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Abstract In this paper, we study the convergence of weighted Jacobi—Dunkl series in the spaces LS, g In
particular, we focus on the generalized Dirichlet, Fejér and de La Vallée Poussin kernels.
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1 Introduction

It is well-known, in classical analysis, that there exist many tools to approximate functions by their Fourier series
(see [6]) or either by other modified series involving weighted kernels as the Fejér one [6,8] given by

‘ k| \
§ (1— )glk’, t €[0,2x[, n €N,
n+1

k=—n

1 n
Fat) = ];0 Dy(t) =

and the de La Vallée Poussin kernel [8] defined by

n+m

D, (t)D,,(t
Z Dk(t):M, t€0,27], m,neN; n>m,

V(1) :=
m(® 2m + 1

Zm + 1 k=n—m

where D, (t) := Zzz_n eik’, t € [0,2n7[,n € N, is the Dirichlet kernel.

This investigation was extended to the case of the Jacobi—Dunkl series recently examined in [3,5,9] where a de
La Vallée Poussin approximation is established, a Dirichlet type theorem and a result of convergence in quadratic
mean are stated.

The aim of this work is to pursue the previous study in the Banach spaces

Lg,ﬁ = Lg’ﬁ ([-5.5]. Aap(®)db), p € [1, 40l a = B = —Lla £ —%, constructed by measurable
functions f on [—%, 5] satisfying

1
T

1flpap = </2 |f(9)|”Aa,/s(9)d9> < 4oo, if pell, +o0),

T
2
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Jacobi—Dunkl summation kernels 463

with
2%xmnwnm+%ameﬂﬂHlfee(—%,g)\ML
A(I,ﬂ(e) { 1f9 —O, (1)
such that p :=a + 8+ 1, and L : ([—%, %]) denotes the space of continuous functions on the interval

[ 3.3 ] equipped with the norm

[ flloo.w.p :== sup [f(O)].

0e[-3.3]

t\)
[(SE}

So, we will try here to make an analogy with the concept related to the orthogonal Fourier expansions especially
with the Jacobi case which was treated in [7].

The outline of this paper is as follows: In Section 2, we will collect some known definitions and results concerning
the harmonic analysis associated with the Jacobi—Dunkl operator on a bounded interval. In Section 3, we prove
general theorems about the convergence of weighted Jacobi—Dunkl expansions with respect to the norms ||| p.«, 8-
The last paragraph is devoted to deal with certain Jacobi—-Dunkl summation kernels: Dirichlet, Fejér and de La
Vallée Poussin kernels.

2 Harmonic analysis related to the bounded Jacobi-Dunkl case

We recall that the Jacobi operator A, g [13] is the differential operator of second order defined on C? ((0, %))
by
d>  Ayp d

Ay g = — .
P07 T Agpdo

Letn € Z. We put AP .= 2 sen(n)/Tn[(n] + p).
For all m € N, the following problem
2
O( /3“ = - (A'S‘Lx’ﬁ)> u,

u(©) =1,
u'(0) =0,

(a.8)

admits a unique even C*°-solution on (—%, %) denoted by ¢, " and called the normalized Jacobi polynomial

[1,13] given by
(vt B T
0P 0) .= s Fi(—m,m + p;a + 1; (sin0)?), meN, 0 € [_EE]’
where  Fi(a, b; c; .) is the Gauss hypergeometric function defined by

+00
. N @),
VieCilal <1 aFiabiciz) =)

n=0

)

witha, b € C, c € C\Z_, and (a), is the Pochhammer symbol given by

_fata+1)...(a+n—1)if n € N\{0},
(@)n := 1 if n=0.

We have the following orthogonality property [2]

7 -1
vmneN [ PO 0)4p©) = (P) b @)
0

where §,, , is the Kronecker symbol

@n+p)T(a+n+DT(p+n) -
4 if n e N\{0},
and k,(fx’ﬂ) = { 2% I(F(a—lt&)il}!)r(ﬁﬂﬂ) 3)

2T (@t DB+ it n=0.
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464 1. Haouala

Let 6 € [—%, %]. The Jacobi-Dunkl polynomials [1] are defined by

o ©) =~ dholeiP @) it n € Z\ (O},

v ) =
! 1 if n = 0.

