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Abstract Let0 < p < 1, w be a weight on Z, g\nd let A be a unital Banach algebra. If f is a continuous function
from the unit circle T to A such that ), || f (n)||Pw(n)? < oo and f(z) is left invertible for all z € T, then
there is a weight v on Z and a continuous function g : T — A suchthat 1 < v < w, v is constant if and only if @
is constant, v is admissible if and only if  is admissible, g is a left inverse of f and ), Ig(n)[|[”v(n)? < occ.
We shall obtain a similar result when w is a p-almost monotone algebra weightand 1 < p < oco. We shall obtain
an analogue of this result on the real line.
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1 Introduction

‘We shall use the following notations: N is the set of all positive integers, No = NU {0}, Z is the set of all integers,
R is the set of all real numbers, C is the set of all complex numbers, T = {z € C : |z| = 1} is the unit circle in
C,andforO0 <a <b,T(a,b)={z€C:a <|z] <b}.

Amapw : Z — [1,00) is a weight if o(m + n) < w(m)w(n) for all m, n € Z. For a weight w on Z, let
Pl.o = sup{w(—n)~Y" : n € N} and P = inf{w(n)"/" : n € N}. Then p.,, < 1 < p2.. A weight w on Z is
admissible if p1, =1 = p2,.Let] < p < 00, and let g be its conjugate index, i.e., % + % = 1. A weight ®
on Z is a p-almost monotone algebra weight if the following conditions hold:

() 0o 9x0 1 <w9and ), ., wn)"? < oo.
(i1) If p1,,, = 1, then there is a positive constant K such that w(n) < Kw(n + k) for all —n, —k € N.
(iii) If p2,,, = 1, then there is a positive constant K such that w(n) < Kw(n + k) for all n, k € Np.

Let f : T — C be a nowhere vanishing continuous function. The series ), ., f (n)e'™ is the Fourier series

of f, where f(n) = % 02n f(eHe " dt (n € 7Z) are the Fourier coefficients of f.

If f has absolutely convergent Fourier series, i.e., Zn <7 |f(n)| < 00, then the classical Wiener’s theorem
[10] states that the reciprocal 1/f also has absolutely convergent Fourier series.
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Vector valued Beurling algebra analogues... 449

Let w be a weight on Z, and let p > 0. The function f has w-absolutely convergent Fourier series (-
ACFS) if ZneZ |f(n)|a)(n) < oo and f has p-th power w-absolutely convergent Fourier series (pw-ACFS) if
Y ez [F)Po(n)? < oo, _

For 0 < p < 1, p-power analogue of Wiener’s theorem was obtained by Zelazko [11]. Let w be a non-
quasianalytic weight on Z, i.e., ), ., bﬂ% < oo. If f has w-ACFS, then Domar [6] proved that 1/f also has
o-ACFS. Note that non-quasianalytic weights are admissible. Let @ be any weight on Z. If f has w-ACFS, then
Bhatt and Dedania [3] constructed a weight v on Z such that 1 < v < w, v is constant if and only if w is constant
and 1/f has v-ACFS. An analogue of Wiener’s theorem in weighted case for 0 < p < 1 is obtained in [2]. Let
1 < p < o0, and let w be a p-almost monotone algebra weight on Z. If f has pw-ACFS, then an existence of
a p-almost monotone algebra weight v on Z such that 1 < v < Kw for some K > 0 and 1/f has v-ACFS is
obtained in [5].

Note that all these results deal with the complex valued functions on the unit circle T and the condition f
is nowhere vanishing implies that the complex number f(z) is invertible in C for all z € T. Let A be a unital
Banach algebra and let f T — A be a continuous function. The series D, f f(n)el is the Fourier series
of f and f (n) = 27[ f (e ™ dt € A (n € 7Z) are the Fourier coefficients of f.If f has a representation
f@) = Znez f(n)z (z € T) such that Znez ||f(n)|| < oo and if f(z) is left invertible (respectively, right
invertible, invertible) for all z € T, then Bochner and Phillips, in [4], proved that a left inverse (respectively,
right inverse, inverse) g of f has a representation g(z) = Y, .z, 8(m)z" (z€ T)and ), Ig(n)|l < co. Let w
be an admissible weight on Z. In [1], Baskakov proved that if f has w-ACFS, i.e., ZneZ I f(n) [lw(n) < oo and
if f(z) is invertible in A for all z € T, then the inverse of f exists, say g, and g also has w-ACFS. We obtain
weighted analogues of these results without admissibility of weight. All algebras considered in this paper are
complex algebras.

Let A be a Banach algebra. The norm of .4 will be denoted by || - || throughout the paper except where stated
otherwise. By C(T, A), denote the collection of all continuous functions from T to A. Let 0 < p < oo, and
let w be a weight on Z. A function f € C(T, A) has p-th power w-absolutely convergent Fourier series (pw-
ACFS)if (@) = Y e, F)2" 2 € T) and 3, 5 | F ) [P0 () < 0.

We shall prove the following results which are vector valued p-th power weighted analogues of the classical
Wiener’s theorem.

Theorem 1 Let O < p < 1. Let A be a unital Banach algebra, w be a weight on Z, f € C(T, A), and let f
have pw-ACFS. If f(z) is left invertible (respectively, right invertible, invertible) for all z € T, then there exist
aweightvonZand g € C(T, A) such that

) 1<v=<o
(i1) v is constant if and only if w is constant;
(iii) v is admissible if and only if w is admissible;
(iv) g has pv-ACFS;
(v) g is aleft inverse (respectively, right inverse, inverse) of f.

