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Abstract Shintani constructed the inverse mapping � of Shimura correspondence � from a cusp form F(z)
of half-integral weight to the cusp form f (z) of integral weight. The Fourier coefficients of the cusp form
F f (z) = �( f (z)) are explicitly expressed in terms of periods of a cusp form f (z). Using the reduction theory
of integral binary quadratic forms and calculations of periods of f (z), we shall decide an effective algorithm of
a calculation of the Fourier coefficients of F f (z) lifted by an cusp form f (z) of small level. Moreover, when
f (z) is a cusp form of level 2 and of weight 8, we shall prove that F f (z) is a certain product of some classical
theta series of level 4 and of weight 1/2 and certain Dedekind eta functions.
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Introduction

Shimura [11] established a correspondence � from modular forms F(z) of half-integral weight to those f (z)
of integral weight. Furthermore, he proposed the following problem in [11, Section 4]; how can the Fourier
coefficients of the cusp form F(z) of half-integral weight are recovered from a cusp form f (z) of integral weight
(see also [13, Section 4, VII]). Using the Weil representation associated with a quadratic form, Shintani [16]
constructed the converse mapping � of the Shimura correspondence �. Interestingly, the Fourier coefficients of
the cusp form F(z) determined by this Shintani mapping � are closely related to ideal groups and fundamental
units of certain real quadratic fields and are explicitly expressed in terms of periods of a cusp form f (z). Moreover,
applying Manin’s results in [6], he obtained an effective algorithm of computations of the Fourier coefficients
of F(z) in terms of fundamental periods of modular curves if the weight of f (z) is two. When the level of f (z)
is one, Kohnen and Zagier [2] provided an algorithm of the decision of the Fourier coefficients of cusp forms
F(z) of half-integral weight by means of fundamental periods of an elliptic cusp form f (z) of integral weight
and level one (See (1.18) for our definition of fundamental periods of modular forms). Kojima [3] proved that
the Fourier coefficients of F(z) with arbitrary level given by the Shintani lift � are represented by critical values
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376 H. Kojima, H. Sakata

of several twisted L-series by Dirichlet characters attached to f (z). We feel that it is not meaningless to decide
whether the Fourier coefficients of F(z) are expressed by means of the fundamental periods of modular forms
of integral weight as main component parts.

The purpose of this paper is to explore an answer for this question in the case of cusp forms with small level
and to find an effective algorithm of an expression of the Fourier coefficients of F(z) given by the Shintani lift
�. To execute this, we apply the reduction theory of integral binary quadratic forms and explicit computations
of the Eichler-Shimura cohomology group associated with a modular group.

Section 0 is a preliminary section.
In section 1, we shall study periods of cusp forms. We give an effective algorithm of computations of Eichler-

Shimura cohomology groups related to a modular group with small level by using of fundamental periods of cusp
forms. Since methods used in [2] are not directly applicable to our case, we need to choose skilful generators of
this modular group. The lemma 1.1 is a key for our later arguments. Perhaps we think that we can not establish
this using only our fundamental periods of cusp forms in the arbitrary level. Furthermore, by means of Hecke
operators, we determine explicitly the image of the period mapping of cusp forms of level 2.

In section 2, we shall prepare the reduction theory of integral binary quadratic forms with positive discrimi-
nant. This is important for our later discussions. Using this reduction of quadratic forms, we define the Shintani
lift � from a cusp form f (z) of integral weight to the cusp form F(z) of half-integral weight. Importantly, the
Fourier coefficients of F f (z) = �( f (z)) are expressed in terms of fundamental periods of f (z) in the case
where the level of f (z) is 1, 2 or 3 (see Theorem 2.6).

In section 3, applying the results of section 1 and section 2, we determine explicitly the Fourier coefficients
of F f (z) given by the cusp form f (z) of weight 8 and of level 2 in terms of several fundamental periods of f (z).
As an application of this result, using some results about the image of the period map discussed in section 1, we
deduce that the above cusp form F(z) equals a certain product of classical theta series of weight 1/2 and of level
4 and Dedekind eta functions.

Finally, we mention that in Kojima [4], we obtained an another proof of the fact that the Shintani lift commutes
with the action of Hecke operators.

0 Notation and preliminaries

This section is devoted to summarizing several fundamental facts which we need later. First, we prepare some
notations. We denote by Z, Q, R and C the ring of rational integers, the rational number field, the real number
field and the complex number field, respectively.

For an associative ring R with identity element, we denote by R× the group of all its invertible elements
and by Rm

n the module of all m × n matrices with entries in R. We put Rm = Rm
1 , Mm(R) = Rm

m and
GLm(R) = Mm(R)× for simplicity. Denote by Im the identity matrix of Mm(R). When R is commutative,
SLm(R) denotes the special linear group of degree m over R. For each positive integer N , put

Γ0(N ) =
{(

a b
c d

)
∈ SL2(Z)

∣∣∣∣ c ≡ 0 (mod N )

}
and H = {z ∈ C | �(z) > 0} .

Let k be an positive integer, N be a positive integer divisible by 4, and χ be a character modulo N . We consider
a cusp form f (z) satisfying

f (γ (z)) = χ(d) j (γ, z)2k+1 f (z) for every γ =
(

a b
c d

)
∈ Γ0(N ) and z ∈ H,

where γ (z) = (az + b)/(cz + d), j (γ, z) = ϑ(γ (z))/ϑ(z) with ϑ(z) = ∑
n∈Z

e[n2z] and e[z] = e2π
√−1z .