These are eigenfunctions of the Jacobi—Dunkl operators [1] acting by the formula

Al 40 — f(=
ap®@ f6) = f(=6) fec (1T,

d
NapfO) = —5f(0) + a5 ©) 3 73

where Ay g is already defined by (1).
It means that for all n € Z, wéa’ﬂ )(6) is the unique C*°-solution on (—%, %) of the problem

Nayput(8) = 2" u(®). @
u =1.
For all n, p € Z, we have also the following orthogonality formula [2]
3 — o
| v @i P 0 un0ra0 = () b,
-7
with
2 Jnl
he) = ( [ [werol Aa,me)de) =1y e O )
-3 L—if n=0.
Foralln € Z, forall 0 € [-%, 2], we have (see [1])
D) < 1. ©)
Now, we need to recall some generalized convolution structures founded in [3,4].
2.1 Continuous Jacobi—Dunkl convolution structure
R\ {n7}nez if @ > B = —1,
Let denote by Gy g := § R\ {%}nEZ ifa=p8> —%,
0 ifa=pg=-1.
Forall 6,¢ € [—%, %] and k € Z, we have the following product formula:
@8) s @B LE VP @O WO, 6. 9) A p(9) de i 6.6 € Gap,
PO @) =17 ) | ()
I/Ik ’ (9+¢) 1f9¢Ga,/3 0r¢¢Ga,ﬁ,

where the explicit expression of the kernel W is given in [3,14].
Leto € [—% %] The Jacobi—Dunkl translation operator P (see [3,14]) is defined, for [ € Lf;’ﬁ, p €[1, o],

and ¢ € [-5, 5], by
“f(g) = {f—zg F@OW O, ¢, 9)Aqp(p)deif 6,¢ € Gag,

fO+¢) if 0 ¢ Gopgorg ¢ Ggyp.

Note that (. B) (o, B) (. B)
PPy (o) = P O @) (3)
Let p € [1,+ooland 6 € [~F, T].If f € L] 4, then fe L} 4 and we have

1-2
17 fllpap < ) p‘nfn,,,a,,s.
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Jacobi—Dunkl summation kernels 465

The Jacobi—Dunkl convolution [3] of two functions f, g € L é B is defined by

voe (-2 2). rhe):= / )88 Anp(9) d.
-2

Forall f € Lé,ﬂ and g € Li”ﬁ; p € [1, +o0], we have

f#g € L(I;’ﬁy
and
Il f#gllpas <20/ 1epllgllpap- (10)

2.2 Discrete Jacobi—Dunkl convolution structure

In [11], Rosler has proved the following product formula:

|n|+-[m]

“OOuePo = Y g “PumpyPe) yamez oe[-2.5]. b
[k|=[ln|—lm]|

with

% —
2P, m, k) = hP / U“P v P 09" (0)Ag,5(0) d6.

[SE]

According to [11, Theorem 2], there exists a positive constant C = C(«, ) such that

[n|+|m|
VYn,meZ, Z ‘g(“‘ﬁ)(n,m,k)‘ <C. (12)
[k|=]|n|—=]m|

Consider the space:
+00
I} = {a = (an)pez L — C; llanl = Y lanln{*P < +oo}.
n=—00
Let n € Z. We define the discrete Jacobi—Dunkl translation operator Tn(a‘ﬁ ) [3,4], fora €1 }l, by

[r|+m]
VmeZ, TEP@m = 3 P nm ba.
[kl=In]—lml|

Foralln € 7Z, Tn(a’ﬁ ) is a linear operator on 1}, and there exists a positive constant C = C(«, ) such that
17,2 < C.
The discrete Jacobi—Dunkl convolution [3,4] of two sequences a, b € [ ,11 is defined by

+oo
VneZ, axbm) = Y TP @(=mbuhe?.

m=—0oQ

We define the Jacobi—Dunkl transform [3,4] of a sequence a € [ ,11, by

+oo
T o7 . =5
voe[-3.3] @@= Y avPen. (13)
n=—0oo
And foralla, b € l,i, we have
— o~ T
axb(0) =a0)bO). VO c [—5, 5]. (14)
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466 1. Haouala