In particular, if w is an admissible weight, then a left inverse (respectively, right inverse, inverse) of f has
pw-ACFS.

Theorem 2 Let 1 < p < o0, g be the conjugate index of p, and let w be a p-almost monotone algebra weight
on 7. Let A be a unital Banach algebra, f € C(T, A), and let f have pw-ACFS. If f(z) is left invertible
(respectively, right invertible, invertible) for all z € T, then there exist a p-almost monotone algebra weight v
onZ and g € C(T, A) such that

(i) 1 <v < Kw for some K > 0;
(1) v is admissible if and only if ® is admissible;
(iii) g has pv-ACFS;
(iv) g is a left inverse (respectively, right inverse, inverse) of f.

In particular, if w is an admissible weight, then a left inverse (respectively, right inverse, inverse) of [ has
pw-ACFS.

A Borel measurable map o : R — [1, 00) isaweight if o (x +y) < w(x)w(y) forall x, y € R. For a weight
w on R, let p1 ., = sup{logw(x)!/* : x < 0} and py, = inf{logw(x)'/* : x > 0}. Then p1.», <0 < P2.p. A
weight w on R is admissible if p1, = 0 = p2,4. Let ] < p < o0, and let g be the conjugate index of p. A
weight w on R is a p-almost monotone algebra weight if it satisfies the following conditions:
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450 P. A. Dabhi , K. B. Solanki

() o %01 <w?and [pw 7 < oco.
(i1) If p1., = O, then there is a positive constant K such that w(x) < Kw(x + y) forall x, y <0.
(iii) If p2,, = 0, then there is a positive constant K such that w(x) < Kw(x 4 y) forall x, y > 0.

Let A be a unital Banach algebra with unit e, @ be a weight on R, 1 < p < 0o, and let

LP(R, w, A) = {f:R—) A:/ lf NP w(x)Pdx < oo}.
R

By L?(R, w, A)1, we denote the unitization of L? (R, w, A) by adjoining the unit 1 when L? (R, w, A) is an
algebra under convolution.

In [4], Bochner and Phillips proved thatif f € L'(R, A) and if e + [ f(x)e!"*dx has a left inverse for all
t € R, then there is g € L' (R, A) such that 1+ g is a left inverse of 1+ f. The following theorems are p-power
weighted analogues of this result and they may be seen as continuous analogue of the above results.

Theorem 3 Let A be a unital Banach algebra with unit e, w be a weight on R, and let [ € Ll(R, w, A) be
such that e + fR f(x)e!™dx is left invertible (respectively, right invertible, invertible) in A for all t € R. Then
there is a weight v on R and g € L'(R, v, A) such that 1 < v < w, v is constant if and only if w is constant,
v is admissible if and only if w is admissible and 1 + g is a left inverse (respectively, right inverse, inverse) of
1 Ii_ f. In particular, if o is admissible, then 1 + f is left invertible (respectively, right invertible, invertible) in
L'R, w, A)1.

Theorem 4 Let1 < p < 00, and let g be its conjugate index. Let A be a unital Banach algebra with unit element
e,  be a p-almost monotone algebra weight on R, and let f € L? (R, w, A) be such that e + f]R f(x)el™dx
is left invertible (respectively, right invertible, invertible) in A for all t € R. Then there is a p-almost monotone
algebra weight von Rand g € LP (R, v, A) such that 1 <v < Kw for some K > 0, v is admissible if and only
if w is admissible and 1 + g is a left inverse (respectively, right inverse, inverse) of 1 + f. In particular, if w is
admissible, then 1 + f is left invertible (respectively, right invertible, invertible) in L (R, w, A)j.

The proofs of Theorem 1 and Theorem 2 are given in section 2, and that of Theorem 3 and Theorem 4 are in
section 3.
The proofs presented here use ideas from the paper [3,4].

2 Proofs of Theorem 1 and 2

Let0 < p < 1, and let A be an algebra. A mapping | - || : A — [0, 00) is a p-norm [2] on A if the following
conditions hold for all x, y € Aand a € C.

@1 x|l =0if and only if x = 0O;

@A) flx +yll < llxl + Iyl
(i) flax|l = lee| 7 llx |15

@) eyl < lixlliyll-
If A is complete in the p-norm, then (A, || - ||) is a p-Banach algebra [2]. When p = 1, A is a Banach algebra.

Let A be an algebra without unit element, and let 4e = A x C = {(a, @) : a € A,a € C}. Then A, is

an algebra with pointwise linear operations and the multiplication (a, «)(b, 8) = (ab + ab + Ba, af) for all
a,b € Aand «, B € C. The element e = (0, 1) is the unit element of A,. If A is a p-Banach algebra, then A,
is also a p-Banach algebra with the norm

@ )l = llall + le|” (a € A, a € O).

Since A can be identified with the ideal {(a, 0) : a € A}, of codimension 1, of A, the element (a, @) of A is
customarily written as a + «e or ae + a. The algebra A, is the unitisation of A.

Let A be a commutative p-Banach algebra. A nonzero linear map ¢ : A — C satisfying ¢(ab) =
e(@)pb) (a,b € A) is a complex homomorphism on A. Let A(A) be the collection of all complex homo-
morphisms on A. Fora € A, leta : A(A) — Cbea(p) = ¢(a) (p € A(A)). The smallest topology on A(A)
making each @, a € A, continuous is the Gel’fand topology on A(A) and A(A) with the Gel’fand topology is
the Gel’fand space of A. For more details on it refer [7,11].

