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Abstract The aim of this paper is by using generating functions to further study some identities and properties
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1 Introduction

Carlitz [3] obtained some interesting arithmetical and combinatorial results on the degenerate Bernoulli and Euler
polynomials and numbers, which are degenerate versions of the Bernoulli and Euler polynomials and numbers. In
recent years, studying degenerate versions of some special numbers and polynomials have drawn the attention of
many mathematicians with their regained interests not only in combinatorial and arithmetical properties but also
in applications to differential equations, identities of symmetry and probability theory (see [6,8,9,12–14,16–
18,20,22] and the references therein). These degenerate versions include the degenerate Stirling numbers of
the first and second kinds, degenerate Bernoulli numbers of the second kind and degenerate Bell numbers and
polynomials. Especially, it turns out that the degenerate Stirling numbers of the first and second kind appear very
frequently when we study degenerate versions of some special numbers and polynomials. It is noteworthy that
studying degenerate versions is not only limited to polynomials but also extended to transcendental functions.
Indeed, the degenerate gamma functions were introduced in connection with degenerate Laplace transforms
in [11]. It is also remarkable that the degenerate umbral calculus is introduced as a degenerate version of the
classical umbral calculus. Indeed, the Sheffer sequences occupy the central position in the umbral calculus and
are characterized by the generating functions for Sheffer pairs where the usual exponential function enters (see
[7]). The motivation for the paper [7] started from the question that what if the usual exponential function is
replaced by the degenerate exponential functions in (3). With this replacement the λ-Sheffer polynomials are
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introduced, which are charactered by the generating functions for Sheffer pairs where the degenerate exponential
function enters.

The Stirling number of the second S2(n, k) is the number of ways to partition a set of n objects into k
nonempty subsets (see (2)). The (signed) Stirling number of the first kind S1(n, k) is defined such that the number
of permutations of n elements having exactly k cycles is the nonnegative integer (−1)n−k S1(n, k) = |S1(n, k)|
(see (1)). The degenerate Stirling numbers of the second kind S2,λ(n, k) (see (10), (11)) and of the first kind
S1,λ(n, k) (see (9), (12)) appear most naturally when we replace the powers of x by the generalized falling
factorial polynomials (x)k,λ in the defining equations (see (1), (2), (9), (10)).

Degenerate versions of special numbers and polynomials have been explored by various methods, including
combinatorial methods, generating functions, umbral calculus techniques, p-adic analysis, differential equations,
special functions, probability theory and analytic number theory. The aim of this paper is by using generating
functions to further study some identities and properties on the degenerate Stirling numbers of the second kind,
the degenerate r -Stirling numbers of the second kind, the degenerate Stirling numbers of the first kind and the
unsigned degenerate Stirling numbers of the first kind.

The outline of this paper is as follows. In Section 1, we recall the facts that are needed throughout this paper.
The main results are obtained in Section 2. Some identities on the degenerate Stirling numbers of the second
kind are derived in Theorems 1, 10, 13 and 14, those on the r -Stirling numbers of the second kind are stated
in Theorem 2, those on the degenerate Stirling numbers of the first kind are obtained in Theorem 4, 5, 7 and 8.
Finally, certain identities on the unsigned degenerate Stirling numbers of the first kind are obtained in Theorems
3, 6, 9 and 15.

2 Preliminaries

For n ≥ 0, the Stirling numbers of the first kind are defined by

(x)n =
n∑

k=0

S1(n, k)xk, (see [1 − 22]), (1)

where (x)0 = 1, (x)n = x(x − 1) · · · (x − (n − 1)), (n ≥ 1).
As the inversion formula of (1) the Stirling numbers of the second kind are defined by

xn =
n∑

k=0

S2(n, k)(x)k, (see [2, 5, 16, 19]). (2)

For any λ ∈ R, the degenerate exponential functions are defined by

ex
λ(t) =

∞∑

k=0

(x)k,λ

k! tk, eλ(t) = e1
λ(t), (see [11, 16]), (3)

where the generalized falling factorials (x)n,λ are given by (x)0,λ = 1, (x)n,λ = x(x−λ) · · · (x−(n−1)λ), (n ≥
1). Note that lim

λ→0
ex
λ(t) = ext .

For k ≥ 0, the Lah numbers are given by

1

k!
(

t

1 − t

)k

=
∞∑

n=k

L(n, k)
tn

n! , (see [2, 5, 16, 19]). (4)

From (4), we note that

〈x〉n =
n∑

k=0

L(n, k)(x)k, (n ≥ 0), (see [2, 5, 16, 19]), (5)

where 〈x〉0 = 1, 〈x〉n = x(x + 1) · · · (x + n − 1), (n ≥ 1).
By (5), we get

L(n, k) = n!
k!

