and y = <

a=>bl+a and 0 < a’ < b. We may show that there exists ( 40; }g) € I (4) satisfying

ab . ;.
4e d)' We choose integers / and a’ with
laB + bd| < b and |B] < b. (1.2)

When [ is even, we put § = —1 and § = [ + 1. Since (6, 48) = 1, we may choose integers o and y satisfying
ad — 4By = 1. Hence we have

laB +b8| =b—d <band |B| =1 < b.

When!isodd,weput 8 = land§ = —I. Since (8, 48) = 1, there exists integers « and y satisfyingad—48y = 1.
Therefore we see that

laB +bS| =a’ <band |B| =1 < b.

From the equality

_(a b\ [ ax+4by aP+bs 5 —B
V=\4cd) = \dca+dy) 4cp+ds)\ -4y « )
there exists integers ¢”, A, A’, B, B/, C, C’, D and D’ satisfying

_(ab\_ (A B\(A B
y_(4cd)_8 (4C D) (4(7’ D) (1.3)

withe” =+1, AD —4CB = A’D' —4C’B’ = 1 and 0 < B, B’ < b. By our assumption of the induction, we
complete the proof of Lemma 1.1. It is obvious that this proof gives an effective algorithm of a determination of
these integers in Lemma 1.1. O

As an application of Lemma 1.1, we may deduce the following theorem.
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Theorem 1.2 Let N be an integer with 1 < N < 4. Suppose that f is an element of Sox (N, 1), y is any element
of Iv(N) and n is an integer with 0 < n < 2k — 2. Then, there exist integers {a;(n)}o<;<ok—o satisfying the
identity
¥ (z0) %2 V=T '
lim f()7"dz = Z ai (n) / f(2)7'dz. (1.4)
. 0
i=0

20— 20

Here the numbers {a; (n)}y<;<ox_» are dependent on only N, k, n and y and are independent on the choice of
f(2) in S2x (N, 1). The algorithm of the decision of the integers {a; (n)}o<;<ok—2 is effective.

Proof By virtue of Lemma 1.1, y may be expressed in the form

1\ 10\

which shows that

0

v (z0) L Zi
/ f@"dz = Z/ f@7"dz with z; = y1y2---yi(zo) (1 <i <1). (1.6)
Zi i=1 Zi—1

Zi
Making the substitution z = «;_1 (w), the integral / f(2)z"dz is transformed into the form
Zi-1

vi(z0) ai—1iw+bi—1\" dw vi(20)
(om(w))( ’ ) - / (@) Pi1(2)dz. (1.7
./Z.O fles ciciw +di—y ) (ciiw +di—1)? 20 F@h
where o1 = y1y2-- i1 = (?l: ?1) and P;_1(z) = (@i—12+bi—1)"(ci—12 +d;—1)* 727", Therefore
11— 11—
¥ (z0) Lo i)

tim [ p@era: =3 [T @ pa@de (18)

0=0Jz i=170

-1
Ify, = <(1) i) , we get
i (0) -1
/0 F)Pi_1(2)dz = fo FR)P_1(2)dz

V=Too WASTS
=/0 f(Z)Pi—l(Z)dZ—/ f@P_1(2)dz

NASTS
= /0 f@)(Pi—1(z) — Pi—1(z — 1))dz

WASTS
= /0 f(@)Qi-1(2)dz, (1.9)
10\
where Q;_1(z) = Pi—1(z) — Pi—1(z — 1) € Z[z] with 0 < deg Q;_1(z) <2k —-2.Ify; = (N 1) , We see
that
i (0)
/ f@Pi—1()dz =0. (1.10)
0
Consequently, we find integers {ax}o<n<2x—2 such that
v (z0) 2k—2 V=Too
i [ ot = Y a [T s (L.1)
20—>0 Jz, =0 0
which completes our theorem. O
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By a method similar to that of Theorem 1.2, we can deduce the following theorem.

Theorem 1.3 Let N be anintegerwith 1 < N < 3. Supposethat f(z) is an element of So1 (N, 1). Fory € SLo(Z)
andn € Zwith 0 < n < 2k — 2, there exist integers {a; (n)}o<i<ak—2 such that

¥ (z0) 2%—2 V-Teo ‘
lim f@)7"dz = Z a?-(n)/ f(@)7'dz, (1.12)
z0—0 20 v 0

where a; (n) is an element of Z for 0 < i < 2k — 2. We note that {a; (n)}o<i<2k—2 depend on only N, k, n and
y and are independent on the choice of f(z) in Sy (N, 1). We mention that the algorithm of the calculation of
{ai (n)}o<i<ok—2 is effective.