Let X be a complex Banach space, and let B(X) be the collection of all bounded linear transformation from
X toitself. If Xo C X and Ag C B(X), then AgXg = {T(x) € X : T € Ag,x € Xo}. We say that X is
irreducible over Ay if for every non-zero x € X, Aox = X.
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Vector valued Beurling algebra analogues... 451

Lemma 1 [4, Lemma 9] If X is irreducible over Ao, and if A’ = {T € B(X) : ST = TS forall § € Ay}, then
A’ is isomorphic to C.

Lemma 2 [4, Lemma 10 and 11] If B is a unital algebra, I is a maximal left ideal, V is addition group of the
cosets of B/I, and if By = {Ly : x € B}, where Ly : V — V are defined as Ly(v) = xv (v € V), then V is
irreducible over By. Also, if for a fixed x € B and every maximal left ideal I, the corresponding element Ly of
By has a left inverse in By, then x has a left inverse in B.

Lemma 3 If B, 1,V and By are as in Lemma 2 with 1B being p-Banach algebra, then V is a p-Banach space,
By is a p-normed algebra and ||Ly| < ||x|| (x € B), where |Ly| = sup{llxy] : y € V, Iyl < 1}.

() Let0 < p <1, X be aset and A be a unital Banach algebra with unit e. Let (F, | - |) denote a commutative
p-Banach algebra of complex valued functions on X with pointwise multiplication, containing 1(x) = 1 for all
x € X as its unit. Let F denote a family of functions from X to A with the following properties:

(i) F is an algebra with pointwise multiplication.

(i) Ifn eN,ay,az,...,a, € Aand f1, fo,..., fn € F,thena| fi +ar o +---+a, f, € F.
(iii) F is a p-Banach algebra with p-norm || - ||z and ||laf ||z = ||la||”|f]| foralla € Aand f € F.
(iv) Theset{a, fi +arfo+ - -+ ayfu:a; € A, fi € F,n € N}is dense in F.

v) fx=a1fi+axfo+ -+ ayfu, then for every multiplicative linear functional M of F,

larM(fi) + aM(f) + -+ anM(f)Il < Ilx] L7

It follows from (iv) and (v) that every M gives rise to a continuous homomorphism M from F to A (known as
generated homomorphism), with the property M(af) = aM(f) foralla € Aand f € F.

Following is a version of [4, Theorem 3] by Bochner and Phillips for p—Banach algebras. The case for p = 1
was proved by them.

Theorem 5 Let F, F and A be as described in (%), and let x € F. If M(x) has a left inverse in A for every
generated homomorphism M, then x has a left inverse in F. If F has no unit, then the element Ae - 1+ x € Fq,
the unitization of F, has a left inverse of the form \'e - 1 + y whenever Ae + M(x) has a left inverse in A for
every generated homomorphism M.

Proof We take B to be F in Lemma 2 and consider / to be an arbitrary maximal ideal of  and L to be an
element of By for f € F. Notice that e f € F commutes with ag € F foralla € A and f, g € F and hence, by
(iv) of (%), with all elements of F. So, by Lemmas 1, 2 and 3, Ly can be seen as a ring homomorphism from
F to C. This means that there is M (f) such that

Ley =e1M(f) (e1 = Ley is the identity operator).
Letx =a1fi+axfo+---+anfu € F. Then
Lx = La fi+az fot-+an fu)
= Lg1Lef; + LayiLep, + -+ + Lg,1Ley,
= LatM(f1) + Lo aM(f2) + -+ La, 1M (fu)
= L(alM(fl)+a2M(f2)+~--+anM(fn))1
= LM@)1-

By Lemma 3 and the property (v), this relation is valid for all x € F. If y is a left inverse of M (x) in A, then
LyLy = Ly, = LMyx)1 = Lymx)1 = Ler = €1. Thus L, has a left inverse, and by Lemma 2, x has a left
inverse in F.

If F has no unit, then we take unitisation of F' and get the desired result. O

Let0 < p < 1, w be a weight on Z, and let A be a unital Banach algebra. Then

T w, A) = {f (L= A flpo = Y IfWIPon)? < oo}

nez

is a unital p-Banach algebra with the p-norm | - |, and the convolution product

(f*m) =) fmgn—m) (n€Z, fgell(Z w A). ey

mez
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Lemmad Let0 < p < 1, w be a weight on Z, and let A be a unital Banach algebra. Consider the p-Banach
algebras F = {f € C(T,C) : f € tP(Z, w,C)} and F = {x € C(T, A) : X € £P(Z, w, A)} with the p-norms
given by | f1 =3,z | fMIPom)? for f € F and ||x|lFx =) ,c7 IXM)|Pw )P for x € F. Then F and F
satisfy the conditions (i) to (v) in (k).

Proof The conditions (i) to (iv) are clearly satisfied. To check condition (v), let ¢ € A(F), and let x =
arfi+ayfa+---+a,fn € F forsomen € Nwhere q; € Aand f; € F for 1 <i < n. Since the Gel’fand
space A(F) of F is identified with the closed annulus I' (01, p2.0) = {2 € C: p1.» < |z| < 2.0} via the map
¢ — ¢, where ¢.(f) = f(2) (f € F)asin[2, Theorem 1], there is some z € I'(p1,, p2,0) such that ¢ = ¢;.
Since x € F,