3 Some convergence theorems in Lf; 8
b

We recall that the Jacobi—Dunkl coefficients [1,5] of a function f belonging to L é p are defined by
—[? (@.B)
VueZ, Ffn):= [ [O)n " (0)Aqp0)do,
-2
and the Jacobi—Dunkl series [5] is given by
+o0
Y Frayl PP, (15)
n=-—00
For all n € N, S, (f) will denote its partial sum [5], that is
- T
S:(NO = Y. FraowEPon " oe[-2. 7). (16)
k=0

Let (a,,,k)neN 0<[k|<n be a triangular scheme of complex numbers. The aim of this part is to check the convergence
of the weighted Jacobi-Dunkl series:

n
T
AN i= Y ansFL0pEP OnEPs o e[-2 7]
[k|=0
when n goes to the infinity with respect to the norm |||l p «, 4.
Proposition 3.1 Letn € N. Forall j € 7, we have

Ay (4P = an 0P it 1l < n.
AT 0 if |j| > n.

Proof Let9 € [—5, %] andn € N. For all j € Z, we have

A (V) ©) = Y ans ( [ P @ P @@ d¢> P ome?

[k|=0

n
-1
— Z an.k (h§a7ﬂ)> 3/(,]1&]5“’5)(9)}1]((&’/3)
|k]|=0

_Jawju P @ it 1j1 <n,
0 if |j| > n.

Theorem 3.2 Let p € [1, +00]. We have
: _ p
Jm 1AL = fllpap =00 V€LY

if and only if, we have
i) lim a,x=1,forallk € Z.
n—+00

ii) There exists a constant ¢ > 0 satisfying

1A (Il pap < el fllpap, YneN, VfeLl,
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Proof Let p € [1, +00]. =) Suppose that
: _ p
Jim A = fllpap =0, VfeLly,
By Proposition 3.1, we get
: (a.B) (@.B) : (a.B) (@.B) .
im Ay (5EP) =0 P g = Tim st = 9P lpap =0, VheZi K <.

This implies 7).
The point ii) holds when applying the Banach Steinhauss theorem (see [6]) since the inequality (3.2) of [1]
ensures the boundedness of A,,.
<) Consider the map:
. 7P p
A, Lyg— Lyg
[ A).
It is clear that this is a linear map. And by ii), it is continuous.
Since we know that )V := span {gﬁ,ﬁa’ﬂ ), k e Z] is adense subset of L Z P [6], then we get again from Proposition
3.1 and i), that

Jim A (Q)= Q. YO eW.

Let f € Liﬁ and & > 0. There exist n € N and Q, € WV such that

e
If = Qellpap < 1o and || A, (Qe) — Qellpop <

| ™

So, we have

1A () = Flpap < 1A = An (Ol pap + 140 (Qe) = Cellpracp + 105 = Flps -

It follows by ii) that
€

140 () = Fllpap < A+ 1Qe = Fllpap+ 14n (Qe) = Qellpep < 5+ 5 = .

[\

Thus, we obtain the desired result. |

Notations 3.3 Let n € N. We denote by

@ ke, )|

vy =5 |KEP @0 Aup@rdo. 6 [-5.5]
” P
(3) Vpell, +oo], IIAnIILW3 = SUP| £y s=1 1AL ()l p.a.p: the operator norm of A,.

Proposition 3.4 Letn €N, 6 € [-5, 5] and f € L] 4, p € [1, +00]. We have

A () = / ’ KP 6, 9) f(#)Aap(¢) d.

_z
2

Proof Letn € N, 6 € [-5, F]and f € L] 4, p € [1, +-00]. We have

A (@) = an,k( L @D ($) A s (@) d¢> v PO

T
Ik|=0 2

= /i F@ | > an &P @O 0P | Aap@) dg.
-2

|k|=0

This completes the proof. O
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468 1. Haouala

Proposition 3.5 Let f € L and gelL! w.p Ve have

: An(f)(D)g(P)Aa,p(p) dp = i F@)Aq (&) (=) Aap(9) do,
-2

(SE]

with h(0) := h(=0), Y0 €[-%,5], forhe Ll pell,+oo].

