
Indian J Pure Appl Math (2025) 56:414–431
https://doi.org/10.1007/s13226-023-00490-3

ORIGINAL RESEARCH

Some properties of degenerate Sheffer sequences based on
algebraic approach

Mumtaz Riyasat · Mehnaz Haneef · Subuhi Khan

Received: 28 March 2023 / Accepted: 28 August 2023 / Published online: 15 September 2023
© The Indian National Science Academy 2023

Abstract The algebraic approach endeavor a dominant tool for investigating properties of special polynomials.
The main objective of this paper is to survey briefly the properties and applications of the degenerate Sheffer
sequences and corresponding hybrid forms via determinants. In this article, a determinant form for the degenerate
Sheffer sequences is investigated as a function of degenerate polynomial sequences of binomial type. Determinant
forms and other properties for some members including the degenerate Poisson-Charlier, Korobov and degenerate
actuarial sequences are also obtained. Further, the multi-variable degenerate Hermite-Sheffer sequences are
introduced via determinants. Finally, the numerical results showing the approximate solutions of degenerate
members and their hybrid forms are mentioned. The distribution of zeros is depicted via graphs.

Keywords Sheffer sequences · Degenerate Sheffer sequences · Degenerate Hermite-Sheffer sequences ·
Hessenberg determinant · Approximate solutions
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1 Introduction and preliminaries

Determinants have emerged independently of matrices in the solution of problems surfacing in the reflectionless
transmission of electromagnetic waves via dielectrics, the Korteweg-de Vries equation, relativistic gravitational
fields and other branches of theoretical physics. Costabile et al. [3] specified a new approach to the Bernoulli poly-
nomials which is further extended in [4,5] to Appell and Sheffer polynomial sequences. Recently, this approach is
extended to produce determinant form of various degenerate families [8,21]. During the last decade, the emphasis
has been given to Sheffer polynomial sequences {si (x)}i∈N, [22] and to their different representations. Sheffer
polynomial sequences have been studied through various approaches, see for example [4,23].
In recent times, study of degenerate versions of special polynomials and numbers has regained the interest
of many mathematicians, physicists and combinatorial experts [1,2,7,8,14,15,19,20]. The degenerate versions
have their applications in differential equations, probability theory and symmetric identities (see [11,12,16,17]).
We recall here, some basic notions related to the theory of degenerate special polynomials and numbers. From
here, unless stated, ψ is arbitrary but a fixed non zero real number.

We recall the following:
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The degenerate Stirling numbers of first kind S1,ψ (i, k) and second kind S2,ψ (i, k) respectively are given by [12]

(x)i =
i∑

k=0

S1,ψ (i, k)(x)k,ψ , (x)i,ψ =
i∑

k=0

S2,ψ (i, k)(x)k, i ≥ 0, (1.1)

where

(x)0,ψ = 1, (x)i,ψ = x(x − ψ) · · · (x − (i − 1)ψ), i ≥ 1. (1.2)

is the degenerate falling factorial sequence [12].
The following generating relations for the degenerate Stirling numbers of first and second kind holds true [12]:

1

k! (logψ(1 + t))k =
∞∑

i=k

S1,ψ (i, k)
tk

k! ,
1

k! (eψ(t)− 1)k =
∞∑

i=k

S2,ψ (i, k)
tk

k! . (1.3)

The degenerate exponential function ex
ψ(t) is given by [10,12]

ex
ψ(t) = (1 + ψ t)

x
ψ =

∞∑

i=0

(x)i,ψ
t i

i ! . (1.4)

We also note that

ex+y
ψ (t) = ex

ψ(t)e
y
ψ(t), (1.5)

which leads us to the following identity:

(x + y)i,ψ =
i∑

k=0

(
i

k

)
(x)i−k,ψ (y)k,ψ . (1.6)

The degenerate logarithmic function logψ(t) is given by

logψ(t) = 1

ψ
(tψ − 1), (1.7)

which by the use of equation (1.4) satisfies

eψ(logψ(t)) = logψ(eψ(t)) = t. (1.8)

We recall the following definition of degenerate version of the Sheffer polynomial sequences, denoted by si,ψ (x)
[13]:

Definition 1 Let uψ(t) be a delta series and vψ(t) be an invertible series of the form

uψ(t) =
∞∑

i=1

ui,ψ
t i

i ! , vψ(t) =
∞∑

i=0

vi,ψ
t i

i ! , (1.9)

then, ∃ a unique degenerate sequence of polynomials si,ψ (x) such that 〈vψ(t)uψ(t)i |si,ψ (x)〉 = i !δi,k, i, k ≥ 0.
The polynomial sequence {si (x)}i∈N is called the degenerate Sheffer polynomial sequence for (vψ(t), uψ(t)),
denoted as si,ψ (x) ∼ (vψ(t), uψ(t)), if it satisfies the generating equation of the following form:

123



416 M. Riyasat et al.

1

vψ(ūψ(t))
ex
ψ(ūψ(t)) =

∞∑

i=0

si,ψ (x)
t i

i ! , (1.10)

∀ x ∈ C and ūψ(t) is the compositional inverse of uψ(t).
Equivalently, the polynomial sequence {si,ψ (x)}i∈N is called the degenerate Sheffer sequence if it satisfies the
following generating function:

Pψ(t) ex
ψ(Q(t)) =

∞∑

i=0

si,ψ (x)
t i

i ! , (1.11)

where

Pψ(t) =
∞∑

i=0

pi,ψ
t i

i ! , Qψ(t) =
∞∑

i=1

qi,ψ
t i

i ! .