Ixllz =Y lar fik) + ar fak) + -+ + an fu () [P0 (k) < 0.
keZ
So, ¢ = (larfik) + as fo(k) + - + an fu ) [P0 (K)P) ., € €'(Z) C €/7(Z) and thus [[c[l1/p < [lc]1. Let
2 € T(01.0s P2.00)s i.€., SUPgey @ (—k) ™1k < |z| < infreny w(k)'/K. Then |z|F < w (k) for all k € Z. Thus,

la1p-(f1) + a2 (f2) + -+ + and-(f)l
= llai f1(2) + a2 f2(z) + - - + an fu (@)l

Y @ Hik) +arfok) + -+ an fu (k)"

keZ

<Y @ fik) +arfok) + - + an fu k)| (k)

keZ

1/p
< (Z (a1 fitk) + az fo k) + -+ + anﬁ(k»u"w(k)")
keZ
= Jlxll 27

O

Proof of Theorem 1 Let Ap(w) = {g € C(T, A) : g € £P(Z, w, A)}. Then A, (w) is a unital p-Banach algebra
with pointwise operations and p-norm [|g|l p» = |8lpe (& € Ap(w)). Also, g € C(T, A) has aw—ACFS if and
only if g € Ap,(w) if and only if g € £7(Z, , A). Since f has pw-ACFS, f(z) = ),z f(M)Z" (z € T)
and ||f||£a, = ez ||f(n)||pa)(n)p < oo. Let z € I'(p1,w, P2.0)- Then |z]* < w(n) for all n € Z. Since
Yoaez IfMPo(m)? < oo,

1

Y IFmlzr < (Z ||f<n>||f'w<n>ﬁ> < o0.

nez nez

S0, ez f(n)z” converges absolutely for all z € I'(01,0, £2.0)-
Define ¥ : I'(p1,0, 02,0) — A by

V@) =Y f" (€T (p1w pr.0)).

nez

Then W is continuous and W (z) = f(z) forall z € T. Take any zg € T. Since W (z¢) is left invertible in A and the
set U of all left invertible elements in A is open, there is € > 0 such that the open ball B(W¥ (zp), €) is contained in
U,. By continuity of W, there is some §,, > O such that W(t) € B(W¥(zop), €) forallt € B(zo, §;y) "' (01,05 P2,0)>
ie, W(t) € U for all t € B(zo,8;) N I'(p1,0. 02,0). By compactness of T, we get T € R such that
Plo <11 <1 <1 < pryand W(t) € U forallt € T(ri,r). So, f(2) = Y,z f(W)Z" € U for all
z € I'(r1,rp). Define v : Z — [1, 00) as follows: If p1,» = 02,4, then take v = w; otherwise define

rf n<0

v = M onz0
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Then v is a weight on Z which is constant if and only if w is constant, admissible if and only if w is admissible
and 1 < v < w. This gives A,(w) C A,(v) andso f € A,(v). Let F = {g € C(T,C) : g € £P(Z, v)}, and
let ¥ = A,(v). Then f € F. The Gel’fand space A(F) of F is identified with I"(r, r») via the map z — ¢,
where ¢,(g) = g(2) (g € F). For every generated homomorphism &, ®.(f) = f(z) is left invertible in .A.
So, by Lemma 4 with Theorem 5, f has left inverse in F, say, g. Then g is our required function in A, (v). This
completes the proof. O

Now let us turn towards Theorem 2.
Let 1 < p < 00, and let g be its conjugate index. Let w be a weight on Z satisfying o™ x ™9 < w™7, and
let A be a unital Banach algebra. Then, by [8],

1
O Zw, A= f L~ At|flpo= (Z IIf(n)II”w(n)”) <00

nez

is a unital Banach algebra with the norm | - |, and the convolution product defined in the equation (1).

Lemmas$s Let1 < g <00, 0 < p; <1 < po, and let w be a weight on 7. satisfying ZneZ wn)™1 < oo and
0 v ! <w 1 IfY ., x"wm)™? < oo forall x € (p1, p2), then ), ., x"w(n)~4 < 1forx € [p1, p2l.

Proof Define f : (pf, pd) — (0,00) by f(x) =Y,z X"w(n)™? (x € (p], pI)). Letx € (p{, p3). The fact
w1 x w1 < w1 implies that

=) o™ =) 2@ xo )

nez nez
=y 1" (Za)(k)_qa)(n — k)—q)
nez keZ
= Zxka)(k)*q (Zx”ka)(n — k)q>
keZ nez
= f(x)* 2

Thus 0 < f(x) < 1.Define g : [1, pg) — (0,00) by g(x) = ZnENO
of convergence of ZneNo x"w(n)~1 is at least ,og, the function g is continuous on [1, pg). Also, if x € [1, pg),

xX"w(mn)~? (x €[l, pg)). Since the radius
then 0 < g(x) < f(x) < 1.Moreover,if ]l <x <y < pg, then g(x) < g(y). So, g is continuous, bounded and

increasing on [1, ,og ) and therefore g is uniformly continuous and can be extended as a continuous function on
[1, p71. This gives g(03) = Y, £ @ (1)~ < 00. Now,

Y oo™ =3 " o(=m) T+ Y pylom ™

nez neN neNg
— n —
<D om0 plom™
neN neNy
— n _
<Y o+ Y plom
nez neNy
< Q.

Similarly it can be shown that ), _,» p?qw(n)_q < 0o. Using the same computation as in inequality (2) we have
Y onez pfna)(n)*q <land ), pg”a)(n)f‘f <1. ]
Proposition 1 Ler 1 < p < 00, g be its conjugate index, and let w be a weight on Z satisfying »_, ., w(n)~4 <
o0 and w1 x w1 < w™4. Then the Gel’fand space A(LP(Z, w, C)) of £P(Z, w, C) is the closed annulus
Fa) = F(pl,a)v ;02,a))'
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Proof Let f = (ap)nez € F =P (Z, w, C). Then || f || po = (ZneZ |a,,|1’a)(n)p)1/17 < 00.If z € T, then

1/q
Yo lanllzl" =) lanlo o™ < 11 fllpo (Zw(n)q> < 0.

nez nez nez

lzl

Ifl<|z|l < ,ozw,then o < 1 and so,

- IZI”
D lanllzl" = lasaliel ™ + 3 lanl ()=

nez neN neNg
1 | |
< laalo=mo=n~"+ Y |,
neN neNy ,w
1/q 1/p 2] 1/q
< Ifllpo (Zw(n)‘f) + | D lanlP o) > =
nez neNy neNg 72,0
< Q.