Denote by Sk+ 1
2
(N , χ) the complex vector space of all such forms f . For a positive integer l and a Dirichlet

character ϕ modulo M , we also denote by Sl(M, ϕ) the complex vector space of all cusp forms of integral weight
l, level M and Dirichlet character ϕ. Let T̃κ,χ (p2) (resp. Tl,ϕ(p)) be the Hecke operator acting on Sk+ 1

2
(N , χ)

(resp. Sl(M, ϕ)) defined in Shimura [11] (resp. [10]) for each prime p.

123



On calculations of the Fourier... 377

1 The periods of cusp forms and Eichler-Shimura cohomology groups

In this section, we discuss periods of cusp forms and the Eichler-Shimura cohomology group of a modular group.
We first prove a necessary lemma through our later arguments.

Lemma 1.1 Suppose that 1 ≤ N ≤ 4 and γ is an arbitrary element of Γ0(N ). Then there exist integers
m1, n1, m2, n2, · · · mh, nh satisfying

γ = ±γ
m1
1 γ

n1
2 γ

m2
1 γ

n2
2 · · · γ mh

1 γ
nh
2 (1.1)

with γ1 =
(

1 1
0 1

)
and γ2 =

(
1 0
N 1

)
. This algorithm of a determination of these integers is effective.

Proof We prove only the assertion in the case of N = 4. Take γ =
(

a b
4c d

)
∈ Γ0(4). Since it is sufficient to

verify the case where 0 ≤ b, we assume that 0 ≤ b. When b = 0, we obtain

γ =
(

a 0
4c d

)
= εγ ε′c

2 for some ε and ε′ ∈ {±1}.

Next we consider the case where b = 1. We put γ =
(

a 1
4c d

)
. If d ≡ 1 (mod 4), we choose an integer n with

4n + d = 1. Then we have γ = γ −n
2 γ1γ

an+c
2 . If d ≡ 3 (mod 4), we take an integer n with 4n + d = −1. Then

we obtain γ = −(γ1γ
n
2 )−1γ

−(an+c)
2 . Now we prove our claim by the mathematical induction. Suppose that our

assertion holds for b = 1, 2, 3, · · · , k. Take b = k + 1 and γ =
(

a b
4c d

)
. We choose integers l and a′ with

a = bl + a′ and 0 ≤ a′ < b. We may show that there exists

(
α β

4γ δ

)
∈ Γ0(4) satisfying

|aβ + bδ| < b and |β| < b. (1.2)

When l is even, we put β = −1 and δ = l + 1. Since (δ, 4β) = 1, we may choose integers α and γ satisfying
αδ − 4βγ = 1. Hence we have

|aβ + bδ| = b − a′ < b and |β| = 1 < b.

When l is odd, we put β = 1 and δ = −l. Since (δ, 4β) = 1, there exists integers α and γ satisfying αδ−4βγ = 1.
Therefore we see that

|aβ + bδ| = a′ < b and |β| = 1 < b.

From the equality

γ =
(

a b
4c d

)
=
(

aα + 4bγ aβ + bδ

4(cα + dγ ) 4cβ + dδ

)(
δ −β

−4γ α

)
,

there exists integers ε′′, A, A′, B, B ′, C, C ′, D and D′ satisfying

γ =
(

a b
4c d

)
= ε′′

(
A B

4C D

)(
A′ B ′

4C ′ D′
)

. (1.3)

with ε′′ = ±1, AD − 4C B = A′ D′ − 4C ′ B ′ = 1 and 0 ≤ B, B ′ < b. By our assumption of the induction, we
complete the proof of Lemma 1.1. It is obvious that this proof gives an effective algorithm of a determination of
these integers in Lemma 1.1. �	
As an application of Lemma 1.1, we may deduce the following theorem.
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Theorem 1.2 Let N be an integer with 1 ≤ N ≤ 4. Suppose that f is an element of S2k(N , 1), γ is any element
of Γ0(N ) and n is an integer with 0 ≤ n ≤ 2k − 2. Then, there exist integers {ai (n)}0≤i≤2k−2 satisfying the
identity

lim
z0→0

∫ γ (z0)

z0

f (z)zndz =
2k−2∑
i=0

ai (n)

∫ √−1∞

0
f (z)zi dz. (1.4)

Here the numbers {ai (n)}0≤i≤2k−2 are dependent on only N , k, n and γ and are independent on the choice of
f (z) in S2k(N , 1). The algorithm of the decision of the integers {ai (n)}0≤i≤2k−2 is effective.

Proof By virtue of Lemma 1.1, γ may be expressed in the form

γ = ±γ1γ2 · · · γl with γi ∈
{(

1 1
0 1

)±1

,

(
1 0
N 1

)±1
}

(1 ≤ i ≤ l), (1.5)

which shows that
∫ γ (z0)

z0

f (z)zndz =
l∑

i=1

∫ zi

zi−1

f (z)zndz with zi = γ1γ2 · · · γi (z0) (1 ≤ i ≤ l). (1.6)

Making the substitution z = αi−1(w), the integral
∫ zi

zi−1

f (z)zndz is transformed into the form

∫ γi (z0)

z0

f (αi−1(w))

(
ai−1w + bi−1

ci−1w + di−1

)n dw

(ci−1w + di−1)2 =
∫ γi (z0)

z0

f (z)Pi−1(z)dz, (1.7)

where αi−1 = γ1γ2 · · · γi−1 =
(

ai−1 bi−1
ci−1 di−1

)
and Pi−1(z) = (ai−1z + bi−1)

n(ci−1z + di−1)
2k−2−n . Therefore

lim
z0→0

∫ γ (z0)

z0

f (z)zndz =
l∑

i=1

∫ γi (0)

0
f (z)Pi−1(z)dz. (1.8)

If γi =
(

1 1
0 1

)−1

, we get

∫ γi (0)