In view of equations (1.10) and (1.11), we have

Pψ(t) = 1

vψ(ūψ(t))
, Qψ(t) = ūψ(t). (1.12)

Remark 1 For the pair (1, uψ(t)), the sequence si,ψ (x) is called the degenerate associated-Sheffer sequence
ri,ψ (x) and for (vψ(t), t), the sequence si,ψ (x) is called the degenerate Appell sequence Ai,ψ (x) [9].

The polynomial sequence si,ψ (x) also satisfies the representation of the form

si,ψ (x + y) =
i∑

k=0

(
i

k

)
rk,ψ (y)si−k,ψ (x), (1.13)

∀ y ∈ C, where ri,ψ (x) is a degenerate polynomial sequence of binomial type, associated to uψ(t).
For different choices of vψ(t) and uψ(t), we get different members belonging to the degenerate Sheffer family.
Some of them are listed in Table 1.

Similarly, for different choices of uψ(t), we get different members belonging to the degenerate associated-
Sheffer family. Some of them are listed in Table 2.

In this article, we establish the determinant form of the degenerate Sheffer polynomial sequences and derive
their properties by employing basic linear algebra tools. Further, as an application to this novel approach, we
introduce a hybrid family of the degenerate Hermite-Sheffer polynomial sequences and investigate their properties
via determinant definition. Alongside, numerical results for the real zeros of several degenerate polynomials are
considered and behaviour of distribution of zeros is shown via graphs.

2 Determinant approach to degenerate Sheffer sequences

The degenerate Sheffer sequences are framed within the context of umbral calculus [13]. Now, its time to reveal
the algebraic approach to these sequences. To establish the determinant definition of the degenerate Sheffer
polynomial sequences si,ψ (x), we prove the following theorem:

Theorem 1 The degenerate Sheffer polynomial sequence si,ψ (x) of degree i , is defined by
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Table 1 Certain members of the degenerate Sheffer family

S.No. vψ(t); uψ(t); Generating Name of
Pψ(t) Qψ(t) functions polynomials

I. (1 − t)−β ; logψ(1 − t); eψ(βt)ex
ψ(1 − eψ(t)) =

∞∑

i=0

a(β)i,ψ (x)
t i

i ! Degenerate actuarial

eψ(βt) 1 − eψ(t) polynomials a(β)i,ψ (x)

II. ea
ψ(eψ(t)− 1); a(eψ(t)− 1); e−1

ψ (t)ex
ψ

(
logψ

(
1 + t

a

)) =
∞∑

i=0

ci,ψ (x; a)
t i

i ! Degenerate Poisson-

e−1
ψ (t) logψ

(
1 + t

a

)
Charlier polynomials ci,ψ (x; a)

III. t
eψ (t)−1 ; eψ(t)− 1; t

logψ (1+t) e
x
ψ(logψ(1 + t)) =

∞∑

i=0

Ki,ψ (x)
t i

i ! Korobov

t
logψ (1+t) logψ(1 + t) polynomials Ki,ψ (x) [13]

IV. eψ (t)−1
t ; eψ(t)− 1; logψ (1+t)

t ex
ψ(logψ(1 + t)) =

∞∑

i=0

Di,ψ (x)
t i

i ! Degenerate Daehee

logψ (1+t)
eψ (logψ (1+t))−1 logψ(1 + t) polynomials Di,ψ (x) [13]

V. 1
2 (1 + eψ(t)); eψ(t)− 1; 2

2+t ex
ψ(logψ(1 + t)) =

∞∑

i=0

ri,ψ (x)
t i

i ! Degenerate Related

2
2+t logψ(1 + t) polynomials ri,ψ (x)

VI. 2
eψ (t)−1 ; eψ (t)−1

eψ (t)+1 ; t
1−t ex

ψ

(
logψ

(
1+t
1−t

))
=

∞∑

i=0

t i

i ! Degenerate Pidduck

t
1−t logψ

(
1+t
1−t

)
polynomials Pi,ψ (x)

VII. (1 + eλψ(t))
μ; eψ(t)− 1; (1 + (1 + t)λ)−μex

ψ(logψ(1 + t)) =
∞∑

i=0

Si,ψ (x; λ;μ) t i

i ! Degenerate Peters

(1 + (1 + t)λ)−μ logψ(1 + t) polynomials Si,ψ (x; λ;μ)

Table 2 Certain members of the degenerate associated-Sheffer family

S.No. uψ(t); Qψ(t) Generating functions Name of polynomials

I. logψ(1 + t); eψ(t)− 1 ex
ψ(eψ(t)− 1) =

∞∑

i=0

ϕi,ψ (x)
t i

i ! Degenerate exponential

polynomials ϕi,ψ (x)

II. eψ(t)− 1; logψ(1 + t) ex
ψ(logψ(1 + t)) =

∞∑

i=0

(x)i,ψ
t i

i ! Degenerate Lower

factorial polynomials (x)i,ψ

III. eψ (t)−1
eψ (t)+1 ; logψ

(
1+t
1−t

)
ex
ψ

(
logψ

(
1+t
1−t

))
=

∞∑

i=0

Mi,ψ (x)
t i

i ! Degenerate Mittag-Leffler

polynomials Mi,ψ (x)
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s0,ψ (x) = 1
δ0,ψ

,

si,ψ (x) = (−1)i

(δ0,ψ )i+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

r0,ψ (x) r1,ψ (x) r2,ψ (x) · · · ri−1,ψ (x) ri,ψ (x)

δ0,ψ δ1,ψ δ2,ψ · · · δi−1,ψ δi,ψ

0 δ0,ψ
(2

1

)
δ1,ψ · · · (i−1

1

)
δi−2,ψ

(i
1

)
δi−1,ψ

0 0 δ0,ψ · · · (i−1
2

)
δi−3,ψ

(i
2

)
δi−2,ψ

...
...

