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Abstract In this paper, we study the convergence of weighted Jacobi–Dunkl series in the spaces L p
α,β . In

particular, we focus on the generalized Dirichlet, Fejér and de La Vallée Poussin kernels.
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1 Introduction

It is well-known, in classical analysis, that there exist many tools to approximate functions by their Fourier series
(see [6]) or either by other modified series involving weighted kernels as the Fejér one [6,8] given by

Fn(t) := 1

n + 1

n∑

k=0

Dk(t) =
n∑

k=−n

(
1 − |k|

n + 1

)
eikt , t ∈ [0, 2π [, n ∈ N,

and the de La Vallée Poussin kernel [8] defined by

V n
m(t) := 1

2m + 1

n+m∑

k=n−m

Dk(t) = Dn(t)Dm(t)

2m + 1
, t ∈ [0, 2π [, m, n ∈ N; n ≥ m,

where Dn(t) :=∑n
k=−n eikt , t ∈ [0, 2π [, n ∈ N, is the Dirichlet kernel.

This investigation was extended to the case of the Jacobi–Dunkl series recently examined in [3,5,9] where a de
La Vallée Poussin approximation is established, a Dirichlet type theorem and a result of convergence in quadratic
mean are stated.
The aim of this work is to pursue the previous study in the Banach spaces
L p
α,β := L p

α,β

([−π
2 ,

π
2

]
, Aα,β(θ) dθ

)
, p ∈ [1,+∞], α ≥ β ≥ − 1

2 ; α �= − 1
2 , constructed by measurable

functions f on
[−π

2 ,
π
2

]
satisfying

‖ f ‖p,α,β :=
(∫ π

2

− π
2

| f (θ)|p Aα,β(θ) dθ

) 1
p

< +∞, if p ∈ [1,+∞),
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with

Aα,β(θ) :=
{

22ρ(sin |θ |)2α+1(cos θ)2β+1 if θ ∈ (−π
2 ,

π
2

) \ {0},
0 if θ = 0,

(1)

such that ρ := α + β + 1, and L∞
α,β := C

([−π
2 ,

π
2

])
denotes the space of continuous functions on the interval[−π

2 ,
π
2

]
equipped with the norm

‖ f ‖∞,α,β := sup
θ∈[− π

2 ,
π
2

] | f (θ)|.

So, we will try here to make an analogy with the concept related to the orthogonal Fourier expansions especially
with the Jacobi case which was treated in [7].
The outline of this paper is as follows: In Section 2, we will collect some known definitions and results concerning
the harmonic analysis associated with the Jacobi–Dunkl operator on a bounded interval. In Section 3, we prove
general theorems about the convergence of weighted Jacobi–Dunkl expansions with respect to the norms ‖.‖p,α,β .
The last paragraph is devoted to deal with certain Jacobi–Dunkl summation kernels: Dirichlet, Fejér and de La
Vallée Poussin kernels.

2 Harmonic analysis related to the bounded Jacobi–Dunkl case

We recall that the Jacobi operator �α,β [13] is the differential operator of second order defined on C2
((

0, π2
))

by

�α,β := d2

dθ2 + A′
α,β

Aα,β

d

dθ
.

Let n ∈ Z. We put λ(α,β)n := 2 sgn(n)
√|n|(|n| + ρ).

For all m ∈ N, the following problem
⎧
⎪⎨

⎪⎩

�α,βu = −
(
λ
(α,β)
m

)2
u,

u(0) = 1,
u′(0) = 0,

admits a unique even C∞-solution on
(−π

2 ,
π
2

)
denoted by ϕ(α,β)m and called the normalized Jacobi polynomial

[1,13] given by

ϕ(α,β)m (θ) := 2 F1(−m,m + ρ;α + 1; (sin θ)2), m ∈ N, θ ∈
[
−π

2
,
π

2

]
,

where 2 F1(a, b; c; .) is the Gauss hypergeometric function defined by

∀ z ∈ C; |z| < 1, 2 F1(a, b; c; z) :=
+∞∑

n=0

(a)n(b)n
(c)nn! zn,

with a, b ∈ C, c ∈ C\Z−, and (a)n is the Pochhammer symbol given by

(a)n :=
{

a(a + 1)...(a + n − 1) if n ∈ N\{0},
1 if n = 0.

We have the following orthogonality property [2]

∀ m, n ∈ N,

∫ π
2

0
ϕ(α,β)m (θ)ϕ(α,β)n (θ)Aα,β(θ) =

(
k(α,β)n

)−1
δm,n, (2)

where δm,n is the Kronecker symbol

and k(α,β)n :=
{

(2n+ρ)�(α+n+1)�(ρ+n)
22ρ−1(�(α+1))2n!�(β+n+1)

if n ∈ N\{0},
�(ρ+1)

22ρ−1�(α+1)�(β+1)
if n = 0.

(3)
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464 I. Haouala

Let θ ∈ [−π
2 ,

π
2

]
. The Jacobi–Dunkl polynomials [1] are defined by

ψ(α,β)n (θ) :=
{
ϕ
(α,β)
|n| (θ)− i

λ
(α,β)
n

d
dθ ϕ

(α,β)
|n| (θ) if n ∈ Z\{0},

1 if n = 0.

These are eigenfunctions of the Jacobi–Dunkl operators [1] acting by the formula

∧α,β f (θ) := d

dθ
f (θ)+ A′

α,β(θ)

Aα,β(θ)

f (θ)− f (−θ)
2

, f ∈ C1
(
−π

2
,
π

2

)
,

where Aα,β is already defined by (1).