0
f (z)Pi−1(z)dz =

∫ −1

0
f (z)Pi−1(z)dz

=
∫ √−1∞

0
f (z)Pi−1(z)dz −

∫ √−1∞

−1
f (z)Pi−1(z)dz

=
∫ √−1∞

0
f (z)(Pi−1(z) − Pi−1(z − 1))dz

=
∫ √−1∞

0
f (z)Qi−1(z)dz, (1.9)

where Qi−1(z) = Pi−1(z) − Pi−1(z − 1) ∈ Z[z] with 0 ≤ deg Qi−1(z) ≤ 2k − 2. If γi =
(

1 0
N 1

)−1

, we see

that ∫ γi (0)

0
f (z)Pi−1(z)dz = 0. (1.10)

Consequently, we find integers {ah}0≤h≤2k−2 such that

lim
z0→0

∫ γ (z0)

z0

f (z)zndz =
2k−2∑
h=0

ah

∫ √−1∞

0
f (z)zhdz, (1.11)

which completes our theorem. �	
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On calculations of the Fourier... 379

By a method similar to that of Theorem 1.2, we can deduce the following theorem.

Theorem 1.3 Let N be an integer with 1 ≤ N ≤ 3. Suppose that f (z) is an element of S2k(N , 1). Forγ ∈ SL2(Z)

and n ∈ Z with 0 ≤ n ≤ 2k − 2, there exist integers {ãi (n)}0≤i≤2k−2 such that

lim
z0→0

∫ γ (z0)

z0

f (z)zndz =
2k−2∑
i=0

ãi (n)

∫ √−1∞

0
f (z)zi dz, (1.12)

where ãi (n) is an element of Z for 0 ≤ i ≤ 2k − 2. We note that {ãi (n)}0≤i≤2k−2 depend on only N , k, n and
γ and are independent on the choice of f (z) in S2k(N , 1). We mention that the algorithm of the calculation of
{ãi (n)}0≤i≤2k−2 is effective.

Proof Note that

Γ0(2)\SL2(Z) =
{(

1 0
0 1

)
,

(
0 1

−1 0

)
,

(
1 0

−1 1

)}
and

Γ0(3)\SL2(Z) =
{(

1 0
0 1

)
,

(
0 1

−1 0

)
,

(
1 0
1 1

)
,

(
1 0
2 1

)}
.

(1.13)

Let us prove only the case of N = 3. Put A1 =
(

1 0
0 1

)
, A2 =

(
0 1

−1 0

)
, A3 =

(
1 0
1 1

)
and A4 =

(
1 0
2 1

)
. From

(1.13), γ can be uniquely written as γ = γ0 Ai0 for some γ0 ∈ Γ0(3) and i0 (1 ≤ i0 ≤ 4). By Lemma 1.1, we

are able to take elements γ1, γ2, · · · , γs in the set

{(
1 1
0 1

)±1

,

(
1 0
3 1

)±1
}

and i0 in {1, 2, 3, 4} satisfying

γ = ±γ1γ2 · · · γs Ai0 . (1.14)

By the same method as Theorem 1.2, there exist polynomials Pi (z) (1 ≤ i ≤ s) in Z[z] with 0 ≤ deg Pi (z) ≤
2k − 2 such that

lim
z0→0

∫ γ (z0)

z0

f (z)zndz =
s∑

i=1

∫ γi (0)

0
f (z)Pi−1(z)dz +

∫ Ai0 (0)

0
f (z)Ps(z)dz. (1.15)

Since Ai0(0) = 0 or
√−1∞, we conclude our claim. �	

Let K be a subfield of C. We introduce a subspace of S2k(2, 1) defined by

S2k(2, 1; K ) =
⎧⎨
⎩ f (z) =

∑
n≥1

an e[nz] ∈ S2k(2, 1)

∣∣∣∣ an ∈ K for all n ≥ 1

⎫⎬
⎭ . (1.16)

It is well known that

dimRS2k(2, 1; R) = dimCS2k(2, 1) =
[

k − 2

2

]
(1.17)

(cf. Miyake [8] and Shimura [10]). Define a period of f (z) by

rn( f ) =
∫ i∞

0
f (z)zndz (0 ≤ n ≤ 2k − 2) (1.18)

for f (z) ∈ S2k(2, 1; R). In this paper, we call rn( f ) a fundamental period of f (z). By our definition, we see that

{
rn( f ) ∈ R if n is odd,

rn( f ) ∈ √−1R if n is even.
(1.19)
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For the arithmeticity of this quantity, we refer to Lang [5], Manin [7] and Shimura [9,10,12,13]. By Theorem 1.2,
we find integers {ai }0≤i≤2k−2 satisfying the equality

∫ α(0)

0
f (z)zndz =

2k−2∑
i=0

airi ( f ) (1.20)

for α ∈ Γ0(2). Hence
∫ α(0)

0

 ( f (z)zndz

) = 0 for even n (1.21)

from (1.19). Define a period mapping by

r−( f ) = (r1( f ), r3( f ), · · · , r2k−3( f )) ∈ R
k−1 for f (z) ∈ S2k(2, 1; R). (1.22)

By means of the Eichler-Shimura isomorphism theorem in Shimura [9,10], we show that r− is an injective and
linear mapping. Observe that this property holds in the case of S2k(4, 1; R). Here we remember results concerning
the image r−(S2k(2, 1; R)).

We introduce the space W −
2k defined by

W −
2k =

{
P(X) =

k−1∑
l=1

a2l−1 X2l−1 ∈ Q[X ]
∣∣∣∣

k−1∑
l=1

a2l−1

{
X2l−1 − (X + 1)2l−1

−(2X + 1)2k−2l−1
(
(X + 1)2l−1 + X2l−1

) }
= 0

}
.

