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Abstract Let 0 < p ≤ 1, ω be a weight on Z, and let A be a unital Banach algebra. If f is a continuous function
from the unit circle T to A such that

∑
n∈Z

‖ f̂ (n)‖pω(n)p < ∞ and f (z) is left invertible for all z ∈ T, then
there is a weight ν on Z and a continuous function g : T → A such that 1 ≤ ν ≤ ω, ν is constant if and only if ω

is constant, ν is admissible if and only if ω is admissible, g is a left inverse of f and
∑

n∈Z
‖ĝ(n)‖pν(n)p < ∞.

We shall obtain a similar result when ω is a p-almost monotone algebra weight and 1 < p < ∞. We shall obtain
an analogue of this result on the real line.
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1 Introduction

We shall use the following notations: N is the set of all positive integers, N0 = N∪{0}, Z is the set of all integers,
R is the set of all real numbers, C is the set of all complex numbers, T = {z ∈ C : |z| = 1} is the unit circle in
C, and for 0 ≤ a ≤ b, �(a, b) = {z ∈ C : a ≤ |z| ≤ b}.

A map ω : Z → [1,∞) is a weight if ω(m + n) ≤ ω(m)ω(n) for all m, n ∈ Z. For a weight ω on Z, let
ρ1,ω = sup{ω(−n)−1/n : n ∈ N} and ρ2,ω = inf{ω(n)1/n : n ∈ N}. Then ρ1,ω ≤ 1 ≤ ρ2,ω. A weight ω on Z is
admissible if ρ1,ω = 1 = ρ2,ω. Let 1 < p < ∞, and let q be its conjugate index, i.e., 1

p + 1
q = 1. A weight ω

on Z is a p-almost monotone algebra weight if the following conditions hold:

(i) ω−q � ω−q ≤ ω−q and
∑

n∈Z
ω(n)−q < ∞.

(ii) If ρ1,ω = 1, then there is a positive constant K such that ω(n) ≤ Kω(n + k) for all −n,−k ∈ N.
(iii) If ρ2,ω = 1, then there is a positive constant K such that ω(n) ≤ Kω(n + k) for all n, k ∈ N0.

Let f : T → C be a nowhere vanishing continuous function. The series
∑

n∈Z
f̂ (n)eint is the Fourier series

of f , where f̂ (n) = 1
2π

∫ 2π

0 f (eit )e−int dt (n ∈ Z) are the Fourier coefficients of f .
If f has absolutely convergent Fourier series, i.e.,

∑
n∈Z

| f̂ (n)| < ∞, then the classical Wiener’s theorem
[10] states that the reciprocal 1/ f also has absolutely convergent Fourier series.
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Vector valued Beurling algebra analogues... 449

Let ω be a weight on Z, and let p > 0. The function f has ω-absolutely convergent Fourier series (ω-
ACFS) if

∑
n∈Z

| f̂ (n)|ω(n) < ∞ and f has p-th power ω-absolutely convergent Fourier series (pω-ACFS) if
∑

n∈Z
| f̂ (n)|pω(n)p < ∞.

For 0 < p ≤ 1, p-power analogue of Wiener’s theorem was obtained by Żelazko [11]. Let ω be a non-
quasianalytic weight on Z, i.e.,

∑
n∈Z

log ω(n)

1+n2 < ∞. If f has ω-ACFS, then Domar [6] proved that 1/ f also has
ω-ACFS. Note that non-quasianalytic weights are admissible. Let ω be any weight on Z. If f has ω-ACFS, then
Bhatt and Dedania [3] constructed a weight ν on Z such that 1 ≤ ν ≤ ω, ν is constant if and only if ω is constant
and 1/ f has ν-ACFS. An analogue of Wiener’s theorem in weighted case for 0 < p ≤ 1 is obtained in [2]. Let
1 < p < ∞, and let ω be a p-almost monotone algebra weight on Z. If f has pω-ACFS, then an existence of
a p-almost monotone algebra weight ν on Z such that 1 ≤ ν ≤ Kω for some K > 0 and 1/ f has ν-ACFS is
obtained in [5].

Note that all these results deal with the complex valued functions on the unit circle T and the condition f
is nowhere vanishing implies that the complex number f (z) is invertible in C for all z ∈ T. Let A be a unital
Banach algebra, and let f : T → A be a continuous function. The series

∑
n∈Z

f̂ (n)eint is the Fourier series

of f and f̂ (n) = 1
2π

∫ 2π

0 f (eit )e−int dt ∈ A (n ∈ Z) are the Fourier coefficients of f . If f has a representation
f (z) = ∑

n∈Z
f̂ (n)zn (z ∈ T) such that

∑
n∈Z

‖ f̂ (n)‖ < ∞ and if f (z) is left invertible (respectively, right
invertible, invertible) for all z ∈ T, then Bochner and Phillips, in [4], proved that a left inverse (respectively,
right inverse, inverse) g of f has a representation g(z) = ∑

n∈Z
ĝ(n)zn (z ∈ T) and

∑
n∈Z

‖ĝ(n)‖ < ∞. Let ω

be an admissible weight on Z. In [1], Baskakov proved that if f has ω-ACFS, i.e.,
∑

n∈Z
‖ f̂ (n)‖ω(n) < ∞ and

if f (z) is invertible in A for all z ∈ T, then the inverse of f exists, say g, and g also has ω-ACFS. We obtain
weighted analogues of these results without admissibility of weight. All algebras considered in this paper are
complex algebras.

Let A be a Banach algebra. The norm of A will be denoted by ‖ · ‖ throughout the paper except where stated
otherwise. By C(T,A), denote the collection of all continuous functions from T to A. Let 0 < p < ∞, and
let ω be a weight on Z. A function f ∈ C(T,A) has p-th power ω-absolutely convergent Fourier series (pω-
ACFS) if f (z) = ∑

n∈Z
f̂ (n)zn (z ∈ T) and

∑
n∈Z

‖ f̂ (n)‖pω(n)p < ∞.
We shall prove the following results which are vector valued p-th power weighted analogues of the classical

Wiener’s theorem.

Theorem 1 Let 0 < p ≤ 1. Let A be a unital Banach algebra, ω be a weight on Z, f ∈ C(T,A), and let f
have pω-ACFS. If f (z) is left invertible (respectively, right invertible, invertible) for all z ∈ T, then there exist
a weight ν on Z and g ∈ C(T,A) such that

(i) 1 ≤ ν ≤ ω;
(ii) ν is constant if and only if ω is constant;

(iii) ν is admissible if and only if ω is admissible;
(iv) g has pν-ACFS;
(v) g is a left inverse (respectively, right inverse, inverse) of f .

In particular, if ω is an admissible weight, then a left inverse (respectively, right inverse, inverse) of f has
pω-ACFS.

Theorem 2 Let 1 < p < ∞, q be the conjugate index of p, and let ω be a p-almost monotone algebra weight
on Z. Let A be a unital Banach algebra, f ∈ C(T,A), and let f have pω-ACFS. If f (z) is left invertible
(respectively, right invertible, invertible) for all z ∈ T, then there exist a p-almost monotone algebra weight ν

on Z and g ∈ C(T,A) such that

(i) 1 ≤ ν ≤ Kω for some K > 0;
(ii) ν is admissible if and only if ω is admissible;

(iii) g has pν-ACFS;
(iv) g is a left inverse (respectively, right inverse, inverse) of f .

