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Abstract A profile on a graph G is a sequence of vertices in which repetitions are allowed. The anticenter of
a profile in G is the set of vertices in G that maximize the maximum distance to the profile. In this paper, the
anticenter of profiles in various graph products, namely, Cartesian product, strong product, and lexicographic
product is studied.
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1 Introduction

The problem of finding an optimal location of facilities is a part of all planning activities. When the problem
is to find the location for emergency facilities like fire stations and hospitals, the objective is to minimize the
distance from the facility to the users. But, often we arrive at problems of finding a location of facilities as far
as possible from the public. Examples of such problems are finding the location for chemical plants and nuclear
power plants. Both these problems come under the category of location problems [1,2]. See the review article
due to Farahani et al. [3] for the desirable facility location problems. Also see [4–6].
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Anticenter of Profiles in Products of Graphs 405

Both the desirable and obnoxious facility location problems can be modelled as graph theoretic problems. The
desirable facility location problem come under the center problem and the obnoxious facility location problem
come under the anticenter problem in graph theory. The center problem has been widely studied

[7–10]. Several variants and applications of center problems are dealt with in network science [11–13]. The
anticenter problem has also been studied, even though comparatively less, see [14–16].

The center of a graph is the set of all vertices having minimum eccentricity, where eccentricity of a vertex is the
maximum of the distances between that vertex and all the other vertices of the graph. The natural generalisation
of eccentricity is to consider a subset or a sequence π of the vertex set V of the graph instead of V . Such a subset
or a sequence π is called a profile. Thus the center of a profile π is the set of all vertices of the graph for which
the maximum of the distances to all vertices of the profile is minimum. This generalization of center is studied in
[5,17,18]. Centers of profiles of some classes of graphs was determined in [19] by Balakrishnan et al. in 2016.
The center function was studied in [20–22]. In 2001, McMorris, Roberts and Wang [20] initiated the axiomatic
study of the center function on graphs and obtained an axiomatic characterization of the center function on trees.
In 2017, Changat et al. [23] presented the universal axioms for center function and also some classes of graphs on
which center function can be characterized in terms of universal axioms. In 2018, Changat et al. [24] introduced
a set of axioms namely non universal axioms, that together with some of the universal axioms, provided a new
axiomatic characterization of the center function on cocktail party graphs, complete bipartite graphs, and block
graphs.

The anticenter of a profile on a graph is the set of all vertices in the graph for which the maximum of the
distances to all the vertices of the profile is maximum. The anticenter problem was addressed by Zelinka [25]
and Minieka [14]. The anticenter function on a connected graph G has as input a finite sequence of vertices of
G, namely, the profile, and the output is the set of vertices that maximize the maximum distance to the entries of
the input. The anticenter function was studied by Changat et al. in [26] and gave the axiomatic characterization
on stars, wheels, paths, and self centered graphs.

This article is an effort to study the anticenter problem in the graph products, namely Cartesian product,
strong product, and lexicographic product. The rest of this article is organized as follows. The concepts and
definitions required for the development of the article are discussed in Section 2. The anticenter problem in
Cartesian product, strong product, and lexicographic product are discussed in the Sections 3.1, 3.2, and 3.3,
respectively. All the graphs considered in this article are finite, simple, connected graphs.

2 Preliminaries

Let G = (V, E) be a graph, where V = V (G) is the set of all vertices and E = E(G) is the set of all edges of
G. A path in a graph G = (V, E) is a sequence of distinct vertices u0, u1, u2, . . . , uk , where ui ui+1 form an
edge for i ∈ {0, 1, . . . , k − 1} with the length of the path being k, denoted as u0 − uk path in G. The length of
the shortest u − v path in G is defined as distance between u and v and is denoted by dG(u, v) (or d(u, v)). The
diameter of G is defined as the maximum distance between the pair of vertices of G and is denoted by D. If u
is a vertex in G and if v is another vertex in G with d(u, v) = D, the diameter of G then u and v are called the
peripheral vertices of G. The periphery of a graph G is defined as the set of all peripheral vertices and is denoted
by Per(G). An eccentric vertex of a vertex v is a vertex v which is at the maximum distance from v.