(1.23)

For f ∈ S2k(2, 1; R), define

r̃−( f )(X) = −
k−1∑
l=1

(
2k − 2
2l − 1

)
r2k−2l−1( f )X2l−1 ∈ W −

2k ⊗ R. (1.24)

We observe that our mapping r̃− coincides with the mapping r− defined in Kaneko-Tasaka [1, p.1106].
The following theorem is confirmed in [1, Theorem 4].

Theorem 1.4 Let the notations be as above. Then the mapping r̃− of S2k(2, 1; R) to W −
2k ⊗ R gives an isomor-

phism.

By virtue of Theorem 1.4, we can determine the image r−(S2k(2, 1; R)) explicitly. In the rest of this section, by
use of only the theory of Hecke operators, we show an another proof of the decision of the image r−(S8(2, 1; R)).

For the sake of numerical calculations of Fourier coefficients of cusp forms given by the Shintani lift, we
need to determine r−(S8(2, 1; R)). Note that

S8(2, 1) = C f (z) with f (z) = (η(z)η(2z))8 =
∑
n≥1

an e[nz], (1.25)

where η(z) = e[z/24]∏n≥1 (1 − e[nz]) (cf. Shimura [11, p. 478]). An easy computation shows that

a1 = 1, a2 = −8, a3 = 12, a4 = 64, · · · . (1.26)

In the rest of this section, we try to ask the image r−(S8(2, 1; R)) of S8(2, 1; R) using the theory of Hecke
operators. We define the Hecke operator T8,1(2) on S8(2, 1; R) by

T8,1(2) f (z) = 1

2

(
f
( z

2

)
+ f

(
z + 1

2

))

for every f (z) ∈ S8(2, 1; R) (see Miyake [8, (4.5.26) in p.142]). Since T8,1(2) is an operator on S8(2, 1; R), the
dimension of S8(2, 1; R) over C is one, (1.25) and (1.26), we have

T8,1(2) f (z) = a2 f (z), (1.27)
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On calculations of the Fourier... 381

where f (z) = (η(z)η(2z))8 =∑n≥1 an e[nz]. Hence we have
(
r1
(
T8,1(2)( f )

)
, r3
(
T8,1(2)( f )

)
, r5
(
T8,1(2)( f )

)) = a2 (r1( f ), r3( f ), r5( f )) . (1.28)

By means of definition of the Hecke operator T8,1(2), we find that

r1
(
T8,1(2)( f )

) = 2−1
∫ √−1∞

0

(
f
( z

2

)
+ f

(
z + 1

2

))
zdz

= 2
∫ √−1∞

0
f (z)zdz +

∫ √−1∞
1
2

f (z)(2z − 1)dz

= 2
∫ √−1∞

0
f (z)zdz +

(∫ √−1∞

0
+
∫ 0

1
2

)
f (z)(2z − 1)dz

= 4
∫ √−1∞

0
f (z)zdz −

∫ σ(0)

0
f (z)(2z − 1)dz −

∫ √−1∞

0
f (z)dz, (1.29)

where σ =
(

1 1
1 2

)
= γ

(
0 −1
1 0

)
and γ =

(−1 1
−2 1

)
. Substituting z = γ (w), we have

∫ σ(0)

0
f (z)(2z − 1)dz =

∫ √−1∞

1
f (γ (w))(2γ (w) − 1)(−2w + 1)−2dw

=
∫ √−1∞

1
f (z)(−2z + 1)5dz

=
∫ √−1∞

0
f (z + 1)(−2(z + 1) + 1)5dz

= −
∫ √−1∞

0
f (z)(2z + 1)5dz, (1.30)

which implies the formula

r1
(
T8,1(2)( f )

) = 32r5( f ) + 80r3( f ) + 14r1( f ).

Similarly, we have

r3
(
T8,1(2)( f )

) = 24r3( f ) + 12r1( f ) and r5
(
T8,1(2)( f )

) = 64r5( f ) + 80r3( f ) + 12r1( f ).

It follows from these relations that

(r1( f ) r3( f ) r5( f ))

⎛
⎝14 12 12

80 24 80
32 0 64

⎞
⎠ = −8(r1( f ) r3( f ) r5( f )), (1.31)

which leads to

(r1( f ) : r3( f ) : r5( f )) =
(

1 : −3

8
: 1

4

)
. (1.32)

Therefore, we have decided the image r−(S8(2, 1; R)). More precisely, we conclude the following lemma.

Corollary 1.5 Let notations and assumptions be the same as above. Then

(r1( f ) : r3( f ) : r5( f )) =
(

1 : −3

8
: 1

4

)
and

r−(S8(2, 1; R)) =
{

t

(
1 , −3

8
,

1

4

) ∣∣∣∣ t ∈ R

}
.

(1.33)
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2 The Shintani lift of cusp forms of integral weight

In this section, we remember the Shintani lift given in Shintani [16]. To do so, we review well known facts
of integral binary quadratic forms (cf. Shintani [16] and Zagier [18]). Let x(u, v) = x1u2 + x2uv + x3v

2

be a binary quadratic form over R in indeterminates u and v. We identify x(u, v) with

(
x1 x2/2

x2/2 x3

)
. For

g =
(

a11 a12
a21 a22

)
∈ SL2(R) and a quadratic form x(u, v) = x1u2 + x2uv + x3v

2 = (
u v
) ( x1 x2/2

x2/2 x3

)(
u
v

)
,

put

x |[g](u, v) = x(a11u + a21v, a12u + a22v).