Proof Let f € L and gelL! B By Proposition 3.4, we have

) T AP Ay ) = / 2@ ( / LK G, 0) F () Aus (@) d¢) Aap(@) do.
-2 2

-3
Using the Fubini’s theorem, we get
I A @18 Aap @ dd = [ %5 1) ([ 75 KEP (9, ~0)8@) A0 () d8 ) Aup() di
= [ 1@ (2 KD (=0, $)8(~0) A (9) d8) Aa (@) dy
= [2; f@) A (2) (—9)Aap(p) dp.

Proposition 3.6 Let p € [1, 400]. The following results are valid:

(1) A [5r < SUPge[

‘K(“ A, )H  VneN.

ll
22

@ IAullbes = 14,1745 = supge[_s 3

‘K,(,“ o, )H VneN
1,a,8

Proof Let p € [1, +00] and use Proposition 3.4.
(H If fe Lg‘? , we have

A

Aa,p(@)do

”Anf”oo,a,ﬂ —= Supee[—%,%] |f(9)| f_jl

IA

I/ oo, SUPge[—

ll
22

If p € [1,400), then, we consider g such that % + 5 = 1. By the Holder inequality, we get for all

0¢[-3.3]

P2 1r @) KD 0,0)] Awp@rdo = [,
= (1% 1@ \K,E“*m(e, )| Aup@)dg)’
< (17 Aup(@)d0)’
<| ' s r@ir K P6.9)] Aupo)da)

Hence, we obtain by the Fubini’s theorem

| |k, ¢>J Aup(@®) dg

't:\'—

5 KD 0.0) /@40 s @) dd| Aup(®)do
L z T
LS @ [ K . 9)] Ap(©) 6 Aw p(6) do

(a,B)
I¢ (MHI’%) L£1 o 5

%
1A f 1 0 = 2

Sl,ll)9E

IA

ll
22

‘ K

A

= (Supee[—z,z]

@ Springer



Jacobi—Dunkl summation kernels 469

(2) From Proposition 3.5, we have

A = 5Py, gt A (@l = S0Py, = [An (2)
= SUD3 0 p=1 SUP| f s p=1 ‘f_%% F(@)An (8) (@) Aw.p(9) d¢’
=SBt P et | F@A () () A (@) d|
=Pyt WPl gt |y A () @08@)Aup@) d9)|
= SUP e p=t | A (f> Hmaﬂ = SUP) £ g p=1 (A0 (N llooap
= A5 h

Let6 € [—%, Z]. We have

‘K’ga’ﬂ)(e’ ')H1 wp = SUPUSfloap=1 ‘f_@ K0, 0) f(¢)Aup() dd
SUD|| £l g g, p=1 1 An (/) (©O)]
SUD) f s pmt 140 () lo,cep = AN

The first point of the theorem achieves the proof.

IA

O
Theorem 3.7 If 1im_ayi = 1, for all k € Z, and supse_3 3] ” < 00, then
im 1AL = fllpap =00 Y €Ly g pellFool.
When p = 1 or p = +09, the opposite sense is also valid.
Proof The result is immediate from Theorem 3.2 and Proposition 3.6. O
Notation 3.8 Letn € Nand 9 € [ ] We denote by
An(6) := Z an 9P O P a7
lk|=0
Proposition 3.9 Let f € La p D€ [1, +00]. We have
Au(f) = An#f.
Proof Let6 € [-%, 5] and f € La g P € [1,4+00]. We have
Au(£)(0) = Z an i F f Ry P @) h P
|k| 0
Z n i / F@UEP (@) Aap(9) d¢> v &P On P
|k|=0
/ e Z ani P @YD G | Aup(9) do.
|k|=0
Using equality (8), we get
AH©) = [ Lo [ 3 anse (0 P) ComE? | Aap (@) do
-2 |k|=0
2
= [ @7 (A) (~$)Aap($) dp
_7
= Au#f(0).
O
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470 1. Haouala

Theorem 3.10 [f lir_ir_l ank = 1, for all k € Z, and there exists a constant ¢y > 0 fulfilling
n—+0oo
||A,,||1’a’ﬁ <cy, foralln € N, then

; — p
ngg}oo ”An(f) - f”p,a,ﬂ =0, Vf € La”g’ pE [1, +o0].