It means that for all n ∈ Z, ψ(α,β)n (θ) is the unique C∞-solution on
(−π

2 ,
π
2

)
of the problem

{∧α,βu(θ) = iλ(α,β)n u(θ),
u(0) = 1.

(4)

For all n, p ∈ Z, we have also the following orthogonality formula [2]
∫ π

2

− π
2

ψ(α,β)n (θ)ψ
(α,β)
p (θ)Aα,β(θ) dθ =

(
h(α,β)n

)−1
δn,p,

with

h(α,β)n :=
(∫ π

2

− π
2

∣∣∣ψ(α,β)n (θ)

∣∣∣
2

Aα,β(θ) dθ

)−1

=
⎧
⎨

⎩

k(α,β)|n|
4 if n ∈ Z\{0},

k(α,β)0
2 if n = 0.

(5)

For all n ∈ Z, for all θ ∈ [−π
2 ,

π
2

]
, we have (see [1])

∣∣∣ψ(α,β)n (θ)

∣∣∣ ≤ 1. (6)

Now, we need to recall some generalized convolution structures founded in [3,4].

2.1 Continuous Jacobi–Dunkl convolution structure

Let denote by Gα,β :=

⎧
⎪⎪⎨

⎪⎪⎩

R \ {nπ}n∈Z if α > β ≥ − 1
2 ,

R \ { nπ
2

}
n∈Z

if α = β > − 1
2 ,

∅ if α = β = − 1
2 .

For all θ, φ ∈ [−π
2 ,

π
2

]
and k ∈ Z, we have the following product formula:

ψ
(α,β)
k (θ)ψ

(α,β)
k (φ) =

{∫ π
2

− π
2
ψ
(α,β)
k (ϕ)W (θ, φ, ϕ)Aα,β(ϕ) dϕ if θ, φ ∈ Gα,β,

ψ
(α,β)
k (θ + φ) if θ /∈ Gα,β or φ /∈ Gα,β,

(7)

where the explicit expression of the kernel W is given in [3,14].
Let θ ∈ [−π

2 ,
π
2

]
. The Jacobi–Dunkl translation operator τ θ (see [3,14]) is defined, for f ∈ L p

α,β , p ∈ [1,+∞],
and φ ∈ [−π

2 ,
π
2

]
, by

τ θ f (φ) :=
{∫ π

2
− π

2
f (ϕ)W (θ, φ, ϕ)Aα,β(ϕ) dϕ if θ, φ ∈ Gα,β,

f (θ + φ) if θ /∈ Gα,β or φ /∈ Gα,β .

Note that
τ θψ

(α,β)
k (φ) = ψ

(α,β)
k (θ)ψ

(α,β)
k (φ). (8)

Let p ∈ [1,+∞] and θ ∈ [−π
2 ,

π
2

]
. If f ∈ L p

α,β , then τ θ f ∈ L p
α,β and we have

‖τ θ f ‖p,α,β ≤ 2

∣∣∣1− 2
p

∣∣∣‖ f ‖p,α,β . (9)
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The Jacobi–Dunkl convolution [3] of two functions f, g ∈ L1
α,β is defined by

∀ θ ∈
(
−π

2
,
π

2

)
, f #g(θ) :=

∫ π
2

− π
2

τ θ f (−φ)g(φ)Aα,β(φ) dφ.

For all f ∈ L1
α,β and g ∈ L p

α,β; p ∈ [1,+∞], we have

f #g ∈ L p
α,β,

and
‖ f #g‖p,α,β ≤ 2‖ f ‖1,α,β‖g‖p,α,β . (10)

2.2 Discrete Jacobi–Dunkl convolution structure

In [11], Rösler has proved the following product formula:

ψ(α,β)n (θ)ψ(α,β)m (θ) =
|n|+|m|∑

|k|=||n|−|m||
g(α,β)(n,m, k)ψ(α,β)k (θ), ∀ n,m ∈ Z, θ ∈

[
−π

2
,
π

2

]
, (11)

with

g(α,β)(n,m, k) := h(α,β)k

∫ π
2

− π
2

ψ(α,β)n (θ)ψ(α,β)m (θ)ψ
(α,β)
k (θ)Aα,β(θ) dθ.

According to [11, Theorem 2], there exists a positive constant C = C(α, β) such that

∀ n,m ∈ Z,

|n|+|m|∑

|k|=||n|−|m||

∣∣∣g(α,β)(n,m, k)
∣∣∣ ≤ C. (12)

Consider the space:

l1
h :=

{
a := (an)n∈Z : Z −→ C ; ‖an‖1 :=

+∞∑

n=−∞
|an|h(α,β)n < +∞

}
.

Let n ∈ Z. We define the discrete Jacobi–Dunkl translation operator T (α,β)n [3,4], for a ∈ l1
h , by

∀ m ∈ Z, T (α,β)n (a)(m) :=
|n|+|m|∑

|k|=||n|−|m||
g(α,β)(n,m, k)ak .

For all n ∈ Z, T (α,β)n is a linear operator on l1
h , and there exists a positive constant C = C(α, β) such that

‖T (α,β)n ‖ ≤ C.

The discrete Jacobi–Dunkl convolution [3,4] of two sequences a, b ∈ l1
h is defined by

∀ n ∈ Z, a � b(n) :=
+∞∑

m=−∞
T (α,β)n (a)(−m)bmh(α,β)m .