A profile π on a graph G is a finite sequence of vertices (with repetitions allowed) of a graph G usually
denoted by π = (x1, x2, . . . , xk). {π} denote the set of all vertices in the profile π . The eccentricity of a vertex
x with respect to the profile π , denoted by eπ (x) = max{d(x, x1), d(x, x2), . . . , d(x, xk)}. The center of a
profile π consists of all vertices x for which eπ (x) is minimum, denoted by Cen(π). Similarly, the anticenter of
π consists of all vertices for which eπ (x) is maximum. It is denoted by AC(π). eπ (Cen(π)) and eπ (AC(π))

denote the eccentricity with respect to the profile π of the vertices in Cen(π) and AC(π), respectively.

Proposition 1 Let G be a connected graph and let π be a profile in G. If π contains exactly one vertex u from
Per(G), then AC(π) = {v ∈ Per(G) | d(u, v) = D}, where D is the diameter of G.

Proof Let π = (u1, u2, . . . , un) be any profile in G and u1 = u ∈ Per(G) be a peripheral vertex. It can
be seen that d(u, v) is maximum when v is a peripheral vertex and AC(π) contains only peripheral vertices.
Since u is the only peripheral vertex in π , no vertex in π is at a distance D from u. So u /∈ AC(π). Therefore
AC(π) = {v ∈ Per(G) | d(u, v) = D}. ��
In general, it can be seen that AC(π) �= Per(G). Consider the following example.
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406 M. Changat et al.

Example 1 Consider a complete graph on five vertices minus an edge G , with vertex set {a, b, c, d, e} with a
and b are not adjacent. It can be seen that Per(G) = {a, b}. For the profile π = (a, b, c, d, e), AC(π) = {a, b}
but if π = (c, d), then AC(π) = V .

Proposition 2 Let G be a connected graph. Then eπ (AC(π)) = 1 for all profiles π if and only if G is a complete
graph.

Proof Let G be any connected graph and let π = (x1, x2, . . . , xk) be any profile in G. Also let eπ (AC(π)) = 1.
Let x ∈ AC(π). Then e(x) = 1. Since d(x, x) = 0, x ∈ AC(π) along with e(x) = 1 implies that d(x, y) = 1
for all y �= x in V (G). Hence G is a complete graph. Conversely if G is a complete graph then every profile π

will induce a complete graph and so e(x) = 1 for all x ∈ V (G). Hence the proposition. ��
Proposition 3 Let G be any connected graph and if πG be a profile in V (G) containing at least 2 vertices and
eπG (AC(πG)) = 1, then AC(πG) = V (G).

Proof Let G be any connected graph and let πG = (u1, u2, . . . , un) where n ≥ 2 be any profile in G with
eπG (AC(πG)) = 1. Therefore if x ∈ AC(πG), then d(ui , x) = 1 for all ui ∈ πG \ {x}. If there is any vertex y
in V (G) with d(u j , y) ≥ 2, then it will be a contradiction to the assumption that eπG (AC(πG)) = 1. Hence all
the vertices in V (G) will be adjacent to all vertices of the profile πG . Therefore AC(πG) = V (G). ��
As an immediate consequence of the Proposition 3, we have the following corollary.

Corollary 1 Let G be any connected graph and πG be any profile in V (G) consisting of a single vertex. If
eπG (AC(πG)) = 1, then AC(πG) = V (G) \ {πG}.

3 Anticenter of Graph Products

In the following subsections, the Cartesian, strong, and the Lexicographic product of two graphs G and H
are discussed. The vertex set of the first three products is V (G) × V (H). The graphs G and H are called the
factors of the product. Let ∗ ∈ {�,�, ◦}, where �,�, ◦ denote the Cartesian, strong and Lexicographic product
respectively. Let πG∗H be a profile in G ∗ H so πG∗H ⊆ V (G ∗ H) and πG is the projection of πG∗H on G and
πH is the projection of πG∗H on H .

3.1 Cartesian Product

The Cartesian product of graphs G and H is a graph, denoted as G�H , whose vertex set is V (G) × V (H) and
two vertices (x, y) and (u, v) are adjacent precisely if x = u and yv ∈ E(H), or xu ∈ E(G) and y = v. The
following proposition from [27] gives the distance between two vertices in the Cartesian product G�H .