In particular, if ω is an admissible weight, then a left inverse (respectively, right inverse, inverse) of f has
pω-ACFS.

A Borel measurable map ω : R → [1,∞) is a weight if ω(x + y) ≤ ω(x)ω(y) for all x, y ∈ R. For a weight
ω on R, let ρ1,ω = sup{log ω(x)1/x : x < 0} and ρ2,ω = inf{log ω(x)1/x : x > 0}. Then ρ1,ω ≤ 0 ≤ ρ2,ω. A
weight ω on R is admissible if ρ1,ω = 0 = ρ2,ω. Let 1 < p < ∞, and let q be the conjugate index of p. A
weight ω on R is a p-almost monotone algebra weight if it satisfies the following conditions:
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450 P. A. Dabhi , K. B. Solanki

(i) ω−q � ω−q ≤ ω−q and
∫

R
ω−q < ∞.

(ii) If ρ1,ω = 0, then there is a positive constant K such that ω(x) ≤ Kω(x + y) for all x, y ≤ 0.
(iii) If ρ2,ω = 0, then there is a positive constant K such that ω(x) ≤ Kω(x + y) for all x, y ≥ 0.

Let A be a unital Banach algebra with unit e, ω be a weight on R, 1 ≤ p < ∞, and let

L p(R, ω,A) =
{

f : R → A :
∫

R

‖ f (x)‖pω(x)pdx < ∞
}

.

By L p(R, ω,A)1, we denote the unitization of L p(R, ω,A) by adjoining the unit 1 when L p(R, ω,A) is an
algebra under convolution.

In [4], Bochner and Phillips proved that if f ∈ L1(R,A) and if e + ∫
R

f (x)eitx dx has a left inverse for all
t ∈ R, then there is g ∈ L1(R,A) such that 1 + g is a left inverse of 1 + f . The following theorems are p-power
weighted analogues of this result and they may be seen as continuous analogue of the above results.

Theorem 3 Let A be a unital Banach algebra with unit e, ω be a weight on R, and let f ∈ L1(R, ω,A) be
such that e + ∫

R
f (x)eitx dx is left invertible (respectively, right invertible, invertible) in A for all t ∈ R. Then

there is a weight ν on R and g ∈ L1(R, ν,A) such that 1 ≤ ν ≤ ω, ν is constant if and only if ω is constant,
ν is admissible if and only if ω is admissible and 1 + g is a left inverse (respectively, right inverse, inverse) of
1 + f . In particular, if ω is admissible, then 1 + f is left invertible (respectively, right invertible, invertible) in
L1(R, ω,A)1.

Theorem 4 Let 1 < p < ∞, and let q be its conjugate index. Let A be a unital Banach algebra with unit element
e, ω be a p-almost monotone algebra weight on R, and let f ∈ L p(R, ω,A) be such that e + ∫

R
f (x)eitx dx

is left invertible (respectively, right invertible, invertible) in A for all t ∈ R. Then there is a p-almost monotone
algebra weight ν on R and g ∈ L p(R, ν,A) such that 1 ≤ ν ≤ Kω for some K > 0, ν is admissible if and only
if ω is admissible and 1 + g is a left inverse (respectively, right inverse, inverse) of 1 + f . In particular, if ω is
admissible, then 1 + f is left invertible (respectively, right invertible, invertible) in L p(R, ω,A)1.

The proofs of Theorem 1 and Theorem 2 are given in section 2, and that of Theorem 3 and Theorem 4 are in
section 3.

The proofs presented here use ideas from the paper [3,4].

2 Proofs of Theorem 1 and 2

Let 0 < p ≤ 1, and let A be an algebra. A mapping ‖ · ‖ : A → [0,∞) is a p-norm [2] on A if the following
conditions hold for all x, y ∈ A and α ∈ C.

(i) ‖x‖ = 0 if and only if x = 0;
(ii) ‖x + y‖ ≤ ‖x‖ + ‖y‖;

(iii) ‖αx‖ = |α|p‖x‖;
(iv) ‖xy‖ ≤ ‖x‖‖y‖.

If A is complete in the p-norm, then (A, ‖ · ‖) is a p-Banach algebra [2]. When p = 1, A is a Banach algebra.
Let A be an algebra without unit element, and let Ae = A × C = {(a, α) : a ∈ A, α ∈ C}. Then Ae is

an algebra with pointwise linear operations and the multiplication (a, α)(b, β) = (ab + αb + βa, αβ) for all
a, b ∈ A and α, β ∈ C. The element e = (0, 1) is the unit element of Ae. If A is a p-Banach algebra, then Ae
is also a p-Banach algebra with the norm

‖(a, α)‖ = ‖a‖ + |α|p (a ∈ A, α ∈ C).

Since A can be identified with the ideal {(a, 0) : a ∈ A}, of codimension 1, of Ae, the element (a, α) of Ae is
customarily written as a + αe or αe + a. The algebra Ae is the unitisation of A.

Let A be a commutative p-Banach algebra. A nonzero linear map ϕ : A → C satisfying ϕ(ab) =
ϕ(a)ϕ(b) (a, b ∈ A) is a complex homomorphism on A. Let �(A) be the collection of all complex homo-
morphisms on A. For a ∈ A, let â : �(A) → C be â(ϕ) = ϕ(a) (ϕ ∈ �(A)). The smallest topology on �(A)

making each â, a ∈ A, continuous is the Gel’fand topology on �(A) and �(A) with the Gel’fand topology is
the Gel’fand space of A. For more details on it refer [7,11].

Let X be a complex Banach space, and let B(X) be the collection of all bounded linear transformation from
X to itself. If X0 ⊂ X and A0 ⊂ B(X), then A0 X0 = {T (x) ∈ X : T ∈ A0, x ∈ X0}. We say that X is
irreducible over A0 if for every non-zero x ∈ X, A0x = X .
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Vector valued Beurling algebra analogues... 451

Lemma 1 [4, Lemma 9] If X is irreducible over A0, and if A′ = {T ∈ B(X) : ST = T S for all S ∈ A0}, then
A′ is isomorphic to C.

Lemma 2 [4, Lemma 10 and 11] If B is a unital algebra, I is a maximal left ideal, V is addition group of the
cosets of B/I , and if B0 = {Lx : x ∈ B}, where Lx : V → V are defined as Lx (v) = xv (v ∈ V ), then V is
irreducible over B0. Also, if for a fixed x ∈ B and every maximal left ideal I , the corresponding element Lx of
B0 has a left inverse in B0, then x has a left inverse in B.

Lemma 3 If B, I, V and B0 are as in Lemma 2 with B being p-Banach algebra, then V is a p-Banach space,
B0 is a p-normed algebra and ‖Lx‖ ≤ ‖x‖ (x ∈ B), where ‖Lx‖ = sup{‖xy‖ : y ∈ V, ‖y‖ ≤ 1}.
(�) Let 0 < p ≤ 1, X be a set and A be a unital Banach algebra with unit e. Let (F, | · |) denote a commutative
p-Banach algebra of complex valued functions on X with pointwise multiplication, containing 1(x) = 1 for all
x ∈ X as its unit. Let F denote a family of functions from X to A with the following properties:

(i) F is an algebra with pointwise multiplication.
(ii) If n ∈ N, a1, a2, . . . , an ∈ A and f1, f2, . . . , fn ∈ F , then a1 f1 + a2 f2 + · · · + an fn ∈ F .