Then we easily check that

x |[g1g2] = x |[g2]|[g1] for any g1, g2 ∈ SL2(R). (2.1)

For a positive integer N , define

L(N ) =
{

{x(u, v) | x1, x2, x3 ∈ Z, N |x2, N |x3, (x1, x2, x3) = 1} if N is odd,

{x(u, v) | x1, x2, x3 ∈ Z, 2N |x2, N |x3, (x1, x2, x3) = 1} if N is even.
(2.2)

Observe that Γ0(N ) acts on L(N ). For positive integers n and N , let us set

L(N , n) =
{

{x(u, v) ∈ L(N ) | dx = Nn} if N is odd ,

{x(u, v) ∈ L(N ) | dx = 4Nn} if N is even,
(2.3)

where dx is the discriminant x2
2 − 4x1x3 of x = x(u, v). For two quadratic forms x = x(u, v) and x ′ = x ′(u, v)

in L(N , n) , we call that x and x ′ are Γ0(N )-equivalent if there exists γ ∈ Γ0(N ) satisfying

x ′ = x |[γ ].
For x ∈ L(N , n), we denote by {x}N

n the equivalence class containing x and M(N , n) = L(N , n)/Γ0(N ) the
set of all such classes {x}N

n . It is a well-known fact that M(N , n) is a finite set (cf. [18, Section 10]).
Put

M(1, Nn) =
{
{α1}1

Nn, · · · , {αl}1
Nn

∣∣αi ∈ L(1, Nn) for 1 ≤ i ≤ l
}

if N is odd , and

M(1, 4Nn) =
{
{α1}1

4Nn, · · · , {αl ′ }1
4Nn

∣∣αi ∈ L(1, 4Nn) for 1 ≤ i ≤ l ′
}

if N is even.
(2.4)

Given the sets M(1, Nn) if N is odd and M(1, 4Nn) if N is even, we determine explicitly the set M(N , n).
Take {α}N

n ∈ M(N , n) with α ∈ L(N , n). Then we can choose {αi }1
Nn ∈ M(1, Nn) (1 ≤ i ≤ l) if N is odd

(resp. {αi }1
4Nn ∈ M(1, 4Nn) (1 ≤ i ≤ l ′) if N is even) satisfying α = αi |[γ ] for some γ ∈ SL2(Z). Fix {γi }i∈�

a set of representative for SL2(Z) modulo Γ0(N ), i.e.,

{γi }i∈� = Γ0(N )\SL2(Z). (2.5)

Then there exists a unique γ0 ∈ Γ0(N ) and j ∈ � meeting the relation γ = γ0γ j . So, α = αi |[γ j ]|[γ0]. We
study the set

{
{αi |[γ j ]}1

Nn

∣∣∣ {αi }1
Nn ∈ M(1, Nn), j ∈ �

}
if N is odd, and{

{αi |[γ j ]}1
4Nn

∣∣∣ {αi }1
4Nn ∈ M(1, 4Nn), j ∈ �

}
if N is even.

Assume that αi |[γ j ] and αi ′ |[γ j ′ ] are Γ0(N )-equivalent. Then, we find that i = i ′ from our definition. On the
other hand, we have

αi |[γ j ′ ] = αi |[γ j ′γ
−1
j γ j ] = αi |[γ j ]|[γ j ′γ

−1
j ]. (2.6)
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Hence we easily see that {αi |[γ j ′ ]}1
Nn and {αi |[γ j ]}1

Nn belong to M(1, Nn) if N is odd and {αi |[γ j ′ ]}1
4Nn and

{αi |[γ j ]}1
4Nnbelong to M(1, 4Nn) if N is even, and αi |[γ j ′ ] and αi |[γ j ] are SL2(Z)-equivalent. By virtue of [16,

Lemma 2.6], we conclude that αi |[γ j ′ ] and αi |[γ j ] are Γ0(N )-equivalent. Choose all i in 1 ≤ i ≤ l if N is odd
(resp. all i in 1 ≤ i ≤ l ′ if N is even) such that there exists j ∈ � satisfying {αi |[γ j ]}N

n ∈ M(N , n). We denote
by �̃ the set of all such i . Take out all i such that there exists a j = j (i) ∈ � satisfying

{αi |[γ j ]}N
n ∈ M(N , n). (2.7)

For the above i , we can choose one j = j (i) that satisfies (2.7). Consequently, the following proposition is
confirmed.

Proposition 2.1 Under the notations and assumptions being as above, one has

M(N , n) =
{
{αi |[γ j (i)]}N

n | i ∈ �̃, j (i) ∈ �
}

. (2.8)

Remark 2.2 We refer to [18, §8 and §13] for an effective algorithm of an explicit decision of the set M(1, n).

Remark 2.3 We also refer to [18, §13] for an effective algorithm of the determination of a generator of the
cyclic group SL2(Z)x/ {±I2} with SL2(Z)x = {g ∈ SL2(Z) | x |[g] = x} for x ∈ L(1, n) (cf. [16, Lemma
2.4]). Since the natural mapping ϕ : SL2(Z)x/SL2(Z)x ∩ Γ0(N ) → SL2(Z)/Γ0(N ) is injective, we have
[SL2(Z)x : SL2(Z)x ∩ Γ0(N )] ≤ [SL2(Z) : Γ0(N )]. By Miyake [8, Theorem 4.2.5], we see

[SL2(Z)x : Γ0(N )x ] ≤ N
∏
p|N

(
1 + 1

p

)
with Γ0(N )x = SL2(Z)x ∩ Γ0(N ). (2.9)

Since SL2(Z)x/ {±I2} is a cyclic group, we can take a generator σ of it. Then we have

Γ0(N )x/ {±I2} = 〈σ l〉 with l = [SL2(Z)x : Γ0(N )x ] . (2.10)