Proposition 4 Let G and H be two connected graphs and (x, y), (u, v) be two vertices in G�H, then
dG�H ((x, y), (u, v)) = dG(x, u) + dH (y, v).

Proposition 5 If (u, v) ∈ V (G�H), then the eccentricity of (u, v) is given by eG�H (u, v) = eG(u) + eH (v).

Proof Let (u, v) ∈ V (G�H). Then

eG�H (u, v) = max{dG�H ((u, v), (x, y)); (x, y) ∈ V (G�H)}
= max{dG(u, x) + dH (v, y); x ∈ V (G), y ∈ V (H)}
= max{dG(u, x); x ∈ V (G)} + max{dH (v, y); y ∈ V (H)}
= eG(u) + eH (v).

��
Now we prove the theorems on anticenter of a profile π on G�H .

Theorem 1 Let G and H be two connected graphs and πG�H be any profile on G�H. If πG�H ∩Per(G�H) �=
∅, then AC(πG�H ) = {(x, y) ∈ Per(G�H) | ∃(u, v) ∈ πG�H with dG�H ((x, y), (u, v)) = D}, where D is
the diameter of G�H.
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Fig. 1 Cartesian Product of two paths on 5 vertices

The proof of Theorem 1 follows from Proposition 1. For a profile πG�H , let M denote the set of all vertices in
πG�H with maximum eccentricity. Let Mu denote the set of all eccentric vertices of u in G and Mv denote the
set of all eccentric vertices of v in H for all (u, v) ∈ M . That is Mu = ACG((u)) and Mv = ACH ((v)).

Proposition 6 Let πG�H be any profile in G�H. The anticenter of πG�H is AC(πG�H ) = ⋃

(u,v)∈M
Mu × Mv .

Proof Let m = eπG�H (AC(πG�H ) and (x, y) ∈ AC(πG�H ) so that eG�H (x, y) = m. Then dG�H ((u, v),

(x, y)) ≤ m for all (u, v) ∈ πG�H and there exists (u′, v′) ∈ πG�H such that dG�H ((u′, v′), (x, y)) = m.
That is, dG(u′, x) + dH (v′, y) = m and both the distances dG(u′, x), dH (v′, y) should be maximum. Hence
x is an eccentric vertex of u′ in G and y is an eccentric vertex of v′ in H . That is x ∈ Mu′ and y ∈ Mv′ . So
(x, y) ∈ Mu′ × Mv′ and hence AC(πG�H ) ⊆ ⋃

(u′,v′)∈M
Mu′ × Mv′ .

Next, suppose that (x, y) ∈ ⋃

(u,v)∈M
Mu × Mv . Then (x, y) ∈ Mu × Mv for some (u, v) ∈ M . So, x ∈ Mu

and y ∈ Mv . That is, x is an eccentric vertex of u in G and y is an eccentric vertex of v in H . Therefore,
dG(x, u) = eG(u) and dH (y, v) = eH (v). Then,

eG�H ((u, v)) = eG(u) + eH (v), by Proposition 6

= dG(x, u) + dH (y, v)

= dG�H ((x, y), (u, v)).

This shows that (x, y) is an eccentric vertex of (u, v) in G�H . Therefore (u, v) ∈ M . That is, (x, y) ∈
AC(πG�H ). ��
In general, it can be seen that the anticenter of a profile π in G�H and AC(πG) × AC(πH ) have no relation.
Consider the following example 2.

Example 2 The blue colored vertices in the Figure 1 represent a profile πG�H = ((u, a), (w, b), (y, d)),
AC(πG�H ) = {(y, e)} which is the vertex colored red. Now for the profile πG = (u, w, y), AC(πG) = {u, y}
and for the profile πH = (a, b, d), AC(πH ) = {e}, so that AC(πG�H ) �= AC(πG) × AC(πH ).

Definition 1 A subset S of V (G�H) is called a Cartesian subset if S = G ′ × H ′, where G ′ is a subset of V (G)

and H ′ is a subset of V (H).