(
n − 1

k − 1

)
, (n, k ≥ 1), (see [2, 6, 9, 10]). (6)
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For any α ∈ R, the generalized Laguerre polynomials L(α)
n (x) are given by

L(α)
n (x) = 1

n! x−αex dn

dxn

(
e−x xn+α

)

= x−α 1

n!
(

d

dx
− 1

)n

xn+α, (see [2, 6, 19]).
(7)

When α = 0, Ln(x) = L(0)
n (x) are called the Laguerre polynomials.

Let logλ t be the compositional inverse function of eλ(t). Then we have

logλ(1 + t) =
∞∑

n=1

λn−1(1)n,1/λ

tn

n! , (see [6]). (8)

We note that lim
λ→0

logλ(1 + t) = log(1 + t).

It is known that the degenerate Stirling numbers of the first kind are defined by

(x)n =
n∑

k=0

S1,λ(n, k)(x)k,λ, (n ≥ 0), (see [6]). (9)

The degenerate Stirling numbers of the second kind are given by

(x)n,λ =
n∑

k=0

S2,λ(n, k)(x)k, (n ≥ 0), (see [6]). (10)

From (9) and (10), we note that lim
λ→0

S1,λ(n, k) = S1(n, k) and lim
λ→0

S2,λ(n, k) = S2(n, k), (n, k ≥ 0).

From [14], we recall that
1

k!
(

eλ(t) − 1
)k =

∞∑

n=k

S2,λ(n, k)
tn

n! , (11)

and
1

k!
(

logλ(1 + t)
)k =

∞∑

n=k

S1,λ(n, k)
tn

n! (k ≥ 0). (12)

3 Some identities and properties on degenerate Stirling numbers

The following lemma generalizes the well known recurrence relation for the Stirling numbers of the second kind.

Lemma 1 For n, k ∈ Z with n ≥ k ≥ 0, we have

S2,λ(n + 1, k) = S2,λ(n, k − 1) + (k − nλ)S2,λ(n, k). (13)

Proof From (10), we note that

n+1∑

k=0

S2,λ(n + 1, k)(x)k = (x)n+1,λ = (x)n,λ(x − nλ)

= x
n∑

k=0

S2,λ(n, k)(x)k − nλ

n∑

k=0

S2,λ(n, k)(x)k

=
n∑

k=0

S2,λ(n, k)(x)k(x − k + k) − nλ

n∑

k=0

S2,λ(n, k)(x)k

=
n∑

k=0

S2,λ(n, k)(x)k+1 +
n∑

k=0

(k − nλ)S2,λ(n, k)(x)k

=
n+1∑

k=1

S2,λ(n, k − 1)(x)k +
n∑

n=0

(k − nλ)S2,λ(n, k)(x)k

=
n+1∑

k=0

(
S2,λ(n, k − 1) + (k − nλ)S2,λ(n, k)

)
(x)k . (14)
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Comparing the coefficients on both sides of (14), we get the result. �	
We derive an identity involving the degenerate Stirling numbers of the second kind by using the above lemma.

Theorem 2 For n, k ∈ Z with n ≥ k ≥ 0, we have

n∑

j=k

(
n

j

)
S2,λ( j, k)(1)n− j,λ = S2,λ(n + 1, k + 1) + nλS2,λ(n, k + 1).

Proof For k ∈ Z with k ≥ 0, we have

eλ(t)
1

k!
(
eλ(t) − 1

)k =
∞∑

l=0

(1)l,λ

l! t l
∞∑

j=k

S2,λ( j, k)
t j

j !

=
∞∑

n=k

( n∑

j=k

(
n

j

)
S2,λ( j, k)(1)n− j,λ

)
tn

n! .
(15)

On the other hand,

eλ(t)
1

k!
(
eλ(t) − 1

)k = (
eλ(t) − 1 + 1

) 1

k!
(
eλ(t) − 1

)k

= k + 1

(k + 1)!
(
eλ(t) − 1

)k+1 + 1

k!
(
eλ(t) − 1

)k

=
∞∑

n=k

(
(k + 1)S2,λ(n, k + 1) + S2,λ(n, k)

) tn

n! .