Here l is equal to the minimum number n satisfying the condition

σ n ∈ Γ0(N )x and 1 ≤ n ≤ N
∏
p|N

(
1 + 1

p

)
. (2.11)

Therefore we have an effective algorithm of the determination of a generator of the cyclic group Γ0(N )x/ {±I2}.
Remark 2.4 The set M(1, n2) is given by

{
{x}1

n2

∣∣∣∣ x = x(u, v) = x1u2 + x2uv + x3v
2 satisfying

(
x1

x2
2

x2
2 x3

)
=
(

n + μ
n+2μ

2
n+2μ

2 μ

)
with μ ∈ (Z/nZ)×

}
. (2.12)

We consider the sets

L =
{

x = x(u, v) = x1u2 + x2uv + x3v
2 | xi ∈ Z for 1 ≤ i ≤ 3

}
and

L′ =
{

x = x(u, v) = x1u2 + x2uv + x3v
2 | xi ∈ Z for 1 ≤ i ≤ 3, and 2|x2

}
.

(2.13)

For a positive integer N and x, y ∈ L, we set

(x, y)N =
{( 2

N

)
(x2 y2 − 2x1 y3 − 2x3 y1) if N is odd,( 1

2N

)
(x2 y2 − 2x1 y3 − 2x3 y1) if N is even.

(2.14)

Put

L N =
{

NL if N is odd,

NL′ if N is even.
(2.15)
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Let χ be a character modulo N . We denote by ν
χ
N the function on L given as follows. For an odd integer N and

x = x(u, v) = x1u2 + x2uv + x3v
2 ∈ L, define

ν
χ
N (x) =

{
χ(x1) if N |x2 and N |x3,

0 otherwise.
(2.16)

For an even integer N and x = x(u, v) = x1u2 + x2uv + x3v
2 ∈ L, put

ν
χ
N (x) =

{
χ(x1) if 2N |x2 and N |x3,

0 otherwise.
(2.17)

We introduce

L̃(N ) =
{{

x = x1u2 + x2uv + x3v
2 ∈ L

∣∣ N |x2, N |x3
}

if N is odd,{
x = x1u2 + x2uv + x3v

2 ∈ L′ ∣∣ 2N |x2, N |x3
}
if N is even.

(2.18)

We define the Shintani lift of an integral weight cusp form as follows :

�χ(z, ϕ) =
∑

x∈L̃(N )/Γ0(N )

ν
χ
N (x)

(∫
Cx,N

ϕ(w)x(1,−w)k−1dw

)
e
[
(x, x)N

2
z

]
(2.19)

for z ∈ H and ϕ(z) ∈ S2k(N , χ2), where x = x(u, v) = x1u2 + x2uv + x3v
2 and the summation is taken over

all Γ0(N )-equivalence classes of integral binary quadratic forms x of L̃(N ) with positive discriminant and Cx,N
means the curve C(x, Γ0(N )) given in [16, p.101 and Lemma 2.7]. For the explicit expression of C(x, Γ0(N )),
see the explanation under (2.21).

We mention that �χ(z, ϕ) coincides with �(z, ϕ, L N , νN ) defined by [16, (2.19) in p.109]. We also write as

�χ(z, ϕ) =
∑
n≥1

α̃
χ
N (n, ϕ)e[nz]. (2.20)

For positive integers N and n, we notice that

L(N ) =
{

x = x1u2 + x2uv + x3v
2 ∈ L̃(N )

∣∣ (x1, x2, x3) = 1
}

and

L(N , n) =
{

x(u, v) ∈ L(N )

∣∣∣∣ dx = Nn (resp. 4Nn) for N odd (resp. N even)

}
. (2.21)

Here we recall the definition of C(x, Γ0(N )) for x = x(u, v) = x1u2 + x2uv + x3v
2 ∈ L(N ) as follows.

(i) If the discriminant of x is not a square, C(x, Γ0(N )) is a rectifiable curve in H from w to σx · w, where w

is any point H and σx is a generator of Γ0(N )x/{±I2}.
(ii) If the discriminant of x is the square of a positive number m, C(x, Γ0(N )) is the geodesic line from

(x2 + m)/2x3 to (x2 − m)/2x3 (if x3 = 0, we understand that C(x, Γ0(N )) is the geodesic line from√−1∞ (resp. x1/x2) to x1/x2 (resp.
√−1∞) for x2 > 0 (resp. x2 < 0)).

Define

α
χ
N (n, ϕ) =

∑
x∈L(N ,n)/Γ0(N )

ν
χ
N (x)

∫
Cx,N

ϕ(z)x(1,−z)k−1dz (2.22)

for every ϕ ∈ S2k(N , χ2) and positive integer n, where x runs over all Γ0(N )-equivalence classes of integral
binary quadratic forms x of L(N , n). Note that

α̃
χ
N (n, ϕ) =

∑
m

χ(m)mk−1α
χ
N (n/m2, ϕ), (2.23)
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where m runs over all positive integers with m2|n. (See [16, p.116].) We denote by χ ′ a character modulo 4N
defined by

χ ′(m) = χ(m)

(
N

m

)(−1

m

)k

, (2.24)

where
( ∗

∗
)

denotes the quadratic residue symbol given in Shimura [11].
The following theorem is established by Shintani [16, Theorem 2] (cf. Kojima [4] and Shimura [14,15]).

Theorem 2.5 Let notations and assumptions be as above. Suppose that ϕ belongs to S2k(4N , χ2). Then �χ(z, ϕ)

belongs to Sk+ 1
2
(N , χ ′). Moreover, if p is an odd prime, then

�χ(z, T2k,χ2(p)ϕ) = T̃2k+1,χ ′(p2)�χ(z, ϕ) and

�χ(z, T2k,χ2(2)ϕ) = T̃2k+1,χ ′(4)�χ(z, ϕ) if N is even.