Theorem 2 Let πG�H be a profile in G�H. If πG�H is a Cartesian subset of V (G�H), then AC(πG�H ) =
AC(πG) × AC(πH ).
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Proof From Proposition 6, AC(πG�H ) = ⋃

(u,v)∈M
Mu × Mv . To prove

⋃

(u,v)∈M
Mu × Mv = AC(πG)× AC(πH )

for a profile πG�H , where πG�H is a Cartesian subset. Suppose that (x, y) ∈ Mu × Mv for some (u, v) ∈ M .
Then x ∈ Mu and y ∈ Mv . That is, x is an eccentric vertex of u in G and y is an eccentric vertex of v in H . Then

dG(x, u) = e(u) and dH (y, v) = e(v). (1)

Also, (u, v) ∈ M ⊆ πG�H implies that u ∈ πG and v ∈ πH .
Claim: eG(u) = eπG (AC(πG)) and eH (v) = eπH (AC(πH )).
If there exists u′ ∈ πG such that eG(u′) > eG(u), then

eG�H (u′, v) = eG(u′) + eH (v), by Proposition 6

> eG(u) + eH (v)

= eG�H (u, v),

which is a contradiction to the fact that (u, v) ∈ M . Therefore u is a vertex in πG having the maximum
eccentricity and hence eG(u) = eπG (AC(πG)). Similarly eH (v) = eπH (AC(πH )). Therefore from Equation (1),
x ∈ AC(πG) and y ∈ AC(πH ) and hence (x, y) ∈ AC(πG) × AC(πH ).

Conversely, suppose that (x, y) ∈ AC(πG) × AC(πH ). So x ∈ AC(πG) and y ∈ AC(πH ). Since x ∈
AC(πG), there exists u ∈ πG such that dG(x, u) = eπG (AC(πG)) and since y ∈ AC(πH ), there exists v ∈ πH
such that dH (y, v) = eπH (AC(πH )). Since πG�H is a Cartesian subset, πG�H = πG × πH , and hence u ∈ πG
and v ∈ πH implies that (u, v) ∈ πG�H .

Claim: (u, v) has the maximum eccentricity in πG�H .
For any vertex (u′, v′) ∈ πG�H and (x ′, y′) ∈ V (G�H),

dG�H ((x ′, y′), (u′, v′)) = dG(x ′, u′) + dH (y′, v′)
≤ eπG (AC(πG)) + eπH (AC(πH ))

= eG(u) + eH (v)

= eG�H (u, v).

Therefore, (u, v) has the maximum eccentricity in πG�H and hence (u, v) ∈ M . Since dG(x, u) =
eπG (AC(πG)), x is an eccentric vertex of u in G and hence x ∈ Mu . Similarly since, dH (y, v) =
eπH (AC(πH )), y is an eccentric vertex of v in H and hence y ∈ Mv . Therefore (x, y) ∈ Mu × Mv for some
(u, v) ∈ M . Hence AC(πG) × AC(πH ) ⊆ ⋃

(u,v)∈M
Mu × Mv . ��

3.2 Strong Product

The strong product of two graphs G and H , G � H , is the graph with vertex set V (G) × V (H) and two vertices
(x, y) and (u, v) are adjacent in G � H if and only if

(i) x = u and yv ∈ E(H), or
(ii) xu ∈ E(G) and y = v, or

(iii) xu ∈ E(G) and yv ∈ E(H).

The following proposition is from [27].

Proposition 7 [27] If (x, y) and (u, v) are vertices in the strong product G � H, then dG�H ((x, y), (u, v)) =
max{dG(x, u), dH (y, v)}.

Similar to the Cartesian product, in general it can be seen that the anticenter of a profile πG�H and AC(πG)

and AC(πH ) have no relationship in common. Consider the following example.

Example 3 Consider the strong product of two paths on 5 vertices given in Figure 2.

The blue colored vertices: These vertices represent the profile πG�H = ((w, a), (w, e)), where πG = (w) and
πH = (a, e). Also eπG (AC(πG)) = 2 < 4 = eπH (AC(πH )). The anticenter of AC(πG) = {u, y}, AC(πH ) =
{a, e} and AC(πG�H ) = V (G) × AC(πH ) so that AC(πG�H ) �= AC(πG) × AC(πH ).