Proof Combining the results of Proposition 3.9 and (10) and under the assumption of the theorem, we have

1A (P lo.ap = 1An# flloc.ap < 2€111 fllovaps ¥ f € Lgg.

Theorem 3.2 gives
m A = flaoas =0, V[ € L3,

On the other hand, we have

(@W@J

su su
PneN Pee[fg,%] ) Lap
2

12 [P0, 0| Aap(9) d
1 (oD @p P @ | A p() do.

2

= SUPpeN SUPge[ -

[SE}

T
7

= SUP, ey SUPpe|

[SE}

T
2

We use also equality (8) to show that

WPcrysuppef 3,3] [KiP @0 = supuensupeey 3,31/ 77 (40) (<0)] Aup(@) d

= SUP,eN sup@e[— ] ”Te (A") ” Lo,

LA
2°2

From (9), we get

sup  sup
neNoe[-1.5]

KD < 2supllAnl g < 201
La,p neN
Theorem 3.7 achieves the proof. O
Notations 3.11 Let (an,k)n N.0<[k|<n be a triangular scheme of complex numbers. We put
T

—],neN,

n S —
KD 0.9.0) = Y an™P @O @ P 0.6, € [-3.3

[k]=0

7
l,a,B - f_%

The next theorem gives a sufficient condition ensuring the validity of a uniformly bounded product formula for

( (wﬁ))
" nez’

Theorem 3.12 [f 11111 ank = 1, forall k € Z, and we have
n—+00

and ” KB, ¢, .)\ KSP 0,0, 0)| Awp(@) do.

sup  sup
neN o pe[-3.3]

‘QWW¢JH =M < oo,
La,p
then, for all 0, ¢ € [—%, %], there exists a complex Borel measure [ g satisfying

:
lnos| <M and y &P @y« @) = [~ ¥ &P (p)dugg(p). Yn  Z.

[SE]

@ Springer




Jacobi—Dunkl summation kernels 471

Proof Let P be the linear space of all trigonometric polynomials on [—%, 3 ]. For both fixed 6, ¢ € [-5, 3],
we put uy = w,ga’ﬂ)(e)w,ga’ﬂ) (¢), k € Z. And we define the linear functional:

D : P — C
0= lel\c]|=0 ckl/flga’ﬁ)h,((a’ﬁ) — lel\cl|=0 ckukh,((a’ﬁ).

From [3], we have

L fejif il <N,

It follows that

[®(0)] = [ L% F@ Wuh?|
= lim ‘Z‘"k‘zoan,kf(Q)(k)ukh,ﬁ"’ﬁ)’

n——+00o
= lim_ ‘f_zg 0(p) (kalzo an,kw,i""”(9)1/45“”<¢>w,§“’ﬂ><¢>h,i“'ﬁ>> A (@) dgol
< M||Qllco.a -

Hence, @ is a continuous map on P with respect to the norm ||.||o0,a, 8-
Using the density of the set P in the space Lo «,g, then, for every function f € Lo «,g, We can find a sequence
(Om)men C Psuchthat lim Q. = f.

m—+00

By the continuity of ®, we get lirJrrl D(Qnm) = D(f).
m——+0oQ
It follows that @ is a continuous linear functional defined on Lgf’ﬁ fulfilling ||®|| < M and & (w,ﬁ“’ﬁ)) =u =

v PO @),k e L.
The Riesz representation theorem [12] ensures the existence of a complex Borel measure (g 4 on [—%, %]
satisfying

log| <M and &(f) = [ F@) duos@). Vfe€Lnoap.

[SE]

Thus, the result holds when considering the particular case f = w,ﬁa’ﬁ ), kelZ. O
We have also the following proposition:

Proposition 3.13 [f we assume that

sup  sup
neNoe[-3.5]

‘K,ﬁ“’@(e, .)Hl Ly =M<

then, we get

sup  sup
neNo.ge]-3.3]

K P0.0.0] <o

Proof Let6, ¢ € [-%, %] and n € N. Using the product formula (7), we obtain

T
2

[&Pe.0.0, Sfki—o ani v (9)1&;"‘*’3)@)%5"‘*’3)(so)h;“’ﬁ)’ Aap(@) dy

T
2

=/
e

T
2
g
2

Yhkco @it @ [y P WO, ¢, 2) Aup (1) dx‘ Aap(9) dop.
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472 1. Haouala