...
. . .

...
...

...
...

...
. . .

...
...

0 · · · · · · 0 δ0,ψ
( i

i−1

)
δ1,ψ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, (2.1)

i = 1, 2, ... where ri,ψ (x) are the degenerate associated Sheffer sequences and the coefficients δi,ψ ∈ C are
explicitly given by

δ0,ψ = 1

γ0,ψ
, δi,ψ = − 1

γ0,ψ

(
i∑

k=1

(
i

k

)
γk,ψδi−k,ψ

)
, i = 1, 2, ... (2.2)

Proof Let us consider two polynomial sequences Pψ(t) and P̂ψ(t), defined by

Pψ(t) =
∞∑

i=0

γi,ψ
t i

i ! and P̂ψ(t) = 1

Pψ(t)
=

∞∑

i=0

δi,ψ
t i

i ! ,

such that

Pψ(t)P̂ψ(t) = 1. (2.3)

Using Cauchy product rule and comparing the resultant equation with equation (2.3), we find

i∑

k=0

(
i

k

)
γk,ψδi−k,ψ =

{
1 for i = 0,
0 for i > 0,

so that

δ0,ψ = 1

γ0,ψ
, δi,ψ = − 1

γ0,ψ

(
i∑

k=1

(
i

k

)
γk,ψδi−k,ψ

)
, i = 1, 2, ... (2.4)

Now, multiplying equation (1.11) by P̂ψ(t) and using relation (2.3), we obtain

∞∑

i=0

ri,ψ (x)
t i

i ! =
∞∑

i=0

si,ψ (x)
t i

i !
∞∑

k=0

δk,ψ
tk

k! .

Using Cauchy product rule in the r.h.s. of the above equation, we get the following system of equations with
unknowns si,ψ (x), i = 0, 1, ... :

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

s0,ψ (x)δ0,ψ = r0,ψ (x),
s0,ψ (x)δ1,ψ + s1,ψ (x)δ0,ψ = r1,ψ (x),
...

s0,ψ (x)δi,ψ + (i
1

)
s1,ψ (x)δi−1,ψ + · · · + si,ψ (x)δ0,ψ = ri,ψ (x),

...

(2.5)
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Operating the first i + 1 equations of the above lower triangular system using Cramer’s rule, performing some
algebraic techniques, taking the transpose of the determinant obtained and after i circular row exchanges, we
obtain determinant (2.1). 
�
Remark 2 For ri,ψ (x) = (x)i,ψ , determinant (2.1) of the degenerate Sheffer polynomial sequences si,ψ (x) gives
the determinant definition of the degenerate Appell polynomial sequences Ai,ψ (x) [21].

Remark 3 Taking the limit ψ → 0 in determinant definition (2.1), we get the determinant definition for the
Sheffer sequences [4].

Next, we prove certain properties of the degenerate Sheffer polynomial sequences si,ψ (x) by using its determinant
expression (2.1).

Theorem 2 The sequence {si,ψ (x)}i∈N is the degenerate Sheffer polynomial sequence for (δi,ψ , ri,ψ (x)), if and
only if the following relation holds:

si,ψ (x) = γi,ψr0,ψ +
(

i

1

)
γi−1,ψr1,ψ (x)+

(
i

2

)
γi−2,ψr2,ψ (x)+ · · · + γ0,ψrn,ψ (x), i = 0, 1, ..., (2.6)

with

γn,ψ =

⎧
⎪⎪⎨

⎪⎪⎩

1
δ0,ψ

for n = 0,

− 1
δ0,ψ

n−1∑

k=0

(
n

k

)
δn−k,ψγk,ψ for n = 1, 2, ..., i.

(2.7)

Proof Let si,ψ (x) be the degenerate Sheffer sequence for (δi,ψ , ri,ψ (x)) defined by equation (2.1). Expand it
with respect to the first row in order to obtain (2.6), where the coefficients γi,ψ are given by
γ0,ψ = 1

δ0,ψ
,

γn,ψ = (−1)n

(δ0,ψ )n+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

δ1,ψ δ2,ψ · · · δi−1,ψ δi,ψ

δ0,ψ
(2

1

)
δ1,ψ · · · (i−1

1

)
δi−2,ψ

(i
1

)
δi−1,ψ

0 δ0,ψ · · · (i−1
2

)
δi−3,ψ

(i
2

)
δi−2,ψ

...
...

. . .
...

...

...
...

. . .
...

...

0 · · · 0 δ0,ψ
( i

i−1

)
δ1,ψ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,n = 1, 2, ..., i. (2.8)

Let γ̂n,ψ = (−1)n(δ0,ψ )
n+1γn,ψ for n = 1, 2, ..., i. In view of equation (2.8), it follows that γn,ψ is an n-th order

upper Hessenberg matrix’s determinant and for that we have [3]

γ̂n,ψ =
n−1∑

l=0

(−1)n−l−1hl+1,nql(n)γ̂l,ψ , (2.9)

where

hi, j =
⎧
⎨

⎩

δ j,ψ for i = 1,( j
i−1

)
δ j − i + 1, ψ for i, j = 1, 2, ..., n,

0 for i > j + 1,
(2.10)

and

ql(n) =
n∏

i=l+2

hi,i−1 = (δ0,ψ )
n−l−1, l = 0, 1, ..., n − 2, qn−1(n) = 1. (2.11)
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420 M. Riyasat et al.