If p1,o < |z| < 1,then )", las||z|" < oo can be shown similarly. By Lemma 5, the sequences (o} ,)nez and
(P Inez are in €9(Z, o~ ") and so if |z| = p1 4, or |z| = 02,0, then

(n) 1/p 1/q
> lanllz" <Y IanIIZI" (Z an Ipw(n)p> (Z IZIq"w(n)_q> < 0.

nez nez nez nez

Thus, ", o7 lan||z|" < oo forall z € T,
Define ¢, : F — C by

¢:(f) = anz" (f =(an) € F).

nez
Then it is clear that ¢, € A(F). Let f = (a,) € F. Then we may write f as f = >, 7 a8y, = D,z and’,
where 6, (n) = 1 and 0 otherwise. Let ¢ € A(F). Letz = ¢(61). Thenfor f € F, ¢(f) = Znezan¢(81)” =
Y nez an2". Since 81 is invertible, z # 0. Since ¢ is continuous, [z|" = [¢(8,)] < [[8,]| < w(n) forall n € Z.
Therefore z € ', and ¢ = ¢,. Hence, A(F) = {¢, : z € [',,}.

Lemma 6 Let 1 < p < oo, q be the conjugate index of p, w be a weight on 7 satisfying Y, ., o)~ <
o0 and ™4 x ™1 < w9, and let A be a unital Banach algebra. Then the Banach algebras F = {f €
C(T,C) : f e P (Z, a) OYand F = {x € C(T, A) : X € £P(Z, w, A)} with the norms given by | f| =

(Znez |f(n)|1’a)(n)1’) (f € F),and ||x||F = (Znez ||x(n)||1’w(n)1’)% (x € F), satisfy the conditions (i) to
(v)in (%).

Proof 1t is clear that the conditions (i) to (iv) are satisfied. For condition (v), let ¢ € A(F), and let x =
arfi+ayfo+---+ayf, € F forsomen € N where a; € Aand f; € F for 1 <i < n. By Proposition 1,
¢ = ¢, for some z € I'(p1,0, p2.0)- Then

la1p-(f1) + a2 (f2) + -+ + andp-(fu)

m}

Y @ fitk) +ar fok) + -+ + ay fu(k))Z*

keZ

<Y @ fith) + axfolk) + - + an fu k) | (0 2 F e (k) !

keZ

= lla1 fi(2) + a2 fo(2) + -+ +an [ Dl =

1/p 1/q
< (Z (a1 fi(k) + az falk) + -+ + anﬁ(k»npw(k)f’) <Z |z|’“’w<k>—q)

keZ keZ
< lxlr,

as Y yez 1z/*w (k)= < 1 by Lemma 5. a
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We shall require the following two lemmas to prove Theorem 2.

Lemma 7 [5, Lemma 1] Let w be a weight on Z.

(1) If p2,0 > L and y € (0, 1), then there is a positive constant K such that Kw(n) > e" foralln € N.
(i) If p1.o < land y € (0, 1), then there is a positive constant K such that Kw(—n) > e foralln € N.
(i) If pr.w < 1 < p2.p and y € (0, 1), then there is a positive constant K such that Kw(n) > elnl” for all
n e Z.

Lemma 8 [5, Lemma 2] Let w be a p-almost monotone algebra weight on Z such that p» , = 1. Define
®:7 — [1,00) by w(n) = max{w (k) : 0 <k < n}ifn € Ngand @(n) = w(n) ifn < 0. Then & is a p-almost
monotone algebra weight on 7. and there is K > 0 such that w(n) < Kw(n) for all n € Z.

Proof of Theorem 2 Let A,(w) = {g € C(T, A) : g € t’(Z, w, A)}. Then A, (w) is a unital Banach algebra
with pointwise operations and norm [|glpo = [8lp0 (& € Ap(w)). Also, g € C(T, A) has pw-ACFS if and
only if ¢ € A,(w) if and only if g € ¢7(Z, , A). Since f has pw-ACFS, f(z) = Y,z an2" (z € T), where
a, € A are the Fourier coefficients of f, and || f 1l 0 = (ZnEZ ||an||Pa)(n)p)l/p < 00. As done in Proposition
1, taking ||a, || in place of |a,|, we get that ) ", _, a,z" converges for all z € T' (01,0, P2,0)-

Define ¥ : I'(01,, 02.0) = A Dby

V(@) =Y a2 €T(P1w pro)-

nez

Then W is continuous and W(z) = f(z) for all z € T. As done in Theorem 1, we get ri, 7> € R such that
Plw <r1 <1 <ry < pryand W(r) is left invertible for all 1 € T'(r1, r2). So, f(2) = D, oz anz" is left
invertible in A for all z € I'(ry, r2). Observe that if p; , < 1, then p; ,, < 1 < 1;if p1, = 1, then r; = 1; if
P> 1,thenl <ry < p24;andif p2, = 1, thenr, = 1. Define v : Z — [1, 00) as follows:

If p1.0 = p2.0, then take v = w.