Lo@\SLy(Z) = {(é?)(fl (1)>’(_11 ?)} and
novsa = {(39).(%0)-(09).(29)

Let us prove only the case of N = 3. Put A| = ((1) (1)), Ay = (_0] é), A3 = (i ?) and Ay = (; ?) From
(1.13), y can be uniquely written as y = ypA;, for some yy € IH(3) and ip (1 < iy < 4). By Lemma 1.1, we

Proof Note that

(1.13)

1\ 1o\
are able to take elements y1, y», - - - , ¥s in the set {(O 1) s (3 1) } and ig in {1, 2, 3, 4} satisfying

Yy =3Iy vsAig. (1.14)

By the same method as Theorem 1.2, there exist polynomials P;(z) (1 <i <) in Z[z] with 0 < deg P;(z) <
2k — 2 such that

v (z0) S vi(0) A (0)
lim f@)7"dz = Z/ fQ@)Pi—1(2)dz +/ f(2)Ps(2)dz. (1.15)
20—V Jzg i—1 70 0
Since A;,(0) = 0 or +/—100, we conclude our claim. O

Let K be a subfield of C. We introduce a subspace of S (2, 1) defined by

S, 1;K) = { f(2) =) _anelnz] € Su(2,1) | a, € K foralln > 14 . (1.16)
n>1
It is well known that
. . k—2
dimp S2: (2, 1; R) = dimc Sy (2, 1) = — (1.17)
(cf. Miyake [8] and Shimura [10]). Define a period of f(z) by
ico
rn(f)=/ f@7"dz (0<n<2k-2) (1.18)
0

for f(z) € S (2, 1; R). In this paper, we call r,,(f) a fundamental period of f(z). By our definition, we see that

{rn(f) eR if n is odd, (119

r(f) € /—IR if n iseven.
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For the arithmeticity of this quantity, we refer to Lang [5], Manin [7] and Shimura [9,10,12,13]. By Theorem 1.2,
we find integers {a; }o<i<2k—2 satisfying the equality

a(0) 2k—2
/ f@7"dz =Y airi(f) (1.20)
0 i=0
for o € I'h(2). Hence
«(0)
/ % (f(2)z"dz) =0 foreven n (1.21)
0

from (1.19). Define a period mapping by
) = (), () s () € R for f(2) € Su(2, 1; R). (1.22)

By means of the Eichler-Shimura isomorphism theorem in Shimura [9, 10], we show that »~ is an injective and
linear mapping. Observe that this property holds in the case of S>x (4, 1; R). Here we remember results concerning
the image r~ (S2x (2, 1; R)).

We introduce the space W,, defined by

k—1
Wy = { P(X) =) ay1 X" € QIX]
=1

k—1
202171{}(21_1 — (X + ¥
=1 (1.23)

—eX + * 2 (x4 2 x2 ) L =0 }

For f € Sy (2, 1; R), define

k—1

O ==Y (i’l‘ N f) a1 ()X € Wy O R, (1.24)
=1

We observe that our mapping 7~ coincides with the mapping r~ defined in Kaneko-Tasaka [1, p.1106].
The following theorem is confirmed in [1, Theorem 4].

Theorem 1.4 Let the notations be as above. Then the mapping 7~ of Sx(2, 1; R) to W, ® R gives an isomor-
phism.

By virtue of Theorem 1.4, we can determine the image r~ (S2x(2, 1; R)) explicitly. In the rest of this section, by
use of only the theory of Hecke operators, we show an another proof of the decision of the image » ~ (Sg(2, 1; R)).