Substituting expressions (2.10) and (2.11) in equation (2.9), it follows that

γ̂n,ψ =
n−2∑

l=0

(−1)n−l−1
(

n

l

)
(δ0,ψ )

n−l−1γ̂l,ψ +
(

n

n − 1

)
δ1,ψ γ̂n−1,ψ

= (−1)n(δ0,ψ )
n+1

(
− 1

δ0,ψ

n−1∑

l=0

(
n

l

)
δn−l,ψγl,ψ

)

and hence the proof is concluded.
Conversely suppose that there exists a polynomial sequence {ri,ψ (x)}i∈N of binomial type and a sequence
{γi,ψ }i∈N, γ0,ψ 
= 0, such that (2.6) holds. Now, setting

δi,ψ =

⎧
⎪⎪⎨

⎪⎪⎩

1
γ0,ψ

for i = 0

− 1
γ0,ψ

i−1∑

k=0

(
i

k

)
γi−k,ψδk,ψ for i = 1, 2, ...

(2.12)

One can easily verify that (2.6) is equivalent to (2.1), that is si,ψ (x) is the degenerate Sheffer polynomial sequence
for (δi,ψ , ri,ψ (x)) and hence the theorem. 
�
Corollary 1 The sequence {si,ψ (x)}i∈N is the degenerate Sheffer polynomial sequence for (δi,ψ , ri,ψ (x)), if and
only if the following holds:

si,ψ (x) =
i∑

k=0

(
i

k

)
si−k,ψ (0)rk,ψ (x), i = 0, 1, ..., (2.13)

Proof Considering the fact that r0,ψ (x) = 1 and ri,ψ (0) = 0, i = 1, 2, ..., it follows that

si,ψ (0) = γi,ψ , i = 0, 1, ..., (2.14)

so that relation (2.13) is equivalent to relation (2.6), and hence the proof is concluded. 
�
Remark 4 Define a matrix X as

(X)n,k =
{(n

k

)
δn−k,ψ , n ≥ k

0 , else
n, k = 0, 1, ..., i. (2.15)

Then the matrix X is invertible with its inverse defined by:

(X−1)n,k =
{(n

k

)
γn−k,ψ , n ≥ k

0 , else
n, k = 0, 1, ..., i (2.16)

that is, (2.7) and (2.12) are inverse relations.

Theorem 3 The sequence {si,ψ (x)}i∈N is the degenerate Sheffer polynomial sequence for (δi,ψ , ri,ψ (x)), if and
only if the following holds:

si,ψ (x + y) =
i∑

k=0

(
i

k

)
si−k,ψ (x)rk,ψ (y) =

i∑

k=0

(
i

k

)
sk,ψ (x)ri−k,ψ (y), i = 1, 2, ... (2.17)

Proof Since ri,ψ (x) is a sequence of binomial type, therefore it satisfies the binomial identity

ri,ψ (x + y) =
i∑

k=0

(
i

k

)
rk,ψ (x)ri−k,ψ (y), ∀ i ∈ N, x, y ∈ R. (2.18)
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Replacing x by x + y in determinant (2.1), using the binomial identity (2.18), dividing each n-th column by(k+n−1
k

)
, (n = 2, ..., i − k + 1) and multiplying each j-th row by

(k+ j−2
k

)
, ( j = 3, ..., i − k + 1), we find

si,ψ (x + y) =
i∑

k=0

rk,ψ (y)
(−1)i−k

(δ0,ψ )i−k+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1
(k+1

k

)
r1,ψ (x) · · · (i−1

k

)
ri−k−1,ψ (x)

(i
k

)
ri−k,ψ (x)

δ0,ψ δ1,ψ
(k+1

k

) · · · δi−k−1,ψ
(i−1

k

) (i
k

)
δi−k,ψ

0 δ0,ψ · · · (i−1
k+1

)
δi−k−2,ψ

( i
k+1

)
δi−k−1,ψ

...
...

. . .
...

...

0 · · · 0 δ0,ψ
( i

i−1

)
δ1,ψ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, (2.19)

which on further simplifying becomes

si,ψ (x + y) =
i∑

k=0

(k+1
k

) · · · (i
k

)
(k+1

k

) · · · (i−1
k

)rk,ψ (y)
(−1)i−k

(δ0,ψ )i−k+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 r1,ψ (x) · · · ri−k−1,ψ (x) ri−k,ψ (x)

δ0,ψ δ1,ψ · · · δi−k−1,ψ δi−k,ψ

0 δ0,ψ · · · (i−k−1
1

)
δi−k−2,ψ

(i−k
1

)
δi−k−1,ψ

...
...

. . .
...

...

0 · · · 0 δ0,ψ
( i−k

i−k−1

)
δ1,ψ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

(2.20)

In view of determinant (2.1), equation (2.20) reduces to

si,ψ (x + y) =
i∑

k=0

(
i

k

)
si−k,ψ (x)rk,ψ (y) =

i∑

k=0

(
i

k

)
si,ψ (x)ri−k,ψ (y). (2.21)

Conversely, for y = 0 in equation (2.17), we find equation (2.13) and hence the theorem. 
�
Corollary 2 The sequence {si,ψ (x)}i∈N is the degenerate Sheffer polynomial sequence for (δi,ψ , ri,ψ (x)), if and
only if the following holds:

si,ψ (mx) =
i∑

k=0

(
i

k

)
si−k,ψ (x)rk,ψ ((m − 1)x). (2.22)

Proof The proof is easily concluded by setting y = (m − 1)x in Theorem 3. 
�
The degenerate Sheffer polynomial sequences satisfy the following recurrence relation:

Theorem 4 The sequence {si,ψ (x)}i∈N is the degenerate Sheffer polynomial sequence for (δi,ψ , ri,ψ (x)), if and
only if the following holds:

si,ψ (x) = 1

δ0,ψ

(
ri,ψ (x)−

i−1∑

k=0

(
i

k

)
δi−k,ψ sk,ψ (x)

)
i = 1, 2, ... (2.23)

Proof The proof follows from necessary part of Theorem 2, as si,ψ (x) is a determinant of an (i + 1)-th order
upper Hessenberg matrix. 
�
Corollary 3 The sequence {si,ψ (x)}i∈N is the degenerate Sheffer polynomial sequence for (δi,ψ , ri,ψ (x)), if and
only if the following holds:

ri,ψ (x) =
i∑

k=0

(
i

k

)
δi−k,ψ sk,ψ (x), i = 0, 1, 2, ... (2.24)
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Proof The proof follows from Theorem 5. 
�
Now, we consider some examples.