123



Anticenter of Profiles in Products of Graphs 409
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Fig. 2 Strong product of two paths on 5 vertices

The green colored vertices: These vertices represent the profile πG�H = ((u, d), (y, d)), where πG = (u, y)

and πH = (d). Also eπG (AC(πG)) = 4 > 3 = eπH (AC(πH )). AC(πG) = {u, y}, AC(πH ) = {a} and
AC(πG�H ) = AC(πG) × V (H) so that AC(πG�H ) �= AC(πG) × AC(πH ).

The red colored vertices: These vertices represent the profile πG�H = ((x, b), (v, d)), where πG = (x, v) and
πH = (b, d). Also eπG (AC(πG)) = 3 = eπH (AC(πH )). The anticenter of AC(πG) = {u, y}; AC(πH ) = {a, e}
and AC(πG�H ) = AC(πG) × V (H)

⋃
V (G) × AC(πH ) �= AC(πG) × AC(πH ).

Theorem 3 Let πG�H be a profile in G � H. Then,

AC(πG�H ) =

⎧
⎪⎨

⎪⎩

AC(πG) × V (H) if eπG (AC(πG)) > eπH (AC(πH ))

V (G) × AC(πH ) if eπG (AC(πG)) < eπH (AC(πH ))

AC(πG) × V (H)
⋃

V (G) × AC(πH ) if eπG (AC(πG)) = eπH (AC(πH ))

.

Proof Without loss of generality, assume that

eπG�H (AC(πG�H )) = m. (2)

Case 1: eπG (AC(πG)) > eπH (AC(πH )).
Let (x, y) ∈ AC(πG�H ). Then there exists (u, v) ∈ πG�H such that dG�H ((x, y), (u, v)) = m. By

Proposition 7, max{dG(x, u), dH (y, v)} = m.

Claim: dG(x, u) = m.
If dG(x, u) �= m, then dH (y, v) = m. Therefore, eπG (AC(πG)) > eπH (AC(πH )) ≥ dH (y, v) = m and so

eπG (AC(πG)) > m. So there exists x ′ ∈ V (G) and u′ ∈ πG such that dG(x ′, u′) > m. So u′ ∈ πG implies
(u′, v′) ∈ πG�H for some v′ ∈ V (H). In this case dG�H ((x ′, v′), (u′, v′)) = max{dG(x ′, u′), dH (v′, v′)} =
dG(x ′, u′) > m, which contradicts (2). Therefore, dG(x, u) = m. Now it can be seen that m is the
maximum of distances from vertices of G to vertices in πG . For, otherwise there exists x ′ ∈ V (G) and
u′ ∈ πG such that dG(x ′, u′) > m. u′ ∈ πG implies (u′, v′) ∈ πG�H for some v′ ∈ V (H). Then
dG�H ((x ′, v′), (u′, v′)) = max{dG(x ′, u′), dH (v′, v′)} = dG(x ′, u′) > m, which again contradicts (2). There-
fore eπG (AC(πG)) = m and x ∈ AC(πG). Since (x, y) ∈ AC(πG�H ) ⊆ V (G � H) = V (G) × V (H), and
y ∈ V (H), (x, y) ∈ AC(πG) × V (H).

Conversely, suppose that (x, y) ∈ AC(πG)× V (H). Then x ∈ AC(πG) and y ∈ V (H). Since x ∈ AC(πG),
there exists u ∈ πG such that dG(x, u) = eπG (AC(πG)).
u ∈ πG implies (u, v) ∈ πG�H for some v ∈ V (H). Then,

dG�H ((x, y), (u, v)) = max{dG(x, u), dH (y, v)}
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= max{eπG (AC(πG)), dH (y, v)}
= eπG (AC(πG)).

Since eπG (AC(πG)) > eπH (AC(πH )), eπG (AC(πG)) is the maximum of distances from vertices of G � H to
vertices in πG�H . Thus eπG (AC(πG)) = m and hence (x, y) ∈ AC(πG�H ).

Case 2 : eπG (AC(πG)) < eπH (AC(πH )).
By a similar argument as in Case 1, it follows that AC(πG�H ) = V (G) × AC(πH ).