For the sake of numerical calculations of Fourier coefficients of cusp forms given by the Shintani lift, we
need to determine r~ (S3(2, 1; R)). Note that

$32, 1) =Cf(z) with f(z) =m(@nQ22))* =) aselnzl, (1.25)

n>1
where 1(z) = e[z/24] an | (1 — e[nz]) (cf. Shimura [11, p. 478]). An easy computation shows that
ar=1, ap=-8, az=12, a4 =64, ---. (1.26)

In the rest of this section, we try to ask the image r~(S3(2, 1; R)) of Sg(2, 1; R) using the theory of Hecke
operators. We define the Hecke operator 73 1(2) on Sg(2, 1; R) by

1
T3.1(2) f(2) = 7 (f (%) ny (z—;]))

forevery f(z) € Sg(2, 1; R) (see Miyake [8, (4.5.26) in p.142]). Since T3 1(2) is an operator on Sg(2, 1; R), the
dimension of Sg(2, 1; R) over C is one, (1.25) and (1.26), we have

I3,1(2) f(z) = a2 f (), (1.27)
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where f(z) = (n(z)n(22))% = > _n>1ane[nz]. Hence we have

(r1 (T.12)(N) 13 (Te. 1)) . 15 (Te 1)) = a2 (r1 (), r3(f). r5(f)) . (1.28)

By means of definition of the Hecke operator 73 1(2), we find that

V=Too
r1 (Ts.12)(f)) =2*‘/0 <f (%)"‘f(z—;l))zdz

V—=Tloo V/=Too
_, / F@)edz+ f £z~ 1dz
0

1
2

V=10 V=10 0
= 2/ f(2)zdz + </ +/ ) f(2)(2z — 1)dz
0 0 1

2

V=Too a(0) V=10
= 4/ f(2)zdz — / f(@)Q2z— ldz — / f(2)dz, (1.29)
0 0 0

11 0—1 —11 o
where o0 = <1 2) =y (1 0 > and y = (_2 1). Substituting z = y (w), we have

o (0) WASTS 5
/0 f(@)Q2z—Ddz = /1 flyw)Qy(w) — D(—2w + 1) “dw
WASTS
= / f@)(=2z+ 1)°dz
1

V=10
= / fz4+ D=2+ 1)+ 1)°dz
0

V=10
_ / F@) Q2+ 1)%dz. (1.30)
0

which implies the formula
r (Tg,1(2)(f)) = 32rs(f) + 80r3(f) + 14r1(f).
Similarly, we have
r3 (T3, 12)(f)) = 24r3(f) + 12r1(f) and rs5 (Tg.1(2)(f)) = 64rs(f) + 80r3(f) + 12r1(f).

It follows from these relations that

14 12 12
(ri(f) r3(f) rs(f)) | 8024 80 | = —=8(r1(f) r3(f) rs(f)), (1.31)
32 0 64
which leads to
3 1
(r(f) = r3(f) = rs(f) = (1 R Z)' (1.32)

Therefore, we have decided the image »~ (S3(2, 1; R)). More precisely, we conclude the following lemma.

Corollary 1.5 Let notations and assumptions be the same as above. Then

8 4

(832, 1; R)) = 1 3 |
r (8(7 ’ ))_ {t<7_§12)

3 1
F1(f) = ra(f) : rs(f) = (1 L3 _> und
(1.33)

@ Springer



382 H. Kojima, H. Sakata

2 The Shintani lift of cusp forms of integral weight

In this section, we remember the Shintani lift given in Shintani [16]. To do so, we review well known facts
of integral binary quadratic forms (cf. Shintani [16] and Zagier [18]). Let x(u, v) = xiu? + xouv + x3v?

xX2/2 x3
g = <a11 a12> € SL>(R) and a quadratic form x (u, v) = x1u? + xouv + x30> = (u v) ( = x2/2> (u>’

be a binary quadratic form over R in indeterminates u and v. We identify x(u, v) with < X X2/ 2). For

a) an xX2/2 x3 v
put

x|[gl(u, v) = x(anu + axv, appu + axv).
Then we easily check that

x|[g182] = x|[g2]l[g1] for any g1, g2 € SLa(R). (2.1)

For a positive integer N, define

L) = !{x(u, V) |x1,x2,x3 € Z, N|xa, Nlx3, (x1, x2,x3) = 1} if N is odd, 02

{x(u,v)|x1,x2,x3 €7Z, 2N|x3, N|x3, (x1, x2, x3) = 1} if N is even.
Observe that IH(N) acts on L(N). For positive integers n and N, let us set

L(N.n) = {x(u,v) € L(N)|dy = Nn} if Nisodd, 03
= {x(u,v) € L(N)|dy =4Nn} if N is even, ’

where d, is the discriminant x% — 4x1x3 of x = x(u, v). For two quadratic forms x = x(u, v) and x’ = x'(u, v)
in L(N, n) , we call that x and x are I'y(N)-equivalent if there exists y € I'hp(N) satisfying

x' = x|[y].