By the Fubini’s theorem, we get

[xeP0.00], = [0 [0 P u P @ | Aup()do 1W 6.6, Aay3)
e T2 Y72 (k=0

2
%
< [ |xem o], wE.s 0l aup00dn

T

[N

< /7 WO, 6. )] Ag s (1) dA

[SE}

=M (%/ W©. 9.2+ WO, . )] Au ) d2
-2

+ %/7 WO, ¢, 1) — WO, —¢, 1) Aa,ﬁ(k)d)\> .

A
2

The proofs of Theorems 1 and 2 in [14] state that the last two integrals are finite, so we get the result. O

4 Generalized summation kernels

Remark 4.1 [3]
Let n € N. We denote by

| 1itkeZ; |kl <n,
Xn (k) = {OifkeZ; k| > n. (18)

For all n, m € N with n > m, we have

(1) xn % xom (k) = Zf}\zo h&a,ﬂ), if |k| <n —m.Inparticular, x, * x,, (0) = Z’G‘:O h;“’ﬂ).
(2) Xn* xm(k) =0, if |k]>n+m.

(3) Xn * xm(k) = ZT}\:O (Zmii(ﬁlallil;;;{‘) g &P (k, —j, l)) h;a’ﬁ), n—m+1<lkl<n+m.
@ X xn k) = X0 AP = 0 S 8P e, =, DR k| < n,

(5) xn*xn(k) = Zrﬂ:\k\—n Zﬁ|:|k\_|j| g(a’ﬁ)(k, —Js l)hi-a'ﬂ), n < k| < 2n.

4.1 Jacobi—Dunkl Dirichlet kernel

Notation 4.2 Letn € Nand 0 € [—%, % |. We define the Jacobi-Dunkl Dirichlet kernel by

n
DY) ==Y vy OB = 5 (=0).
|k|=0

This kernel corresponds, in the expression (17) dealt in the previous paragraph, to the case a,x = 1, Vk € Z;
k| < n.

Proposition4.3 Vn € N, V6 € [—5, 5], we have

DR () = I"(a+n+2)r‘(/20+n+l) @15 (g
220+ 1) (Mo +1)*nT(B+n+1)
Proof See [2, Theorem 3.1] O

Theorem 4.4 There exists f € L;’ 8 (respectively in Ly }3) such that D,(la’ﬁ )( f) does not converge in norm
11,0, (respectively ||~||oo,a,ﬁ) to f.
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Jacobi—Dunkl summation kernels 473

Proof In the Jacobi—Dunkl Dirichlet case, we have for all 6, ¢ € [— z, %],
n S —
KyP©,.¢) = 3 i P Ow P @
k|=0
In particular, we have
K]/([Ol,ﬂ)(o’ ¢) Z w]fa ﬂ)(o)w(a ﬂ)(¢)h(a B) _ Z w(a ﬂ)(¢)h(a /3)
|k|=0 |k|=0

From Proposition 4.3 and [10], we get
1
H Kr(la,ﬁ)(o’ )H ~ n("““i).
La,p

The last remark of Theorem 3.7 implies that there exists f € L;, 8 (respectively in Lgf’ﬂ) such that
lim ”D,(,a’ﬂ)(f) — f“ #0 (respectively lim ”D,(,a’ﬁ)(f) — fH * O). From Theorem 3.2, we
n——+00 LB n——+00 oo,a, 3

conclude that the condition ii) can not be valid under the previous conditions for p = 1 or p = 4o00. This
ensures the result. |

4.2 Jacobi—Dunkl Fejér kernel

Definitions 4.5 Let define the Jacobi—Dunkl Fejér weights by

k
ok = an() VneN, keZ,
Xn * Xn(0)

and the Jacobi—Dunkl Fejér kernel by

2n
@B gy . @B) gy, @) T
FP ) = |I;O(p2n,kwk @D, VneN, oe [_E’ 5].