Case 3 : eπG (AC(πG)) = eπH (AC(πH )).
Suppose that (x, y) ∈ AC(πG�H ). Then there exists (u, v) ∈ πG�H such that d((x, y), (u, v)) = m. By

Proposition 7, max{dG(x, u), dH (y, v)} = m, so that dG(x, u) = m or dH (y, v) = m. If dG(x, u) = m, then
eπG (AC(πG)) = m. For, otherwise there exists x ′ ∈ V (G) and u′ ∈ πG such that dG(x ′, u′) > m. u′ ∈ πG
implies (u′, v′) ∈ πG�H for some v′ ∈ V (H). So,

dG�H ((x ′, v′), (u′, v′)) = max{dG(x ′, u′), dH (v′, v′)} = d(x ′, u′) > m which contradicts (2). Therefore
x ∈ AC(πG). Now (x, y) ∈ AC(πG�H ) ⊆ V (G � H) = V (G) × V (H) and y ∈ V (H) implies (x, y) ∈
AC(πG) × V (H). Similarly, if dH (y, v) = m, then eπH (AC(πH )) = m. Thus (x, y) ∈ V (G) × AC(πH ) and
hence (x, y) ∈ AC(πG) × V (H)

⋃
V (G) × AC(πH ).

Conversely, suppose that (x, y) ∈ AC(πG) × V (H)
⋃

V (G) × AC(πH ). Here, (x, y) ∈ AC(πG) × V (H)

or (x, y) ∈ V (G) × AC(πH ). If (x, y) ∈ AC(πG) × V (H), then x ∈ AC(πG) and y ∈ V (H). Since
x ∈ AC(πG), there exists u ∈ πG such that dG(x, u) = eπG (AC(πG)). Now u ∈ πG implies (u, v) ∈ πG�H for
some v ∈ V (H). Thus dG�H ((x, y), (u, v)) = max{dG(x, u), dH (y, v)} = max{eπG (AC(πG)), dH (y, v)} =
eπG (AC(πG)), since eπG (AC(πG)) = eπH (AC(πH )).

This is the maximum of distances from vertices of G � H to vertices in πG�H . Therefore eπG (AC(πG)) = m
and hence (x, y) ∈ AC(πG�H ). If (x, y) ∈ V (G) × AC(πH ), then again by similar arguments it can be shown
that (x, y) ∈ AC(πG�H ). Hence the theorem. ��

3.3 Lexicographic Product

The lexicographic product of graphs G and H is a graph, denoted by G ◦ H , where vertex set is V (G) × V (H).
Two vertices (x, y) and (u, v) are adjacent precisely if xu ∈ E(G), or x = u and yv ∈ E(H).

Proposition 8 [27] If (x, y) and (u, v) are vertices in the lexicographic product G ◦ H, then

dG◦H ((x, y), (u, v)) =

⎧
⎪⎨

⎪⎩

dG(x, u) if x �= u,

dH (y, v) if x = u and degree of x = 0,

min{dH (y, v), 2} if x = u and degree of x �= 0.

Consider the following example.

Example 4 Consider the graph given in the Figure 3.

The blue colored vertices: These vertices represent the profile πG◦H = ((a, w), (e, w)), where πG = (a, e)
and πH = (w). The anticenter AC(πG) = {a, e}, AC(πH ) = {u, y}. Now eπG (AC(πG)) = 4 and AC(πG◦H ) =
AC(πG) × V (H).

The red colored vertices: Consider G as the subgraph induced by the vertices a, b, c and consider the lexico-
graphic product G ◦ H . The profile πG◦H = ((c, u), (a, x)) has the anticenter {a, c} × V (H).

The green colored vertices: Consider G as the subgraph induced by the vertices a, b and consider the
lexicographic product G ◦ H . Now the profile πG◦H = ((a, y), (b, u)) has the anticenter V (G ◦ H) −
{(a, y), (b, v), (b, u), (a, x)}. In all the cases it can be seen that there is no relationship between AC(πG◦H )

and AC(πG) × AC(πH ).