(iii) F is a p-Banach algebra with p-norm ‖ · ‖F and ‖a f ‖F = ‖a‖p| f | for all a ∈ A and f ∈ F .
(iv) The set {a1 f1 + a2 f2 + · · · + an fn : ai ∈ A, fi ∈ F, n ∈ N} is dense in F .
(v) If x = a1 f1 + a2 f2 + · · · + an fn , then for every multiplicative linear functional M of F ,

‖a1 M( f1) + a2 M( f2) + · · · + an M( fn)‖ ≤ ‖x‖1/p
F .

It follows from (iv) and (v) that every M gives rise to a continuous homomorphism M from F to A (known as
generated homomorphism), with the property M(a f ) = aM( f ) for all a ∈ A and f ∈ F .

Following is a version of [4, Theorem 3] by Bochner and Phillips for p−Banach algebras. The case for p = 1
was proved by them.

Theorem 5 Let F,F and A be as described in (�), and let x ∈ F . If M(x) has a left inverse in A for every
generated homomorphism M, then x has a left inverse in F . If F has no unit, then the element λe · 1 + x ∈ F1,
the unitization of F , has a left inverse of the form λ′e · 1 + y whenever λe + M(x) has a left inverse in A for
every generated homomorphism M.

Proof We take B to be F in Lemma 2 and consider I to be an arbitrary maximal ideal of F and L f to be an
element of B0 for f ∈ F . Notice that e f ∈ F commutes with ag ∈ F for all a ∈ A and f, g ∈ F and hence, by
(iv) of (�), with all elements of F . So, by Lemmas 1, 2 and 3, Le f can be seen as a ring homomorphism from
F to C. This means that there is M( f ) such that

Le f = e1 M( f ) (e1 = Le1 is the identity operator).

Let x = a1 f1 + a2 f2 + · · · + an fn ∈ F . Then

Lx = L(a1 f1+a2 f2+···+an fn)

= La11Le f1 + La21Le f2 + · · · + Lan1Le fn

= La11 M( f1) + La21 M( f2) + · · · + Lan1 M( fn)

= L(a1 M( f1)+a2 M( f2)+···+an M( fn))1

= LM(x)1.

By Lemma 3 and the property (v), this relation is valid for all x ∈ F . If y is a left inverse of M(x) in A, then
L y Lx = L yx = LM(yx)1 = L yM(x)1 = Le1 = e1. Thus Lx has a left inverse, and by Lemma 2, x has a left
inverse in F .

If F has no unit, then we take unitisation of F and get the desired result. ��
Let 0 < p ≤ 1, ω be a weight on Z, and let A be a unital Banach algebra. Then


p(Z, ω,A) =
{

f : Z → A : | f |pω =
∑

n∈Z

‖ f (n)‖pω(n)p < ∞
}

is a unital p-Banach algebra with the p-norm | · |pω and the convolution product

( f � g)(n) =
∑

m∈Z

f (m)g(n − m) (n ∈ Z, f, g ∈ 
p(Z, ω,A)). (1)
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Lemma 4 Let 0 < p ≤ 1, ω be a weight on Z, and let A be a unital Banach algebra. Consider the p-Banach
algebras F = { f ∈ C(T, C) : f̂ ∈ 
p(Z, ω, C)} and F = {x ∈ C(T,A) : x̂ ∈ 
p(Z, ω,A)} with the p-norms
given by | f | = ∑

n∈Z
| f̂ (n)|pω(n)p for f ∈ F and ‖x‖F = ∑

n∈Z
‖x̂(n)‖pω(n)p for x ∈ F . Then F and F

satisfy the conditions (i) to (v) in (�).

Proof The conditions (i) to (iv) are clearly satisfied. To check condition (v), let φ ∈ �(F), and let x =
a1 f1 + a2 f2 + · · · + an fn ∈ F for some n ∈ N where ai ∈ A and fi ∈ F for 1 ≤ i ≤ n. Since the Gel’fand
space �(F) of F is identified with the closed annulus �(ρ1,ω, ρ2,ω) = {z ∈ C : ρ1,ω ≤ |z| ≤ ρ2,ω} via the map
φ 
→ φz , where φz( f ) = f (z) ( f ∈ F) as in [2, Theorem 1], there is some z ∈ �(ρ1,ω, ρ2,ω) such that φ = φz .
Since x ∈ F ,

‖x‖F =
∑

k∈Z

‖a1 f̂1(k) + a2 f̂2(k) + · · · + an f̂n(k)‖pω(k)p < ∞.

So, c = (‖a1 f̂1(k) + a2 f̂2(k) + · · · + an f̂n(k)‖pω(k)p
)

k∈Z
∈ 
1(Z) ⊂ 
1/p(Z) and thus ‖c‖1/p ≤ ‖c‖1. Let

z ∈ �(ρ1,ω, ρ2,ω), i.e., supk∈N ω(−k)−1/k ≤ |z| ≤ infk∈N ω(k)1/k . Then |z|k ≤ ω(k) for all k ∈ Z. Thus,

‖a1φz( f1) + a2φz( f2) + · · · + anφz( fn)‖
= ‖a1 f1(z) + a2 f2(z) + · · · + an fn(z)‖

=
∥
∥
∥
∥
∥

∑

k∈Z

(a1 f̂1(k) + a2 f̂2(k) + · · · + an f̂n(k))zk

∥
∥
∥
∥
∥

≤
∑

k∈Z

‖(a1 f̂1(k) + a2 f̂2(k) + · · · + an f̂n(k))‖ω(k)

≤
(
∑

k∈Z

‖(a1 f̂1(k) + a2 f̂2(k) + · · · + an f̂n(k))‖pω(k)p

)1/p

= ‖x‖1/p
F .

��
Proof of Theorem 1 Let Ap(ω) = {g ∈ C(T,A) : ĝ ∈ 
p(Z, ω,A)}. Then Ap(ω) is a unital p-Banach algebra
with pointwise operations and p-norm ‖g‖pω = |̂g|pω (g ∈ Ap(ω)). Also, g ∈ C(T,A) has pω-ACFS if and
only if g ∈ Ap(ω) if and only if ĝ ∈ 
p(Z, ω,A). Since f has pω-ACFS, f (z) = ∑

n∈Z
f̂ (n)zn (z ∈ T)

and ‖ f ‖pω = ∑
n∈Z

‖ f̂ (n)‖pω(n)p < ∞. Let z ∈ �(ρ1,ω, ρ2,ω). Then |z|n ≤ ω(n) for all n ∈ Z. Since
∑

n∈Z
‖ f̂ (n)‖pω(n)p < ∞,

∑

n∈Z

‖ f̂ (n)‖|z|n ≤
(
∑

n∈Z

‖ f̂ (n)‖pω(n)p

) 1
p

< ∞.

So,
∑

n∈Z
f̂ (n)zn converges absolutely for all z ∈ �(ρ1,ω, ρ2,ω).

Define � : �(ρ1,ω, ρ2,ω) → A by

�(z) =
∑

n∈Z

f̂ (n)zn (z ∈ �(ρ1,ω, ρ2,ω)).