Proposition 4.6 Lern € Nand 6 € [—%, % ]. We have

(P @)

(a B
= D{*P(0)

Proof Letn € Nand 6 € [—5, 5]. We have

2n (k)
Fz(svﬂ)(e) — Z * Xn 0 1//1505 ﬁ)(e)h(a /3)
k=0 X xn(0)

From property (2) of Remarks 4.1 and the definition of the Jacobi—Dunkl transform (13), we obtain

(n * Xn(—0
Fz(z,ﬁ)(g) _ Xn * Xn( )'
Xn * xn(0)
The result is a consequence of (14) and Remarks 4.1. O

Proposition 4.7 We have

hm ok =1, VkelZ.

n—+
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Proof By Remarks 4.1, we have

— Xn*Xn(k)
P2n.k = 0 (0)

[kI+1j1 X . (o, B)
_ Xljl=nt 1l Zitj=nr1 8P (k,—j.Dh;

=1 ST , Yk eZ; k| <n.
li]=0";
Using (12), we get
n [kI+1 ] , : (a.B) (a.B) (a.B)
Z|j|=n+1—|k| Z|l|:n+l g(a ﬂ)(k’ —],l)hj <C " hj —C - k|j|
(., 8) - (@) — (a.p)”
=0l =t -kl 2-lil=0 i =t -kl 20 Kii
And the last quantity tends to zero by [7].
This completes the proof. O

Theorem 4.8 Let f € Lg,ﬂ, p € [1, +00]. We have

: @B o _
nlir-il:loo Hj:Zn (f) pr,a,ﬁ =0

Proof By Proposition 4.7 and Theorem 3.10, we need to prove that there exists ¢; > 0 such that ) Fz(zﬂ ) H Lap <
&,

ci, VYneN.
Thanks to Proposition 4.6, we have Fz(z’ﬂ ) > 0. So, we get

2n

%
|62, = [ 3 sl ? @ | Aapior as
1,8 _n
2\ |k|=0
2n %
= Y e | 9P 0) 405 0) a0
k|=0 -7
2n 1
= Z wzn,kh;(ca’ﬂ) (h(()a'ﬂ)) 80,k
[k|=0
= @on,0 = 1.
Which achieves the proof. O

4.3 Jacobi-Dunkl de La Vallée Poussin kernel

The properties of this kernel are deeply studied in [3]. We start here by mentioning some already known results.

Definition 4.9 [3]
Letn,m € N; n > m. The de La Vallée Poussin operator V! is defined by

+00
V(DO = Y ap  Froow P @ont?,

k=—00

n m k
where f € Lg’ﬂ, pell,+o0], 0 €[-%, %] and an = ;n:img();'

Remark 4.10 [3]
()

o JLif [kl <n—m,
ke = {Oif k| > n + m. (19)
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(2) V! is a linear operator on Lf;’ﬁ, p € [1, +o0], and we have for f € Lg’ﬂ
and6 € [-3, 5],
Va(HO) = Y an FroowsP ems?. 20)
|k|<n+m

Proposition 4.11 [3]
Letn,meN; n>m, f € Lg’ﬁ, p €1, 4o00], and 6 € [—% %] We have

VI(f)©O) = Va#f(©O).

where
(a,B) (e, 8)
negy . n @B g @) Dn T (0) Dy (0)
V() = Z at P On" = BT
|k|<n+m m ' (0)
Proposition 4.12 [3]
For all n, m € N such that n > m, we have
; Dy (0)
NVyll,ep < IRCT PN
Dy, (0)

In the classical trigonometric approximation, the case n = 2m is usually treated. We have a generalization of
this result for the orthogonal approximations [7, Paragraph 1.8]. And, we will also be restricted to this case for
the Jacobi—Dunkl convergence.

Theorem 4.13 Let f € Lg’ﬁ, p € [1, +00]. We have

. 2m _ —
Lm V") = fllpas = 0.

Proof From Theorem 3.10 and (19), we should only check the existence of a constant ¢; > 0 such that
| V,ﬁm 1,0, < c1. By Proposition 4.12, we have

(@.f) @) L @p)
D) Xij=ohy T Xiji=oky

@B @B = m @B
Dy 0) Y=o h; 2 fji=0 ki

2
V" ,ap <

By [7, Example 14], we obtain

2m (a.B)
=0k @my> !

Mook ?  mt

Thus, the result holds. ad
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