Before going to prove the main theorem in this section, consider the following notations: Let G and H be
graphs and πG◦H be a profile in the lexicographic product G ◦ H .

A = AC(πG) × V (H)

B = AC(πG) × V (H)
⋃

{(x, y) ∈ V (G ◦ H) | (x, v) ∈ πG◦H and dH (y, v) ≥ 2}
C = {(x, y) ∈ V (G ◦ H) | (x, v) ∈ πG◦H and dH (y, v) ≥ 2}.
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a b c d e

u

v

w

x

y

H

G

Fig. 3 Lexicographic product of two paths on 5 vertices

Lemma 1 Let G and H be two non-trivial connected graphs and πG◦H be any profile in the lexicographic
product G ◦ H. Then eπG◦H AC(πG◦H ) = 1 if and only if eπG (AC(πG)) = eπH (AC(πH )) = 1.

Proof Suppose that eπG◦H (AC(πG◦H )) = 1 for all profile πG◦H ∈ G ◦ H . Thus every vertex in V (G ◦ H) is
adjacent to every vertex in the profile πG◦H other than itself. By the definition of the lexicographic product, this
holds only if eπG (AC(πG)) = eπH (AC(πH )) = 1 for all profiles πG ∈ V (G) and πH ∈ V (H).

Conversely, if eπG (AC(πG)) = eπH (AC(πH )) = 1, then it follows from the definition of lexicographic
product that every vertex in V (G ◦ H) is adjacent to every vertex in the profile πG◦H other than itself and hence
eπG◦H (AC(πG◦H )) = 1. ��
Theorem 4 Let G ◦ H be the lexicographic product of two graphs G and H. Let πG◦H be a profile in G ◦ H.
Then,

AC(πG◦H ) =
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A if eπG (AC(πG)) > 2,

B if eπG (AC(πG)) = 2,

V (G ◦ H) if eπG (AC(πG)) = eπH (AC(πH )) = 1
and πG◦H has at least two vertices,

V (G ◦ H)\{(u, v)} if eπG (AC(πG)) = eπH (AC(πH )) = 1
and πG◦H consist of a single vertex (u, v),

C if eπG (AC(πG)) = 1 and eπH (AC(πH )) ≥ 2.

Proof Let

eπG◦H (AC(πG◦H )) = m. (3)

Case 1: eπG (AC(πG)) > 2.
If (x, y) ∈ AC(πG◦H ), then there exists (u, v) ∈ πG◦H such that dG◦H ((x, y), (u, v)) = m.

Claim: x �= u.
Since eπG (AC(πG)) > 2, there exists x ′ ∈ V (G) and u′ ∈ {πG} such that dG(x ′, u′) > 2. u′ ∈ πG implies

(u′, v′) ∈ πG◦H , and v′ ∈ V (H). Thus dG◦H ((x ′, v′), (u′, v′)) = dG(x ′, u′) > 2 and hence m > 2.
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But if x = u, then

dG◦H ((x, y), (u, v)) = min{dH (y, v), 2}.
That is, m = min{dH (y, v), 2}

so that m ≤ 2, which is a contradiction and hence x �= u. Therefore, dG◦H ((x, y), (u, v)) = dG(x, u) and
so dG(x, u) = m. It can be seen that m is the maximum of all distances from vertices of G to vertices in πG
(otherwise there exists x ′ ∈ V (G) and u′ ∈ πG such that dG(x ′, u′) > m. u′ ∈ πG implies (u′, v′) ∈ πG◦H , and
v′ ∈ V (H) so that dG◦H ((x ′, v′), (u′, v′)) = dG(x ′, u′) > m, which contradicts (3)). Hence eπG (AC(πG)) = m
and x ∈ AC(πG). Thus (x, y) ∈ AC(πG) × V (H).

Next, suppose that (x, y) ∈ AC(πG) × V (H). Then x ∈ AC(πG) and y ∈ V (H). Since x ∈ AC(πG), there
exists u ∈ πG such that dG(x, u) = eπG (AC(πG)) > 2. Since u ∈ πG implies (u, v) ∈ πG◦H , v ∈ V (H), then
dG◦H ((x, y), (u, v)) = dG(x, u) = eπG (AC(πG)) > 2, the maximum possible distance of vertices of G ◦ H
from the vertices in πG◦H .