(16)

Thus, by (15) and (16), we get

n∑

j=k

(
n

j

)
S2,λ( j, k)(1)n− j,λ = (k + 1)S2,λ(n, k + 1) + S2,λ(n, k). (17)

Replacing k by k + 1 in (13), we get

S2,λ(n + 1, k + 1) + nλS2,λ(n, k + 1) = S2,λ(n, k) + (k + 1)S2,λ(n, k + 1). (18)

Therefore, the result follows from (17) and (18). �	
After Theorem 2, it is natural to ask for a recurrence relation involving the degenerate r -Stirling numbers of

the second and in that context, we prove the next theorem.

Theorem 3 For n, k, r ∈ Z with n ≥ k ≥ 0, and r ≥ 0, we have

S(r)
2,λ(n + r, k + r) =

n∑

l=k

(
n

l

)
S2,λ(l, k)(r)n−l,λ =

n∑

l=k

(
l

k

)
S2,λ(n, l)(r)l−k,

(x + r)n,λ =
n∑

k=0

S(r)
2,λ(n + r, k + r)(x)k .

Proof It is known that the degenerate r -Stirling numbers of the second kind are defined by

er
λ(t)

1

k!
(
eλ(t) − 1

)k =
∞∑

n=k

S(r)
2,λ(n + r, k + r)

tn

n! , (see [9, 10]). (19)
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From (19), we note that

1

k!
(
eλ(t) − 1

)k
er
λ(t) =

∞∑

l=k

S2,λ(l, k)
t l

l!
∞∑

m=0

(r)m,λ

tm

m!

=
∞∑

n=k

( n∑

l=k

(
n

l

)
S2,λ(l, k)(r)n−l,λ

)
tn

n! .
(20)

By (19) and (20), we get

S(r)
2,λ(n + r, k + r) =

n∑

l=k

(
n

l

)
S2,λ(l, k)(r)n−l,λ, (21)

where n, k, r are nonnegative integers.
From (20), we note that

∞∑

n=0

( n∑

k=0

S(r)
2,λ(n + r, k + r)(x)k

)
tn

n! =
∞∑

k=0

( ∞∑

n=k

S(r)
2,λ(n + r, k + r)

tn

n!
)

(x)k

=
∞∑

k=0

(
1

k!
(

eλ(t) − 1
)k

er
λ(t)

)
(x)k

= er
λ(t)

∞∑

k=0

(x)k
1

k!
(

eλ(t) − 1
)k

= er
λ(t)e

x
λ(t) =

∞∑

n=0

(x + r)n,λ

tn

n! . (22)

Comparing the coefficients on both sides of (22), we have

(x + r)n,λ =
n∑

k=0

S(r)
2,λ(n + r, k + r)(x)k, (see [16]). (23)

Further, we note that

(x + r)n,λ =
n∑

l=0

S2,λ(n, l)(x + r)l

=
n∑

l=0

S2,λ(n, l)
l∑

k=0

(
l

k

)
(x)k(r)l−k

=
n∑

k=0

n∑

l=k

(
l

k

)
S2,λ(n, l)(r)l−k(x)k . (24)

From (21), (22), (23) and (24), we obtain the desired result. �	
It is known that the unsigned degenerate Stirling numbers of the first kind are defined by

〈x〉n =
n∑

k=0

[
n

k

]

λ

〈x〉k,λ, (n ≥ 0), (see [16]), (25)

where the generalized rising factorials 〈x〉n,λ are given by 〈x〉n,λ = x(x+λ) · · · (x+(n−1)λ), (n ≥ 1), 〈x〉0 = 1.
By (9) and (25), we easily get

[
n

k

]

λ

= (−1)n−k S1,λ(n, k), (n, k ≥ 0). (26)

Next, we derive an identity involving the unsigned degenerate Stirling numbers of the first kind.
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Theorem 4 For n, k ∈ Z with n ≥ k ≥ 0, we have

1

n!
n∑

l=k

(
l

k

)
〈1〉l−k,λ

[
n

l

]

λ

=
n∑

l=k

1

l!
[

l

k

]

λ

.

Proof We observe that

(−1)k

k!
(

logλ(1 − t)
)k 1

1 − t
= (−1)k

k!
(

logλ(1 − t)
)k

e−1
λ

(
logλ(1 − t)

)

= (−1)k

k!
(

logλ(1 − t)
)k

∞∑

l=0

(−1)l〈1〉l,λ
1

l!
(

logλ(1 − t)
)l

= 1

k!
∞∑

l=0

(−1)k+l〈1〉l,λ
1

l!
(

logλ(1 − t)
)l+k

= 1

k!
∞∑

l=k

(−1)l〈1〉l−k,λ

l!
(l − k)!