If p1.» = 1 and pp 4 > 1, then, by lemma 8, there is K| > 0 such that w(n) < @(n) < Kjw(n) forall n < 0,
where @(n) = max{w(k) :n < k < —1}foralln < 0. Fory € (0, 1), we get K» > 0 such that elnl” < Kyw(n)
for all n € Ny. Set K = max{K, K} and define

w(n) n<0
v(in) =1 o
ryez n=>

Let p1» < land pp, = 1. If ®(n) = max{w(k) : 0 < k < n} for all n € Ny, then, by lemma 8, there is
K1 > 0 such that w(n) < @(n) < Kiw(n) for all n € Ny. Take y € (0, 1). Then there is K» > 0 such that
" < Kyw(n) forall n < 0. Let K = max{K, K»} and define

n|¥

v(n) = rjeT n <O'
w(n) n>0

If pr.w <1 < p2.0, thenfory € (0, 1), we get K > 0 such that e < Kw(n) for all n € Z. Define

v(n) = {r
.

Then v is a p-almost monotone algebra weight on Z which is admissible if and only if @ is admissible and
1 <v < Ko for some K > 0. This gives A,(w) C A,(v) andso f € A,(v).Let F = {g € C(T,C) : g €
£P(Z,v)}, and let F = A, (v). Then f € F. The Gel’fand space A(F) of F is I'(/r1, \/r2) via z = ¢, where
¢.(g) = g(2) (g € F). Note that any generated homomorphism on F has the form ®,(g) = g(z) (g € F)
for some z € T'(/71, /72). As @ (f) = f(2) is left invertible in A for all z € T'(\/71, /72), by Lemma 4
and Theorem 5, f has left inverse in F, say, g. Then g is our required function in A, (v). This completes the
proof. O

[n]”

e?2 n<0
In]”

I T ST

e2 n>0
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3 Proofs of Theorem 3 and Theorem 4

Let A be a unital Banach algebra, and let w be a weight on R, i.e., w : R — [1, 00) is Borel measurable and
w(x +y) <wx)w(y) forall x,y € R. Then

L'R, 0, A) = {f R—> A fllo =/R|If(X)IIw(X)dx < OO}

is a Banach algebra with the norm || - ||, and the convolution product given by
(fre)x) = fRf(x —ngnydt (f,g € L'(R, o, A), x €R).

Let LY (R, w, A)1 denote the unitization of L' (R, w, A) with the unit 1.
Let Sy ={x+iyeC:proy <x <prw y €R}Leta+ibeS,,ie., sup{logw(x)!/* : x <0} <a <
inf{loga)(x)l/x : x > 0}. Then e < w(x) forall x € R. So, for f € L'(R, w, A),

/ 17 GOl @] ax < / 1f ) lletdx < / I @) lo)dx < oo.
R R R
For f € L'(R, w, A), the Fourier transform fof f is given as

f@)= / f@edx e A (z€S,).
R

Lemma 9 Let w be a weight on R, and let A be a unital Banach algebra. Consider the Banach algebras
{f felL'R, o, (C)}wnhthenorm|f| fRIf(t)|a)(t)dt (feF) and F = {x : x € L'R, w, A)}
wzth the norm |x| = fR |x(®)|w(t)dt (x € F). Then F and F satisfy all conditions from (i) to (v) in (¥%).

Proof Clearly conditions (i) to (iv) are satisfied. For (v),let¢ € A(F),andletx = a| fi+az fo+---+a, f, € F
for some n € N where a; € Aand f; € F for 1 <i < n. Since the Gel’fand space A(F) of F is identified with
S, via the map ¢ — ¢,, where ¢,(f) = f (z) (f € F) asin [9, Proposition 2.8.7], there is some z € S, such
that ¢ = ¢. So,

||a1¢z(f12 + a2¢z(]:2) +---+ an(pzifn)”
= llai f1(2) + a2 f2(2) + - - + an [u (D)
5/]R||a1f1(t)+a2f2(t)+---+anf,,(t)|||e“|dt

< /R lar f1(2) + a2 f2(t) + - - - + an fu (Dl (D)dt

= llxllF.

Proof of Theorem 3 Here f € L'(R, w, A) and so by an application of the Riemann-Lebesgue lemma,
lim f (z) =0.

|z]—00

Then there is M > 0 such that

le —(e+ flx+ i)l = I fx+iyll <1

for all x + iy € S, with |y| > M. This means that e + f(x + iy) is left invertible in A for all x + iy € S,
with |y| > M. Let y € R with [y| < M. Then by hypothesis e + f(zy) is left invertible in A. Since the set
of all left invertible elements of A is open and e + f is continuous, there is §, > 0 such that e + f (z) is left
invertible in A for all z € B(iy, §,) N S,. By compactness of {iy : |y| < M} we get r1, 72 € R such that
Plw <r <0<r <pypande-+ f(z) is left invertible in A for all z = x +iy € [r1, r2] +i[—M, M]. Define
v:R — [1, 00) as follows:

If p1.o = 0 = p2.0, then take v = w.
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If p1,, = 0and py,, > O, then

b(x) = wlx) x<0
T e x>0
If p1. < 0and p2,, = 0, then
ryx <
v(x) = ¢ x=0 .
wx) x>0

If p1. < Oand py,, > 0, then

e x <0
v(x) = - .
et x>0

Then v is a weight on R such that v is constant if and only if w is constant, v is admissible if and only
1f w is adrn1551ble and 1 < v < w. This gives L'(R, w, A) c L! (R,v, A) and so f € L'(R, v, A). Let