2.1 Examples

Here, we give determinant expression, series definition and other results for some degenerate polynomials
belonging to the degenerate Sheffer family.

Example 1 . Degenerate Poisson-Charlier polynomials
Taking the degenerate associated sequence ri,ψ (x) as the generalized degenerate lower factorial sequence

a−i (x)i,ψ , that is,

ri,ψ (x) = a−i (x)i,ψ (2.25)

and the numerical sequence {δi,ψ } as

δi,ψ = (1)i,ψ , i = 0, 1, 2, ..., (2.26)

in the determinant (2.1) of the degenerate Sheffer polynomial sequence, we find the following determinant
expression of the degenerate Poisson-Charlier sequence ci,ψ (x; a):
c0,ψ (x; a) = 1,

ci,ψ (x; a) = (−1)i

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 a−1(x)1,ψ a−2(x)2,ψ · · · a−(i−1)(x)i−1,ψ a−i (x)i,ψ

1 (1)1,ψ (1)2,ψ · · · (1)i−1,ψ (1)i,ψ

0 1
(2

1

)
(1)1,ψ · · · (i−1

1

)
(1)i−2,ψ

(i
1

)
(1)i−1,ψ

...
...

...
. . .

...
...

0 · · · · · · 0 1
( i

i−1

)
(1)1,ψ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, i = 1, 2, .... (2.27)

For the degenerate Poisson-Charlier polynomial sequence ci,ψ (x; a), the following series expansion and recur-
rence relation hold:

ci,ψ (x; a) =
i∑

k=0

(
i

k

)
(−1)i−k,ψ (x)k a−k, (2.28)

ci,ψ (x; a) = a−i (x)i,ψ −
i−1∑

k=0

(
i

k

)
(1)i−k,ψck,ψ (x; a). (2.29)

Example 2 Korobov polynomials
Taking the degenerate associated sequence as degenerate falling factorial sequence, that is

ri,ψ (x) = (x)i,ψ (2.30)

and the corresponding numerical sequence as

δi,ψ = Di,ψ , (2.31)

where Di,ψ are the degenerate Daehee numbers explicitly given as [11]

Di,ψ = 1

i + 1

i+1∑

k=1

ψk−1S1(i + 1, k), i ≥ 0, (2.32)
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in the determinant (2.1), we find the following determinant expression for the Korobov polynomials Ki,ψ (x) or
degenerate Bernoulli polynomial sequence of second kind Bi,ψ (x):
K0,ψ (x) = 1,

Ki,ψ (x) = (−1)i

Di+1
0,ψ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 (x)1,ψ (x)2,ψ · · · (x)i−1,ψ (x)i,ψ

D0,ψ D1,ψ D2,ψ · · · Di−1,ψ Di,ψ

0 D0,ψ
(2

1

)
D1,ψ · · · (i−1

1

)
Di−2,ψ

(i
1

)
Di−1,ψ

0 0 D0,ψ · · · (i−1
2

)
Di−3,ψ

(i
2

)
Di−2,ψ

...
...

...
. . .

...
...

0 · · · · · · 0 D0,ψ
( i

i−1

)
D1,ψ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, i = 1, 2, ... (2.33)

The following series expansion and recurrence formula hold for the Korobov polynomials Ki,ψ (x):

Ki,ψ (x) =
i∑

k=0

(
i

k

)
(x)k Ki−k,ψ (0), (2.34)

Ki,ψ (x) = 1

D0,ψ

(
(x)i,ψ −

i−1∑

k=0

(
i

k

)
Di−k,ψKk,ψ

)
, i = 1, 2, ..., (2.35)

where Ki,ψ (0) are the Korobov numbers.

Example 3 Degenerate actuarial polynomials
Taking the degenerate associated sequence as degenerate exponential polynomials, that is,

ri,ψ (x) = ϕi,ψ (x), (2.36)

and the numerical sequence as

δi,ψ = β i (−1)i,ψ , i = 0, 1, ..., (2.37)

in determinant expression (2.1), we find the following determinant definition for the degenerate actuarial poly-
nomials a(β)i,ψ (x):

a(β)0,ψ (x) = 1,

a(β)i,ψ (x) = (−1)i

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 ϕ1,ψ (x) ϕ2,ψ (x) · · · ϕi−1,ψ (x) ϕi,ψ (x)

1 β1(−1)1,ψ β2(−1)2,ψ · · · β i−1(−1)i−1,ψ β i (−1)i,ψ

0 1
(2

1

)
(−1)1,ψ · · · (i−1

1

)
β i−2(−1)i−2,ψ

(i
1

)
β i−1(−1)i−1,ψ

0 0 1 · · · (i−1
2

)
β i−3(−1)i−3,ψ

(i
2

)
β i−2(−1)i−2,ψ

...
...

...
. . .

...
...

0 · · · · · · 0 1
( i

i−1

)
β1(−1)1,ψ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, i = 1, 2, ...