1

l!
(

logλ(1 − t)
)l

=
∞∑

l=k

(−1)l〈1〉l−k,λ

(
l

k

) ∞∑

n=l

S1,λ(n, l)(−1)n tn

n!

=
∞∑

n=k

( n∑

l=k

(−1)n−l
(

l

k

)
S1,λ(n, l)〈1〉l−k,λ

)
tn

n! . (27)

On the other hand,

(−1)k

k!
(

logλ(1 − t)
)k 1

1 − t
= (−1)k

∞∑

l=k

S1,λ(l, k)(−1)l t l

l!
∞∑

m=0

tm

=
∞∑

n=k

( n∑

l=k

S1λ(l, k)

l! (−1)l−k
)

tn

=
∞∑

n=k

(
n!

n∑

l=k

(−1)l−k S1,λ(l, k)

l!
) tn

n! . (28)

Therefore, by (26), (27) and (28), we get what we wanted. �	
The next theorem gives an identity involving the degenerate Stirling numbers of the first kind.

Theorem 5 For n, k ∈ N with n ≥ k ≥ 0, we have

S1,λ(n, k) + nS1,λ(n − 1, k) =
n∑

l=k

(
l

k

)
S1,λ(n, l)(1)l−k,λ.

Proof From (12), we note that

1

k!
(

logλ(1 + t)
)k

(1 + t) =
∞∑

n=k

S1,λ(n, k)
tn

n! (1 + t)

=
∞∑

n=k

S1,λ(n, k)
tn

n! +
∞∑

n=k+1

nS1,λ(n − 1, k)
tn

n!

=
∞∑

n=k

(
S1,λ(n, k) + nS1,λ(n − 1, k)

) tn

n! . (29)
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On the other hand,

1

k!
(

logλ(1 + t)
)k

eλ

(
logλ(1 + t)

) = 1

k!
∞∑

l=0

(1)l,λ

l!
(

logλ(1 + t)
)k+l

= 1

k!
∞∑

l=k

(1)l−k,λl!
(l − k)!

1

l!
(

logλ(1 + t)
)l

=
∞∑

n=k

( n∑

l=k

(
l

k

)
(1)l−k,λS1,λ(n, l)

)
tn

n! . (30)

Now, the result follows from (29) and (30). �	
We deduce another identity involving the degenerate Stirling numbers of the first kind.

Theorem 6 For α ∈ R and n, k ∈ Z with n ≥ k ≥ 0, we have

n∑

l=k

(
l

k

)
(α)l−k,λS1,λ(n, l) =

n∑

l=k

(
n

l

)(
α

n − l

)
S1,λ(l, k)(n − l)!

=
n−k∑

l=0

(
n

l

)(
α

l

)
l!S1,λ(n − l, k).

Proof For any α ∈ R, and k ∈ Z with k ≥ 0, we have

1

k! (1 + t)α
(

logλ(1 + t)
)k = 1

k!
∞∑

l=0

(α)l,λ
1

l!
(

logλ(1 + t)
)l+k

=
∞∑

l=k

(
l

k

)
(α)l−k,λ

∞∑

n=l

S1,λ(n, l)
tn

n!

=
∞∑

n=k

( n∑

l=k

(
l

k

)
(α)n−k,λS1,λ(n, l)

)
tn

n! . (31)

By binomial expansion, we get

1

k! (1 + t)α
(

logλ(1 + t)
)k =

∞∑

m=0

(
α

m

)
tm

∞∑

l=k

S1,λ(l, k)
t l

l!

=
∞∑

n=k

n∑

l=k

S1,λ(l, k)

l!
(

α

n − l

)
n! tn

n!

=
∞∑

n=k

( n∑

l=k

(
n

l

)(
α

n − l

)
S1,λ(l, k)(n − l)!

)
tn

n! . (32)

Therefore, by (31) and (32), we obtain the desired identity. �	
The following theorem expresses the unsigned degenerate Stirling number of the first kind as a finite sum

involving the degenerate Stirling numbers of the first kind.

Theorem 7 For n, k ∈ N with n ≥ k − 1, we have

1

(n + 1)!
[

n + 1

k

]

−λ

=
n∑

l=k−1

(
n

l

)
S1,λ(l + 1, k)

(l + 1)! .
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Proof From (12), we have

1

t

(
logλ(1 + t)

)k = k!
t

1

k!
(

logλ(1 + t)
)k

= k!
t

∞∑

n=k

S1,λ(n, k)
tn

n!