={g:g€L'®R,v,0)},andlet F = {g: g € L' (R, v, A)}. Thenf € F. The Gel’fand space A(F) of F'is
the strip Sy = {x +iy : r1 <x <r2, y € R} identified by the mapping z > ¢,, where ¢.(g) = g(z) (g € F).
For every generated homomorphism ®;, e + & ( f ) =e+ f (z) is left invertible in .4. So, by Lemma 9 and
Theorem 5, e + f has a left inverse in F, say, e + g. This implies that g € L' (R, v, A) is such that 1 4+ g is a
left inverse of 1 + f. This completes the proof. O

Let 1 < p < o0, and let ¢ be its conjugate index. Let A be a unital Banach algebra, and let @ be a weight
on R satisfying ™7 x ™4 < w™4. Then

P
LPR o, H=1f:R—> A:|fllpo= (/ IIf(X)II”w(X)”dX> < 00}
R
is a Banach algebra with convolution as product and the norm || - ||y, [8].
Proposition 2 Let 1 < p < 00, g be its conjugate index, and let w be a weight on R such that fR w1 < oo
and ™1 x ™1 < w™?. Then the Gel'fand space of L? (R, w, C) is the strip S, and [ [¢**|?w(x)"9dx < 1 for
z €8,

Proof Let f ¢ F = LP(R, w,C),andletz =a +ib € S,. If a = 0, then

/ (0 ][e | dx = / () ldx = / )o@ ) dx
R R R

1/p 1/q
< </ If(X)I”w(X)”dX> (/ w(X)_qu>
R R

< Q.

If p2., >0and 0 < a < p2,4, thena — py , < 0 and so,
0 00
/ |f ()]l |dx =/ If(X)Ie“de+/ | f () |e™ o (x)o(x) " dx
R —00 0

0 o0
< / | f (0 ldx + / F0)lew(x)e o dx
0

—00

00 1/p 00 1/q
< / If(x)ldx+( / If(x)l”w(x)”dx) ( / e“'—PZ-dex)
R 0 0

< Q.
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If p1,0 < 0and p;,» < a <0, then fR | f(x)[le**|dx < oo can be shown similarly. If p ,, < 0 and/or p2 4, > O,
then define ¢ : (01,09, P2.09) —> (0, 00) by

() = / o) dx (v € (p1.0q, Pr.0)-
R
If y € (p1,09. P2,09), then

¢(y) =/eyxw(X)_"dx
R

> / e’ </ a)(xl)_qa)(x—xl)_qul)dx
R R

= / eMow(x)™1 (f D (x —xl)_qu> dx1 = ¢(y)>. 3)
R R

So,0<¢(y) =1
Now define § : [0, p2,09) — (0, c0) by

E(y) = /0 o™ (y € [0, pr0q)).

Then 0 < & < ¢ < 1 and £ is an increasing continuous function. So, it is uniformly continuous on [0, 02, ,q)
and can be extended to [0, p2 ,,¢] giving

o0
E(p,w) = / el o (x) dx < oo.
0

Now,

—00

0 o
/epz,wqxw(x)—qu :/ epz-wqxw(x)_qu+/ eProP gy (x) dx
R 0

0 )
< / a)(x)fqu +/ epz‘wqxa)(x)fqu
—00 0

< Q.

Thus, if p2 ,, > 0, then the function A (x) = e”2«* isin L9 (R, o~ 1) and so for any z = m.o+ibeC,

/ |fo)l]e"|dx < / | £ ()le” w(x)w(x) ™ dx
R R
1/p 1/q
< (/ |f(x)|pa)(x)1’dx> </ epz,quw(x)—qu>
R R
< 0.
Similarly, if p; ,, < 0, then g(x) = e”1»* isin LY(R, »~ 1) and fR | f(x)|le**|dx < oo forz = p1,, +ib e C.

So, fR f(x)e**dx is well defined for all z € S,,.
Forz € S, let ¢, : F — C be defined as

6:(f) = /R Fetdx (f € F).

Then it is clear that ¢, € A(F). Let ¢ € A(F). Then using standard techniques we get a continuous function
o : R — Csatisfying a(x + y) = a(x)a(y) and |a(x)| < w(x) for all x, y € R such that

6(f) = /R Famds (f € F).
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Since « is continuous and a(x + y) = a(x)a(y) (x,y € R), there is some z = a + ib € C such that
a(x) = e (x € R). Since |a(x)|] < w(x) forall x € R, we get eP* < w(x) forall x € R. Taking zo = b+ia,
we get zg € S, from last inequality and ¢ = ¢, as forany f € F,

o(f) = /Rf(X)e_"”dx = /Rf(x)ezoxdx = b5 (f)-

Thus A(F) = {¢; : z € S, }. Using calculation as in inequality (3) we get fR e 9w (x)"9dx < 1forz € S,,.
m|

Let f € L’(R, w, A). The fact that fR f(x)e**dx is well defined for all z € S, can be shown similarly as

shown in the last Proposition by replacing | f (x)| by || f (x)||. The Fourier transform f: S, — Aof fisdefined
as

fo) = / f@)edx (z € Sy).
R

Lemma 10 Let w be a weight on R.

(1) If p2.0 > 0and y € (0, 1), then there is a positive constant K such that e < Kw(x) forall x > 0.
(i) If p1.0 < O0andy € (0, 1), then there is a positive constant K such that eV < Kw(x) forall x <0.