(2.38)
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The following series expansion and recurrence relation holds true for the degenerate actuarial polynomials
a(β)i,ψ (x):

a(β)i,ψ (x) =
i∑

r=0

r∑

k=0

(−1)k
(

i

r

)
(1)i−r,ψ (x)k,ψβ

i−r S2,ψ (r, k).

(2.39)

a(β)i,ψ (x) = ϕi,ψ (x)−
i−l∑

k=0

(
i

k

)
β i−k(−1)i−k,ψa(β)k,ψ (x), i = 1, 2, ... (2.40)

In the next section, we introduce and study in detail, a degenerate hybrid version of the Sheffer family.

3 Degenerate Hermite-Sheffer polynomial sequences

In this section, we introduce a multi-variable degenerate hybrid family, namely, the 3-variable degenerate Hermite-
Sheffer polynomial family, denoted by H si,ψ (x, y, z).
We recall that the 3-variable degenerate Hermite polynomials Hi,ψ (x, y, z) are defined by the generating function
[6]

ex
ψ(t)e

y
ψ(t

2)ez
ψ(t

3) =
∞∑

i=0

Hi,ψ (x, y, z)
t i

i ! , (3.1)

or, equivalently

(1 + ψ t)
x
ψ (1 + ψ t2)

y
ψ (1 + ψ t3)

z
ψ =

∞∑

i=0

Hi,ψ (x, y, z)
t i

i ! . (3.2)

The following series expansion for the 3-variable degenerate Hermite polynomials Hi,ψ (x, y, z) holds:

Hi,ψ (x, y, z) = i !
[ i

3 ]∑

k=0

Hi−3k,ψ (x, y)(z)k,ψ
(i − 3k)!k! , (3.3)

where Hi,ψ (x, y) are the 2-variable degenerate Hermite polynomials, or, equivalently

Hi,ψ (x, y, z) = i !

[
i
3

]

∑

k=0

[
i−3k

2

]

∑

m=0

(x)i−3k−2m,ψ (y)m,ψ (z)k,ψ
(i − 3k − 2m)!k!m! . (3.4)

The degenerate Hermite polynomials Hi,ψ (x) of single variable [18] defined by

e−1
ψ (t2)ex

ψ(2t) =
∞∑

i=0

Hi,ψ (x)
t i

i ! (3.5)

belong to the class of degenerate Sheffer polynomials for the pair
(
eψ
( 1

4 t2
)
, t

2

)
.

In order to introduce the degenerate Hermite-Sheffer polynomial sequences H si,ψ (x, y, z), we prove the follow-
ing result:

Theorem 5 The degenerate Hermite-Sheffer polynomial sequences H si,ψ (x, y, z) have the following generating
equation:

1

vψ(ūψ(t))
ex
ψ(ūψ(t))e

y
ψ(ūψ(t))

2ez
ψ(ūψ(t))

3 =
∞∑

i=0

H si,ψ (x, y, z)
t i

i ! , (3.6)

or, equivalently

Pψ(t)e
x
ψ(Qψ(t))e

y
ψ(Qψ(t))

2ez
ψ(Qψ(t))

3 =
∞∑

i=0

H si,ψ (x, y, z)
t i

i ! . (3.7)
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Proof Expanding the degenerate exponential function in equation (1.10), replacing x by 3-variable degenerate
Hermite polynomials Hi,ψ (x, y, z), using generating relation (3.1) in l.h.s. of the resulting equation and the
following identity:

si,ψ (H1,ψ (x, y, z)) = H si,ψ (x, y, z) (3.8)

in r.h.s. of the resulting equation, assertion (3.6) follows. Using equation (1.12) in assertion (2.1), we get assertion
(3.7). 
�
Remark 5 We know that for the pair (1, uψ(t)), the polynomials si,ψ (x) reduces to associated sequences ri,ψ (x).
Therefore, taking Pψ(t) = 1

vψ (ūψ(t))
= 1 in equation (3.6)(or (3.7)), we obtain the following generating function

for the degenerate Hermite-associated-Sheffer polynomial sequences:

ex
ψ(ūψ(t))e

y
ψ(ūψ(t))

2ez
ψ(ūψ(t))

3 =
∞∑

i=0

H ri,ψ (x, y, z)
t i

i ! , (3.9)

or, equivalently

ex
ψ(Qψ(t))e

y
ψ(Qψ(t))

2ez
ψ(Qψ(t))

3 =
∞∑

i=0

H ri,ψ (x, y, z)
t i

i ! . (3.10)

Similarly, for Qψ(t) = ūψ(t) = t , equation (3.6)(or (3.7)) yields the generating equation for the degenerate
Hermite-Appell polynomial sequences denoted by H Ai,ψ (x, y, z) [21]

1

vψ(t)
ex
ψ(t)e

y
ψ(t

2)ez
ψ(t

3) =
∞∑

i=0

H Ai,ψ (x, y, z)
t i

i ! , (3.11)

or, equivalently

Pψ(t)e
x
ψ(t)e

y
ψ(t

2)ez
ψ(t

3) =
∞∑

i=0

H Ai,ψ (x, y, z)
t i

i ! . (3.12)

Next, we establish the determinant definition for the degenerate Hermite-Sheffer polynomial sequences
H si,ψ (x, y, z) by proving the following result:

Theorem 6 The degenerate Hermite-Sheffer polynomial sequence H si,ψ (x, y, z), of degree i , are defined by

H s0,ψ (x, y, z) = 1
δ0,ψ

,

H si,ψ (x, y, z) = (−1)i

(δ0,ψ )i+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

H r0,ψ (x, y, z) H r1,ψ (x, y, z) H r2,ψ (x, y, z) · · · H ri−1,ψ (x, y, z) H ri,ψ (x, y, z)

δ0,ψ δ1,ψ δ2,ψ · · · δi−1,ψ δi,ψ

0 δ0,ψ
(2

1

)
δ1,ψ · · · (i−1

1

)
δi−2,ψ

(i
1

)
δi−1,ψ

0 0 δ0,ψ · · · (i−1
2

)
δi−3,ψ

(i
2

)
δi−2,ψ

...
...