Hence (x, y) ∈ AC(πG◦H ).

Case 2: eπG (AC(πG)) = 2.
Let (x, y) ∈ AC(πG◦H ). Then there exists (u, v) ∈ πG◦H such that dG◦H ((x, y), (u, v)) = m.
If x �= u, then similar to the argument used in the Case 1 it can be shown that (x, y) ∈ AC(πG) × V (H). If

x = u, then

dG◦H ((x, y), (u, v)) = min{dH (y, v), 2}.
That is, m = min{dH (y, v), 2}. (4)

Thus m ≤ 2 and hence m = 1 or m = 2. Since eπG (AC(πG)) = 2, m �= 1 so m = 2. From equation 4,
dH (y, v) ≥ 2. Therefore, (x, y) ∈ {(x, y) ∈ V (G ◦ H) | (x, v) ∈ πG◦H and dH (y, v) ≥ 2 and v ∈ V (H)}.
Hence, (x, y) ∈ AC(πG) × V (H)

⋃ {(x, y) ∈ V (G ◦ H) | (x, v) ∈ πG◦H and dH (y, v) ≥ 2 for some v ∈
V (H)}.

Conversely, assume that (x, y) ∈ AC(πG)× V (H)
⋃ {(x, y) ∈ V (G ◦ H) | (x, v) ∈ πG◦H and dH (y, v) ≥

2, v ∈ V (H)}.
If (x, y) ∈ AC(πG) × V (H), then x ∈ AC(πG) and y ∈ V (H). Since x ∈ AC(πG), there exists u ∈ {πG}

such that dG(x, u) = 2 and so dG◦H ((x, y), (u, v)) = dG(x, u) = 2, the maximum possible distance of vertices
of G ◦ H from the vertices in πG◦H . That is, this distance is the maximum eccentricity of vertices of G ◦ H with
respect to the profile πG◦H . Therefore, (x, y) ∈ AC(πG◦H ).

If (x, y) ∈ {(x, y) ∈ V (G ◦ H) | (x, v) ∈ πG◦H and dH (y, v) ≥ 2, v ∈ V (H)}, then there exists v ∈
V (H) such that (x, v) ∈ πG◦H and dH (y, v) ≥ 2. So dG◦H ((x, y), (x, v)) = min{dH (y, v), 2} = 2. Also
eπG (AC(πG)) = 2. So this is the maximum possible distance of vertices of G ◦ H from the vertices in πG◦H .
This implies that this distance is the maximum eccentricity of vertices of G ◦ H with respect to the profile πG◦H .
Therefore (x, y) ∈ AC(πG◦H ). Hence AC(πG◦H ) = B.

Case 3: eπG (AC(πG)) = eπH (AC(πH )) = 1 and πG◦H has at least two vertices.
Proof follows from Lemma 1 and Proposition 3.

Case 4: eπG (AC(πG)) = eπH (AC(πH )) = 1 and πG◦H consists of a single vertex (u, v).
Proof follows from Lemma 1 and Corollary 1.
Case 5: eπG (AC(πG)) = 1 and eπH (AC(πH )) ≥ 2.

Since eπG (AC(πG)) = 1 and eπH (AC(πH )) ≥ 2, every vertex in G is adjacent to every vertex in the profile
πG other than itself and there exists at least one vertex y′ ∈ V (H) and a vertex v′ ∈ πH such that dH (y′, v′) ≥ 2.
So it follows that m = 2.

Let x ′ ∈ V (G) such that (x ′, v′) ∈ πG◦H and if (x, v) ∈ AC(πG◦H ) such that x �= x ′, then
dG◦H ((x ′, v′), (x, v)) = 1, which is a contradiction to the fact that m = 2. Hence x = x ′. (x ′, y′) ∈ AC(πG◦H )

if and only if dG◦H ((x ′, y′), (x ′, v′)) = 2. This holds if and only if dH (y′, v′) ≥ 2. Hence it follows that
AC(πG◦H ) = {(x, y) ∈ V (G ◦ H) | (x, v) ∈ πG◦H and dH (y, v) ≥ 2}. ��
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