For x € L(N, n), we denote by {x}fl" the equivalence class containing x and M(N,n) = L(N,n)/IH(N) the
set of all such classes {x},]lv . It is a well-known fact that M (N, n) is a finite set (cf. [18, Section 10]).
Put

M(1, Nn) = [{al}}v”, e en)h, e € L(1, Nn) for 1 <i < z} if N is odd , and
2.4)
M(1,4Nn) = {{al}iNn,-.- o) | @i € LA 4NR) for 1 < i < 1/} if N is even.

Given the sets M (1, Nn) if N is odd and M (1, 4Nn) if N is even, we determine explicitly the set M (N, n).
Take {ot},llV € M(N,n) with @ € L(N,n). Then we can choose {ai}}\m € M(I, Nn)(1 <i <1)if N is odd
(resp. {“i}zlth € M(1,4Nn) (1 <i <1')if N is even) satisfying o« = o;|[y] for some y € SL2(Z). Fix {yi}ica
a set of representative for SL,(Z) modulo IH(N), i.e.,

{vitien = To(N\SL2(Z). (2.5)

Then there exists a unique yp € IH(N) and j € A meeting the relation y = ypy;. So, o = «;|[y;1l[y0]. We
study the set

{{ai|[yj]}}v,, {i}h, € M(1,Nn), j € A} if Nisodd, and

{telly D,

{a,‘}}wn € M(1,4Nn), j € A} if N is even.

Assume that ;|[y;] and a;/|[y;/] are I'h(N)-equivalent. Then, we find that i = i " from our definition. On the
other hand, we have

aillyj] = aillyjy; il = aillylllyyy . (2.6)
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Hence we easily see that {o;|[y;/1}},, and {o;|[y;1}}, belong to M(1, Nn) if N is odd and {o;|[y;/]}}y, and
{aj |[yj]}iNnbelong to M(1,4Nn)if N is even, and o;|[y;] and «;[[y;] are SL2(Z)-equivalent. By virtue of [16,
Lemma 2.6], we conclude that o;[[y;/] and «;|[y;] are I'h(N)-equivalent. Choose all i in 1 <i < [if N is odd
(resB. alliin 1 <i <!"if N is even) such that there exists j € A satisfying {o; |[yj]},llv € M(N, n). We denote
by A the set of all such i. Take out all i such that there exists a j = j(i) € A satisfying

{ailly; 1Y € M(N, n). 2.7)

For the above i, we can choose one j = j(i) that satisfies (2.7). Consequently, the following proposition is
confirmed.

Proposition 2.1 Under the notations and assumptions being as above, one has
MW, = {leillyja Y 1i € &, j6) e Al 2:8)

Remark 2.2 We refer to [18, §8 and §13] for an effective algorithm of an explicit decision of the set M (1, n).

Remark 2.3 We also refer to [18, §13] for an effective algorithm of the determination of a generator of the
cyclic group SLo(Z),/ {1} with SLo(Z), = {g € SL2(Z)| x|[g] = x} for x € L(1,n) (cf. [16, Lemma
2.4]). Since the natural mapping ¢ : SLa(Z)x/SL2(Z)x N To(N) — SLo(Z)/TH(N) is injective, we have
[SL2(Z)y : SL2(Z)x N To(N)] < [SLa(Z) : Th(N)]. By Miyake [8, Theorem 4.2.5], we see

1 .
[SL2(Z)x : TH(N)x] < N l—[ (1 + —> with I'H(N)y = SL2(Z)x N TH(N). (2.9)
pIN
Since SL>(Z),/ {£1>} is a cyclic group, we can take a generator o of it. Then we have
To(N)./ {(£D} = (o) with I = [SLy(Z)y : To(N)y]. (2.10)
Here [ is equal to the minimum number 7 satisfying the condition
1
o" € IH(N), and 1§n§NH(1+—). .11
p
PIN
Therefore we have an effective algorithm of the determination of a generator of the cyclic group I'h(N),/ {£1>}.