(i) If pr.w < 0 < p2.p and y € (0, 1), then there is a positive constant K such that < Kw(x) for all
x eR

Proof Take y € (0, 1). Since p2,, > 0 and limxeoolog(exy)l/x = 0, there is R > 0 such that log(exy)l/" <
/)ZT““ < loga)(x)l/" for all x > R. This implies that e’ < w(x) for all x > R. Since [0, R] is compact in R,
there is some K > 1 such that "’ < Kw(x) for all x € [0, R]. Therefore ¢*’ < Kw(x) for all x > 0. The
proof of (ii) is similar and (iii) follows from (i) and (ii). |

Lemma 11 Let w be a p-almost monotone algebra weight on R.

() If p2.o = 0, define w : R — [1, 00) by w(x) = sup{w(h) : 0 < h < x}ifx > 0and &(x) = w(x) ifx <O.
(i) If p1.w =0, define @ : R — [1,00) by w(x) = sup{w(h) : x <h <0} ifx <0and ®(x) = w(x) if x > 0.

Then in any case @ is a p-almost monotone algebra weight on R and there is a positive constant K such that
o(x) < Kw(x) forall x € R.

Proof It can be proved by using techniques in [5, Lemma 2] and the fact from [9, Lemma 1.3.3] that w is bounded
on every compact subset of R. O

Lemma 12 Let 1 < p < 00, q be its conjugate index, w be a p-almost monotone algebra weight on R,
and let A be a unital Banach algebra. Then the Banach algebras F = {f : f € LP(R, w,C)} with the

norm | f] = (fR|f(t)|Pw(t)Pdt)% for f € F,and F = {X : x € LP(R, w, A)} with the norm %l =
(fR ||x(t)||pa)(t)pdt)% forx € F, satisfies all conditions from (i) to (v) in (¥%).

Proof Letp € A(F),and letx = a1 fi +axfo+---+ayfy € F forsomen € Nwherea; € Aand f; € F
for 1 <i < n. Since the Gel’fand space A(F) of F is identified with the strip S, via the map ¢ +— ¢, where
¢.(f) = f(z) (f € F), thereis some z =a +ib € S, such that ¢ = ¢,. So,

||al¢z(f12 + a2¢z(]:2) + -+ an(pzifn)”
= lla1 f1(@) +ax f2(2) + -+ -+ an fu (D

< /R llar f1(2) + ax fo(t) + -+ an fu(2)| €% |dt

=< A lay fi(0) + a2 fo(6) + -+ + an fu D 0" ()~ d1

1/q

1/p
< ( / Ilalfl(t)+azfz(t)+-~-+anfn(t)||"w(t)”dt) ( / e“‘”w(t)"dt)
R R

< lIxllF.
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Proofofl“heorem 4 As done in Theorem 3 we get M > O and rq,» € Rsuchthat p;,, <r1 <0<r < p24
and e + f(z) is left invertible in A forall z € {x +iy € Sy, : |[y| > M}U{x+iy:ri <x <r,—-M <y < M}
Notice thatry = 01if p1,, =0, 010 <71 <0if p1, <0, =0if p2, =0and0 < 12 < P2 if P2, > 0.
Define v : R — [1, 00) as follows:

If p1.0 = 0 = p2,0, then take v = w. N

Let p1.» = 0and p2,, > 0. Then e + f(x 4 iy) is left invertible in A for all x € [0, 2] and y € [-M, M].
By lemma 11, there is some K; > 0 such that w(x) < @(x) < K w(x) forall x < 0, where &(x) = sup{w(h) :
x <h <0} forall x <0. Take y € (0, 1). Then, by lemma 10, there is K, > 0 such that e < Krw(x) for all
x > 0. Let K = max{K, K>} and define

=
=<

Letpr,o <0Oandpy, =0.Ifr; <x <0and—-M <y < M,thene—i—f(z)isleftinvertib]einAfora]lz =x+iy.
Take y € (0, 1). Then, by lemma 10, there is K1 > 0 such that e’ < Kjw(x) for all x < 0. By lemma 11,
there is is some K» > 0 such that w(x) < @(x) < Kpw(x) for all x > 0, where w(x) = sup{w(h) : 0 < h < x}
for all x > 0. Take K = max{K, K>} and define

rlx+x7/
e 2 x <0
w(x) x>0

Let p1.» < O and p2, > 0. Then e + f(z) is left invertible in A for all z = x + iy with r; < x < rp and
—M <y < M.Take y € (0, 1). Then, by lemma 10, there is K > 0 such that el < Kw(x) for all x € R.
Define

rlx+xV
e 2 x <0

V(.X) = r2x+x7
e 2 x>0

Then v is a p-almost monotone algebra weight on R which is admissible if and only if @ is admissible and
1 <v < Ko. This gives LP (R, 0, A) C LP(R, v, A)andso f € LP(R, v, A).Let F = {g: g € L’ (R, v, C)},
andlet F = {g: g € LP(R, v, A)}. Then f € F. The strip S, = {x +iy : /1] < x < /ry, y € R} is the
Gel’fand space A(F) of F by the map z > ¢,, where ¢.(g) = g(z) (g € F). Every generated homomorphism
of F is of the form &, for z € S,, where ®.(g) = g(z) (g € F). Since e + ®.(f) = e + f(z) is left invertible
in A, by Lemma 12 and Theorem 3, e + f has a left inverse in F, say, e + g. This implies that g € L”(R, v, A)
is such that 1 + g is a left inverse of 1 + f. This completes the proof. O

Remark 1 We do not know whether there is a weight w on Z satisfying o™ x w4 < w?, )", ., 0~ 9(n) < 00
for some 1 < g < 0o and pa,, = 1 but there is no K > 0 satisfying w(n) < Kw(n + k) for all n, k € Ny.
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