...
. . .

...
...

0 · · · · · · 0 δ0,ψ
( i

i−1

)
δ1,ψ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

(3.13)

i = 1, 2, ..., where H ri,ψ (x, y, z) are the 3-variable degenerate Hermite-associated sequences and coefficients
δi,ψ ∈ C are given by equation (2.2).
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Certain identities incorporating degenerate Sheffer sequences si,ψ (x) are derived in Section 2. Here, we estab-
lish the corresponding identities involving the degenerate Hermite-Sheffer polynomial sequences H si,ψ (x, y, z)
by utilising the following operation:
I : Replacing x by the polynomial Hi,ψ (x, y, z) in identities (2.22)–(2.24) and then using relation (3.8). We get
the corresponding identities for H si,ψ (x, y, z):

H si,ψ (x, y, z) =
i∑

k=0

(
i

k

)
si−k,ψ (0)H rk,ψ (x, y, z), i = 0, 1, 2, ..., (3.14)

H si,ψ (x, y, z) = 1

δ0,ψ

(

H ri,ψ (x, y, z)−
i−1∑

k=0

(
i

k

)
δi−k,ψ H sk,ψ (x, y, z)

)
, i = 1, 2, ..., (3.15)

H si,ψ (mx,my,mz) =
i∑

k=0

(
i

k

)
H si−k,ψ (x, y, z)H rk,ψ ((m − 1)x, (m − 1)y, (m − 1)z), (3.16)

H ri,ψ (x, y, z) =
i∑

k=0

(
i

k

)
δi−k,ψ H sk,ψ (x, y, z), i = 0, 1, 2, ... (3.17)

In order to give the application of the above results, we consider some examples for the degenerate Hermite-
Sheffer family.

Example 1. Degenerate Hermite-Poisson-Charlier polynomial sequence
Taking

vψ(t) = ea
ψ(eψ(t)− 1) and uψ(t) = a(eψ(t)− 1),

so that

1

vψ(ūψ(t))
= Pψ(t) = e−1

ψ (t) and ūψ(t) = Qψ(t) = logψ

(
1 + t

a

)
,

in generating function (3.6)(or (3.7)) of the degenerate Hermite-Sheffer sequences, we find that the resultant
degenerate Hermite-Poisson-Charlier polynomials H ci,ψ (x, y, z; a) are defined by the following generating
function:

e−1
ψ (t)ex

ψ

(
logψ

(
1 + t

a

))
ey
ψ

(
logψ

(
1 + t

a

))2

ez
ψ

(
logψ

(
1 + t

a

))3

=
∞∑

i=0

H ci,ψ (x, y, z; a)
t i

i ! . (3.18)

The following determinant expression for the degenerate Hermite-Poisson-Charlier polynomials H ci,ψ (x, y, z; a)
holds true:
H c0,ψ (x, y, z; a) = 1,

H ci,ψ (x, y, z; a) = (−1)i

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 a−1
H (x, y, z)1,ψ · · · a−(i−1)

H (x, y, z)i−1,ψ a−i
H (x, y, z)i,ψ

1 (1)1,ψ · · · (1)i−1,ψ (1)i,ψ

0 1 · · · (i−1
1

)
(1)i−2,ψ

(i
1

)
(1)i−1,ψ

...
...

. . .
...

...

0 · · · 0 1
( i

i−1

)
(1)1,ψ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, (3.19)

i = 1, 2, ..., where a−i
H (x, y, z)i,ψ are the degenerate generalized Hermite-lower factorial sequences.

The following series expansion and recurrence relation hold true for the degenerate Hermite-Poisson-Charlier
polynomials H ci,ψ (x, y, z; a):

H ci,ψ (x, y, z; a) =
i∑

k=0

[
k
3

]

∑

m=0

[
k−3m

2

]

∑

n=0

(
i

k

)
(−1)i−k,ψk!a−k(x)k−2n−3m,ψ (y)n,ψ (z)m,ψ

m!n!(k − 2n − 3m)! , (3.20)
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H ci,ψ (x, y, z; a) = a−i
H (x, y, z)i,ψ −

i−1∑

k=0

(
i

k

)
(1)i−k,ψ H ck,ψ (x; a). (3.21)

Example 2. Degenerate Hermite-Korobov polynomial sequence
Taking

vψ(t) = t

eψ(t)− 1
and uψ(t) = eψ(t)− 1,

so that

1

vψ(ūψ(t))
= Pψ(t) = t

logψ(1 + t)
and ūψ(t) = Qψ(t) = logψ(1 + t),

in generating function (3.6)(or (3.7)) of the degenerate Hermite-Sheffer sequences, we find that the resultant
degenerate Hermite-Korobov polynomials H K i,ψ (x, y, z) are defined by the following generating function:

t

logψ(1 + t)
ex
ψ(logψ(1 + t))ey

ψ(logψ(1 + t))2ez
ψ(logψ(1 + t))3 =

∞∑

i=0

H K i,ψ (x, y, z)
t i

i ! . (3.22)

The following determinant expression for the degenerate Hermite-Korobov polynomials H K i,ψ (x, y, z) holds
true:
H K 0,ψ (x, y, z) = 1,

H K i,ψ (x, y, z) = (−1)i

Di+1
0,ψ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 H (x, y, z)1,ψ H (x, y, z)2,ψ · · · H (x, y, z)i−1,ψ H (x, y, z)i,ψ

D0,ψ D1,ψ D2,ψ · · · Di−1,ψ Di,ψ

0 D0,ψ
(2

1

)
D1,ψ · · · (i−1

1

)
Di−2,ψ

(i
1

)
Di−1,ψ

0 0 D0,ψ · · · (i−1
2

)
Di−3,ψ

(i
2

)
Di−2,ψ

...
...