Remark 2.4 The set M (1, n?) is given by

{{x},llz x =x(u,v) = x1u® + xouv + x30° satisfying
X 2 n+ n+2u
(m‘ 2> - n+25 2 ) with p € (Z/nZ)* } (2.12)
7 A3 > M
We consider the sets
L= [x = x(u, ) :)clu2 +xzuv+X3v2 |x;j e Zforl<i< 3} and
(2.13)
g = {x =x(u,v) = x1u2 + xpuv +x3v2 |x; € Z for 1 <i <3, and 2|x2} .
For a positive integer N and x, y € £, we set
2 . .
<) (x —2x —2x if N is odd,
) y)y = (Ai)( 2)2 13 3)1) N 2.14)
(W) (x2y2 —2x1y3 — 2x3y1) if N is even.
Put
N£ if N is odd,
Ly = , 1 ?s © (2.15)
N£L if N is even.
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Let x be a character modulo N. We denote by v;{, the function on £ given as follows. For an odd integer N and
x=x(u,v) = xju? + xouv + xgv2 e £, define

(2.16)

X x(x1) if N|xp and N|x3,
VN (x) = .
0 otherwise.

For an even integer N and x = x(u, v) = x1u2 + xouv + X3U2 € £, put

if 2N dN
v (x) = !X(Xl) i |x2 and N |x3, 2.17)

0 otherwise.

We introduce

{x = xju? 4+ xouv +x302 € £ | N|x2, N|X3} if N is odd,

2.18
{x = x1u? + xouv + x3v% € & | 2N |x3, N|x3}ifN is even. ( )

L(N) = {

We define the Shintani lift of an integral weight cusp form as follows :

Uy (z,9) = Z vy (x) (/ p(w)x(1, —w)k_ldw> e [(x’;)Nz} (2.19)
Cx,N

x€L(N)/To(N)

for z € Hand ¢(z) € Su(N, x2), where x = x(u, v) = xju* + xouv + x3v2 and the summation is taken over
all I'h(N)-equivalence classes of integral binary quadratic forms x of L(/N) with positive discriminant and Cy n
means the curve C(x, IH(N)) given in [16, p.101 and Lemma 2.7]. For the explicit expression of C (x, IH(N)),
see the explanation under (2.21).

We mention that W, (z, ¢) coincides with ©(z, ¢, L, vy) defined by [16, (2.19) in p.109]. We also write as

Wy (2, 0) = )@y, pelnzl. (2.20)

n>1

For positive integers N and n, we notice that
L(N) = {x :x1u2 + xouv +X3v2 € Z(N) \ (x1,x2,x3) = 1] and

L(N,n) = {x(u, v) € L(N)

dy = Nn (resp.4Nn) for N odd (resp. N even)} . 2.21)

Here we recall the definition of C(x, IH(N)) for x = x(u, v) = x1u? + xuv + x3v> € L(N) as follows.

(1) If the discriminant of x is not a square, C(x, I'H(N)) is a rectifiable curve in H from w to o, - w, where w
is any point H and o, is a generator of IH(N),/{x1>}.

(ii) If the discriminant of x is the square of a positive number m, C(x, [H(N)) is the geodesic line from
(x2 + m)/2x3 to (x — m)/2x3 (if x3 = 0, we understand that C(x, [(N)) is the geodesic line from
A/ — 100 (resp. x1/x2) to x1/x2 (resp. «/—100) for xo > 0 (resp. x2 < 0)).

Define

afne) = > v / p()x(1, —2)" 1dz (2.22)
CX,N

xeL(N,n)/TH(N)

for every ¢ € S (N, Xz) and positive integer n, where x runs over all IjH(N)-equivalence classes of integral
binary quadratic forms x of L(N, n). Note that

@G, @) =Y xmm i n/m* g, (2.23)
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where m runs over all positive integers with m?|n. (See [16, p.116].) We denote by x’ a character modulo 4N

defined by
N\ [ —1\F
x'(m) = x(m) (—) <—> : (2.24)
m m

where (i) denotes the quadratic residue symbol given in Shimura [11].
The following theorem is established by Shintani [16, Theorem 2] (cf. Kojima [4] and Shimura [14, 15]).

Theorem 2.5 Let notations and assumptions be as above. Suppose that ¢ belongs to S» (4N, x?). Then v, (z,9)
belongs to Sk+% (N, x"). Moreover, if p is an odd prime, then

Wy (2. Ty 2 (P)9) = Dokt (P (2, ¢) and
v, (z, T2k‘X2(2)g0) = Dopq1, DYy (z,9) if Nis even.

Applying Lemma 1.1, Theorem 1.3, [16, Lemma 2.4 and Lemma 2.7], Remark 2.4 and [18], we may deduce the
following theorem.