Then � is continuous and �(z) = f (z) for all z ∈ T. Take any z0 ∈ T. Since �(z0) is left invertible in A and the
set Ul of all left invertible elements in A is open, there is ε > 0 such that the open ball B(�(z0), ε) is contained in
Ul . By continuity of �, there is some δz0 > 0 such that �(t) ∈ B(�(z0), ε) for all t ∈ B(z0, δz0)∩�(ρ1,ω, ρ2,ω),
i.e., �(t) ∈ Ul for all t ∈ B(z0, δz0) ∩ �(ρ1,ω, ρ2,ω). By compactness of T, we get r1, r2 ∈ R such that
ρ1,ω ≤ r1 ≤ 1 ≤ r2 ≤ ρ2,ω and �(t) ∈ Ul for all t ∈ �(r1, r2). So, f (z) = ∑

n∈Z
f̂ (n)zn ∈ Ul for all

z ∈ �(r1, r2). Define ν : Z → [1,∞) as follows: If ρ1,ω = ρ2,ω, then take ν = ω; otherwise define

ν(n) =
{

rn
1 n ≤ 0

rn
2 n ≥ 0

.
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Then ν is a weight on Z which is constant if and only if ω is constant, admissible if and only if ω is admissible
and 1 ≤ ν ≤ ω. This gives Ap(ω) ⊂ Ap(ν) and so f ∈ Ap(ν). Let F = {g ∈ C(T, C) : ĝ ∈ 
p(Z, ν)}, and
let F = Ap(ν). Then f ∈ F . The Gel’fand space �(F) of F is identified with �(r1, r2) via the map z 
→ φz ,
where φz(g) = g(z) (g ∈ F). For every generated homomorphism �z , �z( f ) = f (z) is left invertible in A.
So, by Lemma 4 with Theorem 5, f has left inverse in F , say, g. Then g is our required function in Ap(ν). This
completes the proof. ��

Now let us turn towards Theorem 2.
Let 1 < p < ∞, and let q be its conjugate index. Let ω be a weight on Z satisfying ω−q � ω−q ≤ ω−q , and

let A be a unital Banach algebra. Then, by [8],


p(Z, ω,A) =
⎧
⎨

⎩
f : Z → A : | f |pω =

(
∑

n∈Z

‖ f (n)‖pω(n)p

) 1
p

< ∞
⎫
⎬

⎭

is a unital Banach algebra with the norm | · |pω and the convolution product defined in the equation (1).

Lemma 5 Let 1 < q < ∞, 0 < ρ1 < 1 < ρ2, and let ω be a weight on Z satisfying
∑

n∈Z
ω(n)−q < ∞ and

ω−q � ω−q ≤ ω−q . If
∑

n∈Z
xqnω(n)−q < ∞ for all x ∈ (ρ1, ρ2), then

∑
n∈Z

xqnω(n)−q ≤ 1 for x ∈ [ρ1, ρ2].
Proof Define f : (ρ

q
1 , ρ

q
2 ) → (0,∞) by f (x) = ∑

n∈Z
xnω(n)−q (x ∈ (ρ

q
1 , ρ

q
2 )). Let x ∈ (ρ

q
1 , ρ

q
2 ). The fact

ω−q � ω−q ≤ ω−q implies that

f (x) =
∑

n∈Z

xnω(n)−q ≥
∑

n∈Z

xn(ω−q � ω−q)(n)

=
∑

n∈Z

xn

(
∑

k∈Z

ω(k)−qω(n − k)−q

)

=
∑

k∈Z

xkω(k)−q

(
∑

n∈Z

xn−kω(n − k)−q

)

= f (x)2. (2)

Thus 0 ≤ f (x) ≤ 1. Define g : [1, ρ
q
2 ) → (0,∞) by g(x) = ∑

n∈N0
xnω(n)−q (x ∈ [1, ρ

q
2 )). Since the radius

of convergence of
∑

n∈N0
xnω(n)−q is at least ρ

q
2 , the function g is continuous on [1, ρ

q
2 ). Also, if x ∈ [1, ρ

q
2 ),

then 0 ≤ g(x) ≤ f (x) ≤ 1. Moreover, if 1 ≤ x < y < ρ
q
2 , then g(x) < g(y). So, g is continuous, bounded and

increasing on [1, ρ
q
2 ) and therefore g is uniformly continuous and can be extended as a continuous function on

[1, ρ
q
2 ]. This gives g(ρ

q
2 ) = ∑

n∈N0
ρ

qn
2 ω(n)−q < ∞. Now,

∑

n∈Z

ρ
nq
2 ω(n)−q =

∑

n∈N

ρ
−nq
2 ω(−n)−q +

∑

n∈N0

ρ
nq
2 ω(n)−q

≤
∑

n∈N

ω(−n)−q +
∑

n∈N0

ρ
nq
2 ω(n)−q

≤
∑

n∈Z

ω(n)−q +
∑

n∈N0

ρ
nq
2 ω(n)−q

< ∞.

Similarly it can be shown that
∑

n∈Z
ρ

nq
1 ω(n)−q < ∞. Using the same computation as in inequality (2) we have

∑
n∈Z

ρ
qn
1 ω(n)−q ≤ 1 and

∑
n∈Z

ρ
qn
2 ω(n)−q ≤ 1. ��

Proposition 1 Let 1 < p < ∞, q be its conjugate index, and let ω be a weight on Z satisfying
∑

n∈Z
ω(n)−q <

∞ and ω−q � ω−q ≤ ω−q . Then the Gel’fand space �(
p(Z, ω, C)) of 
p(Z, ω, C) is the closed annulus
�ω = �(ρ1,ω, ρ2,ω).
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Proof Let f = (an)n∈Z ∈ F = 
p(Z, ω, C). Then ‖ f ‖pω = (∑
n∈Z

|an|pω(n)p
)1/p

< ∞. If z ∈ T, then

∑

n∈Z

|an||z|n =
∑

n∈Z

|an|ω(n)ω(n)−1 ≤ ‖ f ‖pω

(
∑

n∈Z

ω(n)−q

)1/q

< ∞.

If 1 < |z| < ρ2,ω, then |z|
ρ2,ω

< 1 and so,

∑

n∈Z

|an||z|n =
∑

n∈N

|a−n||z|−n +
∑

n∈N0

|an|ω(n)
|z|n
ω(n)

≤
∑

n∈N

|a−n|ω(−n)ω(−n)−1 +
∑

n∈N0

|an|ω(n)
|z|n
ρn

2,ω

≤ ‖ f ‖pω

(
∑

n∈Z

ω(n)−q

)1/q

+
⎛

⎝
∑

n∈N0

|an|pω(n)p

⎞

⎠

1/p ⎛

⎝
∑

n∈N0

|z|nq

ρ
nq
2,ω

⎞

⎠

1/q

< ∞.

If ρ1,ω < |z| < 1, then
∑

n∈Z
|an||z|n < ∞ can be shown similarly. By Lemma 5, the sequences (ρn

1,ω)n∈Z and
(ρn

2,ω)n∈Z are in 
q(Z, ω−1) and so if |z| = ρ1,ω or |z| = ρ2,ω, then

∑

n∈Z

|an||z|n ≤
∑

n∈Z

|an||z|n ω(n)

ω(n)
≤
(
∑

n∈Z

|an|pω(n)p

)1/p (
∑

n∈Z

|z|qnω(n)−q

)1/q

< ∞.