We define the Jacobi–Dunkl transform [3,4] of a sequence a ∈ l1
h , by

∀ θ ∈
[
−π

2
,
π

2

]
, â(θ) :=

+∞∑

n=−∞
anψ

(α,β)
n (θ)h(α,β)n . (13)

And for all a, b ∈ l1
h , we have

â � b(θ) = â(θ )̂b(θ), ∀ θ ∈
[
−π

2
,
π

2

]
. (14)
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466 I. Haouala

3 Some convergence theorems in L p
α,β

We recall that the Jacobi–Dunkl coefficients [1,5] of a function f belonging to L1
α,β are defined by

∀ n ∈ Z, F f (n) :=
∫ π

2

− π
2

f (θ)ψ(α,β)n (θ)Aα,β(θ) dθ,

and the Jacobi–Dunkl series [5] is given by

+∞∑

n=−∞
F f (n)ψ(α,β)n h(α,β)n . (15)

For all n ∈ N, Sn( f ) will denote its partial sum [5], that is

Sn( f )(θ) :=
n∑

|k|=0

F f (k)ψ(α,β)k (θ)h(α,β)k ; θ ∈
[
−π

2
,
π

2

]
. (16)

Let
(
an,k

)
n∈N,0≤|k|≤n be a triangular scheme of complex numbers. The aim of this part is to check the convergence

of the weighted Jacobi–Dunkl series:

An( f )(θ) :=
n∑

|k|=0

an,kF f (k)ψ(α,β)k (θ)h(α,β)k ; θ ∈
[
−π

2
,
π

2

]
,

when n goes to the infinity with respect to the norm ‖.‖p,α,β .

Proposition 3.1 Let n ∈ N. For all j ∈ Z, we have

An

(
ψ
(α,β)
j

)
=
{

an, jψ
(α,β)
j if | j | ≤ n,

0 if | j | > n.

Proof Let θ ∈ [−π
2 ,

π
2

]
and n ∈ N. For all j ∈ Z, we have

An

(
ψ
(α,β)
j

)
(θ) =

n∑

|k|=0

an,k

(∫ π
2

− π
2

ψ
(α,β)
j (φ)ψ

(α,β)
k (φ)Aα,β(φ) dφ

)
ψ
(α,β)
k (θ)h(α,β)k

=
n∑

|k|=0

an,k

(
h(α,β)j

)−1
δk, jψ

(α,β)
k (θ)h(α,β)k

=
{

an, jψ
(α,β)
j (θ) if | j | ≤ n,
0 if | j | > n.

��
Theorem 3.2 Let p ∈ [1,+∞]. We have

lim
n→+∞ ‖An( f )− f ‖p,α,β = 0, ∀ f ∈ L p

α,β,

if and only if, we have
i) lim

n→+∞ an,k = 1, for all k ∈ Z.

i i) There exists a constant c > 0 satisfying

‖An( f )‖p,α,β ≤ c‖ f ‖p,α,β , ∀ n ∈ N, ∀ f ∈ L p
α,β .
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Proof Let p ∈ [1,+∞]. �⇒) Suppose that

lim
n→+∞ ‖An( f )− f ‖p,α,β = 0, ∀ f ∈ L p

α,β .

By Proposition 3.1, we get

lim
n→+∞ ‖An

(
ψ
(α,β)
k

)
− ψ

(α,β)
k ‖p,α,β = lim

n→+∞ ‖an,kψ
(α,β)
k − ψ

(α,β)
k ‖p,α,β = 0, ∀ k ∈ Z; |k| ≤ n.

This implies i).
The point i i) holds when applying the Banach Steinhauss theorem (see [6]) since the inequality (3.2) of [1]
ensures the boundedness of An .
⇐�) Consider the map:

An : L p
α,β −→ L p

α,β

f �−→ An( f ).

It is clear that this is a linear map. And by i i), it is continuous.

Since we know that W := span
{
ψ
(α,β)
k , k ∈ Z

}
is a dense subset of L p

α,β [6], then we get again from Proposition

3.1 and i), that

lim
n→+∞ An(Q) = Q, ∀ Q ∈ W.

Let f ∈ L p
α,β and ε > 0. There exist n ∈ N and Qε ∈ W such that

‖ f − Qε‖p,α,β <
ε

2(1 + c)
and ‖An (Qε)− Qε‖p,α,β ≤ ε

2
.

So, we have

‖An( f )− f ‖p,α,β ≤ ‖An( f )− An (Qε)‖p,α,β + ‖An (Qε)− Qε‖p,α,β + ‖Qε − f ‖p,α,β .

It follows by i i) that

‖An( f )− f ‖p,α,β ≤ (1 + c) ‖Qε − f ‖p,α,β + ‖An (Qε)− Qε‖p,α,β ≤ ε

2
+ ε

2
= ε.

Thus, we obtain the desired result. ��
Notations 3.3 Let n ∈ N. We denote by

(1) K (α,β)
n (θ, φ) =∑n

|k|=0 an,kψ
(α,β)
k (θ)ψ

(α,β)
k (φ)h(α,β)k , θ, φ ∈ [−π

2 ,
π
2

]
.

(2)
∥∥∥K (α,β)

n (θ, .)

∥∥∥
1,α,β

= ∫
π
2

− π
2

∣∣∣K (α,β)
n (θ, φ)

∣∣∣ Aα,β(φ) dφ, θ ∈ [−π
2 ,

π
2

]
.

(3) ∀ p ∈ [1,+∞], ‖An‖L p
α,β := sup‖ f ‖p,α,β=1 ‖An( f )‖p,α,β : the operator norm of An.

Proposition 3.4 Let n ∈ N, θ ∈ [−π
2 ,

π
2

]
and f ∈ L p

α,β , p ∈ [1,+∞]. We have

An( f )(θ) =
∫ π

2

− π
2

K (α,β)
n (θ, φ) f (φ)Aα,β(φ) dφ.