Theorem 2.6 Let notations and assumptions be as above. Suppose that ¢ belongs to S (&})\(J (N, @), x?) for
N = 1,2 and 3. Then there exist an effective algorithm of the calculation of the Fourier coefficients &J{,(N ,P)
of the Shintani lift W, (z, ¢). More precisely, &1)\(1 (n, @) is described only by the data concerning integral binary
quadratic forms about n, fundamental periods of ¢, k and x.

We mention that for £ = 1, using results of Manin [6], Shintani [16] succeed in expressing 51)\(1 (n, ) in term of
fundamental periods on a modular curve IH(N)\H*.

3 Explicit calculations of the Fourier coefficients of cusp forms of half-integral weight

In this section, we discuss explicit calculations of the Fourier coefficients of cusp forms of half integral weight
determined by the Shintani lift. Let f(z) = (1(2)n(22))® (resp. F(z) = 9 (2)31n(22)'?) be a cusp form in
88(2, 1) (resp. S9/2(8, (%))) given in Shimura [11, p. 477 and p. 478], where 1(z) = e [z/24] ]_[ZOZ1 (1 —e[nz])
and ¥ (z) = Zneze [nzz] for z € H. Using the definition (2.20), Lemma 1.1, Theorem 1.2, Theorem 2.5,
Proposition 2.1, Remark 2.2, Remark 2.3, Remark 2.4 and Shintani [16, Lemma 2.4], we shall determine several
n-th Fourier coefficients &% (n, f) of Wy(z, f). Let us compute &% (3, f). By Proposition 2.1, we find that
M(2,3) ={q1, g2}, where

0 0
q1(u,v) = (u v) (é —56) <Z> and ¢>(u, v) = (u v) <_(_)] ) <Z> ) (3.1)
2 2

The fact that the discriminant of ¢; (i = 1, 2) is 24 yields that

52 5 =2
Yo = (12 5) and y,, = (_12 5 ), (3.2)

where y,, (i = 1,2) denotes an element given in [16, Lemma 2.4]. By using the algorithm in Lemma 1.1, we
get the following expression

A\ I

Yo = SzT252 and y,, = )/q*ll, where S = (é (1)) and T = <(1) }) . 3.3)

From our definition, we have

&G, f) =/

Clq1,10(2)

f@aq(, —2)%dz + / F@aq (1, —2)%dz. (3.4)

C(q2,10(2))
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By the same method as Theorem 1.2, we obtain

/ f@aq(, —2)%dz = /
C(q1,0(2) 0
$2T28,(0)

52(0) 52T2(0)
=/ f(z)ql(l,—z)3dz+/ f(z)m(l,—z)3dz+/
0 $2(0) $>2T2(0)

Y1 (

0)
f@q1(1, —2)%dz

Put P4(z) = 2z 4+ 1)%q1 (1, —S2(z))>. Then
T25,(0)

72(0)
/ f@qi(1, —2)°dz =/ f(@)Ps(2)dz +/
C(q1,0(2)) 0 T2(0)

2 $2(0)
= / f(2)Pa(z)dz +/ @) Pa(z +2)dz
0 0

f(2)Ps(z)dz

2
= /0 f(2)P4(2)dz

=/O (@) (Pa(z) — Pa(z +2))dz.

Similarly, we can derive
S ~ ~
/ f@aq (1, —2)dz = / f(2) (Ps(z) — Pa(z — 2)) dz
Clq2,10(2) 0

~ 3
with P4(z) = (1 — 22)%¢» (1, —Sz_1 (Z)) . Finally, we arrive the formula;

a3, f) = 192rs5(f) + 64r3(f) + 48r1(f).

Next, let us calculate 52% (5, f). By Proposition 2.1, we show that M (2, 5) = {qi, qé} where

/ 19 , 50
q (u,v) = (u v) (g _210) <z) and g5 (u, v) = (u v) < g %) (l;)

We see that
2
;) = ) _ _
yéh ((_2) - (—10) - % 3 ) (60 19) SzTSZ TS, and
2
_ 3 2.(—5).% B 19030\ s et
Y = <(_2)'2'% 3 ~—7\ 12 =19 =T7°8TS,' T

with T = ((1) i) and §, = (é (1)> From our definition, we have

A6, f) = / F@q)(1, —2)dz + / Fa5(1, —2)dz.
C(q},.Tv(2) C(q5,T0(2))