Thus,
∑

n∈Z
|an||z|n < ∞ for all z ∈ �ω.

Define φz : F → C by

φz( f ) =
∑

n∈Z

anzn ( f = (an) ∈ F).

Then it is clear that φz ∈ �(F). Let f = (an) ∈ F . Then we may write f as f = ∑
n∈Z

anδn = ∑
n∈Z

anδn
1 ,

where δn(n) = 1 and 0 otherwise. Let φ ∈ �(F). Let z = φ(δ1). Then for f ∈ F , φ( f ) = ∑
n∈Z

anφ(δ1)
n =∑

n∈Z
anzn . Since δ1 is invertible, z �= 0. Since φ is continuous, |z|n = |φ(δn)| ≤ ‖δn‖ ≤ ω(n) for all n ∈ Z.

Therefore z ∈ �ω and φ = φz . Hence, �(F) = {φz : z ∈ �ω}. ��
Lemma 6 Let 1 < p < ∞, q be the conjugate index of p, ω be a weight on Z satisfying

∑
n∈Z

ω(n)−q <

∞ and ω−q � ω−q ≤ ω−q , and let A be a unital Banach algebra. Then the Banach algebras F = { f ∈
C(T, C) : f̂ ∈ 
p(Z, ω, C)} and F = {x ∈ C(T,A) : x̂ ∈ 
p(Z, ω,A)} with the norms given by | f | =
(∑

n∈Z
| f̂ (n)|pω(n)p

) 1
p ( f ∈ F), and ‖x‖F = (∑

n∈Z
‖x̂(n)‖pω(n)p

) 1
p (x ∈ F), satisfy the conditions (i) to

(v) in (�).

Proof It is clear that the conditions (i) to (iv) are satisfied. For condition (v), let φ ∈ �(F), and let x =
a1 f1 + a2 f2 + · · · + an fn ∈ F for some n ∈ N where ai ∈ A and fi ∈ F for 1 ≤ i ≤ n. By Proposition 1,
φ = φz for some z ∈ �(ρ1,ω, ρ2,ω). Then

‖a1φz( f1) + a2φz( f2) + · · · + anφz( fn)‖

= ‖a1 f1(z) + a2 f2(z) + · · · + an fn(z)‖ =
∥
∥
∥
∥
∥

∑

k∈Z

(a1 f̂1(k) + a2 f̂2(k) + · · · + an f̂n(k))zk

∥
∥
∥
∥
∥

≤
∑

k∈Z

‖(a1 f̂1(k) + a2 f̂2(k) + · · · + an f̂n(k))‖ω(k)|z|kω(k)−1

≤
(
∑

k∈Z

‖(a1 f̂1(k) + a2 f̂2(k) + · · · + an f̂n(k))‖pω(k)p

)1/p (
∑

k∈Z

|z|kqω(k)−q

)1/q

≤ ‖x‖F ,

as
∑

k∈Z
|z|kqω(k)−q ≤ 1 by Lemma 5. ��
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We shall require the following two lemmas to prove Theorem 2.

Lemma 7 [5, Lemma 1] Let ω be a weight on Z.

(i) If ρ2,ω > 1 and γ ∈ (0, 1), then there is a positive constant K such that Kω(n) ≥ enγ
for all n ∈ N.

(ii) If ρ1,ω < 1 and γ ∈ (0, 1), then there is a positive constant K such that Kω(−n) ≥ enγ
for all n ∈ N.

(iii) If ρ1,ω < 1 < ρ2,ω and γ ∈ (0, 1), then there is a positive constant K such that Kω(n) ≥ e|n|γ for all
n ∈ Z.

Lemma 8 [5, Lemma 2] Let ω be a p-almost monotone algebra weight on Z such that ρ2,ω = 1. Define
ω̃ : Z → [1,∞) by ω̃(n) = max{ω(k) : 0 ≤ k ≤ n} if n ∈ N0 and ω̃(n) = ω(n) if n < 0. Then ω̃ is a p-almost
monotone algebra weight on Z and there is K > 0 such that ω̃(n) ≤ Kω(n) for all n ∈ Z.

Proof of Theorem 2 Let Ap(ω) = {g ∈ C(T,A) : ĝ ∈ 
p(Z, ω,A)}. Then Ap(ω) is a unital Banach algebra
with pointwise operations and norm ‖g‖pω = |̂g|pω (g ∈ Ap(ω)). Also, g ∈ C(T,A) has pω-ACFS if and
only if g ∈ Ap(ω) if and only if ĝ ∈ 
p(Z, ω,A). Since f has pω-ACFS, f (z) = ∑

n∈Z
anzn (z ∈ T), where

an ∈ A are the Fourier coefficients of f , and ‖ f ‖pω = (∑
n∈Z

‖an‖pω(n)p
)1/p

< ∞. As done in Proposition
1, taking ‖an‖ in place of |an|, we get that

∑
n∈Z

anzn converges for all z ∈ �(ρ1,ω, ρ2,ω).
Define � : �(ρ1,ω, ρ2,ω) → A by

�(z) =
∑

n∈Z

anzn (z ∈ �(ρ1,ω, ρ2,ω)).

Then � is continuous and �(z) = f (z) for all z ∈ T. As done in Theorem 1, we get r1, r2 ∈ R such that
ρ1,ω ≤ r1 ≤ 1 ≤ r2 ≤ ρ2,ω and �(t) is left invertible for all t ∈ �(r1, r2). So, f (z) = ∑

n∈Z
anzn is left

invertible in A for all z ∈ �(r1, r2). Observe that if ρ1,ω < 1, then ρ1,ω < r1 < 1; if ρ1,ω = 1, then r1 = 1; if
ρ2,ω > 1, then 1 < r2 < ρ2,ω; and if ρ2,ω = 1, then r2 = 1. Define ν : Z → [1,∞) as follows:
If ρ1,ω = ρ2,ω, then take ν = ω.
If ρ1,ω = 1 and ρ2,ω > 1, then, by lemma 8, there is K1 > 0 such that ω(n) ≤ ω̃(n) ≤ K1ω(n) for all n < 0,
where ω̃(n) = max{ω(k) : n ≤ k ≤ −1} for all n < 0. For γ ∈ (0, 1), we get K2 > 0 such that e|n|γ ≤ K2ω(n)

for all n ∈ N0. Set K = max{K1, K2} and define

ν(n) =
{

ω̃(n) n < 0

r
n
2

2 e
|n|γ

2 n ≥ 0
.

Let ρ1,ω < 1 and ρ2,ω = 1. If ω̃(n) = max{ω(k) : 0 ≤ k ≤ n} for all n ∈ N0, then, by lemma 8, there is
K1 > 0 such that ω(n) ≤ ω̃(n) ≤ K1ω(n) for all n ∈ N0. Take γ ∈ (0, 1). Then there is K2 > 0 such that
e|n|γ ≤ K2ω(n) for all n < 0. Let K = max{K1, K2} and define

ν(n) =
{

r
n
2

1 e
|n|γ

2 n < 0
ω̃(n) n ≥ 0

.