Proof Let n ∈ N, θ ∈ [−π
2 ,

π
2

]
and f ∈ L p

α,β , p ∈ [1,+∞]. We have

An ( f ) (θ) =
n∑

|k|=0

an,k

(∫ π
2

− π
2

f (φ)ψ(α,β)k (φ)Aα,β(φ) dφ

)
ψ
(α,β)
k (θ)h(α,β)k

=
∫ π

2

− π
2

f (φ)

⎛

⎝
n∑

|k|=0

an,kψ
(α,β)
k (θ)ψ

(α,β)
k (φ)h(α,β)k

⎞

⎠ Aα,β(φ) dφ.

This completes the proof. ��
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468 I. Haouala

Proposition 3.5 Let f ∈ L∞
α,β and g ∈ L1

α,β . We have

∫ π
2

− π
2

An( f )(φ)g(φ)Aα,β(φ) dφ =
∫ π

2

− π
2

f (φ)An
(
ǧ
)
(−φ)Aα,β(φ) dφ,

with ȟ(θ) := h(−θ), ∀ θ ∈ [−π
2 ,

π
2

]
, for h ∈ L p

α,β , p ∈ [1,+∞].
Proof Let f ∈ L∞

α,β and g ∈ L1
α,β . By Proposition 3.4, we have

∫ π
2

− π
2

An( f )(φ)g(φ)Aα,β(φ) dφ =
∫ π

2

− π
2

g(φ)

(∫ π
2

− π
2

K (α,β)
n (φ, ϕ) f (ϕ)Aα,β(ϕ) dϕ

)
Aα,β(φ) dφ.

Using the Fubini’s theorem, we get

∫ π
2

− π
2

An( f )(φ)g(φ)Aα,β(φ) dφ = ∫
π
2

− π
2

f (ϕ)
(∫ π

2
− π

2
K (α,β)

n (−ϕ,−φ)g(φ)Aα,β(φ) dφ
)

Aα,β(ϕ) dϕ

= ∫
π
2

− π
2

f (ϕ)
(∫ π

2
− π

2
K (α,β)

n (−ϕ, φ)g(−φ)Aα,β(φ) dφ
)

Aα,β(ϕ) dϕ

= ∫
π
2

− π
2

f (ϕ)An
(
ǧ
)
(−ϕ)Aα,β(ϕ) dϕ.

��
Proposition 3.6 Let p ∈ [1,+∞]. The following results are valid:

(1) ‖An‖L p
α,β ≤ supθ∈[− π

2 ,
π
2

]
∥∥∥K (α,β)

n (θ, .)

∥∥∥
1,α,β

, ∀ n ∈ N.

(2) ‖An‖L1
α,β = ‖An‖L∞

α,β = supθ∈[− π
2 ,

π
2

]
∥∥∥K (α,β)

n (θ, .)

∥∥∥
1,α,β

, ∀ n ∈ N.

Proof Let p ∈ [1,+∞] and use Proposition 3.4.

(1) If f ∈ L∞
α,β , we have

‖An f ‖∞,α,β ≤ supθ∈[− π
2 ,

π
2

] | f (θ)| ∫
π
2

− π
2

∣∣∣K (α,β)
n (θ, φ)

∣∣∣ Aα,β(φ) dφ

≤ ‖ f ‖∞,α,β supθ∈[− π
2 ,

π
2

]
∥∥∥K (α,β)

n (θ, .)

∥∥∥
1,α,β

.

If p ∈ [1,+∞), then, we consider q such that 1
p + 1

q = 1. By the Hölder inequality, we get for all

θ ∈ [−π
2 ,

π
2

]
,

∫ π
2

− π
2

| f (φ)|
∣∣∣K (α,β)

n (θ, φ)

∣∣∣ Aα,β(φ) dφ = ∫
π
2

− π
2

| f (φ)|
∣∣∣K (α,β)

n (θ, φ)

∣∣∣
1
p |
∣∣∣K (α,β)

n (θ, φ)

∣∣∣
1
q

Aα,β(φ) dφ

≤
(∫ π

2
− π

2
| f (φ)|p

∣∣∣K (α,β)
n (θ, φ)

∣∣∣ Aα,β(φ) dφ
) 1

p

×
(∫ π

2
− π

2

∣∣∣K (α,β)
n (θ, φ)

∣∣∣ Aα,β(φ) dφ
) 1

q

≤
∥∥∥K (α,β)

n (θ, .)

∥∥∥
1
q

1,α,β

(∫ π
2

− π
2

| f (φ)|p
∣∣∣K (α,β)

n (θ, φ)

∣∣∣ Aα,β(φ) dφ
) 1

p
.

Hence, we obtain by the Fubini’s theorem

‖An f ‖p
p,α,β = ∫

π
2

− π
2

∣∣∣
∫ π

2
− π

2
K (α,β)

n (θ, φ) f (φ)Aα,β(φ) dφ
∣∣∣

p
Aα,β(θ) dθ

≤ supθ∈[− π
2 ,

π
2

]
∥∥∥K (α,β)

n (θ, .)

∥∥∥
p
q

1,α,β

∫ π
2

− π
2

| f (φ)|p
∫ π

2
− π

2

∣∣∣K (α,β)
n (θ, φ)

∣∣∣ Aα,β(θ) dθ Aα,β(φ) dφ

≤
(

supθ∈[− π
2 ,

π
2

]
∥∥∥K (α,β)

n (θ, .)