= k!
∞∑

n=k−1

S1,λ(n + 1, k)
tn

(n + 1)! . (33)

Thus, by (33), we get

1

1 − t

1 − t

t

(
logλ

(
1 + t

1 − t

))k = 1

1 − t
k!

∞∑

l=k−1

S1,λ(l + 1, k)

( t
1−t

)l

(l + 1)!

= k!
∞∑

l=k−1

S1,λ(l + 1, k)
t l

(l + 1)!
( 1

1 − t

)l+1

= k!
∞∑

l=k−1

S1,λ(l + 1, k)
t l

(l + 1)!
∞∑

m=0

(
l + m

m

)
tm

= k!
∞∑

n=k−1

( n∑

l=k−1

S1,λ(l + 1, k)

(l + 1)!
(

n

l

))
tn . (34)

On the other hand, by (33), we see that

1

1 − t

1 − t

t

(
logλ

(
1 + t

1 − t

))k = 1

t

(
logλ

1

1 − t

)k = 1

t

( − log−λ(1 − t)
)k

= (−1)k−1 1

−t

(
log−λ(1 − t)

)k

= (−1)k−1k!
∞∑

n=k−1

(−1)n S1,−λ(n + 1, k)

(n + 1)! tn . (35)

Therefore, by (26), (34) and (35), we have what we wanted. �	
The next result expresses the degenerate Stirling number of the first kind as a finite sum involving the same

numbers.

Theorem 8 For n, k ∈ Z with n ≥ k ≥ 0, we have

S1,λ(n + 1, k + 1) = λn−1

k + 1
(n + 1)!

n−1∑

l=k−1

λ−l

(n − l)! (1)n−l,1/λ

S1,λ(l + 1, k)

(l + 1)! .

Proof We observe that

1

t

(
logλ(1 + t)

)k+1 = k! logλ(1 + t)
1

t

1

k!
(

logλ(1 + t)
)k

= k!
∞∑

j=1

λ j−1(1) j,1/λ

t j

j !
∞∑

l=k−1

1

(l + 1)! S1,λ(l + 1, k)t l

=
∞∑

n=k

(
k!

n−1∑

l=k−1

λn−l−1(1)n−l,1/λ

1

(n − l)!
1

(l + 1)! S1,λ(l + 1, k)

)
tn . (36)
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From (12), we also note that

1

t

(
logλ(1 + t)

)k+1 = (k + 1)!
t

1

(k + 1)!
(

logλ(1 + t)
)k+1

= (k + 1)!
t

∞∑

n=k+1

S1,λ(n, k + 1)
tn

n!

= (k + 1)!
∞∑

n=k

S1,λ(n + 1, k + 1)

(n + 1)! tn . (37)

By (36) and (37), we obtain the desired result. �	
The following theorem gives another representaion of the degenerate Stirling number of the first kind as a

finite sum of the same numbers.

Theorem 9 For n, p ∈ Z with n ≥ p ≥ 0, we have

S1,λ(n + 1, p + 1) =
n∑

k=p

k∑

l=p

(−1)k−l
(

k

l

)(
n

k

)
(k − l)!S1,λ(l, p)(λ)n−k .

Proof For n, k ∈ N, by (9), we easily get

S1,λ(n + 1, k) = S1,λ(n, k − 1) + (kλ − n)S1,λ(n, k). (38)

From (12), we note that

(
logλ(1 + t)

)p+1 = (p + 1)! 1

(p + 1)!
(

logλ(1 + t)
)p+1

= (p + 1)!
∞∑

n=p+1

S1,λ(n, p + 1)
tn

n! . (39)

Taking derivatives on both sides of (39), we have

(p + 1)
1

1 + t

(
logλ(1 + t)

)p
(1 + t)λ = (p + 1)!

∞∑

n=p

S1,λ(n + 1, p + 1)
tn

n! . (40)

Thus, by (31), we get

∞∑

n=p

S1,λ(n + 1, p + 1)
tn

n! = 1

p!
1

1 + t

(
logλ(1 + t)

)p
(1 + t)λ

=
∞∑

j=0

(−1) j t j
∞∑

l=p

S1,λ(l, p)
t l

l!
∞∑

m=0

(λ)m
tm

m!

=
∞∑

k=p

k∑

l=p

(−1)k−l S1,λ(l, p)

l! tk
∞∑

m=0

(λ)m
tm

m!