If ρ1,ω < 1 < ρ2,ω, then for γ ∈ (0, 1), we get K > 0 such that e|n|γ ≤ Kω(n) for all n ∈ Z. Define

ν(n) =
{

r
n
2

1 e
|n|γ

2 n < 0

r
n
2

2 e
|n|γ

2 n ≥ 0
.

Then ν is a p-almost monotone algebra weight on Z which is admissible if and only if ω is admissible and
1 ≤ ν ≤ Kω for some K > 0. This gives Ap(ω) ⊂ Ap(ν) and so f ∈ Ap(ν). Let F = {g ∈ C(T, C) : ĝ ∈

p(Z, ν)}, and let F = Ap(ν). Then f ∈ F . The Gel’fand space �(F) of F is �(

√
r1,

√
r2) via z 
→ φz , where

φz(g) = g(z) (g ∈ F). Note that any generated homomorphism on F has the form �z(g) = g(z) (g ∈ F)

for some z ∈ �(
√

r1,
√

r2). As �z( f ) = f (z) is left invertible in A for all z ∈ �(
√

r1,
√

r2), by Lemma 4
and Theorem 5, f has left inverse in F , say, g. Then g is our required function in Ap(ν). This completes the
proof. ��
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3 Proofs of Theorem 3 and Theorem 4

Let A be a unital Banach algebra, and let ω be a weight on R, i.e., ω : R → [1,∞) is Borel measurable and
ω(x + y) ≤ ω(x)ω(y) for all x, y ∈ R. Then

L1(R, ω,A) =
{

f : R → A : ‖ f ‖ω =
∫

R

‖ f (x)‖ω(x)dx < ∞
}

is a Banach algebra with the norm ‖ · ‖ω and the convolution product given by

( f � g)(x) =
∫

R

f (x − t)g(t)dt ( f, g ∈ L1(R, ω,A), x ∈ R).

Let L1(R, ω,A)1 denote the unitization of L1(R, ω,A) with the unit 1.
Let Sω = {x + iy ∈ C : ρ1,ω ≤ x ≤ ρ2,ω, y ∈ R}. Let a + ib ∈ Sω, i.e., sup{log ω(x)1/x : x < 0} ≤ a ≤

inf{log ω(x)1/x : x > 0}. Then eax ≤ ω(x) for all x ∈ R. So, for f ∈ L1(R, ω,A),
∫

R

‖ f (x)‖|e(a+ib)x |dx ≤
∫

R

‖ f (x)‖eax dx ≤
∫

R

‖ f (x)‖ω(x)dx < ∞.

For f ∈ L1(R, ω,A), the Fourier transform f̂ of f is given as

f̂ (z) =
∫

R

f (x)ezx dx ∈ A (z ∈ Sω).

Lemma 9 Let ω be a weight on R, and let A be a unital Banach algebra. Consider the Banach algebras
F = { f̂ : f ∈ L1(R, ω, C)} with the norm | f̂ | = ∫

R
| f (t)|ω(t)dt ( f̂ ∈ F), and F = {̂x : x ∈ L1(R, ω,A)}

with the norm |̂x | = ∫
R

|x(t)|ω(t)dt (̂x ∈ F). Then F and F satisfy all conditions from (i) to (v) in (�).

Proof Clearly conditions (i) to (iv) are satisfied. For (v), let φ ∈ �(F), and let x = a1 f1 +a2 f2 +· · ·+an fn ∈ F
for some n ∈ N where ai ∈ A and fi ∈ F for 1 ≤ i ≤ n. Since the Gel’fand space �(F) of F is identified with
Sω via the map φ 
→ φz , where φz( f ) = f̂ (z) ( f ∈ F) as in [9, Proposition 2.8.7], there is some z ∈ Sω such
that φ = φz . So,

‖a1φz( f1) + a2φz( f2) + · · · + anφz( fn)‖
= ‖a1 f̂1(z) + a2 f̂2(z) + · · · + an f̂n(z)‖
≤
∫

R

‖a1 f1(t) + a2 f2(t) + · · · + an fn(t)‖|ezt |dt

≤
∫

R

‖a1 f1(t) + a2 f2(t) + · · · + an fn(t)‖ω(t)dt

= ‖x‖F .

��
Proof of Theorem 3 Here f ∈ L1(R, ω,A) and so by an application of the Riemann-Lebesgue lemma,

lim|z|→∞ f̂ (z) = 0.

Then there is M > 0 such that

‖e − (e + f̂ (x + iy))‖ = ‖ f̂ (x + iy)‖ < 1

for all x + iy ∈ Sω with |y| > M. This means that e + f̂ (x + iy) is left invertible in A for all x + iy ∈ Sω

with |y| > M. Let y ∈ R with |y| ≤ M . Then by hypothesis e + f̂ (iy) is left invertible in A. Since the set
of all left invertible elements of A is open and e + f̂ is continuous, there is δy > 0 such that e + f̂ (z) is left
invertible in A for all z ∈ B(iy, δy) ∩ Sω. By compactness of {iy : |y| ≤ M}, we get r1, r2 ∈ R such that
ρ1,ω ≤ r1 ≤ 0 ≤ r2 ≤ ρ2,ω and e + f̂ (z) is left invertible in A for all z = x + iy ∈ [r1, r2] + i[−M, M]. Define
ν : R → [1,∞) as follows:

If ρ1,ω = 0 = ρ2,ω, then take ν = ω.
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If ρ1,ω = 0 and ρ2,ω > 0, then

ν(x) =
{

ω(x) x ≤ 0
er2x x > 0

.

If ρ1,ω < 0 and ρ2,ω = 0, then

ν(x) =
{

er1x x ≤ 0
ω(x) x > 0

.

If ρ1,ω < 0 and ρ2,ω > 0, then

ν(x) =
{

er1x x ≤ 0
er2x x > 0

.

Then ν is a weight on R such that ν is constant if and only if ω is constant, ν is admissible if and only
if ω is admissible and 1 ≤ ν ≤ ω. This gives L1(R, ω,A) ⊂ L1(R, ν,A) and so f ∈ L1(R, ν,A). Let
F = {ĝ : g ∈ L1(R, ν, C)}, and let F = {ĝ : g ∈ L1(R, ν,A)}. Then f̂ ∈ F . The Gel’fand space �(F) of F is
the strip Sν = {x + iy : r1 ≤ x ≤ r2, y ∈ R} identified by the mapping z 
→ φz , where φz(g) = g(z) (g ∈ F).

For every generated homomorphism �z , e + �z( f̂ ) = e + f̂ (z) is left invertible in A. So, by Lemma 9 and
Theorem 5, e + f̂ has a left inverse in F , say, e + ĝ. This implies that g ∈ L1(R, ν,A) is such that 1 + g is a
left inverse of 1 + f . This completes the proof. ��

Let 1 < p < ∞, and let q be its conjugate index. Let A be a unital Banach algebra, and let ω be a weight
on R satisfying ω−q � ω−q ≤ ω−q . Then

L p(R, ω,A) =
{

f : R → A : ‖ f ‖pω =
(∫

R

‖ f (x)‖pω(x)pdx

) 1
p

< ∞
}

is a Banach algebra with convolution as product and the norm ‖ · ‖pω [8].