∥∥∥
1,α,β

)p

‖ f ‖p
p,α,β .
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(2) From Proposition 3.5, we have

‖An‖L1
α,β = sup‖g‖1,α,β=1 ‖An(g)‖1,α,β = sup‖ǧ‖1,α,β=1

∥∥An
(
ǧ
)∥∥

1,α,β

= sup‖ǧ‖1,α,β=1 sup‖ f ‖∞,α,β=1

∣∣∣
∫ π

2
− π

2
f (φ)An

(
ǧ
)
(φ)Aα,β(φ) dφ

∣∣∣

= sup‖ǧ‖1,α,β=1 sup‖ f̌ ‖∞,α,β=1

∣∣∣
∫ π

2
− π

2
f̌ (φ)An

(
ǧ
)
(−φ)Aα,β(φ) dφ

∣∣∣

= sup‖ f̌ ‖∞,α,β=1 sup‖g‖1,α,β=1

∣∣∣
∫ π

2
− π

2
An

(
f̌
)
(φ)g(φ)Aα,β(φ) dφ

∣∣∣

= sup‖ f̌ ‖∞,α,β=1

∥∥∥An

(
f̌
)∥∥∥∞,α,β

= sup‖ f ‖∞,α,β=1 ‖An( f )‖∞,α,β

= ‖An‖L∞
α,β .

Let θ ∈ [−π
2 ,

π
2

]
. We have
∥∥∥K (α,β)

n (θ, .)

∥∥∥
1,α,β

= sup‖ f ‖∞,α,β=1

∣∣∣
∫ π

2
− π

2
K (α,β)

n (θ, φ) f (φ)Aα,β(φ) dφ
∣∣∣

= sup‖ f ‖∞,α,β=1 |An( f )(θ)|
≤ sup‖ f ‖∞,α,β=1 ‖An( f )‖∞,α,β = ‖An‖L∞

α,β .

The first point of the theorem achieves the proof.

��
Theorem 3.7 If lim

n→+∞ an,k = 1, for all k ∈ Z, and supθ∈[− π
2 ,

π
2

]
∥∥∥K (α,β)

n (θ, .)

∥∥∥
1,α,β

< ∞, then

lim
n→+∞ ‖An( f )− f ‖p,α,β = 0, ∀ f ∈ L p

α,β, p ∈ [1,+∞].
When p = 1 or p = +∞, the opposite sense is also valid.

Proof The result is immediate from Theorem 3.2 and Proposition 3.6. ��
Notation 3.8 Let n ∈ N and θ ∈ [−π

2 ,
π
2

]
. We denote by

An(θ) :=
n∑

|k|=0

an,kψ
(α,β)
k (θ)h(α,β)k . (17)

Proposition 3.9 Let f ∈ L p
α,β , p ∈ [1,+∞]. We have

An( f ) = An# f.

Proof Let θ ∈ [−π
2 ,

π
2

]
and f ∈ L p

α,β , p ∈ [1,+∞]. We have

An( f )(θ) =
n∑

|k|=0

an,kF f (k)ψ(α,β)k (θ)h(α,β)k

=
n∑

|k|=0

an,k

(∫ π
2

− π
2

f (φ)ψ(α,β)k (φ)Aα,β(φ) dφ

)
ψ
(α,β)
k (θ)h(α,β)k

=
∫ π

2

− π
2

f (φ)

⎛

⎝
n∑

|k|=0

an,kψ
(α,β)
k (θ)ψ

(α,β)
k (φ)h(α,β)k

⎞

⎠ Aα,β(φ) dφ.

Using equality (8), we get

An( f )(θ) =
∫ π

2

− π
2

f (φ)

⎛

⎝
n∑

|k|=0

an,kτ
θ
(
ψ
(α,β)
k

)
(−φ)h(α,β)k

⎞

⎠ Aα,β(φ) dφ

=
∫ π

2

− π
2

f (φ)τ θ (An) (−φ)Aα,β(φ) dφ

= An# f (θ).

��
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Theorem 3.10 If lim
n→+∞ an,k = 1, for all k ∈ Z, and there exists a constant c1 > 0 fulfilling

‖An‖1,α,β ≤ c1, for all n ∈ N, then

lim
n→+∞ ‖An( f )− f ‖p,α,β = 0, ∀ f ∈ L p

α,β, p ∈ [1,+∞].

Proof Combining the results of Proposition 3.9 and (10) and under the assumption of the theorem, we have

‖An( f )‖∞,α,β = ‖An# f ‖∞,α,β ≤ 2c1‖ f ‖∞,α,β , ∀ f ∈ L∞
α,β .

Theorem 3.2 gives

lim
n→+∞ ‖An( f )− f ‖∞,α,β = 0, ∀ f ∈ L∞

α,β .

On the other hand, we have

supn∈N supθ∈[− π
2 ,

π
2

]
∥∥∥K (α,β)

n (θ, .)

∥∥∥
1,α,β

= supn∈N supθ∈[− π
2 ,

π
2

] ∫ π
2

− π
2

∣∣∣K (α,β)
n (θ, φ)

∣∣∣ Aα,β(φ) dφ

= supn∈N supθ∈[− π
2 ,

π
2

] ∫ π
2

− π
2

∣∣∣∣
∑n

|k|=0 an,kψ
(α,β)
k (θ)ψ

(α,β)
k (φ)h(α,β)k

∣∣∣∣ Aα,β(φ) dφ.

We use also equality (8) to show that

supn∈N supθ∈[− π
2 ,

π
2

]
∥∥∥K (α,β)

n (θ, .)

∥∥∥
1,α,β

= supn∈N supθ∈[− π
2 ,

π
2

] ∫ π
2

− π
2

∣∣τ θ (An) (−φ)
∣∣ Aα,β(φ) dφ

= supn∈N supθ∈[− π
2 ,

π
2

] ∥∥τ θ (An)
∥∥

1,α,β .