=
∞∑

n=p

( n∑

k=p

k∑

l=p

(−1)k−l
(

n

k

)
S1,λ(l, p)

l! (λ)n−kk!
)

tn

n! . (41)

Comparing the coefficients on both sides of (41), we get the result. �	
The next theorem expresses a finite sum involving the unsigned degenerate Stirling numbers of the first kind

as that involving the degenerate Stirling numbers of the first kind.
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Theorem 10 For n, p ∈ Z with n ≥ p ≥ 0, we have
n∑

k=p

1

k!
[

k

p

]

−λ

=
n∑

k=p

1

k!
(

n

k

)
S1,λ(k, p).

Proof Note that

S1(n + 1, p + 1) = lim
λ→0

S1,λ(n + 1, p + 1) =
n∑

l=p

(−1)n−l
(

n

l

)
(n − l)!S1(l, p).

For p ∈ Z with p ≥ 0, we have

1

1 − t

(
logλ

(
1 + t

1 − t

))p = (−1)p p!
1 − t

1

p!
(

log−λ(1 − t)
)p

= (−1)p p!
1 − t

∞∑

k=p

S1,−λ(k, p)(−1)k tk

k!

= (−1)p p!
∞∑

m=0

tm
∞∑

k=p

S1,−λ(k, p)(−1)k tk

k!

=
∞∑

n=p

(
(−1)p p!

n∑

k=p

S1,−λ(k, p)

k! (−1)k
)

tn . (42)

On the other hand, by (12), we get

1

1 − t

(
logλ

(
1 + t

1 − t

))p = p!
∞∑

k=p

S1,λ(k, p)
tk

k!
( 1

1 − t

)k+1

= p!
∞∑

k=p

S1,λ(k, p)
tk

k!
∞∑

m=0

(
k + m

m

)
tm

= p!
∞∑

n=p

( n∑

k=p

S1,λ(k, p)
1

k!
(

n

k

))
tn . (43)

Therefore, by (42) and (43), we obtain the desired result. �	
It is known that the degenerate Bell polynomials are defined by

ex(eλ(t)−1) =
∞∑

n=0

φn,λ(x)
tn

n! , (see [14]). (44)

From (44), we note that

φn,λ(x) =
n∑

k=0

S2,λ(n, k)xk, (n ≥ 0). (45)

By (3) and (12), we get

eλ(t)
(

logλ(1 + t)
)p = p!eλ(t)

1

p!
(

logλ(1 + t)
)p

= p!
∞∑

l=0

(1)l,λ
t l

l!
∞∑

k=p

S1,λ(k, p)
tk

k!

= p!
∞∑

n=p

( n∑

k=p

(
n

k

)
S1,λ(k, p)(1)n−k,λ

)
tn

n! .

The following theorem expresses a finite sum involving the degenerate Stirling numbers of the second kind
as that involving the same numbers and the degenerate Bell polynomials.
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Theorem 11 For n, p ∈ Z with n ≥ p ≥ 0, we have

x p
n∑

k=p

(
n

k

)
S2,λ(k, p)φn−k,λ(x) =

n∑

k=p

(
k

p

)
S2,λ(n, k)xk,

In particular, for x = 1,

n∑

k=p

(
n

k

)
S2,λ(k, p)φn−k,λ =

n∑

k=p

(
k

p

)
S2,λ(n, k),

where φn,λ = φn,λ(1) are the degenerate Bell numbers.

Proof From (11), we note that

x p 1

p!
(
eλ(t) − 1

)p
ex(eλ(t)−1) = 1

p!
∞∑

k=0

xk+p 1

k!
(
eλ(t) − 1

)k+p

=
∞∑

k=p

(
k

p

)
xk 1

k!
(
eλ(t) − 1

)k =
∞∑

k=p

(
k

p

)
xk

∞∑

n=k

S2,λ(n, k)
tn

n!

=
∞∑

n=p

( n∑

k=p

(
k

p

)
xk S2,λ(n, k)

)
tn

n! . (46)

On the other hand,

x p 1

p! (eλ(t) − 1)pex(eλ(t)−1) = x p
∞∑

k=p

S2,λ(k, p)
tk

k!
∞∑

m=0

φm,λ(x)
tm

m!

= x p
∞∑

n=p

( n∑

k=p

(
n

k

)
S2,λ(k, p)φn−k,λ(x)

)
tn

n! . (47)

Therefore, by (46) and (47), we get what we wanted. �	
We observe from Theorem 11 and (10) that, for p = 1, we have

n∑

k=1

kS2,λ(n, k) =
n−1∑

k=0

(
n

k

)
φk,λ(1)n−k,λ, (n ≥ 1).