Proposition 2 Let 1 < p < ∞, q be its conjugate index, and let ω be a weight on R such that
∫

R
ω−q < ∞

and ω−q � ω−q ≤ ω−q . Then the Gel’fand space of L p(R, ω, C) is the strip Sω and
∫

R
|ezx |qω(x)−qdx ≤ 1 for

z ∈ Sω.

Proof Let f ∈ F = L p(R, ω, C), and let z = a + ib ∈ Sω. If a = 0, then

∫

R

| f (x)||ezx |dx =
∫

R

| f (x)|dx =
∫

R

| f (x)|ω(x)ω(x)−1dx

≤
(∫

R

| f (x)|pω(x)pdx

)1/p (∫

R

ω(x)−qdx

)1/q

< ∞.

If ρ2,ω > 0 and 0 < a < ρ2,ω, then a − ρ2,ω < 0 and so,

∫

R

| f (x)||ezx |dx =
∫ 0

−∞
| f (x)|eax dx +

∫ ∞

0
| f (x)|eaxω(x)ω(x)−1dx

≤
∫ 0

−∞
| f (x)|dx +

∫ ∞

0
| f (x)|eaxω(x)e−ρ2,ωx dx

≤
∫

R

| f (x)|dx +
(∫ ∞

0
| f (x)|pω(x)pdx

)1/p (∫ ∞

0
e(a−ρ2,ω)qx dx

)1/q

< ∞.
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If ρ1,ω < 0 and ρ1,ω < a < 0, then
∫

R
| f (x)||ezx |dx < ∞ can be shown similarly. If ρ1,ω < 0 and/or ρ2,ω > 0,

then define ζ : (ρ1,ωq, ρ2,ωq) → (0,∞) by

ζ(y) =
∫

R

eyxω(x)−qdx (y ∈ (ρ1,ωq, ρ2,ωq)).

If y ∈ (ρ1,ωq, ρ2,ωq), then

ζ(y) =
∫

R

eyxω(x)−qdx

≥
∫

R

eyx
(∫

R

ω(x1)
−qω(x − x1)

−qdx1

)

dx

=
∫

R

eyx1ω(x1)
−q
(∫

R

ey(x−x1)ω(x − x1)
−qdx

)

dx1 = ζ(y)2. (3)

So, 0 ≤ ζ(y) ≤ 1.
Now define ξ : [0, ρ2,ωq) → (0,∞) by

ξ(y) =
∫ ∞

0
eyxω(x)−q (y ∈ [0, ρ2,ωq)).

Then 0 ≤ ξ ≤ ζ ≤ 1 and ξ is an increasing continuous function. So, it is uniformly continuous on [0, ρ2,ωq)

and can be extended to [0, ρ2,ωq] giving

ξ(ρ2,ω) =
∫ ∞

0
eρ2,ωqxω(x)−qdx < ∞.

Now,

∫

R

eρ2,ωqxω(x)−qdx =
∫ 0

−∞
eρ2,ωqxω(x)−qdx +

∫ ∞

0
eρ2,ωqxω(x)−qdx

≤
∫ 0

−∞
ω(x)−qdx +

∫ ∞

0
eρ2,ωqxω(x)−qdx

< ∞.

Thus, if ρ2,ω > 0, then the function h(x) = eρ2,ωx is in Lq(R, ω−1) and so for any z = ρ2,ω + ib ∈ C,
∫

R

| f (x)||ezx |dx ≤
∫

R

| f (x)|eρ2,ωxω(x)ω(x)−1dx

≤
(∫

R

| f (x)|pω(x)pdx

)1/p (∫

R

eρ2,ωqxω(x)−qdx

)1/q

< ∞.

Similarly, if ρ1,ω < 0, then g(x) = eρ1,ωx is in Lq(R, ω−1) and
∫

R
| f (x)||ezx |dx < ∞ for z = ρ1,ω + ib ∈ C.

So,
∫

R
f (x)ezx dx is well defined for all z ∈ Sω.

For z ∈ Sω, let φz : F → C be defined as

φz( f ) =
∫

R

f (x)ezx dx ( f ∈ F).

Then it is clear that φz ∈ �(F). Let φ ∈ �(F). Then using standard techniques we get a continuous function
α : R → C satisfying α(x + y) = α(x)α(y) and |α(x)| ≤ ω(x) for all x, y ∈ R such that

φ( f ) =
∫

R

f (x)α(x)dx ( f ∈ F).
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Since α is continuous and α(x + y) = α(x)α(y) (x, y ∈ R), there is some z = a + ib ∈ C such that
α(x) = e−i zx (x ∈ R). Since |α(x)| ≤ ω(x) for all x ∈ R, we get ebx ≤ ω(x) for all x ∈ R. Taking z0 = b + ia,
we get z0 ∈ Sω from last inequality and φ = φz0 as for any f ∈ F ,

φ( f ) =
∫

R

f (x)e−i zx dx =
∫

R

f (x)ez0x dx = φz0( f ).

Thus �(F) = {φz : z ∈ Sω}. Using calculation as in inequality (3) we get
∫

R
|ezx |qω(x)−qdx ≤ 1 for z ∈ Sω.

��
Let f ∈ L p(R, ω,A). The fact that

∫
R

f (x)ezx dx is well defined for all z ∈ Sω can be shown similarly as
shown in the last Proposition by replacing | f (x)| by ‖ f (x)‖. The Fourier transform f̂ : Sω → A of f is defined
as

f̂ (z) =
∫

R

f (x)ezx dx (z ∈ Sω).

Lemma 10 Let ω be a weight on R.

(i) If ρ2,ω > 0 and γ ∈ (0, 1), then there is a positive constant K such that exγ ≤ Kω(x) for all x ≥ 0.
(ii) If ρ1,ω < 0 and γ ∈ (0, 1), then there is a positive constant K such that e−xγ ≤ Kω(x) for all x ≤ 0.

(iii) If ρ1,ω < 0 < ρ2,ω and γ ∈ (0, 1), then there is a positive constant K such that e|x |γ ≤ Kω(x) for all
x ∈ R.

Proof Take γ ∈ (0, 1). Since ρ2,ω > 0 and limx→∞ log(exγ
)1/x = 0, there is R > 0 such that log(exγ

)1/x ≤
ρ2,ω

2 ≤ log ω(x)1/x for all x > R. This implies that exγ ≤ ω(x) for all x > R. Since [0, R] is compact in R,
there is some K ≥ 1 such that exγ ≤ Kω(x) for all x ∈ [0, R]. Therefore exγ ≤ Kω(x) for all x > 0. The
proof of (ii) is similar and (iii) follows from (i) and (ii). ��
Lemma 11 Let ω be a p-almost monotone algebra weight on R.

(i) If ρ2,ω = 0, define ω̃ : R → [1,∞) by ω̃(x) = sup{ω(h) : 0 ≤ h ≤ x} if x ≥ 0 and ω̃(x) = ω(x) if x < 0.
(ii) If ρ1,ω = 0, define ω̃ : R → [1,∞) by ω̃(x) = sup{ω(h) : x ≤ h ≤ 0} if x ≤ 0 and ω̃(x) = ω(x) if x > 0.

Then in any case ω̃ is a p-almost monotone algebra weight on R and there is a positive constant K such that
ω̃(x) ≤ Kω(x) for all x ∈ R.