From (9), we get

sup
n∈N

sup
θ∈[− π

2 ,
π
2

]

∥∥∥K (α,β)
n (θ, .)

∥∥∥
1,α,β

≤ 2 sup
n∈N

‖An‖1,α,β ≤ 2c1.

Theorem 3.7 achieves the proof. ��
Notations 3.11 Let

(
an,k

)
n∈N,0≤|k|≤n be a triangular scheme of complex numbers. We put

K (α,β)
n (θ, φ, ϕ) =

n∑

|k|=0

an,kψ
(α,β)
k (θ)ψ

(α,β)
k (φ)ψ

(α,β)
k (ϕ)h(α,β)k ; θ, φ, ϕ ∈

[
−π

2
,
π

2

]
, n ∈ N,

and
∥∥∥K (α,β)

n (θ, φ, .)

∥∥∥
1,α,β

= ∫
π
2

− π
2

∣∣∣K (α,β)
n (θ, φ, ϕ)

∣∣∣ Aα,β(ϕ) dϕ.

The next theorem gives a sufficient condition ensuring the validity of a uniformly bounded product formula for(
ψ
(α,β)
n

)

n∈Z

.

Theorem 3.12 If lim
n→+∞ an,k = 1, for all k ∈ Z, and we have

sup
n∈N

sup
θ,φ∈[− π

2 ,
π
2

]

∥∥∥K (α,β)
n (θ, φ, .)

∥∥∥
1,α,β

= M < ∞,

then, for all θ, φ ∈ [−π
2 ,

π
2

]
, there exists a complex Borel measure μθ,φ satisfying

∥∥μθ,φ
∥∥ ≤ M and ψ(α,β)n (θ)ψ(α,β)n (φ) =

∫ π
2

− π
2

ψ(α,β)n (ϕ) dμθ,φ(ϕ), ∀ n ∈ Z.
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Proof Let P be the linear space of all trigonometric polynomials on
[−π

2 ,
π
2

]
. For both fixed θ, φ ∈ [−π

2 ,
π
2

]
,

we put uk = ψ
(α,β)
k (θ)ψ

(α,β)
k (φ), k ∈ Z. And we define the linear functional:

� : P −→ C

Q =∑N
|k|=0 ckψ

(α,β)
k h(α,β)k �−→ ∑N

|k|=0 ckukh(α,β)k .

From [3], we have

F(Q)( j) =
{

c j if | j | ≤ N ,
0 if | j | > N .

It follows that

|�(Q)| =
∣∣∣
∑+∞

|k|=0 F(Q)(k)ukh(α,β)k

∣∣∣
= lim

n→+∞

∣∣∣
∑n

|k|=0 an,kF(Q)(k)ukh(α,β)k

∣∣∣

= lim
n→+∞

∣∣∣∣
∫ π

2
− π

2
Q(ϕ)

(∑n
|k|=0 an,kψ

(α,β)
k (θ)ψ

(α,β)
k (φ)ψ

(α,β)
k (ϕ)h(α,β)k

)
Aα,β(ϕ) dϕ

∣∣∣∣
≤ M‖Q‖∞,α,β .

Hence, � is a continuous map on P with respect to the norm ‖.‖∞,α,β .
Using the density of the set P in the space L∞,α,β , then, for every function f ∈ L∞,α,β , we can find a sequence
(Qm)m∈N ⊂ P such that lim

m→+∞ Qm = f .

By the continuity of �, we get lim
m→+∞�(Qm) = �( f ).

It follows that � is a continuous linear functional defined on L∞
α,β fulfilling ‖�‖ ≤ M and �

(
ψ
(α,β)
k

)
= uk =

ψ
(α,β)
k (θ)ψ

(α,β)
k (φ), k ∈ Z.

The Riesz representation theorem [12] ensures the existence of a complex Borel measure μθ,φ on
[−π

2 ,
π
2

]

satisfying

∥∥μθ,φ
∥∥ ≤ M and �( f ) =

∫ π
2

− π
2

f (ϕ) dμθ,φ(ϕ), ∀ f ∈ L∞,α,β .

Thus, the result holds when considering the particular case f = ψ
(α,β)
k , k ∈ Z. ��

We have also the following proposition:

Proposition 3.13 If we assume that

sup
n∈N

sup
θ∈[− π

2 ,
π
2

]

∥∥∥K (α,β)
n (θ, .)

∥∥∥
1,α,β

= M1 < ∞,

then, we get

sup
n∈N

sup
θ,φ∈[− π

2 ,
π
2

]

∥∥∥K (α,β)
n (θ, φ, .)

∥∥∥
1,α,β

< ∞.

Proof Let θ, φ ∈ [−π
2 ,

π
2

]
and n ∈ N. Using the product formula (7), we obtain

∥∥∥K (α,β)
n (θ, φ, .)

∥∥∥
1,α,β

= ∫
π
2

− π
2

∣∣∣∣
∑n

|k|=0 an,kψ
(α,β)
k (θ)ψ

(α,β)
k (φ)ψ

(α,β)
k (ϕ)h(α,β)k

∣∣∣∣ Aα,β(ϕ) dϕ

= ∫
π
2

− π
2

∣∣∣∣
∑n

|k|=0 an,kψ
(α,β)
k (ϕ)h(α,β)k

∫ π
2

− π
2
ψ
(α,β)
k (λ)W (θ, φ, λ)Aα,β(λ) dλ

∣∣∣∣ Aα,β(ϕ) dϕ.
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By the Fubini’s theorem, we get

∥∥∥K (α,β)
n (θ, φ, .)