In view of (7), we may consider the generalized degenerate Laguerre polynomials given by

1

n! x−αeλ(x)

(
d

dx

)n(
xn+αe−1

λ (x)
)

= L(α)
n,λ(x), (n ≥ 0). (48)

From (48), we can derive the following equation

L(α)
n,λ(x) =

n∑

k=0

(
n + α

n − k

)
(−1)k〈1〉k,λ

1

k!
(

x

1 + λx

)k

. (49)

The next theorem expresses the generalized Laguerre polynomial as a finite sum involving the Lah numbers.

Theorem 12 For n, p ∈ Z with n ≥ p ≥ 0, we have

L(p−1)
n−p,−λ(−x) = p!

n!
n∑

k=p

(
k

p

)
(1)k−p,λL(n, k)

(
x

1 + λx

)k−p

.
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Proof Now, we observe that

1

p!
(

t

1 − t

x

1 + λx

)p

eλ

(
t

1 − t

x

1 + λx

)
= 1

p!
(

t

1 − t

x

1 + λx

)p ∞∑

k=0

(1)k,λ

( x
1+λx

)k

(1 − t)k

tk

k!

= 1

p!
∞∑

k=0

(1)k,λ

k!

( x
1+λx

)k+p

(1 − t)k+p
tk+p

= 1

p!
∞∑

k=p

(1)k−p,λ

(k − p)!
(

t

1 − t

)k( x

1 + λx

)k

= 1

p!
∞∑

k=p

k!(1)k−p,λ

(k − p)!
(

x

1 + λx

)k 1

k!
(

t

1 − t

)k

=
∞∑

k=p

(
k

p

)
(1)k−p,λ

(
x

1 + λx

)k ∞∑

n=k

L(n, k)
tn

n!

=
∞∑

n=p

( n∑

k=p

(
k

p

)
(1)k−p,λL(n, k)

(
x

1 + λx

)k) tn

n! . (50)

Here we note that
1

(1 − t)α+1 e−1
λ

(
t

1 − t

x

1 + λx

)
=

∞∑

n=0

L(α)
n,λ(x)tn . (51)

Indeed, from (49) we deduce that

∞∑

n=0

L(α)
n,λ(x)tn =

∞∑

k=0

(−1)k〈1〉k,λ

1

k!
(

x

1 + λx

)k ∞∑

n=k

(
n + α

n − k

)
tn

=
∞∑

k=0

(−1)k,λ

1

k!
(

t

1 − t

x

1 + λx

)k

(1 − t)k
∞∑

n=k

(
n + α

n − k

)
tn−k

=
∞∑

k=0

(−1)k,λ

1

k!
(

t

1 − t

x

1 + λx

)k

(1 − t)k(1 − t)−α−k−1

= (1 − t)α−1e−1
λ

(
t

1 − t

x

1 + λx

)
.

From (51), we note that

1

p!
(

t

1 − t

x

1 + λx

)p

eλ

(
t

1 − t

x

1 + λx

)
= t p

p!
(

x

1 + λx

)p 1

(1 − t)p
e−1
−λ

(
t

1 − t

(
− x

1 + λx

))

= t p

p!
(

x

1 + λx

)p ∞∑

m=0

tm L(p−1)
m,−λ (−x)

= 1

p!
(

x

1 + λx

)p ∞∑

n=p

tn L(p−1)
n−p,−λ(−x)

= 1

p!
(

x

1 + λx

)p ∞∑

n=p

n!L(p−1)
n−p,−λ(−x)

tn

n! . (52)

Therefore, by (50) and (52), we obtain the desired result. �	
We are going to use the following lemma concerning the inverse relations between the degenerate Stirling

numbers of the first kind and those of the second kind.
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Lemma 13 For n ≥ 0, we have

an,λ =
n∑

k=0

S2,λ(n, k)bk,λ ⇐⇒ bn,λ =
n∑

k=0

S1,λ(n, k)ak,λ

From (5) and (25), we note that

n∑

k=0

L(n, k)(x)k = 〈x〉n =
n∑

k=0

[
n

k

]

λ

(x)k,λ

=
n∑

k=0

[
n

k

]

λ

k∑

l=0

S2,λ(k, l)(x)l

=
n∑

l=0

( n∑

k=l

[
n

k

]

λ

S2,λ(k, l)

)
(x)l . (53)

Comparing the coefficients on both sides of (53), we get

L(n, l) =
n∑

k=l

[
n

k

]

λ

S2,λ(k, l), (n ≥ l ≥ 0). (54)

The following theorem expresses the degenerate Stirling number of the second kind as a finite sum involving
the same numbers and the Lah numbers.