Here we obtain
278,47 5,(0)
/ F@a|(1, —2)dz = / F@a)(1, —2)dz.
C(q}.T0(2)
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The integral (3.12) can be transformed in the form

S$2(0) S$>T(0) SzTS{4 )
/0 F@d) (0, —2)3dz + / F@d)(, —2)3dz + / £ (1 —2)dz

$2(0) $2T(0)

$T8,47(0) 5 278,47 5,(0) 5
—i—/ \ f@q1(, —2) dz+/ \ f@q1(, —2)dz
T840 STS74T(0)

7() , 3 dz 'O / 3.2
— [ st @i s [ st s Tor 155
dz
J(S2T S5 %, 2)?
dz
J($:785°T )

T(0)
+ /0 FTST @) (1, =$2T 854 (2))

$2(0)
+ / F(STST(2)g1 (1, =278, 4T (2))° (3.13)
0

where J(g,7) = cz+d with g = <LCI Z) € SLy(R).

The above formula (3.13) equals
1
/0 F@ (011 =$220* I (52, 2% + g (1, = 2T S @) (27554, 2)°) dz

- (/ —/ )f(z)(qi(l,—Sz(z))31(sz,z)6+ q1(1,—S2Ts;4(z))3J(S2Ts;4,z)6)dz
0 1
= 2592r5(f) + 1440r3(f) + 72r1(f). (3.14)

Similarly
f @51, —2)°dz = 288r5(f) + 1440r3(f) + 648r1(f).
C(g5.10(2))

Therefore, we have the relation

ay (5, f) =720 (4rs(f) +4r3(f) +ri(f)). (3.15)

We also may derive that

ar (1, f)= 96rs(f) +224r3(f) + 24r1(f) and

- (3.16)
a)(2, /)= 16(6r;3(f) +3r1(f)).

By Corollary 1.5, we see that

a (1, f) = =36r1(f), &2, f)=—-48r1(f), &3, f) =72r1(f) and

~ (3.17)
ay (5, f) =360r1(f).

In the rest of this section, we seek an another expression of Wy (z, f). Put

F(z) =9() 702" =) amelnz].

n>1

From our definition, we find that a(n) is an integer for all positive integers n. Moreover, by a straightforward
calculation, we get

a(l) =1, a2)=—-6, a(3) =12, a(4) = -8, a(5) =0, a(6) =12,

a(l) = —48, a(8) =48, a(9) = —15, a(10) =60, --- . (3.18)

@ Springer



388 H. Kojima, H. Sakata

Consider a linear mapping o : S9/2(4,1) — S9,2(8, (%)) determined by
0(F(2)) = F(2z) = Zb(n)e[nz] (see [11, Proposition 1.3]). (3.19)
n>1
Since F(z) € S9/2(4,1) C S9,2(8, 1), we are able to define
G() = FllAEAly =) cmelnz] =) a@n)elnz], (3.20)

n>1 n>1

where [A1EA ]9 (€ = ((59). 2/*)) is the mapping given in [11, Proposition 1.5]. The easy computation shows
that

b(1)=0,b2) =1, c(l) =a2) = =6, c2) =ad) = -8, --- . (3.21)

Hence o (F(z)) and G(z) are linearly independent as elements of S92 (8, (%)) By means of Miyake [8], Shimura
[10] and Ueda [17, Corollary in p.543], we see that dim¢ S92 (8, (%)) = dimcSg(4,1) = 2. So S9,2(8, (%)) is
the vector space generated by o (F(z)) and G(z) over C. Using Theorem 2.5, we can set

1
Y Sao - 22
e N=asF@)+56@ ;d(n)e[nz] (3.22)

for some a, b € C. From (3.17), (3.18), (3.20), (3.21) and (3.22), we obtain

4
d(l)=1= -6, d(2)=a—8b=?, (3.23)
1
which implies thata = 0 and b = e Therefore, we deduce the following proposition.

Proposition 3.1 Let the notations be the same as above. Suppose that f(z) = (1(z)n(22)) is an element of
Sg(2,1). Then

Y1z, f) = 6r1(f)G(2), (3.24)

where G(z) = }_,.;a(2n)e[nz] and F(z) = 9 (2) 3nz)1? = > n=1a(n)elnzl. In particular, the Fourier
coefficients of V1(z, f) are real number and 67% (n, f) is written as an integral multiple of r1 (f) for everyn > 1.
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