∥∥∥
1,α,β

≤
∫ π

2

− π
2

∫ π
2

− π
2

∣∣∣∣∣∣

n∑

|k|=0

an,kψ
(α,β)
k (λ)ψ

(α,β)
k (ϕ)h(α,β)k

∣∣∣∣∣∣
Aα,β(ϕ) dϕ |W (θ, φ, λ)| Aα,β(λ) dλ

≤
∫ π

2

− π
2

∥∥∥K (α,β)
n (λ, .)

∥∥∥
1,α,β

|W (θ, φ, λ)| Aα,β(λ) dλ

≤ M1

∫ π
2

− π
2

|W (θ, φ, λ)| Aα,β(λ) dλ

≤ M1

(
1

2

∫ π
2

− π
2

|W (θ, φ, λ)+ W (θ,−φ, λ)| Aα,β(λ) dλ

+ 1

2

∫ π
2

− π
2

|W (θ, φ, λ)− W (θ,−φ, λ)| Aα,β(λ) dλ

)
.

The proofs of Theorems 1 and 2 in [14] state that the last two integrals are finite, so we get the result. ��

4 Generalized summation kernels

Remark 4.1 [3]
Let n ∈ N. We denote by

χn(k) :=
{

1 if k ∈ Z; |k| ≤ n,
0 if k ∈ Z; |k| > n.

(18)

For all n,m ∈ N with n ≥ m, we have

(1) χn � χm(k) =∑m
| j |=0 h(α,β)j , if |k| ≤ n − m. In particular, χn � χm(0) =∑m

| j |=0 h(α,β)j .
(2) χn � χm(k) = 0, if |k| > n + m.

(3) χn � χm(k) =∑m
| j |=0

(∑min(n,|k|+| j |)
|l|=||k|−| j || g(α,β)(k,− j, l)

)
h(α,β)j , n − m + 1 ≤ |k| ≤ n + m.

(4) χn � χn(k) =∑n
| j |=0 h(α,β)j −∑n

| j |=n+1−|k|
∑|k|+| j |

|l|=n+1 g(α,β)(k,− j, l)h(α,β)j , |k| ≤ n.

(5) χn � χn(k) =∑n
| j |=|k|−n

∑n
|l|=|k|−| j | g(α,β)(k,− j, l)h(α,β)j , n ≤ |k| ≤ 2n.

4.1 Jacobi–Dunkl Dirichlet kernel

Notation 4.2 Let n ∈ N and θ ∈ [−π
2 ,

π
2

]
. We define the Jacobi–Dunkl Dirichlet kernel by

D(α,β)
n (θ) :=

n∑

|k|=0

ψ
(α,β)
k (θ)h(α,β)k = χ̂n(−θ).

This kernel corresponds, in the expression (17) dealt in the previous paragraph, to the case an,k = 1, ∀ k ∈ Z;
|k| ≤ n.

Proposition 4.3 ∀ n ∈ N, ∀ θ ∈ [−π
2 ,

π
2

]
, we have

D(α,β)
n (θ) = �(α + n + 2)�(ρ + n + 1)

22ρ(α + 1) (�(α + 1))2 n!�(β + n + 1)
ϕ(α+1,β)

n (θ).

Proof See [2, Theorem 3.1] ��
Theorem 4.4 There exists f ∈ L1

α,β

(
respectively in L∞

α,β

)
such that D(α,β)

n ( f ) does not converge in norm

‖.‖1,α,β
(
respectively ‖.‖∞,α,β

)
to f .
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Proof In the Jacobi–Dunkl Dirichlet case, we have for all θ, φ ∈ [−π
2 ,

π
2

]
,

K (α,β)
n (θ, φ) =

n∑

|k|=0

ψ
(α,β)
k (θ)ψ

(α,β)
k (φ)h(α,β)k .

In particular, we have

K (α,β)
n (0, φ) =

n∑

|k|=0

ψ
(α,β)
k (0)ψ(α,β)k (φ)h(α,β)k =

n∑

|k|=0

ψ
(α,β)
k (φ)h(α,β)k .

From Proposition 4.3 and [10], we get

∥∥∥K (α,β)
n (0, .)

∥∥∥
1,α,β

∼ n

(
α+ 1

2

)

.

The last remark of Theorem 3.7 implies that there exists f ∈ L1
α,β

(
respectively in L∞

α,β

)
such that

lim
n→+∞

∥∥∥D(α,β)
n ( f )− f

∥∥∥
1,α,β

�= 0
(
respectively lim

n→+∞

∥∥∥D(α,β)
n ( f )− f

∥∥∥∞,α,β
�= 0

)
. From Theorem 3.2, we

conclude that the condition i i) can not be valid under the previous conditions for p = 1 or p = +∞. This
ensures the result. ��

4.2 Jacobi–Dunkl Fejér kernel

Definitions 4.5 Let define the Jacobi–Dunkl Fejér weights by

ϕ2n,k := χn � χn(k)

χn � χn(0)
, ∀ n ∈ N, k ∈ Z,

and the Jacobi–Dunkl Fejér kernel by

F (α,β)2n (θ) :=
2n∑

|k|=0

ϕ2n,kψ
(α,β)
k (θ)h(α,β)k , ∀ n ∈ N, θ ∈

[
−π

2
,
π

2

]
.

Proposition 4.6 Let n ∈ N and θ ∈ [−π
2 ,

π
2

]
. We have

F (α,β)2n (θ) =
(

D(α,β)
n (θ)

)2

D(α,β)
n (0)

.