Proof It can be proved by using techniques in [5, Lemma 2] and the fact from [9, Lemma 1.3.3] that ω is bounded
on every compact subset of R. ��
Lemma 12 Let 1 < p < ∞, q be its conjugate index, ω be a p-almost monotone algebra weight on R,
and let A be a unital Banach algebra. Then the Banach algebras F = { f̂ : f ∈ L p(R, ω, C)} with the

norm | f̂ | = (∫
R

| f (t)|pω(t)pdt
) 1

p for f̂ ∈ F, and F = {̂x : x ∈ L p(R, ω,A)} with the norm ‖x̂‖F =
(∫

R
‖x(t)‖pω(t)pdt

) 1
p for x̂ ∈ F , satisfies all conditions from (i) to (v) in (�).

Proof Let φ ∈ �(F), and let x = a1 f1 + a2 f2 + · · · + an fn ∈ F for some n ∈ N where ai ∈ A and fi ∈ F
for 1 ≤ i ≤ n. Since the Gel’fand space �(F) of F is identified with the strip Sω via the map φ 
→ φz where
φz( f ) = f̂ (z) ( f ∈ F), there is some z = a + ib ∈ Sω such that φ = φz . So,

‖a1φz( f1) + a2φz( f2) + · · · + anφz( fn)‖
= ‖a1 f̂1(z) + a2 f̂2(z) + · · · + an f̂n(z)‖
≤
∫

R

‖a1 f1(t) + a2 f2(t) + · · · + an fn(t)‖|ezt |dt

≤
∫

R

‖a1 f1(t) + a2 f2(t) + · · · + an fn(t)‖ω(t)eatω(t)−1dt

≤
(∫

R

‖a1 f1(t) + a2 f2(t) + · · · + an fn(t)‖pω(t)pdt

)1/p (∫

R

eaqtω(t)−qdt

)1/q

≤ ‖x‖F .

��
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Proof of Theorem 4 As done in Theorem 3 we get M > 0 and r1, r2 ∈ R such that ρ1,ω ≤ r1 ≤ 0 ≤ r2 ≤ ρ2,ω

and e + f̂ (z) is left invertible in A for all z ∈ {x + iy ∈ Sω : |y| > M}∪ {x + iy : r1 ≤ x ≤ r2,−M ≤ y ≤ M}.
Notice that r1 = 0 if ρ1,ω = 0, ρ1,ω < r1 < 0 if ρ1,ω < 0, r2 = 0 if ρ2,ω = 0 and 0 < r2 < ρ2,ω if ρ2,ω > 0.
Define ν : R → [1,∞) as follows:

If ρ1,ω = 0 = ρ2,ω, then take ν = ω.
Let ρ1,ω = 0 and ρ2,ω > 0. Then e + f̂ (x + iy) is left invertible in A for all x ∈ [0, r2] and y ∈ [−M, M].

By lemma 11, there is some K1 > 0 such that ω(x) ≤ ω̃(x) ≤ K1ω(x) for all x ≤ 0, where ω̃(x) = sup{ω(h) :
x ≤ h ≤ 0} for all x ≤ 0. Take γ ∈ (0, 1). Then, by lemma 10, there is K2 > 0 such that exγ ≤ K2ω(x) for all
x > 0. Let K = max{K1, K2} and define

ν(x) =
{

ω̃(x) x < 0

e
r2x+xγ

2 x ≥ 0
.

Let ρ1,ω < 0 and ρ2,ω = 0. If r1 ≤ x ≤ 0 and −M ≤ y ≤ M , then e+ f̂ (z) is left invertible in A for all z = x+iy.
Take γ ∈ (0, 1). Then, by lemma 10, there is K1 > 0 such that e−xγ ≤ K1ω(x) for all x < 0. By lemma 11,
there is is some K2 > 0 such that ω(x) ≤ ω̃(x) ≤ K2ω(x) for all x ≥ 0, where ω̃(x) = sup{ω(h) : 0 ≤ h ≤ x}
for all x ≥ 0. Take K = max{K1, K2} and define

ν(x) =
{

e
r1x+xγ

2 x < 0
ω̃(x) x ≥ 0

.

Let ρ1,ω < 0 and ρ2,ω > 0. Then e + f̂ (z) is left invertible in A for all z = x + iy with r1 ≤ x ≤ r2 and
−M ≤ y ≤ M . Take γ ∈ (0, 1). Then, by lemma 10, there is K > 0 such that e|x |γ ≤ Kω(x) for all x ∈ R.
Define

ν(x) =
⎧
⎨

⎩

e
r1x+xγ

2 x < 0

e
r2x+xγ

2 x ≥ 0
.

Then ν is a p-almost monotone algebra weight on R which is admissible if and only if ω is admissible and
1 ≤ ν ≤ Kω. This gives L p(R, ω,A) ⊂ L p(R, ν,A) and so f ∈ L p(R, ν,A). Let F = {ĝ : g ∈ L p(R, ν, C)},
and let F = {ĝ : g ∈ L p(R, ν,A)}. Then f̂ ∈ F . The strip Sν = {x + iy : √

r1 ≤ x ≤ √
r2, y ∈ R} is the

Gel’fand space �(F) of F by the map z 
→ φz , where φz(g) = g(z) (g ∈ F). Every generated homomorphism
of F is of the form �z for z ∈ Sν , where �z(g) = g(z) (g ∈ F). Since e + �z( f̂ ) = e + f̂ (z) is left invertible
in A, by Lemma 12 and Theorem 5, e + f̂ has a left inverse in F , say, e + ĝ. This implies that g ∈ L p(R, ν,A)

is such that 1 + g is a left inverse of 1 + f . This completes the proof. ��
Remark 1 We do not know whether there is a weight ω on Z satisfying ω−q � ω−q ≤ ωq ,

∑
n∈Z

ω−q(n) < ∞
for some 1 < q < ∞ and ρ2ω = 1 but there is no K > 0 satisfying ω(n) ≤ Kω(n + k) for all n, k ∈ N0.
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Studia Math., 195(3)(2009), 219–225.

3. S. J. Bhatt and H. V. Dedania, Beurling algebra analogues of the classical theorems of Wiener and Lévy on absolutely convergent
Fourier series, Proc. Indian Acad. Sci. (Math. Sci.), 113(2)(2003), 179–182.

4. S. Bochner and R. S. Phillips, Absolutely convergent Fourier expansions for non-commutative normed rings, Ann. of Math.,
43(3)(1942), 409–418.

5. P. A. Dabhi, On weighted 
p-convergence of Fourier series: a variant of theorems of Weiner and Lévy, Adv. in Oper. Theory,
5(4)(2020), 1832–1838.

6. Y. Domar, Harmonic analysis based on certain commutative Banach algebras, Acta Math., 96(1956), 1–66.
7. I. M. Gel’fand, D. Raı̌kov and G. E. Šilov, Commutative normed rings, Chelsea publishing company, New York, 1964.

123



Vector valued Beurling algebra analogues... 461

8. S. Grabiner, Weighted shifts and Banach algebras of power series, Amer. J. Math., 97(1975), 16–42.
9. E. Kaniuth, A course in commutative Banach algebras, Graduate Texts in Mathematics, 246, Springer, New York, 2009

10. N. Wiener, Tauberian theorems, Ann. of Math., 33(1932), 1–100.
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