Theorem 14 For n, p ∈ Z with n ≥ p ≥ 0, we have

(−1)n S2,−λ(n, p) =
n∑

k=p

L(n, k)(−1)k S2,λ(n, k).

Proof From (11), we note that

1

p!
(

1 − eλ(t)

eλ(t)

)p

= 1

p!
(
e−1
λ (t) − 1

)p = 1

p!
(
e−λ(−t) − 1

)p

=
∞∑

n=p

S2,−λ(n, p)(−1)n tn

n! . (55)

On the other hand, by (4), we get

1

p!
(

1 − eλ(t)

eλ(t)

)p

= 1

p!
(

1 − eλ(t)

eλ(t) − 1 + 1

)p

= 1

p!
(

1 − eλ(t)

1 − (1 − eλ(t))

)p

=
∞∑

k=p

L(k, p)(−1)k 1

k!
(
eλ(t) − 1

)k =
∞∑

k=p

L(k, p)(−1)k
∞∑

n=k

S2,λ(n, k)
tn

n!

=
∞∑

n=p

( n∑

k=p

L(n, k)(−1)k S2,λ(n, k)

)
tn

n! . (56)

Therefore, by (55) and (56), we obtain the desired result.

The next theorem expresses the degenerate Stirling number of the second kind as a finite sum involving the
same numbers.

Theorem 15 For n, p ∈ Z with n ≥ p ≥ 0, we have

S2,−λ(n, p) = (−1)p
n∑

k=p

S2,λ(k, p)(−1)k(p)n−k,−λ

(
n

k

)
.
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Proof Note that

1

p!
(

1 − eλ(t)

eλ(t)

)p

= (−1)pep
−λ(−t)

1

p!
(

eλ(t) − 1
)p

= (−1)pep
−λ(−t)

∞∑

k=p

S2,λ(k, p)
tk

k! = (−1)p
∞∑

l=0

(p)l,−λ(−1)l t l

l!
∞∑

k=p

S2,λ(k, p)
tk

k!

= (−1)p
∞∑

n=p

( n∑

k=p

S2,λ(k, p)(−1)n−k(p)n−k,−λ

(
n

k

))
tn

n! . (57)

By (56) and (57), we get

n∑

k=p

L(k, p)(−1)k S2,λ(n, k) = (−1)p
n∑

k=p

S2,λ(k, p)(−1)n−k(p)n−k,−λ

(
n

k

)
. (58)

Now, the theorem follows from (58) and Theorem 14. �	
The following theorem expresses the unsigned degenerate Stirling number of the first kind as a finite sum

involving the degenerate Stirling numbers of the first kind and the Lah numbers.

Theorem 16 For n, p ∈ Z with n ≥ p ≥ 0, we have

[
n

p

]

−λ

=
n∑

k=p

S1,λ(k, p)L(n, k).

Proof Now, we observe that

1

p!
(

logλ

(
1 + t

1 − t

))p

= 1

p!
(

logλ

(
1

1 − t

))p

= (−1)p

p!
(

log−λ(1 − t)
)p

= (−1)p
∞∑

n=p

S1,−λ(n, p)(−1)n tn

n! =
∞∑

n=p

[
n

p

]

−λ

tn

n! . (59)

On the other hand, by (4) and (12), we get

1

p!
(

logλ

(
1 + t

1 − t

))p =
∞∑

k=p

S1,λ(k, p)
1

k!
( t

1 − t

)k =
∞∑

k=p

S1,λ(k, p)

∞∑

n=k

L(n, k)
tn

n!

=
∞∑

n=p

( n∑

k=p

S1,λ(k, p)L(n, k)

)
tn

n! . (60)

Therefore, by (59) and (60), we get the desired result. �	

4 Conclusion

Carlitz initiated the exploration of degenerate Bernoulli and Euler polynomials, which are degenerate versions
of the ordinary Bernoulli and Euler polynomials. Along the same line as Carlitz’s pioneering work, intensive
studies have been done for degenerate versions of quite a few special polynomials and numbers by employing such
tools as combinatorial methods, generating functions, umbral calculus techniques, p-adic analysis, differential
equations, special functions, probability theory and analytic number theory.

In this paper, by using generating functions we further studied some identities and properties on the degenerate
Stirling numbers of the second kind, the degenerate r -Stirling numbers of the second kind, the degenerate Stirling
numbers of the first kind and the unsigned degenerate Stirling numbers of the first kind.

It is one of our future projects to continue to explore various degenerate versions of many special polynomials
and numbers by using aforementioned tools.
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