Proof Let n ∈ N and θ ∈ [−π
2 ,

π
2

]
. We have

F (α,β)2n (θ) =
2n∑

|k|=0

χn � χn(k)

χn � χn(0)
ψ
(α,β)
k (θ)h(α,β)k .

From property (2) of Remarks 4.1 and the definition of the Jacobi–Dunkl transform (13), we obtain

F (α,β)2n (θ) = χ̂n � χn(−θ)
χn � χn(0)

.

The result is a consequence of (14) and Remarks 4.1. ��
Proposition 4.7 We have

lim
n→+∞ϕ2n,k = 1, ∀ k ∈ Z.
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Proof By Remarks 4.1, we have

ϕ2n,k = χn�χn(k)
χn�χn(0)

= 1 −
∑n

| j |=n+1−|k|
∑|k|+| j |

|l|=n+1 g(α,β)(k,− j,l)h(α,β)j∑n
|i |=0 h(α,β)i

, ∀ k ∈ Z; |k| ≤ n.

Using (12), we get
∣∣∣∣∣∣

∑n
| j |=n+1−|k|

∑|k|+| j |
|l|=n+1 g(α,β)(k,− j, l)h(α,β)j
∑n

|i |=0 h(α,β)i

∣∣∣∣∣∣
≤ C

n∑

| j |=n+1−|k|

h(α,β)j
∑n

|i |=0 h(α,β)i

= C
n∑

| j |=n+1−|k|

k(α,β)| j |
∑n

|i |=0 k(α,β)|i |
.

And the last quantity tends to zero by [7].
This completes the proof. ��
Theorem 4.8 Let f ∈ L p

α,β , p ∈ [1,+∞]. We have

lim
n→+∞

∥∥∥F (α,β)
2n ( f )− f

∥∥∥
p,α,β

= 0.

Proof By Proposition 4.7 and Theorem 3.10, we need to prove that there exists c1 > 0 such that
∥∥∥F (α,β)2n

∥∥∥
1,α,β

≤
c1, ∀ n ∈ N.
Thanks to Proposition 4.6, we have F (α,β)2n ≥ 0. So, we get

∥∥∥F (α,β)2n

∥∥∥
1,α,β

=
∫ π

2

− π
2

⎛

⎝
2n∑

|k|=0

ϕ2n,kψ
(α,β)
k (θ)h(α,β)k

⎞

⎠ Aα,β(θ) dθ

=
2n∑

|k|=0

ϕ2n,kh(α,β)k

∫ π
2

− π
2

ψ
(α,β)
k (θ)Aα,β(θ) dθ

=
2n∑

|k|=0

ϕ2n,kh(α,β)k

(
h(α,β)0

)−1
δ0,k

= ϕ2n,0 = 1.

Which achieves the proof. ��

4.3 Jacobi–Dunkl de La Vallée Poussin kernel

The properties of this kernel are deeply studied in [3]. We start here by mentioning some already known results.

Definition 4.9 [3]
Let n,m ∈ N; n ≥ m. The de La Vallée Poussin operator Vn

m is defined by

Vn
m( f )(θ) :=

+∞∑

k=−∞
an

m,kF f (k)ψ(α,β)k (θ)h(α,β)k ,

where f ∈ L p
α,β, p ∈ [1,+∞], θ ∈ [−π

2 ,
π
2

]
, and an

m,k := χn�χm(k)
χn�χm (0)

.

Remark 4.10 [3]

(1)

an
m,k =

{
1 if |k| ≤ n − m,
0 if |k| > n + m.

(19)
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(2) Vn
m is a linear operator on L p

α,β, p ∈ [1,+∞], and we have for f ∈ L p
α,β

and θ ∈ [−π
2 ,

π
2

]
,

Vn
m( f )(θ) =

∑

|k|≤n+m

an
m,kF f (k)ψ(α,β)k (θ)h(α,β)k . (20)

Proposition 4.11 [3]
Let n,m ∈ N; n ≥ m, f ∈ L p

α,β, p ∈ [1,+∞], and θ ∈ [−π
2 ,

π
2

]
. We have

Vn
m( f )(θ) = V n

m# f (θ),

where

V n
m(θ) :=

∑

|k|≤n+m

an
m,kψ

(α,β)
k (θ)h(α,β)k = D(α,β)

n (θ)D(α,β)
m (θ)

D(α,β)
m (0)

.

Proposition 4.12 [3]
For all n,m ∈ N such that n ≥ m, we have

‖V n
m‖1,α,β ≤ D(α,β)

n (0)

D(α,β)
m (0)

.

In the classical trigonometric approximation, the case n = 2m is usually treated. We have a generalization of
this result for the orthogonal approximations [7, Paragraph 1.8]. And, we will also be restricted to this case for
the Jacobi–Dunkl convergence.

Theorem 4.13 Let f ∈ L p
α,β, p ∈ [1,+∞]. We have

lim
m→+∞ ‖V2m

m ( f )− f ‖p,α,β = 0.

Proof From Theorem 3.10 and (19), we should only check the existence of a constant c1 > 0 such that
‖V 2m

m ‖1,α,β ≤ c1. By Proposition 4.12, we have

‖V 2m
m ‖1,α,β ≤ D(α,β)

2m (0)

D(α,β)
m (0)

=
∑2m

| j |=0 h(α,β)j
∑m

| j |=0 h(α,β)j

=
∑2m

| j |=0 k(α,β)| j |
∑m

| j |=0 k(α,β)| j |
.

By [7, Example 14], we obtain

∑2m
| j |=0 k(α,β)| j |

∑m
| j |=0 k(α,β)| j |

∼ (2m)2α+1

m2α+1 .

Thus, the result holds. ��
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