...
. . .

...
...

0 · · · · · · 0 D0,ψ
( i

i−1

)
D1,ψ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, (3.23)

i = 1, 2, ..., where H (x, y, z)i,ψ are the degenerate Hermite-lower factorial sequences.
The degenerate Hermite-Korobov polynomials H K i,ψ (x, y, z) satisfy the following series expansion and recur-
rence relation:

H K i,ψ (x, y, z) =
i∑

k=0

[
k
3

]

∑

m=0

[
k−3m

2

]

∑

n=0

(
i

k

)
Ki−k,ψ (0)k!(x)k−2n−3m,ψ (y)n,ψ (z)m,ψ

m!n!(k − 2n − 3m)! . (3.24)

H K i,ψ (x, y, z) = 1

D0,ψ

(

H (x, y, z)i,ψ −
i−1∑

k=0

(
i

k

)
Di−k,ψ H K k,ψ

)
, i = 1, 2, ... (3.25)

Example 3. Degenerate Hermite-actuarial polynomial sequence
Taking

vψ(t) = (1 − t)−β and uψ(t) = logψ(1 − t),

so that

1

vψ(ūψ(t))
= Pψ(t) = eψ(βt) and ūψ(t) = Qψ(t) = 1 − eψ(t),
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Fig. 1 Zeros of c30,7(x; 9)

in generating function (3.6)(or (3.7)) of the degenerate Hermite-Sheffer sequences, we find that the resultant
degenerate Hermite-actuarial polynomials H a(β)i,ψ (x, y, z) are defined by the following generating function:

eψ(βt)ex
ψ(1 − eψ(t))e

y
ψ(1 − eψ(t))

2ez
ψ(1 − eψ(t))

3 =
∞∑

i=0

H a(β)i,ψ (x, y, z)
t i

i ! . (3.26)

The following determinant expression for the degenerate Hermite-actuarial polynomials H a(β)i,ψ (x, y, z) holds
true:
H a(β)0,ψ (x, y, z) = 1,

H a(β)i,ψ (x, y, z) = (−1)i

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 Hϕ1,ψ (x, y, z) Hϕ2,ψ (x, y, z) · · · Hϕi−1,ψ (x, y, z) Hϕi,ψ (x, y, z)

1 β1(−1)1,ψ β2(−1)2,ψ · · · β i−1(−1)i−1,ψ β i (−1)i,ψ

0 1
(2

1

)
(−1)1,ψ · · · (i−1

1

)
β i−2(−1)i−2,ψ

(i
1

)
β i−1(−1)i−1,ψ

0 0 1 · · · (i−1
2

)
β i−3(−1)i−3,ψ

(i
2

)
β i−2(−1)i−2,ψ

...
...

...
. . .

...
...

0 · · · · · · 0 1
( i

i−1

)
β1(−1)1,ψ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

(3.27)

i = 1, 2, ..., where Hϕi,ψ (x, y, z) are the degenerate Hermite-exponential polynomials.
The following series expansion and recurrence relation hold true for the degenerate Hermite-actuarial polynomials

H a(β)i,ψ (x, y, z):

H a(β)i,ψ (x, y, z) =
i∑

r=0

r∑

k=0

[
k
3

]

∑

m=0

[
k−3m

2

]

∑

n=0

(
i

r

)
(−1)k(1)i−r,ψβ

i−r S2,ψ (r, k)k!(x)k−2n−3m,ψ (y)n,ψ (z)m,ψ
m!n!(k − 2n − 3m)! ,

(3.28)

H a(β)i,ψ (x, y, z) = Hϕi,ψ (x, y, z)−
i−1∑

k=0

β i−k
(

i

k

)
(−1)i−k,ψ H a(β)k,ψ (x, y, z). (3.29)

In the next section, we present the numerical results for the degenerate Sheffer polynomials and their hybrid
forms.
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Fig. 2 Zeros of H c30,7(x, 1, 3; 9)
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Fig. 3 Zeros of a5
30,11(x)
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Fig. 4 Zeros of H a5
30,11(x, 3, 1)

4 Numerical computations and zeros distribution

In this section, we list the approximate solutions of the polynomials discussed in previous sections. In particular,
we find the real zeros of the degenerate Poisson-Charlier polynomials ci,ψ (x; a), degenerate actuarial poly-

nomials aβi,ψ (x), degenerate Hermite-Poisson-charlier polynomials H ci,ψ (x, y, z; a) and degenerate Hermite-

actuarial polynomials H aβi,ψ (x, y, z) for 1 ≤ i ≤ 30. These are listed in Table 3.

Real roots of ci,7(x; 9), a5
i,11(x), H ci,7(x, 1, 3; 9), and H a5

i,11(x, 3, 1) gives the approximate solutions of

ci,7(x; 9) = 0, a5
i,11(x) = 0, H ci,7(x, 1, 3; 9) = 0, and H a5

i,11(x, 3, 1) = 0 for 1 ≤ i ≤ 30.
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Figures 1, 2, 3, 4 gives the visual depiction of the pattern of distribution of zeros for the above listed polynomials.
Several other degenerate polynomials are introduced in literature. For example, degenerate Laguerre poly-

nomials can be taken to produce a degenerate hybrid class of Laguerre-Sheffer polynomials. This aspect will be
taken in a forthcoming investigation.
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