Applying Lemma 1.1, Theorem 1.3, [16, Lemma 2.4 and Lemma 2.7], Remark 2.4 and [18], we may deduce the
following theorem.

Theorem 2.6 Let notations and assumptions be as above. Suppose that ϕ belongs to S2k (̃α
χ
N (N , ϕ), χ2) for

N = 1, 2 and 3. Then there exist an effective algorithm of the calculation of the Fourier coefficients α̃
χ
N (N , ϕ)

of the Shintani lift �χ(z, ϕ). More precisely, α̃
χ
N (n, ϕ) is described only by the data concerning integral binary

quadratic forms about n, fundamental periods of ϕ, k and χ .

We mention that for k = 1, using results of Manin [6], Shintani [16] succeed in expressing α̃
χ
N (n, ϕ) in term of

fundamental periods on a modular curve Γ0(N )\H
∗.

3 Explicit calculations of the Fourier coefficients of cusp forms of half-integral weight

In this section, we discuss explicit calculations of the Fourier coefficients of cusp forms of half integral weight
determined by the Shintani lift. Let f (z) = (η(z)η(2z))8 (resp. F(z) = ϑ(z)−3η(2z)12) be a cusp form in
S8(2, 1) (resp. S9/2(8,

( 2
∗
)
)) given in Shimura [11, p. 477 and p. 478], where η(z) = e [z/24]

∏∞
n=1 (1 − e[nz])

and ϑ(z) = ∑
n∈Z

e
[
n2z
]

for z ∈ H. Using the definition (2.20), Lemma 1.1, Theorem 1.2, Theorem 2.5,
Proposition 2.1, Remark 2.2, Remark 2.3, Remark 2.4 and Shintani [16, Lemma 2.4], we shall determine several
n-th Fourier coefficients α̃1

2(n, f ) of �1(z, f ). Let us compute α̃1
2(3, f ). By Proposition 2.1, we find that

M(2, 3) = {q1, q2}, where

q1(u, v) = (u v
) (1 0

2
0
2 −6

)(
u
v

)
and q2(u, v) = (u v

) (−1 0
2

0
2 6

)(
u
v

)
. (3.1)

The fact that the discriminant of qi (i = 1, 2) is 24 yields that

γq1 =
(

5 2
12 5

)
and γq2 =

(
5 −2

−12 5

)
, (3.2)

where γqi (i = 1, 2) denotes an element given in [16, Lemma 2.4]. By using the algorithm in Lemma 1.1, we
get the following expression

γq1 = S2T 2S2 and γq2 = γ −1
q1

, where S2 =
(

1 0
2 1

)
and T =

(
1 1
0 1

)
. (3.3)

From our definition, we have

α̃1
2(3, f ) =

∫
C(q1,Γ0(2))

f (z)q1(1,−z)3dz +
∫

C(q2,Γ0(2))

f (z)q2(1,−z)3dz. (3.4)
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By the same method as Theorem 1.2, we obtain

∫
C(q1,0(2))

f (z)q1(1,−z)3dz =
∫ γq1(0)

0
f (z)q1(1,−z)3dz

=
∫ S2(0)

0
f (z)q1(1,−z)3dz +

∫ S2T 2(0)

S2(0)

f (z)q1(1,−z)3dz +
∫ S2T 2 S2(0)

S2T 2(0)

f (z)q1(1,−z)3dz. (3.5)

Put P4(z) = (2z + 1)6q1(1,−S2(z))3. Then

∫
C(q1,0(2))

f (z)q1(1,−z)3dz =
∫ T 2(0)

0
f (z)P4(z)dz +

∫ T 2 S2(0)

T 2(0)

f (z)P4(z)dz

=
∫ 2

0
f (z)P4(z)dz +

∫ S2(0)

0
f (z)P4(z + 2)dz

=
∫ 2

0
f (z)P4(z)dz

=
∫ ∞

0
f (z) (P4(z) − P4(z + 2)) dz. (3.6)

Similarly, we can derive

∫
C(q2,Γ0(2))

f (z)q2(1,−z)3dz =
∫ ∞

0
f (z)

(
P̃4(z) − P̃4(z − 2)

)
dz (3.7)

with P̃4(z) = (1 − 2z)6q2

(
1,−S−1

2 (z)
)3

. Finally, we arrive the formula;

α̃1
2(3, f ) = 192r5( f ) + 64r3( f ) + 48r1( f ). (3.8)

Next, let us calculate α̃1
2(5, f ). By Proposition 2.1, we show that M(2, 5) = {q ′

1, q ′
2

}
, where

q ′
1(u, v) = (u v

) (1 0
2

0
2 −10

)(
u
v

)
and q ′

2(u, v) = (u v
) (−5 0

2
0
2 2

)(
u
v

)
. (3.9)

We see that

γq ′
1

=
(

3 2 · 1 · 1
2

(−2) · (−10) · 1
2 3

)2

=
(

19 6
60 19

)
= −S2T S−4

2 T S2 and

γq ′
2

=
(

3 2 · (−5) · 1
2

(−2) · 2 · 1
2 3

)2

= −
(−19 30

12 −19

)
= T −2S2T 3S−1

2 T −1

(3.10)

with T =
(

1 1
0 1

)
and S2 =

(
1 0
2 1

)
. From our definition, we have

α̃1
2(5, f ) =

∫
C(q ′

1,Γ0(2))

f (z)q ′
1(1,−z)3dz +

∫
C(q ′

2,Γ0(2))

f (z)q ′
2(1,−z)3dz. (3.11)

Here we obtain

∫
C(q ′

1,Γ0(2))

f (z)q ′
1(1,−z)3dz =

∫ S2T S−4
2 T S2(0)

0
f (z)q ′

1(1,−z)3dz. (3.12)

123



On calculations of the Fourier... 387

The integral (3.12) can be transformed in the form

∫ S2(0)

0
f (z)q ′

1(1,−z)3dz +
∫ S2T (0)

S2(0)

f (z)q ′
1(1,−z)3dz +

∫ S2T S−4
2 (0)

S2T (0)

f (z)q ′
1(1,−z)3dz

+
∫ S2T S−4

2 T (0)

S2T S−4
2 (0)

f (z)q ′
1(1,−z)3dz +

∫ S2T S−4
2 T S2(0)

S2T S−4
2 T (0)

f (z)q ′
1(1,−z)3dz

=
∫ T (0)

0
f (S2(z))q

′
1(1,−S2(z))

3 dz

J (S2, z)2 +
∫ S−4

2 (0)

0
f (S2T (z))q ′

1(1,−S2T (z))3 dz

J (S2T, z)2

+
∫ T (0)

0
f (S2T S−4

2 (z))q ′
1(1,−S2T S−4

2 (z))3 dz

J (S2T S−4
2 , z)2

+
∫ S2(0)

0
f (S2T S−4

2 T (z))q ′
1(1,−S2T S−4

2 T (z))3 dz

J (S2T S−4
2 T, z)2

, (3.13)

where J (g, z) = cz + d with g =
(

a b
c d

)
∈ SL2(R).

The above formula (3.13) equals

∫ 1

0
f (z)

(
q ′

1(1,−S2(z))
3 J (S2, z)6 + q ′

1(1,−S2T S−4
2 (z))3 J (S2T S−4

2 , z)6
)

dz

=
(∫ ∞

0
−
∫ ∞

1

)
f (z)

(
q ′

1(1,−S2(z))
3 J (S2, z)6 + q ′

1(1,−S2T S−4
2 (z))3 J (S2T S−4

2 , z)6
)

dz

= 2592r5( f ) + 1440r3( f ) + 72r1( f ). (3.14)

Similarly
∫

C(q ′
2,Γ0(2))

f (z)q ′
2(1,−z)3dz = 288r5( f ) + 1440r3( f ) + 648r1( f ).

Therefore, we have the relation

α̃1
2(5, f ) = 720 (4r5( f ) + 4r3( f ) + r1( f )) . (3.15)

We also may derive that

α̃1
2(1, f ) = 96r5( f ) + 224r3( f ) + 24r1( f ) and

α̃1
2(2, f ) = 16 (16r3( f ) + 3r1( f )) .

(3.16)

By Corollary 1.5, we see that

α̃1
2(1, f ) = −36r1( f ), α̃1

2(2, f ) = −48r1( f ), α̃1
2(3, f ) = 72r1( f ) and

α̃1
2(5, f ) = 360r1( f ).

(3.17)

In the rest of this section, we seek an another expression of �1(z, f ). Put

F(z) = ϑ(z)−3η(2z)12 =
∑
n≥1

a(n)e[nz].

From our definition, we find that a(n) is an integer for all positive integers n. Moreover, by a straightforward
calculation, we get

a(1) = 1, a(2) = −6, a(3) = 12, a(4) = −8, a(5) = 0, a(6) = 12,

a(7) = −48, a(8) = 48, a(9) = −15, a(10) = 60, · · · .
(3.18)
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Consider a linear mapping σ : S9/2(4, 1) → S9/2(8,
( 2

∗
)
) determined by

σ(F(z)) = F(2z) =
∑
n≥1

b(n)e[nz] (see [11, Proposition 1.3]). (3.19)

Since F(z) ∈ S9/2(4, 1) ⊂ S9/2(8, 1), we are able to define

G(z) = F |[�1ξ�1]9 =
∑
n≥1

c(n)e[nz] =
∑
n≥1

a(2n)e[nz], (3.20)

where [�1ξ�1]9 (ξ = ((1 0
0 2

)
, 21/4

)
) is the mapping given in [11, Proposition 1.5]. The easy computation shows

that

b(1) = 0, b(2) = 1, c(1) = a(2) = −6, c(2) = a(4) = −8, · · · . (3.21)

Hence σ(F(z)) and G(z) are linearly independent as elements of S9/2(8,
( 2

∗
)
). By means of Miyake [8], Shimura

[10] and Ueda [17, Corollary in p.543], we see that dimCS9/2(8,
( 2

∗
)
) = dimCS8(4, 1) = 2. So S9/2(8,

( 2
∗
)
) is

the vector space generated by σ(F(z)) and G(z) over C. Using Theorem 2.5, we can set

1

α̃1
2(1, f )

�1(z, f ) = a σ(F(z)) + b G(z) =
∑
n≥1

d(n)e[nz] (3.22)

for some a, b ∈ C. From (3.17), (3.18), (3.20), (3.21) and (3.22), we obtain

d(1) = 1 = −6 b, d(2) = a − 8b = 4

3
, (3.23)

which implies that a = 0 and b = − 1

6
. Therefore, we deduce the following proposition.

Proposition 3.1 Let the notations be the same as above. Suppose that f (z) = (η(z)η(2z))8 is an element of
S8(2, 1). Then

�1(z, f ) = 6r1( f )G(z), (3.24)

where G(z) = ∑
n≥1 a(2n)e[nz] and F(z) = ϑ(z)−3η(2z)12 = ∑

n≥1 a(n)e[nz]. In particular, the Fourier
coefficients of �1(z, f ) are real number and α̃1

2(n, f ) is written as an integral multiple of r1( f ) for every n ≥ 1.
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